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AN INVERSION FORMULA FOR THE LAPLACE INTEGRAL 
By R. P. Boas, Jr. anp D. V. WippER 


Introduction. A function f(s) which is represented by a Laplace-Stieltjes 
integral 


(1) f(s) = [ & dal), 


being analytic in a half-plane ¢ > o. (s = o + ir), is uniquely determined by 
its values in certain parts of that domain. We name four cases: 

(a) the values of f(s) and all its derivatives at a single point 8 , oo > a ; 

(b) the values of f(s) and all its derivatives on the axis of reals in a neighbor- 
hood of infinity, r = 6,¢ > o ; 

(ce) the values of f(s) on a vertical line o = c, —-~7 <r < w; 

(d) the values of f(s) on the axis of reals r = 0,0. << o < om. 
In any of these cases it should be possible then to determine a(t) uniquely in 
terms of the stated values of f(s) or its derivatives. The first case has been 
treated by use of Laguerre polynomials.’ The second case is handled by the 
Post-Widder inversion formula’ 


ig k 
a(t) — a(0+) = lim [ (—1)** f#*9(y) ta 
Caacap k! 
Case (c) is the classical case: 


: 1 c+iR e 
a(t) = tim or |, 10S as 
Case (d) has been treated by Paley and Wiener’ and by Doetsch.* It is the 
object of the present paper to provide a new inversion formula for this case. 


Received December 15, 1939. The first-mentioned author is a National Research Fellow. 

1D. V. Widder, An application of Laguerre polynomials, this Journal, vol. 1(1935), 
pp. 126-136. 

A. G. Dominguez, Sur les intégrales de Laplace, Comptes Rendus Hebdomadaires 
des Séances de |’Académie des Sciences, Paris, vol. 205(1937), pp. 1035-1038. 

2E. L. Post, Generalized differentiation, Transactions of the American Mathematical 
Society, vol. 32(1930), pp. 723-793. 

D. V. Widder, The inversion of the Laplace integral and the related moment problem, 
Transactions of the American Mathematical Society, vol. 36(1934), pp. 107-200. 

3R. E. A. C. Paley and N. Wiener, Fourier Transforms in the Complex Domain, New 
York, 1934, p. 43. 

4G. Doetsch, Bedingungen fir die Darstellbarkeit einer Funktion als Laplace-Integral 
und eine Umkehrformel fiir die Laplace-Transformation, Mathematische Zeitschrift, vol. 
42(1937), pp. 263-286. 
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Our method consists essentially in reducing (1) to a Stieltjes integral equa- 
tion and in applying a known solution to that.’ Suppose that a(¢) is an integral, 
so that (1) becomes 


(2) f(z) = [ e *' o(t) dt. 


Then we have formally 


gly) = [ e f(x) dx = [ e dx [ e y(t) dt = 4 rae dt. 


But it was shown in the paper just quoted that 


_4)F-1 
lim (~1) 


lim Fide — ay 9 OI” = of 


under certain suitable restrictions on g(t). This clearly leads to the following 
inversion formula for (2): 


ut 1 e™ 
(3) elt) = tim pt ay [eb te ftw) du, 
and it is to be noted that it depends only on a knowledge of the values of f(x) 
on the axis of reals. Clearly the formula assumes that o. S 0, and certain 
modifications are necessary when this is not the case. 

By use of this inversion formula (3) we obtain new criteria for the solubility 
of (1). For example, we show that equation (1) has a non-decreasing bounded 
solution a(t) if and only if f(s) is non-negative, continuous, and bounded on the 
real axis 0 < o < o, and if 


2 ue ‘eo “f(u)\du=>O0 (t>0;k =1,2,---). 
It is shown that this condition is equivalent to Bernstein’s familiar condition, 
namely, that f(¢) is completely monotonic for0 S ¢ < «©. Each set of solu- 
bility conditions obtained in terms of the new inversion operation is shown 
to be equivalent to a known set. 

In conclusion we give a new proof of a familiar Tauberian theorem for (1). 
The method is the classical one devised by Hardy and Littlewood. We believe 
our proof will be of interest, in spite of the existence of the modern elegant 
proofs of Karamata and Wiener, since it eliminates one step in the Hardy- 
Littlewood mechanism, namely, the successive differentiation of the equation (1). 
Why this shortening of the proof is possible should be clear from the fact that 
(3) involves no derivatives of f(s). 


5D. V. Widder, The Stieltjes transform, Transactions of the American Mathematical 
Society, vol. 43(1938), pp. 7-60. 

R. P. Boas and D. V. Widder, The iterated Stieltjes transform, Transactions of the Ameri- 
can Mathematical Society, vol. 45(1939), pp. 1-72. 








INVERSION FORMULA FOR LAPLACE INTEGRAL 3 


1. Inversion of the Laplace integral. We introduce two definitions. 
DerFiniTIon 1. Fork = 1, 2,---, 


arr 
Q(t, u) = ce aut e], 
es en 
k!(k — 2)! 


DeFINniTION 2. For a specified measurable function f(z), 


qQ = s Ck 


Axe, t) = et I Qt, uflut+tec)du (k=1,2,---), 
0 
if the integral exists (as the limit of a Lebesgue integral). 
We quote as a lemma the following known result. 
Lemma 1.1.° Jf a(t) e L(O, R) for every positive R, and if 


cs 


converges for some (and hence for all) positive x, then 
© vy a(v) , f° vo *a(v) 
= _ ! semepeealaniine 
e+ dv lim (2k — 1)! ext l G+») dv 
= a(t) 








lim (2k — 1)!c,¢** 


for almost all t in (0, ©); and, in particular, at every point t where a(t+) and 
a(t—) exist and 2a(t) = a(t+) + a(t—). 


THEOREM 1.2. Jf 
fia) = [ &*o(t at, 
the integral converging for x > x», then for eachc > 2% 
lim A,(c, t) = oft) 


for almost all t in (0, ~); and, in particular, at every point of continuity of ¢(t). 
We must first show that A;(c, ¢) is well defined fort > 0. We write 


@,(t) = [ e “o(u) du. 
Then 
(1.1) f(z) = f e *”* d&,(t), z> 2. 


Ifr > %,%,(©) = f(r), so that for each r > 2 


*D. V. Widder, The Stieltjes transform, loc. cit., pp. 19, 21. 
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(1.2) ®,(t) = O(1) (i> o), 
Hence we may integrate by parts in (1.1), obtaining 
fla) = (@—n) [ ao at (7 > a) 
() 
= O(1) (x > @), 


This result, together with the continuity of f(u + c) for u = 0 (if ¢ > 2), 
is enough to show that the integral in Definition 2 exists if c > 1, t > 0, 
k=1,2,.--. 

By (1.2), ®.(t) = O(1) ast ~,ife >a. We then have, by an integration 
by parts, 


2 k 
Ax(c, t) = cxt* *e* , lutte Iflu +c) du 


(—1)' ce, t* *e" [ ute ™ fu + c) du 
= ¢,t* *e I r ue ™ du I ’ ve “FT?” oy) dv 
= of" *e* I " ue ™ du l i ve” d&,(v) 
= ¢,t" *e I ‘ ue ™ du [ &.(v)e“ v* "(uv — k) dv. 
The last iterated integral is dominated by the convergent iterated integral 
r ume ™ du [ ev "(uv + k) dv = 2(k!) [ u® te ™ du. 


Hence the order of integration can be changed, and we obtain 


A,(e, t) = atte | &.(v)v" ao | ut! "(ay — k) du 
0 


_ * Ie, pe-1 pet "aoe ( = a ) 
(2k — 1)!ext"e L roe k it dv 





2 k 
ia — 1)te, eo et _ ve 
(2k — 1) tet te | Toe eee) do, 
Now, forz > Oandc > a, 
[ * ove dv _ *dé(v) _ (R) ® @.(v) dv 
0 











r+v oztv «+R o (x +0)?’ 


which is seen, by (1.2), to approach a limit as R — ©. Consequently Lemma 
1.1 applies to the function a(v) = e “y(v), and the conclusion of the theorem 
follows. 








e 
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To invert the Laplace-Stieltjes integral 


jz) = [ e*dalt), (0) = 0, 
0 
we may put it into the form 
f(x) = | a(t)e** dt, 
0 


and apply Theorem 1.3 to f(z)/z. A more elegant inversion formula is furnished 
by the following theorem. 


THEOREM 1.3. If a(t) is a normalized function of bounded variation in 0 S 
t = R for every positive R, and if 


fz) = [ &**dalt), 
0 
the integral converging for x > 2, then for eache > 2% 


t 
lim Ax(e, u) du = a(t) — a(0+) (t > 0). 
—c #0 
Define 
anes [ 4 d ( ) 
®,.(t) = ‘ é a\u). 
Then 


Ax(c, t) = ct* te ue ™ du | ve“ d®,(v) 
0 0 


on ath te | v* ae.(v) [ e viet PP lle du. 
0 


The change in the order of integration may be made as in the proof of Theorem 
1.2 by use of integration by parts. It follows that 


Ax(c, t) = (2k — 1)!e,t**e* e  da(v). 


fs 
o (v+1)* 
Integrating by parts, we have 


wo k—-1 _k ct 
Axle, t) = —(2k — I)!ey I ,(v) pea 


By direct computation we have 
FE) rt vy" e a t* yp e e yp aia 
aS A eA Pe Py 
av lf + | at li + | * (v + t)* 


Moreover, the integral 
2 a gs] 
C Gleeae |e 
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is easily seen to converge uniformly in the interval e < ¢ < R for any positive 
numbers e and R. One has only to make use of the relation 

#.(v) = O(1) (v— @) 


to prove this fact. Consequently we may integrate under the integral sign and 
obtain 


o R* vy e* 





R 
sai — 1)! fb  . 
[ Axle, pat = 2k - Dia [ GIS a0) ao 
oo k k—-l_ce 
_ — 1)! le 
(2k — 1)! [+o #.(v) dv 
R © Pape st 
— 1)! Te. 
+ (2k — Ile | at | apr Pele) do 
= I, + Te + T3.. 
By a familiar Abelian argument’ 
lim I; = aes (0+) = _k-1 a(0+). 
e-90+ k k 
Hence 
° k-1 , 
[ iene h« f@ + ten Ie. 
0+ k €—-0+ 
But by Lemma 1.1 
oo yn tee P 
. im 2k — 1a [PE aelottde = 0 
(1.3) lim (2k — 1)!c, bh @HO™ ct®.(v)e dv 
Since there exists a constant M such that 
|@(v)| <M (0 Sv < »~), 


we have 
ok dix vie | 2k-1 
be, ! eS. cb dy | 
(ox 1) tee [ +o ct®.(v)e dy | =< Mc k 


Hence the limit (1.3) is attained boundedly in (0, R) so that by Lebesgue’s 
limit theorem 


e' <2Mce" (OS t <~). 





. R oo yr . 


Another application of Lemma 1.1 gives 
lim I 1 = a(R). 


7 See D. V. Widder, The Stieltjes transform, loc. cit., p. 18, Lemma 3.12. 





rr rr, 
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~ 


Hence 


lim [ ” Asle, t) dt = a(R) — a(0+). 
ko 40+ 


R R 1 
To show that [ can be replaced by [ , we need only show that / exists. 
0+ 0 0 
We have 


—cv 


k—1 ct : i } 
| Ax(c, t) | S (2k — 1)!et*“e iL et +0 | da(v) | + re © +. ne da(v) if 
= Bit) + Cit). 





Then 
wel B(t) dt = [ t* ed | oe Ido) 


i 
= [item ld [Oe 


< (kK-Mk-D! ft 
< gee fe |da(v) | < », 


since a(v) has bounded variation on (0, 1); the change in the order of integration 
is justified by the Fubini theorem for Stieltjes integrals.* 

To discuss C(t), we write 

CO page| [PP _ ot | < #e* | @.(1) | 
(2k — 1) lee 1 (t+) i= “a+ 0% 


k 
J 20 5 Lora]! 


Since ®,( © ) exists, there is a constant M such that | @.(v) | < Mforl Sv < o. 
Since v(v + t)~* decreases if v = t, and since ¢ < 1, we therefore have 


C(t) Mt* a [ 4 | v* ] 2Mt*' ¢* 
< _ ee Se ieee 
@k—-Dian =ato= “ * J, wl@+o™ du= Type: 





+ t*e ct 








1 
Consequently [ C(8) dt exists. 
0 


2. A general limit theorem. We now establish two theorems which will 
enable us to give new proofs of several criteria for the representation of functions 
by Laplace integrals. 


THEOREM 2.1. If f(x) is a measurable function such that for some numbers 
6>0,A>0, 


8S. Saks, Theory of the Integral, Warsaw, 1937, p. 87. 
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(2.1) fiz) = of 5}. 2— c+, 
and 

(2.2) fic) =O"), 22, 
then 


lim c e * Ax(c, t) dt = f(x) 


ke 40 


for almost all x in (c, ~), and in particular at every point of continuity x > c 
of f(x). 
More generally, we could replace (at the expense of additional complication 
in the proof) condition (2.2) by 
f(z)e Lc + 1, &) 


for some p, 1 S p < ;and (2.1) by a similar condition. 
We see at once from Definition 2 that A;(c, t) is well defined fort > 0, k = 
1, 2, --- if (2.1) and (2.2) are satisfied. We now consider 


(2.3) I,(x) = [ e ** Ax(c, t) dt = [ gna [ Q(t, u)f(u + ce) du, x>e. 


We wish to show that the iterated integral is absolutely convergent. If we 
carry out the indicated differentiations in the definition of Q,(t, u), we see that 
it is enough to establish the convergence of 


[ flu + ©) [du r eH)" dt a ae 
0 0 


or of 
~ u'|f(u + c) | du 


| _ a (ry =k—1,k,---,2k—1). 





That these integrals converge is a consequence of (2.1) and (2.2) ifk > 1 + A. 
We may now change the order of integration in (2.3), and write J,(x) in the 
form 


@ ] k 
I,(x) = ee I flu + c) du I preg lute") at 


. k @ 
a [ flu +0) oi {wr I eee wt at} du 


© - \ 
(k — De [ flu +c) “4 pau. 


aut w+ 2 — OF 





sil 


H 


fo 


(2 
an 
(2 


fo 
It 
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a* 
To evaluate =f: +}, we recall that® 
d* 2k—1 pr(k—1 kl ” ali 
a {u F (u)} =u 


du*— 





{u*F(u)}. 


Applying this identity to F(u) = (24 + u — c)™, we obtain 
2k—1 2k—1 > _ ove 
(he 12a) oe eee a 











(x + u du utzr—ce 
(—1)* "(2k — 1)!u*"(z — c)* 

An (u+a—c)* ; 
since 
futa—ct+(c—2)}* _ (c — x)* (‘) — oe — 2). 

utxz—ce - G8 +8 ets-a'e~a 


Hence we have 


2 k-1 
I,(z) = (2k — 1)!ea(x — 0)! [ ft ot 
— f(z) 


for almost all x in (c, ©), by Lemma 1.1 with a(u) = f(u+c),t=2—-—c. 


THEOREM 2.2. If f(x) is measurable on (c, ©), essentially bounded on (c + 1) 
0), and 








f(z) = Of(@@-—e)*}, 2c, 
for some A > 0, then forh > Oandk > A +1, 
e (1 — e&™)Ax(c, t) dt 
(2.4) 


= - k-1 (x — c)* ~ (cx +h—c)* \ 
= (2k — ite [ flu + cu {eo oe @+h+u-ouf™ 








and consequently 


(2.5) lim e “(1 — e&™)Ax(c, t) dt = f(x) — f(a +h) 
co J) 
for almost all x on (c, ~), and in particular at every point of continuity x > c of 
S(z). 
The hypotheses are those of Theorem 2.1, but with 6 = 0; the proof is similar 
to that of Theorem 2.1. We consider 


I(x) = [ e “(1 — & ™)Ax(e, t) dt 
(2.6) 4 b 
= [ en — ef at [ Qi(t, u)f(u + c) du, r>c. 


®D. V. Widder, The Stieltjes transform, loc. cit., p. 17. 
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The iterated integral is dominated by a linear combination of the integrals 
[ |f(u + c) | du I e =“) — &™)(tu)’'dt (ry =k —1,k,---, 2k — 1), 
0 0 


which differ only by numerical factors from 


: , 1 1 
[ e+ ols (ere aR - Gee} 


Since the factor in the brace is O(u""’) as u > ©, these integrals converge, 
and we may change the order of integration in (2.6). We then obtain (2.4) 
and (2.5) as in the proof of Theorem 2.1. 

The following theorem is an immediate corollary of Theorem 2.2. 


THEOREM 2.3. Under the hypotheses of Theorem 2.2, 
tim [afte “Axle, tat = afta) 
—o 0 


for almost all x on (c, ©), ifn 2 landh >O. (The differences are taken with 
respect to x.) 


In fact, Theorem 2.2 is the case n = 1, and the differences of higher order are 
linear combinations of those of order one. 


3. Alemma. We need the following lemma to establish the necessity of our 
criteria for the representation of functions by Laplace integrals. 


Lemma 3.1. If 
(3.1) f(z) = [ e *‘da(t), z>0, 


with a(0) = 0, and 


t 
(3.2) vi) = | \dalu)|= 00"), t@, 
for some K = 0, then fort > 0, andk > K, 
2 k 
mu A k—1 1° A le 
(3.3) Ax(O, #) = (2k — 1) text | epee. 


Since for k = 0, 1, 2, --- 


| I fet dat) = | l : a(t)t'"(k — xt)e* dt | 


< [ | a(t) |e* "(k + at)e™ dt, 
0 
we see that 


(3.4) f(x) = O(n *"), x— 0+. 





(4 


W 
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From the formula 
A,(0, t) = cet ad f(u) La 1e-™) du 


we then see that A;(0, ¢) is well defined for t > 0, k > K; and we may integrate 
by parts, the integrated terms vanishing. Thus 


A,(0, t) = (—1)' eg t* [ ue ™ Ff (u) du 


at I ue ™ du [ s* ee“ da(s) 
0 


at ["s dats) [° w 2k—-1 e Mitte) du 
© s* da(s) 
(t + s)*° 


The change in the order of integration is justified if the last integral is absolutely 
convergent. But fork > K, by (3.2), 


* st dV(s) _ ‘se 2s ) 
I t+ 3) ae ve cor (Ss —— 


which converges. This completes the proof. 


(2k — 1)!e¢** 


4. Representation theorems: ¢(/) bounded. 


THEOREM 4.1. A set of necessary and sufficient conditions for f(x) to have the 
representation 


(4.1) fiz) = [eel a, z>0, 
with” 

(4.2) sup? |y(t)| <M 

. 0<t<a@ 

Ws 


(i) f(x) continuous in0 < x4 < @; 
i) sa) =0(2)  @+=,2 04); 
(iii) for k = 2,3, ---, 
(4.3) |A.(0,)|S3M, O<t<o. 


The necessity of condition (ii) is clear, since 


lf(z)| = M [ edt = 


10 The notation sup® is the ‘‘vrai max’’ of 8. Banach, Théorie des Opérations Linéaires, 
Warszawa, 1932, p. 227. 


M 
— 
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To establish the necessity of (4.3), we use Lemma 3.1, whose hypotheses are 
obviously satisfied with K = 1. We obtain 


o k 
( < — 1)!e¢°7 [ _ Jn 
| Ax(O, t)| S M(2k — 1)! cet L a pa? 
=M (k = 2,3, --+). 
To establish the sufficiency of the conditions, we apply Theorem 2.1, whose 

hypotheses are clearly satisfied. We have 

fiz) = lim [ &**Ai(0,t)dt,  O0<2<e. 
co JO 


Since the functions A;,(0, ?) are uniformly bounded, there is an essentially 
bounded function ¢g(¢) such that 


lim l g(t)Ax(0, nat = | g(t) y(t) dt 


for every g(t)e L(0, «©),” and in particular for g() = e*. This establishes 
(4.1); (4.2) is a consequence of (4.3) and Theorem 1.2. 

Theorem 4.1 leads to a new proof of the sufficiency part of the following known 
theorem. 


THEOREM 4.2. A necessary and sufficient condition for f(x) to have the represen- 
tation (4.1) with g(t) satisfying (4.2) that f(x) be of class C*in0 <x < ~,and 


(4.4) (f(z) |? <kIM (x >0;k = 0,1,2,---). 


If (4.4) is satisfied, condition (ii) of Theorem 4.1 is evident. To establish 
(4.3), we have 


k 


(4.5) Ai(0,) = at | fu) 2 fe "\du, b> 2. 
0 ou 
If we integrate k times by parts, the integrated terms vanish, by (4.4), and 


Ax(0, ) = —ex(—0" [ * 67) du, 


| A,(0, t)| < Mk! cet" [ ute" du 
0 


= M. 


The sufficiency part of Theorem 4.2 now follows from Theorem 4.1. 


5. Representation theorems: ¢(t) 2 L’, p > 1. 


THEOREM 5.1. A set of necessary and sufficient conditions for f(x) to have the 
representation 


18. Banach, loc. cit., p. 130. 





(é 


T 
sa 


is 


\w 


Me 
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(5.1) fiz) = [ " od, 2>0, 

with 

(5.2) | | e(t) |? dt < M? (p > 1) 
1s 


(i) f(x) continuous in0d <2 < ~; 
(ii) asx — ~ andasx—-0+ 


(5.3) fle) = 0"); 

(ili) for k = 

(5.4) | ” | Au(O, t) [dt <M”. 
0 


The necessity of (5.3) follows from 


a) Ps [ ” L(t) raed [ 5 ereaty 


* ea F. p 
= {— t) |? dt 2 
(5.) 4 | of ) | ’ Pp a“ 1 


To show that (5.4) is necessary, we apply Lemma 3.1, whose hypotheses are 
satisfied with K < 1, since 


[Veo lau s (f Letw rau) "( fau)” 


< Mt"?’, 
We have 


ad . I/p i , be v't k— \1/p 
i | A,(0, t) | a} = (2k _ pte | ( + fale) \dv) dt 


r(k + 1/p’)T(k — ens > 
kik — 2)! (I | o(o) | iv)” 


by an inequality of Hardy, Littlewood, and Pélya.” In fact, 


lA 





K(x, ) = 


is homogeneous of degree — 1, and 


? i “ur ay = ER + A/p)E(k — 1/p') 
| K(v, 1)v av = | K(1, jt" dt = T'(2k) 


2G. H. Hardy, J. E. Littlewood, G. Pélya, Inequalities, Cambridge, 1934, p. 229. 
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Finally, 
T(k + 1/p’)0(k — 1/p’) _ Tk + 1/p’)T(k — 1 + 1/p) 
k\(k — 2)! k\(k — 2)! 


_ (k—14+1/p’)(k —2+1/p’) --- (1 +1/p)T(1 + 1/7’) 
k(k —1)--- 2-1 


(k= 2+ 1/p) --- (1 +1/p)P(1 + 1/p) © , 
(k — 2)(k — 3) --- 2-1 , 








since I(x) < lforl < zx < 2. 

The proof of the sufficiency proceeds just as in Theorem 4.1; we use the “weak 
compactness” of the space L” instead of that of the space B of essentially 
bounded functions. 

From Theorem 5.1 we obtain a new proof of the sufficiency part of the follow- 
ing known theorem. 


THEOREM 5.2. A set of necessary and sufficient conditions for f(x) to have the 
representation (5.1) with g(t) satisfying (5.2) is 
(i) f(z)eC”",0 <2 < @; 
(ii) f(~) =0; 
(iii) fork = 1,2,---, 


k F P , (k+l) p—-2 P 
(5.5) ED? I lf (u) |? u**??? du < M”. 


For k = 1, 2, --- , we have, using Hélder’s inequality and (5.5), 


Co] - c ] l/p os wd 
(k) k—1 (k) p ,(k+1)p—2 
[ lf? lt aus if lf Pt a} i 3 


< Mki kM?” 


This inequality shows that the integrals 
[ fot dt (k = 1,2, ---) 


all exist. By an integration by parts we then have 


lim a” f(z) = a” *f* (2) a (k ni » | soe at 
< Mki ko? eg?’ 


| lim a’ f(z) = a**f* (2) | 
= 
< Mk — 1)! {kl + (kh -— 1)!" ja, 
fork = 2,3, --- ; and 
\f(~) — f(z) | s Ma”. 





tl 
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By hypothesis (ii) of the theorem, f(*) = 0, so that 


f(z) =O@""), «tr. 
From (5.6) we deduce first that 


(5.7) {°@ =O02"), «1r-2 (k = 1, 2, ---); 
then, by an “O-theorem” of Hardy and Littlewood,” that 
f@) =o(@"), 2r>2 (k = 0,1, 2, ---); 


and finally, since the limit on the left of (5.6) vanishes, that 

(58) f(z) =O") =0@"""), s20e (k=0,1,2,---). 
From (5.6) we now have also 

(5.9) f(z) =O@"""), x 0+ (k = 0, 1,2, ---). 
The inequalities (5.8) and (5.9) allow us to integrate by parts in the relation 


2 k 
Au, 1) = ext [ flu) Swe “|du, kB 1, 
0 


the integrated terms vanishing. Then 





| A,(0, t) | < cxt* [ ue ™ | f(y) | du, 
(5.10) A Diy: . ; 
| A,(0, t) |? dt < cf | raed | yt 2t2/p o-™ Fy) anh ; 
0 0 
where F(u) = | f“(u) | u‘*?*’”, and 
© VP(1-N)\P 
(5.11) [ treya s OO", 
() k 


since (5.5) is satisfied. 
With the change of variable t = 1/s, (5.10) can be written 


(5.12) l | A4(0, t) |?dt < ef l é as) | ” P(u)K(u, 8) au), 


where 
_ k—2+2, 1—k-2, 
K(u, 8) = et yh Peg kai 


K(u, s) is homogeneous of order —1, and a simple calculation shows that 
| K(u, 1)uw? du = [ K(1, s)s /?'ds = T(k — 1 + 1/p). 
0 0 


An inequality of Hardy, Littlewood, and Pélya™ is now applicable, and, with 
(5.11), shows that 


13G. H. Hardy and J. E. Littlewood, Contributions to the arithmetic theory of series, 
Proceedings of the London Mathematical Society, (2), vol. 11(1912), pp. 411-478; 426. We 
do not really need to appeal to this theorem since (5.7) would be enough for our purposes. 
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[ Ac, Pat s kr —1+1/p)" [ (Pwd 
0 0 


<} (Meckir(k — 1 + 1/p)}? 


5 Mi fre a1 + py 
~ T(k — 1) 


~ M?, k— , 


The last statement is easily verified by using Stirling’s formula. 

We therefore have (5.4), with M replaced by some M’. Since (5.3) is the case 
k = 0 of (5.8) and (5.9), Theorem 5.1 shows that f(z) has the representation 
(5.1) with g(t) e L”; (5.2) is then an easy deduction. 


6. Representation theorems: a(/) of bounded variation. 


THEOREM 6.1. A set of necessary and sufficient conditions for f(x) to have the 
representation 


6.1) fiz) = [ eda), 2 >0, 
() 
with a(t) of bounded variation on (0, ©), is 
(i) f(x) continuous and bounded in0 <x < ~; 
(ii) fork = 1,2,.---, 
(6.2) [ | A.(0, t) |\dt < M < @. 
i) 


Condition (i) is trivially necessary; (ii) is necessary because by Lemma 3.1 


C) r) Cs) k 
i v 
I | A,(0, t) |dt < (2k — 1)tee [ ‘a at | pe | dato) | 
C) .) -- 
= (2k = tee [ v* | da(v) if e+e” 


=%[ |da()|, 
where 6, = 1,6, = (k — 1)/kifk > 1. 
To establish the sufficiency of the conditions, we appeal to Theorem 2.2. 
We obtain 
(6.3) f(z) -—f@+h) = him e “(1 — e*)A,(0, #) dt, 0<2r< a, 
—-co #0 


for each h > 0. The functions 
14 Loc. cit. 
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ox(t) = [ " A,(0, u) du 


have, by (6.2), uniformly bounded variation on (0, ©). By Helly’s theorem,” a 
subsequence of the a,;(t) converges to a function a(t) of bounded variation on 
(0, ©). Integrating by parts, we have 


f(z) —f(lz+h) = lim [ ox,(t) . {e*(1 — e&™)} dt. 


By (6.2) and Lebesgue’s limit theorem we may take the limit under the integral 
sign. A second integration by parts gives 


f(x) —f(iz +h) = I r e “(1 — e&™) da(t) 


= [ e ** da(t) - | e = ™*dalt) (<2 < w;h>O0), 
() () 
since each of the last integrals converges. Ash— ~, 


g e =)! da(t) + a(0+). 


0 
Hence f() exists, and 


f(z) = fe) — a(0-+) + [ &* dal), 
or 


(6.4) f(z) = [ e “*da*(t), 2x>O0, 


where a*(t) differs from a(t) only in having an additional jump of amount f() — 
a(0+) att = 0. 

We now derive from Theorem 6.1 the sufficiency part of the following known 
representation theorem. 


THEOREM 6.2. A necessary and sufficient condition for f(x) to have the represen- 
tation (6.1) with a(t) of bounded variation on (0, ©) is that f(x) be of class C” on 
(0, ©) and 
(6.5) amt uf (u) |duSM<eo (k=1,2,--.). 

(k — 1)! % 

From (6.5) with k = 1 we see that f(0+) and f() exist. It then follows from 
(6.5) that f“(x)z* approaches a limit as x becomes infinite and as x approaches 
zero for k = 0, 1, 2,---. Hence by the Hardy-Littlewood theorem cited in 
§5 we have 


f(z) - o(a*) (x —> @, z—0+;k = 1, 2, ree). 


18 See, for example, Zygmund, Trigonometrical Series, Warszawa-Lwéw, 1935, p. 80. 
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Consequently we may integrate by parts in the definition of A;(0, ¢), the inte- 
grated terms vanishing, so that 


A,(0, t) = —c.(—t)** [ ut ef (u) du, 
0 
[ | Ax(0, t) |dt S cx F i dt r ute ™ | f (u) | du 
0 0 


_ | u*| ¢® (u) |au [ t'1e-™ dt 
0 0 


i aD I uw \f(u) |du 


<M (k = 1,2, .--). 


The result now follows from Theorem 6.1. 


7. Representation theorems: a(t) increasing. We shall require an elemen- 
tary Tauberian lemma. 


Lemma 7.1. Jf A(t) 2 O and 


[a-a@as mM, h>0, 


then 
[ aoa sm. 
() 
Since 1 — e' is a positive increasing function of t, for e > 0 we have 
C) 1 oo pe M 
, - ” oe 
[ aoas +] a-aoas *,. 


Letting h — ~ and then e — 0, we have 
[ aoasy, [ a@as m. 
€ 0 


THEOREM 7.2. A necessary and sufficient condition for f(x) to have the represen- 
tation 


(7.1) fiz) = [ "dat, —T 


with a(t) non-decreasing and bounded on 0 < t < @ is that f(x) be non-negative, 
continuous, and bounded on0 < x < «, and 
(7.2) A.0,t) 20 (kK =1,2,---;0<t< @), 


For the necessity, we have only to establish (7.2). We have, by Lemma 3.1, 
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2 - 
A,(0, t) = (2k — I)teat | aoe tal) >0, k2l. 


We now establish the sufficiency. By Theorem 2.2, we have for z > 0 and 
h>0o 


(7.3) f(z) a: f(z + h) = lim I,(z, h), 
where 


T(z, h) = [ e “(1 — e&™)A,(0, t) dt 


ae x k-1 x (2 + h)* 
= (2% — ites [ f(u)u Ve + u)* rs (rc +h+ aye 


Let M > 0 be an upper bound for | f(z) | on (0, ©). Ifk = 2 we have 








o k k 
0 < I,(z,h) S (2k - Dom | we ; u)* + gett 


- Si < (h > 0). 


Since A,(0, t) = 0, I;(x, h) is a decreasing function of z,z > 0. Since J,(z, h) 
is also bounded, J,(0+, h) exists. By a well-known trivial Tauberian theorem, 
we have 


[ (1 — e&™)A,(0, t) dt = I,(0+, h) < 2M. 


By Lemma 7.1, 
(7.4) l A,(0, t) dt < 2M (k = 2.3, -.-). 


We can now complete the proof either directly or by appealing to Theorem 6.1. 
THEOREM 7.3. In order that 


(7.5) fiz) = l eda), ><a, 

with a(t) non-decreasing in0 S t < ©, it is necessary and sufficient that f(x) be 
non-negative and continuous ina < x < © and bounded in (a + 1, ~), and that 
(7.6) A,(e, t) 2 0 (c>a;k=1,2,---;0<t< @)., 


The necessity of the continuity and boundedness of f(z) is easily established. 
To establish the necessity of (7.6), we consider the functions 


f(z) =fiatet+z), €>0. 
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We may write 

fa) = [ eds, 2 > 6 
with 

Bit) = [ e “*™ da(u), t>0, 


B(0) = 0. 


It is evident that A(t) is non-decreasing; and A(t) is bounded because B(“) = 
f(a + e«). Hence, by Theorem 7.2, the operator A,(0, ¢), formed for f.(z), is 
non-negative for0 <t< ©,k = 1,2, --- ; that is, 


ct [ Q.(t, wf(u+a+ edu 2 0. 


But the left side, multiplied by e“*®', is Ax(a + ¢, t), formed for f(x). Thus 
(7.6) is established. 

For the sufficiency, we consider again the functions f,(x), each of which is 
non-negative, continuous and bounded in 0 < t < «. Since A,(0, ¢) for f.(z) 
becomes A;(e + a, ¢) for f(x), if multiplied by e“**, we can apply Theorem 7.2, 
and conclude that 


f(z) = [ e*‘da(t), «> 0, 
() 
where a,(¢) is non-decreasing and bounded in (0, ©). That is, 


_ “i —zt (xrta)t 
fz) = | e ef" da(t) 
= [ e“dB.t), «r>ate 
where 


6.0) =0, B= [ eda, 


so that 6,(¢) is non-decreasing in 0 < t < «. Since f(x) can have only one 
representation as a Laplace-Stieltjes integral, all the functions 6,(7) must coin- 
cide (except possibly on a countable set of points, where they can be redefined 
without affecting the representation); the representation (7.5) follows at once. 

We conclude this section by showing directly that the condition of Theorem 
7.3 is equivalent to the condition that f(x) is completely monotonic ina < z < 
©: that is, that 


(7.7) (—1)*f (2) 2 0 (a<z< o;k =0,1,2,---), 
or that 
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(7.8) Aif(z)>0 (a<ax<o; h>O; k=0,1,2,---). 
Conditions (7.7) and (7.8) are known to be equivalent. In (7.8), 
Anf(z) = f(z),  Akf(z) = AK *f(z) — AR “'f(@ +h) (k = 1,2, ---). 


THEOREM 7.4. A function f(x), defined ina < x < @, is completely monotonic 
there if and only if it satisfies the conditions imposed in Theorem 7.3. 


We show first that a function satisfying the hypotheses of Theorem 7.3 is 
completely monotonic. We again introduce the functions f.(z) = f(z + «+ a), 
¢ > 0, and apply Theorem 2.3 tof.(z). We obtain 


(7.9) ar [f.(2)] = lim [ ” at [e-*]Ax(0, t) dt 


fx). Since A,(0, t) for f(x), when multiplied by e“*®*, becomes A;(a + «, 2) 
for f(x), and since e “ is completely monotonic in t > 0 for each x > 0, it follows 
from (7.9) and the hypothesis (7.6) that Ay[f.(z)] = Oforn = 1,h > 0,€ > 0, 
0<2z< _. Since, by hypothesis, f(z) 2 0 (and hence f(x) = 0), f.(x) satisfies 
(7.8). That is, f.(x) is completely monotonic in 0 < z < ~, f(x) is completely 
monotonic in a + e < x < © for every positive e, and so f(x) is completely 
monotonic ina < 4 < @. 

We now suppose that we have a function f(z) which is completely monotonic 
ina<xz< o. Takingce > a, we have fort >Qandk = 1,2,---, 


forn = 1l,e >0,h > 0,0 < x < ~, where A,(0, é) is, of course, formed from 


a [ue | f(u + c) du, 


Axle, t) = atte | aut 


where the integral obviously exists because f(u + c) is non-negative and decreas- 
: . 16 
ing. Since 


f(z) +0 (x — Sy k = 1, 2, ree), 


we may integrate by parts k times, obtaining 
Ax(c, t) = cet**e* I u™ e™(—1)' f(u + c) du; 
by (7.7), Ax(e, ) 2 Ofore > a,t > 0,k = 1,2,---. This completes the proof. 


8. A Tauberian theorem. We shall prove the following Tauberian theorem 
of Hardy and Littlewood.” 


16 R. P. Boas, Asymptotic relations for derivatives, this Journal, vol. 3(1937), pp. 637-646; 
Theorem 1B; , p. 638. 

17G. H. Hardy and J. E. Littlewood, Notes on the theory of series (XI): On Tauberian 
theorems, Proceedings of the London Mathematical Society, (2), vol. 30(1929-30), pp. 
23-37. We prove the result in the form involving a Stieltjes integral which seems to have 
been treated first by J. Karamata, Neuer Beweis und Verallgemeinerung einiger Tauberian- 
Sdtze, Mathematische Zeitschrift, vol. 33(1931), pp. 294-299. 
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THEOREM 8.1. If a(t) is non-decreasing, 


(8.1) f(z) = [ e * da(t), z>0, 
and 

(8.2) f(z) ~ Hx", z— 0+, 
with r > Oand H > 0, then 

(8.3) alt « me” nite 


We break the proof into a number of lemmas. 
Lemma 8.2. Forr > Oandk = 1,2,---, 


r(2k) > (-o" (*) P(@k —m—r—1) _ (_yeP&+r+ Pk -r—-1) 














s n T(2k — n) I(r +) 
We have 
~o k+r 2 r o 
etre =t=2 [ air * | wt ve ( ~ ti) - 
k 2 r 
k 
=(-1° 2 -o"(*) > vot = = =z. 


Lemma 8.3. If g(t) is integrable in (0, R) for every R > 0, if 
ie) = [ eel at, 
() 


the integral converging for some value of x, and if 
g(t)~ Ht, t—-0+4, 
for some r > 0, H ¥ 0, then 
[ gear ~ HPF DY, I— %. 

This is a well-known Abelian theorem.” 

Lemma 8.4. If a(t) is positive and non-decreasing, r > 0, and for every suffi- 
ciently large k 
ao [ oee!~ ieee ae 
with H > 0, then 





zt @, 


18 Compare Hardy and Littlewood, p. 27 of their article cited in footnote 17. 
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H t” 
rr+ 1)’ 
This, except for changes in notation, was proved by Hardy and Littlewood. 
We reproduce the proof, arranged somewhat differently, for the sake of com- 
pleteness. 
In the first place,” 


(8.6) a(t) = O(#’), t— a. 


(8.5) a(t) ~ 


t— ~, 


For, since a(t) increases and ¢*(z + t)~™ increases if t < x, we have 
9x\'2 f? ta(t) dt 22 g t a(t) dt ‘ 
Sta) = = ~ = . 
a(az) S (*) x dye (x + t)* (82) rio (21 + t)* Oz’) 
We now write (with 0 < ¢ < 1) 


r= [falta fa [4 [Oe 


=hh+h+I12+ 1s, 


»- "se ea (t+g)z 2 
B = = = 
o (x + t)™ 0 * hk. t J 
=Jitd2+Jds. 


We regard a(t) and r as fixed, and denote by C any constant; by «(z) any 
function of k and x which approaches zero, for fixed k, as x — ©; by nr(k) any 
function of ¢ and k which approaches zero, for fixed ¢, as k > «;” by A(¥) 
any function of ¢ which approaches unity as ¢ — 0. 








and 








We have 
(7) Gk) = MATT TET) = etc + afb), 
by Stirling’s formula. 

In our present notation, (8.4) states that 

_ H+ «(z) k+l, 

(8.8) [= To + D G(k)x : 
and (8.6), that 
(8.9) a(t) < Ct, t2=1. 
Moreover, we have 
(8.10) J = G(k)a* = kA2-"*(1 + a(k))2*. 


19 In the application we shall know (8.6) already. 
20 »(k) denotes an 7;(k) which is constant with respect to ¢. 
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Since ¢/(1 + ?)’ has a single maximum, at t = 1, where it has the value }, 


we have 


= 1+¢ k-r-2 pm parte 
ae ‘a + ‘| i a +o" 


< CI™{o(s)}*, 
where 0 < o(f) < 1. Thus, by (8.10), 


(8.11) a Js = m(k)G(k). 
Similarly, 
(8.12) xT, = ne(k)G(k). 
Now 
(8.13) Io < a(1) ie (x = ae = ex(x)x” **, 
Using (8.9), we have . 
(I-$)z pa dt 
h=scC < CJ 
(8.14) I e+i ~~" 
a in 


by (8.12). Similarly, 
(8.15) Is = m(k)G(k)2”**. 
Since a(t) is non-decreasing, 


acu (i+pz t* a(t) dt ~ a(x + tx) (i+f)z tt" dt | 
(8.16) Jane (@ + O* = (= fa)? Jane @ +O” 


=x 'a(z + fx)Ag) Je. 











Similarly, 
(8.17) I, = x a(x — fx)dr(E)J2. 
From (8.16), 
a(x + a(x + fx) — Ig - qi, =~ I; 
- 2 LENS) me AS) 
(8.18) (x + fz)" nd Bd J 
EAL 
= etae + €.(x) + n(w)} r(g), 


by successive use of (8.8), (8.13), (8.14), (8.15), (8.10). 
Similarly, from (8.17), 


a(x — gx) I 
(x — fax)" = Je ~ J —Ih—ds 
H+e(k) 2%) 
“Te + 1) 1 — ark)’ 
by (8.8), (8.10), (8.12), (8.11). 


yy < FX 


(8.19) 
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From (8.18) and (8.19), (8.5) follows: we choose ¢ small, then k large, and 
finally let s — © for fixed ¢ and k. 
We now prove Theorem 8.1. Since 


f(z) ~ Hx", x04, 
we have 
f(2)2*"* ane Beers. t— O+. 


For k > rand0 < n S k, by Lemma 8.3,” 
I = ut ™ du ~ HT (2k —-n—r— r=. t— o, 


Hence, since 


k k —n—1 
A [u**e™) = & ™(—-0*(2k — ID (*) “ (—)™, 


aut ao \n/} (2k — n — 1)! 





‘ [u**e™] du 
k 
(6.20) ~ (—1)* Ht" 1 (2k) »» (-"(*) ne GE - x 


k+l T(k +rt+ 1)T(k — 7 1) 


ms Tr +1) , 


t-— @ 





’ 


by Lemma 8.2. 
We may suppose without loss of generality that a(0) = 0. We then have 


ale) = | datt) se [ e™dalt) s [ e™ da(t) 
= f(y), 
for any positive y. Taking y = 1/z, we get 
(8.21) a(t) $f(l/t) =O’), «ro, 


Furthermore, we have 


i = g e *a(t) dt, 


and (8.21) shows that Lemma 3.1 is applicable to f(x)/z, so that for sufficiently 
large k 


*1 The integral converges because f(#) = a(0+). 
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© uk a(u) du 


* f(u) a* 
(u + t)*° 


— [ue “|du = (2k — 1)! 
0 u dou 0 
Consequentiy, from (8.20), 


© uk a(u) du Ht rk+tr+Drk—r— 1) 


bh (uti* Torti) I (2k) , 


for large k. The desired result now follows from Lemma 8.4. 
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THE ERGODIC THEOREM FOR A SEQUENCE OF FUNCTIONS 
By Puitie T. MAKER 


1. Introduction. The Birkhoff ergodic theorem,’ for a single measure-pre- 
serving transformation 7(P) on a space 2 with a measure’ m and a function f(P) 
in L,(Q), states that 


; 1 N-1 
f*(P) = lim % LX f(T"P) 
exists a.e.* in Q. In the case of a flow (i.e., a one-parameter family of measure- 
preserving transformations 7, for which T;-T, = Tu.(-»% <t< »,— 
< s < o), and for which, if A is measurable in Q, the set of (P, t) points such 
that‘ 7,P¢A is measurable in the space 2 X t), the theorem states that 
T 
lim T* [ f(P.) dt exists for almost all P in Q. 
T—2 0 


The object of this paper is to extend the theorem to a dominated, convergent, 
double sequence of functions {fnn(P)} of Z:(Q) for which lim fr»(P) = fo(P), 


to obtain a more general ergodic theorem and a condition for lim f2,(P) = 


fhe (P). When fnn(P) is the characteristic function of a set E,, and 7(P) is 
metrically transitive, the theorems allow the usual interpretation: that certain 
time means may be replaced by space means. 

We assume throughout that 2 has a measure m defined on it and that m(Q) 
is finite. 


2. The discrete case. 


THEOREM 1. If the complex-valued functions fnn(P) (m,n = 1,2, --- ) and the 
positive function o(P) are summable over 2 with | fnn(P) | < o(P), and lim finn(P) 


= fo(P) a.e. in Q, then for any sequences of positive integers {mj;} and {ni} for 
which lim mi; = lim nj = © 


i,j-7@ i,j 


i-1 
(1) tim + fassns,(T°P) = 0 (P), 
iw t jm0 

Received May 25, 1939; presented to the American Mathematical Society, April 8, 1939. 

1G. D. Birkhoff, Proceedings of the National Academy of Science, vol. 17(1931), pp. 
650-660. See also A. Khintchine, Mathematische Annalen, vol. 107(1933), pp. 485-488, and 
E. Hopf, Ergodentheorie, Berlin, 1937. 

2 A discussion of an abstract space with measure m is to be found in Hopf, loc. cit., p. 1. 

3 The abbreviation a.e. means almost everywhere. 

4 T.P will be written as P; . 
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except for a set of measure zero independent of {mi;} and {nj}. Moreover, 
(2) lim fan(P) = fo(P) a.e. 


Proof. Suppose that (1) is false. It follows that, foreach point P of a set S 
of measure b > 0, 





iim 2 .@ng{(IP) — fo (P) | >a>Q0, 


io t 
where the sequences mere and - may dependon P. Hence from the definition 


of fo(P), 


iim 2 


io t 


We shall denote | fn; jn;,(7’P) — fo(T’P) | by gii(P), so that 





> [fassng (TP) — fo(T’P)] | > a. 


lim : p gii(P) > aon S. 


There exist positive numbers 6, (r = 1, 2, --- ) such that, for every set Z in Q 
with m(E) < 6,, / o(P) dm < 2”. By Egoroff’s theorem, for each number 
E 


6, there is an integer m, so that for m > m,, n > m,, | fmn(P) — fo(P) | < 4a 
except in E,, m(E,) < 6,. For a fixed r, and a fixed P in S, denote those trans- 
forms T’P which are in E, by 7’ P, and the rest by T’’P. Then 


a a wan 
3) a <fim 5 Dgs(P) S fim 4 L gy(P) + lim 4D gw(P). 


But if 7 and j” are greater than a sufficiently large integer n,, then mi > m,, 
ni; > m,, and gi;(P) < 4a, so that 


1 B-n, 
{ DowlP) = 5X owlP) +5 2 otP) <= +a, 
where 
B = max {¢(P), o(TP), --- , ¢(T”"’P)}. 
Therefore lim i" > gi;(P) < 4a, and so from (3) 
4a < lim = x giz’ AP). 
Define ¢,(P) = ¢(P) on E, and 0 elsewhere for r = 1, 2,---. Since 


lim - i 2¢,(T’P) > lim = x giv(P) > 3a, 


imo t 7=0 
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we have 


i—1 
o°(P) = lim = ¢(1P) > ta, 
im = 2 


->o 


for all P in S, except at most for a set of measure zero, and therefore” 
i-—1 

tab < f 92(P) dm = tim f= 5 o(7'P) dm 
j=0 


=timl = [ o(P) dm = [ om am< i, 

io t jao Jrig Ey 2° 
and since this relation is impossible for every r, we have reached a contradiction 
and the proof of (1) is complete. 

To prove (2), let P be any point for which (1) holds, and for which all means 
fan(P) exist, and let fn,n,(P) (k = 1,2, ---) be any subsequence of {fnn(P)}, 
convergent to fo(P) ask—> «©. By the ergodic theorem, for any e (>0), and all 
k, there are integers 7, — «© such that 


i—1 
: X Soun(T'P) — foun (P)| << fori > t. 
& 
But by (1), 
}1 i-1 7 
3 2, Smyny(TP) _— fo(P) | < 
I= 


for all i greater than some sufficiently large i. Hence if kis so large that i, > %, 
lft? fo(P) | < 26; since { Smyn,(P)} is any subsequence, the proof of (2) 
is complete. 


3. The flow. We now apply this theorem to the flow in the usual way. 


TuroreM 2. Let f\(P) fora <= \ S b be a continuous family of functions of 
L,(Q) with | fi(P) | < o(P), also in L,(Q). Let X(T, t) forO0 St ST S @ be 
7 


continuous with range in (a, b). Then lim T™* [ Sucr.»(P2) dt exists a.e. in 2 
T2 0 


iy 
and equals lim T™* [ fr.(P:) dt, where X.. = lim X(T, 2). 
T2 0 


T,t-2 


Proof. According to the measurability condition in the definition of a flow, 
fi(P.), for each fixed value of \, is a measurable function in the product-space 


5 The ergodic theorem also states that when m(Q2) < ~, f*(P) is in Z,(Q) and 


lim | N7 > f(T"P) dm = [ f*(P) dm. 


N—~e Jo n=0 
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Q X t. Hence for éach fixed pair, \ and P,° f,\(P,) is measurable in 4. There- 
fore, for a fixed T and P, fi:r,»(P) is measurable in t, because, as we immediately 
show, it is the limit of the measurable functions y(t) = facrijn)(P) for in” T S 
t< (¢+1)n"T G =0,1,---,n—1, n= 2,3,---). For any particular & , 
if we denote by ¢, the left-hand end-point of the interval in which & is at the 
n-th subdivision, we have 


lim Yn(to) = lim ficr.e,)(Pe.) = frcrtoy(Pe)- 


In addition to being measurable, ficr,)(P:) is dominated by ¢(P;), so that 
T 

[ fucr.o(P:) dt exists for almost all P in Q. Then, if m (= [T]) denotes the 
0 


greatest integer less than 7’, 


rf furo(P) dt = rf nae + rf na 


= Ji + Jo. 


J 


T 
But | J2| < T” / ¢(P,) dt. Since the limit of the latter as T — o is 0, 
lim Je = 0. Also 


T2o 


= TS [i hecwo(Pad at 
Let {7} be any sequence of positive numbers such that lima T; = «. The 
functions of P, [ trrsueo(Po dt («= 1,2,---,j =0,1,2,---,n;— 1) are 
dominated by [ o(P,) dt ond lee [ Sacr;,t+n(P2) dt exists and is equal to 


1 
[ fi,.(P:) dt, so that Theorem 1 applies to them. Hence 
0 


ni-l 1 
lim T;* D> [ Srer;.t+n(Pe4,) dt 
ie i= 


T 
exists a.e. in @ and equals lim T™* [ fi.(P) dt. Since {7;} is an arbitrary 
T-2 0 


sequence with © as its limit, we conclude that 


T 
lim J = lim J; = lim ai Sr(P:) dt, a.e. in Q. 
T-2 0 


T-2o T-2 
This completes the proof of Theorem 2. 
RutGers UNIVERSITY. 


6S. Saks, Theory of the Integral, New York, 1937, p. 83. 
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MONOTONE COVERINGS AND MONOTONE TRANSFORMATIONS 
By A. D. WALLACE 


1. Introduction. The purpose of this paper is to relate coverings with con- 
nected sets and transformations whose inverse sets are connected. We shall 
use the term covering in a restricted sense. All coverings shall be with closed 
sets and the number of sets in a covering shall be finite unless it is explicitly 
stated that the sets arise as inverse sets of points in connection with a continuous 
transformation. It is also supposed that the term space shall mean compact 
metric space and the term transformation shall imply continuity and single- 
valuedness. 

Let C:A4 = >> A, be a covering of the space A. We may associate with C 
an abstract complex called the nerve’ of C in such a fashion that the vertices of 
this complex correspond in a one-to-one way with the sets of the covering. If 
we let N(C) = K denote this correspondence, then the vertices N(A.,), --- , 
N(Agq,) are spanned by an n-simplex if and only if the sets Aa, , --- , Aa, have 
a non-vacuous product. We shall say that two coverings are equivalent if they 
are in one-to-one correspondence in such a way that the property of inter- 
secting is preserved. The dimension of C is the largest integer n such that 
n + 1 different sets of C intersect. The words chain, simple chain, simple 
closed chain, and acyclic have their usual meanings and will be applied both to 
the covering and to its nerve. The covering C is said to be a monotone covering 
if the sets of C are connected. This terminology is by way of analogy with 
monotone transformation. 

The next two definitions are generalizations of the notion of a fixed-point free 
transformation and are due to H. Hopf.” The covering C:A = > Ag is said 
to be free provided there exists a continuous transformation f of A into’ itself 
such that f(A.)A. = 0 for each a. A transformation T(A) = B is free if the 
covering of A with the sets 7” "(y), y eB, is free. This last is equivalent, as 
Hopf points out, to the condition that there exist a continuous transformation 
f(A) CA such that Tf(z) ¥ T(x) foreach ze A. It is clear that if A does not 
admit a fixed-point free transformation, then it does not admit a free covering 
or a free transformation of any sort. Or, in other words, if every transformation 
of A into itself has a fixed-point, then A has no free covering and it is not 


Received March 28, 1939; presented to the American Mathematical Society, December 
27, 1938. 

1 Alexandrofi-Hopf, Topologie I, Berlin, 1936, p. 152. 

2H. Hopf, Freie Uberdeckungen und freie Abbildungen, Fundamenta Mathematicae, 
vol. 28(1937), p. 31. All references to Hopf are to this paper. Both the methods and 
results of the present paper are intimately related to Hopf’s work. 

If T(A) CB, then T maps A into B. We use onto if T(A) = B. 
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possible to define a free transformation on A. In case the space A admits a 
fixed-point free transformation into itself, it is of interest to determine approxi- 
mately the greatest amount of freedom such a transformation is permitted. 
One way of doing this is to determine the type of free covering or free trans- 
formation that A admits or does not admit. 


2. Acharacterization of multicoherence. It has been shown by Kuratowski* 
that in order that a locally connected continuum have the fixed-point property 
it is necessary that it be unicoherent.’ Or, what is the same thing, if a locally 
connected continuum is multicoherent (that is, not unicoherent), there is a 
transformation of A into itself which leaves no point fixed. The following 
result is analogous: 


THEOREM 1. In order that a locally connected continuum be multicoherent it is 
necessary and sufficient that it admit a one-dimensional monotone covering that is 
not acyclic. 


Proof. That the condition is sufficient is Hopf’s Satz I’. If A is not uni- 
coherent, there exist a simple closed curve J in A and a transformation r(A) = J 
which is such that r(z) = zon J.° Let J = t + te + ts be a decomposition 
into three arcs having only their end-points in common. For each j let s; 
denote an open are of J containing ¢; and such that 5,3.3; is vacuous. The 
components of r‘(s;) are open and cover A; = r(t;). We select a finite 
collection covering A; and let P; denote the sum of these components. Let 
Aj, Ajz,--- , Ajn; be the components of P; and notice that if two sets A j,i, 
and A;,;, have anything in common then j; and j2 are different or the two sets 
are identical. Since ¢; is connected, it lies in some set Aj, and we adjust the 
notation so that it lies in Ajj. The covering C:A = y Axx is at least one- 
dimensional since A is connected and is monotone by construction. If three 
different sets of C intersect, then their first subscripts are different, as we noted 
above. If we assume that An,Ax,Asx, ~ 0, it easily follows that 5,53; ~ 0. 


For P; C r“(s;) and hence A ik; © r ‘(s;), so that, since A is compact, 





r(Aj,) C r(r“(s;)) = rr “(s;) = &. 
Thus it follows that 
0 # T(Aye, Arx,Asx,) ... r(Axz, )r(Ace,)r(A ses) G 315983 ° 


Hence C is one-dimensional. Now since t;t; # 0 we must have AvAj ¥ 0, 
so that the sets Au, An , As: form a simple closed chain on the covering C. 
The following somewhat intuitive result will be of use in a later theorem. 


4C. Kuratowski, Fundamenta Mathematicae, vol. 14(1929), p. 304. 

5 A continuum is unicoherent if however it is expressed as the sum of two continua their 
product is again a continuum. 

* K. Borsuk, Fundamenta Mathematicae, vol. 17(1931), p. 171. 
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Lemma 1. In order that a locally connected continuum be a dendrite it is neces- 
sary and sufficient that for each positive 6 it admit a one-dimensional monotone 
acyclic 5-covering. 


Proof. Let A be a dendrite. It is well known’ that for each positive 6 there 
is a covering C: A = }> A;, where each A, is a locally connected continuum 
of diameter less than 6, and such that no three sets intersect, the number of 
sets being finite. If the covering contained a simple closed chain, it would 
easily follow from the unique arc-wise connectivity that A contained a simple 
closed curve. The condition is thus necessary. 

Assume that the locally connected continuum A contains a simple closed 
curve J, the sum of two ares azb and ayb having only the points a and b in 
common. Let 6 be a positive number less than one-third the distance from x 
to ayb and y to axb. Let C be a one-dimensional monotone 6-covering of A, 
and denote by C; the subcollection of sets of C which intersect J. In C; we 
can find chains C,, and Cy from a to x and z to b, respectively. Similarly we 
find chains C,, and Cy. We select from the first pair a chain C, from a to b, 
one link of which contains xz. There will be a similar chain C,. Hence there 
will exist in C; and therefore in C, two different simple chains from a to b. It 
easily follows that C contains a simple closed chain. Hence C is not acyclic. 


3. Monotone transformations. The continuous transformation 7(A) = B 
is said to be monotone® provided that for each y ¢ B the set T”'(y) is connected. 
If A is compact, the only case we consider, it is known that the inverse of every 
connected set is connected. 

Hopf has shown (Satz c&) that no continuum admits a free transformation 
into an are. That is, if A is a continuum and T(A) = B, B a simple arc, then 
for any transformation f(A) C A there will exist a point 2 «A such that 
Tf(xo) = T(x). We extend this result by permitting the image to be a dendrite 
and at the same time restricting the transformation to be monotone. We 
discuss this in more detail after the following theorem. 


THEOREM 2. No continuum admits a free monotone transformation into a 
dendrite. 


Proof. Assume that the result is not true and let T(A) = B be a free mono- 
tone transformation onto (since every subcontinuum of a dendrite is a dendrite) 
the dendrite B. By hypothesis there is a transformation f(A) C A such that 
for each x we have Tf(x) # T(x). Since A is compact, there is a positive 6 
such that for each ze A, p(Tf(z), T(z)) > 6. By Lemma 1, B = )>B,;, 
6(B;) < 6, and this covering is one-dimensional, monotone and acyclic. The 
covering C: A = ). A;, A; = 7 '(B;), has all of these properties since it is 

7 See, for example, K. Menger, Kurventheorie, Berlin, 1932, p. 191. We may also use 
Hopf’s Hilfssatz 2 and Satz I’ to prove this. 


8 See G. T. Whyburn, American Journal of Mathematics, vol. 56(1934), p. 294. Also 
S. Eilenberg, Fundamenta Mathematicae, vol. 22(1934), p. 272. 
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clearly equivalent to the first one and since we know that the inverse of a con- 
nected set is connected. Now Hopf’s Satz II’ is to the effect that no such 
covering can be free. Thus there is aj such that f(A,)A; ~ 0. But if ze A;, 
then 7T(x)¢«B;, and hence Tf(z) is not in B; (since 6(B;) < 6 and 
p(Tf(x), T(x)) > 4). It follows that f(z) is not in A ; and thus that f(A ;)A; = 0. 
This is a contradiction. 

This theorem is not true if, for example, we replace “monotone” by the closely 
related “‘non-alternating’” as the following example shows: let J be the unit 
circle divided into three equal ares by the points a, b, and c. Denote by z the 
origin (we may suppose that J is in the Euclidean plane) and let Y be the sum 
of the three straight line segments za, zb, and zc. Let S(J) = Y be the trans- 
formation mapping the arc ab topologically onto the arc az + zb, be onto bz + ze, 
and ca onto cz + za so that the mid-points of the three arcs on J go into the 
origin. If then we put U(J) = J for the transformation taking each point 
of J into its diametrically opposite, we see that (i) S is a non-alternating trans- 
formation, (ii) the set Y is a dendrite, (iii) for each z e J we have SU(x) ¥ S(z); 
that is, S is free. In essentially the same manner we can show that if the 
locally connected continuum is multicoherent, it admits a free transformation onto 
a dendrite. For if A is a multicoherent locally connected continuum, we may 
retract it onto the simple closed curve J C A, r(A) = J, r(x) = 2,2eJ. Then 
if f = Ur, it follows that rf(z) ¥ r(x), x e« A, U as defined above, since there is 
no loss of generality in supposing that J is the unit circle. The transformation f 
then maps A onto J C A, and it may be seen that SU(z) ¥ S(z), re J, Sas 
defined above. Then if we put 7 = Sr and remember that f = Ur and that r 
is the identity on J, wesee that Tf = SrUr = SUr # Sr = T, and T(A) = Y, 
a dendrite. 

From Theorem 2 we deduce the following well-known theorem of Scherrer: 


Coro.uary. Every continuous transformation of a dendrite into itself admits 
a fixed point. 


Proof. Let I(x) = x be the identity transformation on the dendrite A. 
Since J is monotonic, it is not free, so that if f maps A into itself, there is a point 
a in A such that If(xo) = I(x), or f(x) = 2. 


Lemma 2. If T(A) = B is free, and if T is factored in any way, T = T:T,, 
T,(A) = A’, T2(A’) = B, then T, is also free. 


Proof. If T; is not free, there is a transformation f(A) C A and a point z 
in A such that Ti: f(z) = Ti(x). Hence 727i f(z) = 7T2T;(x), and this is a con- 
tradiction. 


® A transformation 7(A) = B is non-alternating if A — T-'(y) = A, + Az, Ai and A: 
mutually separated, implies that A; = T-!T(A;). In connection with this paragraph see 
Hopf, pp. 49 and 54. 

10 W. Scherrer, Mathematische Zeitschrift, vol. 24(1926), p. 125. 
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THEOREM 3. If a compact metric space admits a free transformation onto a set 
of dimension at most k, then it admits a free monotone transformation onto a set of 
dimension at most k. 


Proof. Let T(A) = B be a free transformation, dim B <= k. By a theorem 
of G. T. Whyburn (see footnote 8) we can factor 7 as indicated in Lemma 2 
so that 7; is monotone and dim A’ S dim B S k. By the lemma cited 7; 
is free. 

From this result we can secure Hopf’s Satz IIc: 


Coro.uary. No unicoherent locally connected continuum admits a free trans- 
formation onto a one-dimensional set. 


Proof. If it did, it would admit a free monotone transformation onto a one- 
dimensional set. But by Theorem 5 (which does not depend on this corollary) 
this implies that the image is a dendrite. Hence we would have a free monotone 
transformation into a dendrite in contradiction to Theorem 2. 

For monotone transformations we have the following analogue of Hopf’s 
Hilfssatz 3: 


THEeorEM 4. A locally connected continuum admits a free monotone trans- 
formation onto an at most k-dimensional set if and only if it admits a free monotone 
covering of dimension at most k. 


Proof. Let T(A) = B be a free monotone transformation, dim B <S k, and 
let f(A) C A be a transformation such that Tf(z) # T(x). As in the proof of 
Theorem 2 there is a positive 6 such that p(Tf(x), T(x)) > 6. Since dim B S k, 
we can find a }6-covering of B with a finite number of closed sets and this covering 
is at most k-dimensional. By Hopf’s Hilfssatz 2 we can replace this by a con- 
nected covering of the same dimension, B = )> B;, 6(B;) < 6. Since T is 
monotone, we have an at most k-dimensional covering A = > A;, A; = T *(B)), 
with connected sets. The remainder of the argument proceeds as in the proof 
of Theorem 2. Thus the condition is necessary. 

To show that the condition is sufficient we know that if A admits an at most 
k-dimensional covering with connected sets, then by Hopf’s Hilfssatz 3 the 
space A admits a free transformation onto a set of dimension at most k. By 
Theorem 3 it admits a free monotone transformation onto a space of dimension 
at most k. 

Either directly, with an almost identical proof, or using the above theorem, 
we can deduce the following: 


Coro.tiary. A locally connected continuum admits an at most k-dimensional 
free covering if and only if it admits an at most k-dimensional free monotone covering. 


Corotiary. A locally connected continuum admits a free transformation into a 
space of dimension at most k if and only tf it admits a free monotone transformation 
into a space of dimension at most k. 
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This result can be deduced either directly or from Theorems 3 and 4. The 
next theorem shows the intimate relation existing between monotone coverings 
and monotone transformations in an even more striking fashion. 


TuHEeorEM 5. In order that a locally connected continuum be unicoherent, each 
of the following conditions is both necessary and sufficient: 

(a) every one-dimensional monotone image is acyclic; 

(b) every one-dimensional monotone covering is acyclic. 


Proof. If T(A) = Bis monotone and dim B = 1, then Bisadendrite. For 
if B contained a simple closed curve, we could, as in the proof of Lemma 1, find 
an arbitrarily small one-dimensional monotone covering that was not acyclic. 
The inverses of these sets form a similar covering of A and by Theorem 1 it would 
follow that A could not be unicoherent. If A is not unicoherent, it admits a 
retraction r(A) = J onto a simple closed curve J. By Whyburn’s factor 
theorem cited above we could factor this retracting transformation r = r2r;, so 
that r,(A) = A’ is monotone and dim A’ = 1. Since r is topological on J, 
r, is also and thus A’ contains a simple closed curve. 

Part (b) is another form of Theorem 1. We can, however, prove (a) inde- 
pendently of Theorem 1 and get (b) from (a). 


4. An application. We suppose that the space A is a locally connected 
continuum. Eilenberg has shown” that if A is unicoherent, so also is every 
interior” image of A. Eilenberg’s proof makes use of properties of the space of 
transformations of A into the unit circle. Another proof can be gotten from a 
theorem of G. T. Whyburn” to the effect that the first Betti number of A cannot 
be increased under an interior transformation. We shall make use of Theorem 
5(b). 


TurorEM 6. If A is a unicoherent locally connected continuum and T(A) = B 
is intérior, then B is unicoherent. 


Proof. We have only to show that no one-dimensional monotone covering of 
B can contain a simple closed chain. Assume the contrary and let C’: B = >> B; 
be a one-dimensional monotone covering which contains a simple closed chain. 
Let s be less than one-half the Lebesgue number“ of C’ and denote by B; 
the closure of the component of the s-neighborhood of B; which contains Bj. 
Then B; is a closed and connected set, and it is easily seen that the covering 
C: B = >> B; is equivalent to C’. Moreover, each set in C has a non-vacuous 
interior. It follows by a theorem of G. T. Whyburn”’ that if A;; is a component 


11 §. Eilenberg, Fundamenta Mathematicae, vol. 24(1935), p. 175. 

12 A transformation is interior if it maps open sets onto open sets. See S. Stoilow, 
Théorie des Fonctions Analytiques, Paris, 1938. 

13 G. T. Whyburn, this Journal, vol. 4(1938), p. 1. 

4 Alexandroff-Hopf, loc. cit., p. 101. 

1% G. T. Whyburn, this Journal, vol. 3(1937), p. 370. 
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of T-'(B,), then T(A;;) = B;. Let us suppose that the notation is so adjusted 
that 


B,, Be, ---, Ba, B 


is a simple closed chain inC. We consider the covering C’: A = >> Ai;, where 
each A;; is a component of 7~'(B;). The number of sets in C’ being finite by 
Whyburn’s theorem cited above, it is easily seen that C’ is a one-dimensional 
monotone covering of A. We shall show that C’ contains a simple closed chain, 
contrary to Theorem 5(b). If An is any component of 7~*(B;), then since 
B,B, ~ 0, some component, say Ax, of 7” *(B2) must intersect An. Con- 
tinuing in this way, we get a chain 


Aun, An, oa» An 


such that each set intersects the following but there are no other intersections. 
The set A, need not intersect Ay ; but it must intersect some component, say 
Ay, of T*(B,). Unless the chain has closed, we can find a component Az of 
T '(B2) which intersects Ay. This process can continue so that we get a chain 


An, An, ee « Au, An, Az, eet: Ans. 
The number of components in 7” '(B,) being finite, it is clear that we can get a 


simple closed chain in C’. 
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THEOREMS OF THE PICARD TYPE 


By Ovar HELMER 


1. Introduction. We shall denote the order and the exponent of convergence 
of an integral function f(z) by 


(1) p = ordf and a = expf, 


respectively. It is known that the latter does not exceed the former and is 
usually equal to it. In the case where 


(2) expf < ordf 


occurs, we shall say that the function f(z) is exceptional. 

Picard’s original theorem that an integral function f(z) does not omit more 
than one value has been replaced by the stronger theorem of Picard-Borel which, 
in the above terminology, can be formulated as follows: For an integral function 
f(z) there is at most one constant c for which the function f(z) — c is exceptional. 

This theorem has, on the one hand, been generalized so as to apply to mero- 
morphic functions." On the other, it has been refined in various directions; in 
particular, the constant c has been replaced by a polynomial,’ and even by an 
integral function whose order is smaller than that of f(z).* It is the main object 
of this paper to prove another similar generalization of the Picard-Borel theorem 
that goes a little further. We shall consider pairs of integral functions f(z), 
g{z), and it, will be our object to inquire into the number of integral functions 
A(z) whose order is less than the larger of the orders of f(z) and g(z), for which 
the function f(z) + A(z)-g(z) is exceptional. In the special case where g(z) = 1 
we obtain the previously considered cases cited above. 

Of the theorems leading up to these results, the first is a precise statement 
concerning the order of the product of two integral functions, while the second 
and third deal with the order of an exponential form A-e” + B-e°, where A, B 
are integral functions and F, G are polynomials. These two latter theorems are 
not new, but have been proved in what follows for reasons of completeness.* 

Throughout this paper we shall restrict ourselves to integral functions of 
finite order. 


Received April 27, 1939. 

1Cf. R. Nevanlinna, Le Théoréme de Picard-Borel, Paris, 1929. 

2 Cf. E. Borel, Lecons sur les Fonctions Entiéres, 2d edition, Paris, 1921, p. 89. 

3Cf. G. Valiron, General Theory of Integral Functions, Toulouse, 1923, p. 303. 

4 Theorem 3 has been used by Borel, but the proof he gives contains a mistake (see page 
101 of reference in footnote 2). A correct proof can be found in G. Vivanti, Theorie der 
eindeutigen analytischen Funktionen, Leipzig, 1906. 
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2. Definitions. We begin by restating some of the fundamental definitions. 
Let f(z) be an integral function with an m-fold zero at the origin (m 2 0) and its 
remaining zeros 2;, 22, 23, --- numbered in such a way that | z,| S | z|< 
| 23 | S --- (each zero, if necessary, being repeated according to its multiplicity). 
If f(z) is of finite order, then it possesses a uniquely determined Weierstrassian 
standard representation: 

(3) fle) = 2.e”.J] B(2 , k) ' 
i s 
where F(z) is a polynomial (let its degree be q), k the smallest non-negative 
integer such that 
1 
() > a 


is convergent, and 


(5) Ble, k) = (1-2) -emp(r+}2°+-. +42), 
The larger of the integers g and k is called the genus of f(z) and is denoted by p: 
(6) p = gen f = max (q, k). 
The smallest non-negative number a for which 
1 
(7) a (a oF (e > 0) 


converges, however small ¢ may be, is called the exponent of convergence of f(z), 
written a = expf. 
If we put 


(8) M,(r) = max | f(z) |, 


J2|=r 


we may define the order p of f(z), written p = ord f, as the smallest non-negative 
number for which, however small e, 


(9) M,(r) < exp r’** (e > 0), 
provided r is large enough. 
3. Lemmas presupposed in what follows. For later reference I shall now state 
the following lemmas; their proofs can be found in the works quoted above. 
Lemma 1. [f f(z) and g(z) are not identically zero, then 
(10) exp (f-g) = max (exp f, exp g). 
Lemma 2. If f(z) has the form (3), p = ord f, a = exp f, and q = deg F, then 
(11) p = max (q, a). 
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The next three lemmas are immediate consequences of Lemma 2: 


LEMMA 3. 

(12) exp f S ord f. 
Lemma 4. If ord f is non-integral, then 

(13) exp f = ord f. 


Lemma 5. Likewise, (13) holds for every canonical product, that is, for every 
function f(z) of the form (3), where F(z) is a constant. 


Lemma 6. 

(14) ord (f + g) S max (ord f, ord g). 

Moreover, 

(15) ord f # ord g — ord (f + g) = max (ord f, ord g). 
LemMa 7. 

(16) ord (f-g) < max (ord f, ord g). 

Moreover, if f(z) and g(z) are not identically zero, then 

(17) ord f # ord g — ord (f-g) = max (ord f, ord g). 
Lemma 8. Let f’(z) denote the derivative of f(z); then 

(18) ord f’ = ord f. 


4. The order of a product. The information given by Lemma 7 will now be 
replaced by a more precise statement. If f(z) = e” and g(z) = e *, then, 
of course, the order of the product is less than the order of each factor. Apart 
from trivial exceptional cases of this type, however, the order of a product is 
always equal to the larger of the orders of the factors. Let, in general, f(z) be 
of the form (3) (now writing k; instead of k), and similarly 


(19) g(z) = 2"-e.J] B(5, ly). 


Then we can make the following assertion: 


THEOREM 1. 
(20) ord (f-g) = max (ord f, ord g) 
unless all the following conditions are fulfilled: 
(i) deg F > expf, (iii) deg F = deg G, 
(ii) deg G > exp g, (iv) deg (F + G) < deg F, 


(21) 








in wh 
(22) 
Pr 


(23) 


If the 
(24) 
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(25) 
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(26) 
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exp f 
the c 
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in which case 
(22) ord (f-g) < ord f = ord g. 
Proof. 


(23) fg =o". J] B(:, ky) TI B(5, by). 


If the conditions (21) are fulfilled, then by Lemma 2 
(24) ord f = ord g = deg F = deg G. 
Hence, applying Lemma 7 to (23), we have 


ord (f-g) < max (ord z”*", ord e”**, ord [] , ord []) 
(25) i j 
< max (1, deg F, deg F, deg G) = ord f = ord g, 


and this proves (22). On the other hand, if 
(26) ord (f-g) < max (ord f, ord g), 


then by Lemma 7, (17), we must have ord f = ord g, and by Lemmas 1 and 3 
exp f < ord f and exp g < ord g; but these, by virtue of Lemma 2, are precisely 
the conditions (i), (ii) and (iii) under (21). But then condition (iv) must also 
hold, since otherwise (23) would, by Lemma 7, have the same order as f, contrary 
to (26). 


5. The order of exponential forms. Of the following two theorems the first is 
a special case of the second. 


THeorEM 2. Let F(z) and G(z) be polynomials; then 


(27) ord (e” — e°) = max (deg F, deg G) 

unless e” = e°, in which case, of course, ord (e” — e*) = 0. 
Proof. Let 

(28) % _ 6 — h(z), 


and let, say, deg F = deg G; assuming ord h < deg F, we have to prove e” and 
e° to be identical. Differentiating (28), we get 


(29) Fe’ — Ge® = Nh, 
and eliminating e° from (28) and (29), we obtain 
(30) (G’ — F’)-e” = Gh — bh’. 


The right side of (30), by Lemmas 6, 7, and 8, has an order less than deg F, 
whereas the left side would have order deg F if G’ — F’ were not identically 
zero; hence G = F + c, so that 


(31) e"(1 — e) = h. 
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Again comparing orders, we find that 1 — e° = 0, so that h = 0. 


THEOREM 3. Let F(z) and G(z) be polynomials, and A(z) and B(z) integral 
functions with 


(32) max (ord A, ord B) < max (deg F, deg G). 
Then 
(33) ord (Ae” + Be*) = max (deg F, deg G) 


unless Ae” + Be* = 0, in which case ord (Ae” + Be*) = 0. 


Proof. If F and G are not of the same degree, the assertion follows imme- 
diately from Lemmas 6 and 7. Hence we may assume deg F = deg G = q, say. 
Also let ord A S ord B. 

If A and B have any zeros in common, let 


(34) A = A*-D and B= B*.D, 


where A* and B* are relatively prime, and where D can be chosen so that ord 
D s ord A. Then 


(35) Ae” + Be* = D-h, 
where 
(36) Ate” + Bte® = h. 


If we now suppose that ord (Ae” + Be°) < q, we must also have ord h < q 
since ord D S ord A <q. Differentiating (36), we obtain 


(37) (A*’ + A*F’)e” + (BY + B*G’)e® = hi’. 

Elimination of e” from (36) and (37) leads to 

(38)  e°[(A*’ + A*F’)B* — (B*’ + B*G’)A*] = h(A*’ + A*F’) — h’A*. 
On comparing orders, we see that the factor of e* must vanish identically, so that 
(39) A*(B*’ + B*G’ — B*F’) = A*’B*. 


A* must, therefore, be a divisor of A*’B*, but A* and B* being relatively prime, 
this implies that A* is a divisor of A*’; this is only possible if A* has no zeros, 
for if A* and A*’ had a zero in common, its multiplicity with respect to A* would 
have to be larger by one than its multiplicity with respect to A*’. The same 
argument holds good for B*, so that we may put 


(40) A* =e" and B* =e’, 


where U and V are polynomials of degree less than g. We now can apply 
Theorem 2 to 


(41) evr? + e’t? = h 
and find that A must be identically zero. 
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6. Theorems of the Picard type. A function f(z) was called exceptional if its 
order exceeds its exponent of convergence. It must then, by Lemma 2, be of the 
form 


(42) f(z) = e* -f,(2), 


where ord f; < ord f; it follows, in particular, that ord f = deg F, so that an 
exceptional function of finite order must of necessity be of an integral order. 

We shall now consider pairs of integral functions f(z), g(z) and examine the 
functions of the form f(z) + A(z)g(z) as to exceptionality, where the order of A 
is less than the larger of the orders of f and g. It will turn out that, as a rule, 
there is at most one function A for which f + Ag is exceptional. Only when f 
and g are of the same order, there may be more than one such function A, and 
even then, apart from a trivial exception, the number of these functions A is 
restricted to at most two. The case where f and g have different orders is simpler 
and will be treated first. 


THeoreM 4. Let f(z) and g(z) be integral functions of distinct finite orders; 
then there is at most one integral function A(z) with ord A < max (ord f, ord g) 
for which the function f(z) + A(z)g(z) is exceptional. 


Proof. Suppose both f + Ag and f + Bg are exceptional: 


(43) f + Ag = Ue* and f + Bg = Ve’, 
where 
(44) max (ord U, ord V) < max (ord f, ordg) = deg X = deg Y 


(so that, in particular, max (ord f, ord g) must be an integer). Eliminating 
either f or g from (43), we have 


(45) (A — B)g = UeX — Ve’ and (A — B)f = AVe” — BUe*. 


Using the first or the second of these equations, according as ord f > ord g or 
ord f < ord g, we find by applying Theorem 3 


(46) A = B. 
As a by-product we obtain the following 


Coro.tuary. If f(z) and g(z) are integral functionsof distinct finite orders, and 
if p = max (ord f, ord g) is non-integral, then there is no integral function A(z) 
of an order less than p for which f(z) + A(z)g(z) ts exceptional. 


We now come to the case where f(z) and g(z) are of the same order. In this 
case we cannot expect quite so simple a result as Theorem 4, as the following 
examples show. (i) Let f(z) = g(z) = e””; thenf + Ag = (1 + A)e” will be 
exceptional for every A  —1 with ord A < deg H. (ii) Let f(z) = cos z and 
g(z) = sinz;thenin A = tand A = —i we have two functions for which f + Ag 
is exceptional. 
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The second example shows that even if we do not have the trivial exceptional 
situation of example (i), there may be two functions A with the property under 
consideration. However, the following theorem shows that, in general, the 
situation is at least no worse than has to be expected on account of the above 
examples. 


TueoreM 5. Let f(z) and g(z) be integral functions of the same finite order p. 
Then 

(a) af f and g are multiples of the same exponential function: 
(47) f(z) =e" filz)_ and g(z) = e* g,(2), 


where ord f; < p and ord gi < p, every function f(z) + A(z)g(z) with ord A < pis 
exceptional or identically zero; 

(b) in every other case there are at most two integral functions A(z) with ord 
A < pfor which the function f(z) + A(z)g(z) is exceptional. 


Proof. The proof will proceed along the following lines. If we assume that 
there are three functions A with the property under consideration, it will follow 
that both f and g must themselves be exceptional. For a pair of exceptional 
functions f, g it will then be shown that there cannot be more than two func- 
tions A unless we have the situation described under (a). 

Suppose, then, that the three functions f + Ag, f + Bg and f + Cg are ex- 
ceptional: 


(48) f+Ag=Ue*, f+Bg=Ve"", f+Cg = We’, 

where A, B, C, U, V, W are of order less than p and A, B, C are distinct. Elimi- 
nating f and g from (48), we obtain 

(49) (A — C)Ve”* + (A — B)We** = (B — C)U. 


If U = 0, we have f = —Ag and hence (B — A)g = Ve’, so that both f and g 
are exceptional. If U # 0, we may apply Theorem 3 to (49), with the result 
that Y — X and Z — X (and hence also Y — Z) must be of degree less than p. 
Let, say, 


(50) X=VYV+X%=2Z2+X:, 

where deg X; < pand deg X2 < p. From (48) and (50) we have 

(51) VW(f + Ag) = UVWe* = UWe*(f + Bg) = UVe**(f + CQ), 
and hence 

(52) f-(We*! — Ve**) = g-(CVe**? — BWe*’), 


where both expressions in parentheses are of order less than p. Now let d(z) be 
the greatest common divisor of f(z) and g(z) (d is unique apart from an expo- 
nential factor). On account of (48), d must be a divisor of U, so that 


(53) exp d S exp U S ord U < p. 
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d can therefore be chosen so that 


(54) ord d < p. 
Let 
(55) f=d-f* and g = d-g*, 


where f* and g* are relatively prime and, on account of (54), of order p. Then 
(52) becomes 


(56) f*-S = g*-T. 


Here S and T are not zero (because otherwise we would have B = C) and are of 
order less than p. It follows that f* is a divisor of 7, and likewise g* a divisor of 
T, and therefore 


(57) exp f* S expT <p and expg* S expS <p. 


From (54) and (55), on the other hand, we see that exp f = exp f* and expg = 
exp g*; both, by (57), are less than p, so that f and g must be exceptional. 
If f and g are exceptional, they must be of the form 


(58) f=e'-f, and g = e°-g 
with ord f; < pand ord g, < p. Substituting in (52), we obtain 
(59) eo” f,.(We*™! — Ve**) = g-(CVe** — BWe*'). 


The expression on the left is not identically zero; hence, comparing orders, we 
find deg (F — G) < p, so that f and g are multiples of the same exponential 
function e°: 


(60) f = e°-fe (with fe =e" “f,) and g = e°-g 


with ord fe < p and ord g; < p, and this is exactly the situation described 
under (a). In this case it is obvious that for every function A of order less 
than p the function f + Ag is exceptional or zero. 

Again we can state a corollary referring to the case where p is non-integral. 


Corotuary. If f(z) and g(z) are integral functions of the same finite non- 
integral order p, then there is at most one integral function A(z) of order less than p 
for which f(z) + A(z)g(z) is exceptional. 


The possible existence of one such function A is shown by the following 
example. Let f be any function of a non-integral order greater than 1, and let 
g = e — f; then for A = 1 we have f + Ag = e’ which is exceptional. 

Proof of the Corollary. Supposing that the first two equations of (48) hold, 
we obtain 


(61) (A — B)g = Ue* — Ve’. 
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Here, if A — B were not zero, the order on the left would be p which is sup- 
posedly not an integer, whereas the order on the right, by Theorem 3, is max 
(deg X, deg Y) which is an integer. Hence B cannot be distinct from A. 

It should be noticed that, for the function f + Ag to be exceptional, it is 
necessary that 


(62) exp (f + Ag) < p, 


where p = max (ord f, ord g). In fact, in the case of Theorem 4 where ord 
f # ord g and hence ord (f + Ag) = p, this condition is also sufficient. But 
even when proving Theorem 5, where ord f = ord g = p, we have used nothing 
but (62) in assuming that f + Ag be exceptional. This justifies the following 
additional 


Corotiary. Theorems 4 and 5 remain valid when the words “is exceptional” 
are replaced by “has an exponent of convergence less than p”, where p = max 
(ord f, ord g). 


In view of Theorems 4 and 5 the obvious question arises as to the possible 
exceptionality of functions of the anes Af + Bg. The answer is given in the 
following two theorems. 


THEOREM 6. Let f(z) and g(z) be integral functions of distinct finite orders. 
Then there is essentially at most one pair of integral functions A(z), B(z), both not 
identically zero, with max (ord A, ord B) < max (ord f, ord g), for which the 
function A(z)f(z) + B(z)g(z) is exceptional; essentially in the sense that every 
other pair A;(z), B,(z) must be proportional to the first. 


Proof. We may assume that ord f > ord g. Suppose there are two pairs 
A, Band A;, B, for which Af + Bg and Aif + Bg are exceptional: 


(63) Af + Bg = Ue* and Af + By = Ve’~" 

where A, B, A; , B,, U, V are of order less than that of f. Now let 
(64) f* = AAjf. 

Then we have ord f* = ord f. From (63) and (64) we obtain 

(65) f* + A,\Bg = AiUe~ and f* + ABg = AVe’. 


These equations, by Theorem 4, are incompatible unless A,B = AB, ; in other 
words, the pair A:,B; has to be proportional to the pair A,B. 


THEOREM 7. Let f(z) and g(z) be integral functions of the same finite order p. 
Then, in the case (a) of Theorem 5, every function A(z)f(z) + B(z)g(z) with 
max (ord A, ord B) < max (ord f, ord g) is exceptional or identically zero. In 
every other case, there are essentially at most two pairs of integral functions A(z), 
B(z), both not identically zero, with max (ord A, ord B) < max (ord f, ord g), 
for which the function A(z)f(z) + B(z)g(z) is exceptional, essentially in the sense 
that every other pair must be proportional to one of the first two pairs. 
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Proof. In the trivial case (a) equations (47) hold, and we have 
(66) Af + Bg = e"(Af,; + Bg:), 


which is exceptional or identically zero. Otherwise suppose there are three 
pairs A,B, A;,B, , and A2,B: for which Af + Bg, Aif + Big and Asf + Bag are 
exceptional: 


(67) Af+Bg=Ue*, Aif+Bg=Ve", Asf + Bg = We’, 
where A, B, A; , B,, Az, Be, U, V, W are of order less than p. Now let 
(68) f* = AAj,Apf. 
Then we have ord f* = ord f, and from (67) and (68) we obtain 
f* + A\AoBg = AjAUe*, f* + AA2Bg = AA2Ve’, 
f* + AA,:Byg = AA,We’. 


Applying Theorem 5 (b), we find that of the functions A,;A2B, AA2B; and AA,B, 
at most two can be distinct. If, say, the last two coincide: 


(70) AA2B, = AAjB;, 


we find, since A # 0, that the pair A,B, must be proportional to the pair 
A;,B,. 


(69) 
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A CLASS OF CONTINUED FRACTIONS 
By H. M. Scowarrz 


Introduction. The algebraic continued fractions 








(1) Aa + | ne + .--, k; complex and ¥ 0, 
whose coefficients satisfy the condition 
(2) DL lki|< « 


possess the following interesting property: 
The numerators and denominators of the approximants of (1) form respectively 
two sequences that converge uniformly over any bounded region of the z-plane [3]. 
A more general class than (1) is given by 
k 
(3) ae. “ x | + ke | 


|j2z— lz— Co 





+ ..-, k; and c; complex, k; # 0. 


In fact, except for simple changes of the variable and the fraction, (1) can be 
obtained from (3) by taking all c; = 0 ([4], §61). In this paper we study some 
consequences of condition (2) for this general class of continued fractions. 
The general case of unrestricted c; is considered briefly in §1. A generaliza- 
tion of the above-mentioned property of (1) under (2) in this case is given in 
THEOREM 1. Denote the n-th approximant of (3) by P,(z)/Q,(z). If we have 
(2), then the two sequences 


(4) P,(z) Q,(z) 


II ( - II @ - «) 


converge each uniformly in every domain’ of the 2-plane at a positive distance from 
{c:}—the set of points c; (¢ = 1, 2, --- ). 


(n = 1,2, ---) 





More precise results are obtained in §§2 and 3 for a number of special cases. 
Convergence properties of (3) are discussed in §4. In §5 we consider the 
special case corresponding to the condition 


(5) Fee. 


i=1 | c; | 


Received June 3, 1939; in revised form, November 10, 1939; presented to the American 
Mathematical Society, April 8, 1939, under a different title. ‘The author wishes to express 
his gratitude to Professor J. A. Shohat for his encouragement and advice during the prep- 
aration of this paper, and for his valuable suggestions. 

1 Numbers in brackets refer to the bibliography. 

2 By domain we mean a point set in the extended complex plane. 
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In this case (2) can be replaced by the weaker condition 


(6) | Kiss < @ 
i=l | CC | 


Corresponding to Theorem 1 we have 


THeoreM 2. If the coefficients of (3) satisfy conditions (5) and (6), then the 
sequences 


(7) P,(z) —Qn(z) weteia 
I cena: II (- —«) 


converge each uniformly over any bounded domain of the z-plane, the limit func- 
tions being, thus, entire functions. . 

The second part of the paper applies to Bessel’s continued fraction results 
obtained in the first part. The related system of Lommel polynomials is shown 
to form an orthogonal set [5] for certain values of the parameter and the corre- 
sponding weight function is found. 


I. A class of continued fractions 
1. Proof of Theorem 1. Since’ 


(8) P,(2) = kQnaa(z) (n= 1,2,---), 


it suffices to consider only {Q,(z)}. 
Let D be a given domain of the z-plane at the distance d (>0) from the set 
{e:}. By the Euler-Minding formulas 








n I,n—1 
hs me Kiss 
Qn(2) = UJ dill E " ~ (2 — e) (2 — cis) 
(9) 1,n—2 k k 
t+1 i+2 
bd p> (z — &)(2 — Ci4i) (2 — Chi) (2 — G42) + | 


we have for all z in D 


| | | = | V,.(z) | re | + bd (aa) re > asl | ki+2 | +. 
Tl (z — «)| 7 e 


(s(t) s (+S) = ns 


i=1 | 
the infinite product being convergent by assumption (2). Now by the recur- 
rence relations 


(10) Q,(z) = (z a Cn) Qn—i(2) + KnQn—2(z) (n = 2, 3, aa ) 


3 Qnim(z) (m = 0, 1, ---) denotes, in Perron’s notation ([4], §5) the function arising from 
Q,(z) when k; and c; are replaced by kim and ci;m respectively. 








IIA 
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we find 
k,n 


(2 — n)(z — Cnr) Vna(z) (n = 2,3, ---). 


V,(z) _ Vn-1(z) + 





It follows that for all z in D 


| 


Va) — Veale) | sl! x, 





and so the series 
Vi(z) + [Ve(z) — Vilz)] + --- 


converges uniformly in D; that is, the sequence {V,(z)} converges uni- 
formly in D. 

A necessary condition. When the set {c;} is unbounded, it is easy to see by 
consulting Theorem 2 that condition (2) in Theorem 1 is not necessary for 
the validity of Theorem 1. Indeed, by (5) it follows, as a consequence of 
Theorem 2, that the sequences 








Pi(z)  _ Patz) 1 _ Qnlz) _ Qn) 1 
IT @ - «) TI (-«o I (1 - 2) IT @ - a) II (-«) I (1-2) 


converge uniformly in every bounded domain of the z-plane at a positive dis- 
tance from {c,;}, while (6) shows that the set {k;} could even be unbounded. 
Consider, then, the case of bounded {c;}. By (9) we have for all z at a suffi- 
ciently great distance from the origin, the following expansion in ascending 
powers of 2°: 


l1,n—1 n 
_ we Loe ) 1, Ci: on 1 . 
Vi(z) = 1+ > (2 +37 a ( + ry + +) =1 +5dh+ eee, 
By Weierstrass’ double series theorem, it follows, therefore, that when {c;} is 
bounded, then for the conclusion of Theorem 1 to hold true, it is necessary that 
Dd ki converge. 
Note. In the important special case 


(11) k, > 0, kk; <0 (¢ = 2,3,--- ); c; real (¢ = 1,2,.--) 


which is related to the moments problem of Stieltjes and Hamburger ((4], §72) 
it is thus seen that condition (2) in Theorem 1 in case of bounded {ce;} is both 
necessary and sufficient. 


2. When in addition to (2) it is also assumed that 
(12) lim ¢; exists and = ¢, say, 


io 


it is possible to obtain a more precise result than that given in Theorem 1. 
We make use of the following 








and 


whic 
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Lemma. If the sequence of analytic functions f,(z) (n = 1, 2, --- ) satisfies the 
following two conditions: 
(a) f.(z) (n = 1, 2, --- ) ts everywhere regular, except possibly at a given point c; 
(b) there exists a sequence of closed contours C, (n = 1, 2, --- ) enclosing the 
point c, with* 
lim max |z—c| =0 
neo zonCy 
and such that on each C,, , the sequence {f,(z)} converges uniformly; 
then 
(c) sequence {f,(z)} converges uniformly in every domain at a positive distance 
from the point c, the limit function being an entire function in (2 — c)’. 


The lemma is an immediate consequence of a well-known theorem of Weier- 
strass, which states that a sequence of functions regular analytic inside and on a 
given closed contour, and converging uniformly on the contour, converges uni- 
formly in any closed domain in the interior of the domain bounded by the 
contour. We have only to subject the z-plane to the linear transformation 


1 
= 
z—c 





and to observe that the functions 


dalz’) = fn (; + :) = fu(2) 


are, by condition (a) of the lemma, everywhere regular in the finite z’-plane, 
and that, according to condition (b) of the lemma, any finite domain of the 
z’-plane can be enclosed in a closed contour (namely, the map in the 2’-plane of 
one of the contours C,, given in (b)) on which the sequence converges uniformly. 
By the above theorem, it follows that {¢,(z’)} converges uniformly in any 
bounded domain and its limit function, therefore, is an entire function. Trans- 
lating this result back into the z-plane, we obtain the conclusion (c) of the 
lemma. 

Consider now the sequences (4) of Theorem 1. It will be sufficient to con- 
sider one of them, say the second. By condition (12) and Theorem 1 (condition 
(2) being assumed), it can be readily concluded that we can find a sequence of 
contours C, (each C, being at some positive distance from the set {c;}) which 
satisfy the conditions given in (b), with 


faz) = Oe 
II ( -— a) 


i=] 


‘In our application, it is sufficient to take for C, a circle with c for center and radius 
which —0asn— ~. 
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Suppose now that the set of integers {p;} (¢ = 1, 2, --- ) is such that 


(13) 





peg converges for every z ¥ c 


(it being always possible to determine such sets of integers, since by (12) 
lim (c; — c) = 0), so that the infinite product 


r(,_a-¢ ¢—e , lf«—c\ 1 (ce; — c\”' 
IT(: =) exp| = +3(2=) ee +2 (422) | 


converges uniformly on each of the above contours C,. By the identity 

















T (z;n) 
(1s 7 - £—. —* _.. 
—" 7 T(zin) _a—e 
Hema 8" em fi -$=5) 

where 

Sfeoe-—e ,1fa—c\) 1 fo; — c\"* 
(15) ie5n) =D] + 3/ ) tent) (829) | 

im1Lz—c 2\z-c p\z—c 
it follows that condition (b) of the lemma holds also for the sequence 

T(z;n) 

(16) @—o* Q,(2) (n = 1,2, ---). 


But this sequence satisfies also assumption (a) of the lemma, the functions Q,(z) 
being polynomials in z. Hence, for sequence (16) conclusion (c) of the lemma 
is valid and we obtain 


THEOREM 3. [If the coefficients of the continued fraction (3) satisfy conditions 
(2) and (12), then sequence (16) and sequence 


em 


(z —c)" 


where T(z; n) are given by (15), converge each uniformly in every domain of the 
z-plane at a positive distance from the point c, the limit functions being entire func- 
tions in (2 — c)’. 


P,(z) (n = 1,2, +++), 


Corotuary. If we can take pj = p (t = 1, 2, --- ) in (13), and if we have 
Surther 


(17) D (ci — c)* converges fork = 1,2, +++, p, 


t=1 


then the two sequences 


P,(2) Qa(2) 
_ tz : a} te = a 





converge uniformly in every domain at a positive distance from the point c. 








ther 
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In fact, we have only to note that by virtue of assumption (17), the following 


limit exists: 
lim T(z; n) = reiGey, 


n—0 iml sel 8 \Z2—C 





this limit being, clearly, uniform with respect to z in every domain at a positive 
distance from the point c. 
If instead of (12) we suppose that 


(19) lim |, =0, 
ine | C:| 

then, by examining the proof of Theorem 3, it is easy to see that the argument 

of that proof can be retained. In this case, we have to use Weierstrass’ theorem 

itself rather than the lemma. Moreover, in place of identity (14) we have to 


consider the following identity 
( Q,.(z) m eRism) Q,.(z) 1 
IT @ - a) II (-«) *” II (1 - :) 


i=1 





where 


(20) R(z;n) = } E + (2) as n(é) | 


the integers p; being determined so that 


(21) ym 


i=1 | 


pytl 
converges for every finite z. 








THEorEM 4. [If the coefficients of the continued fraction (3) satisfy conditions 
(2) and (19), then each of the two sequences 
R(z;n) R(z;n) 
-=—— P.(s)|, |< Qu(z)|, 


II (—«) ee (—«) 


t=1 i=1 





where R(z; n) are given by (20) and (21), converges uniformly in every bounded 
domain of the z-plane, the limit functions being thus entire functions. 
If we have further p; = p (i = 1, 2, --- ) and 


2. 1 
> = converges fork = 1,2, ---,p, 


tml O¢ 


then the above convergence behavior belongs already to the sequences (7). 


3. The condition 


(22) DS la-—e|<o 
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is included as the special case p = 0 in the corollary to Theorem 3. This case, 
however, can be proved directly by very simple means. 
First, we restate it, for the sake of convenience, as 


THEorEM 5. [If the coefficients of (3) satisfy conditions (2) and (22), then each 
of the sequences (18) converges uniformly in every domain of the z~plane at a positive 
distance from the point c. 


Q,(z) 


Writing for the sake of brevity je —o = Q*(z) (n = 1, 2, --- ), we find by 
the recurrence formulas (10) 
Q2@) = (1+ 2=) ete) + get Mae) = (w= 2,3,» 


Therefore, for all z in a given domain D at the positive distance d from the 
point c, 


|Qk(2) - Qa s 4-(le>* : col 4. Lee!) a ae | 


where 


A= Be {| Qu (z) |}. 


zin 
n=1,2,° ** 


Moreover, by formulas (9), we have in D 


ote = (1 - $2) + erage Fhe I (1 - $4) 








as c Aii+l ieee: 
(23) 1 =, + C—C 
= = keark i. eee 
. (@— cyt ee icenpeite ( = 2 “ 


Consequently, by assumptions (2) and (22), we have for all z in D and for all n 
n ljn—1 l,n—2 
*(s)| < lo — | Na+ ss [Ra | | ise | | 
aris T(r +! i ae 
(24) oft (0+ 8) fy(s 48) 


i=1 i=1 d? 
. la —e|l\ 7 | ks ' 
<I] (1 a real) II (1 +"). 


It follows that A is a finite number, and the proof of Theorem 5 may be com- 
pleted exactly as the proof of Theorem 1. 

The corollary to Theorem 3 shows that assumption (22) is not necessary for 
the validity of Theorem 5. However, the weaker assumption 


(25) > (c; — c) converges 


i=1 
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is indeed necessary. In fact, we have 


THEOREM 6. If one of the sequences (18), say Q* (2), converges untformly in 
some region D of the z-plane at a positive distance from the point c, then we must 
have (25). 


This follows by the application of Weierstrass’ double series theorem to the 
expansion (cf. (23)) 


1 n 
Q2@) =14+  Ye-a +4 [EZ e- ade ei) + Yk] + 
We note further that the existence of the limit for n — © of the coefficient 
(26) > (c — c)(e — ¢) + > ks 
<7 


of (z — c)~” in the above expansion will imply the condition 
(27) > k; converges 
if we assume (22), since 

¥ le - edle— a) 1s (Blea 


It follows, therefore, that 


when the coefficients of fraction (3) are such that the convergence of the series 
> ki, >> (c — c:) implies their absolute convergence (as might happen, for instance, 
when we have the conditions (11)), then the conditions (2) and (22) of Theorem 5 
are necessary as well as sufficient for the validity of that theorem. 


Since 
2, (¢ — a)” = [dc — dl — 2D (e — ele - ci), 


it is seen by Theorem 6 and by the form of the coefficient (26) that 
if we assume (2) or only (27), then the assumption in Theorem 6 implies in 
addition to (25) also 
7 (c — cx)” converges. 
i=l 


On the order of the limit functions of Theorem 5. It will be again sufficient to 
confine our attention to one of the sequences (18), say to {Qz(z)}. Let 


(28) lim Q(z) = Q(z). 


n-?o 


By (24), we find, r being an arbitrary positive number, 


max |Q(z)| < I (1 + he ~ "lI (1 sa = =). 


|z—c|=r i=1 
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Hence, if we denote by p; and p2 the exponents of convergence of the two series 
Z (cs aati ¢), 2 k; 


respectively (the exponent of convergence of a series }> a; being defined as 


t=1 


the greatest lower bound, if it exists, of the set of numbers {k} for which 


> | a; |* converges), it follows by a familiar reasoning in the theory of entire 
1 


functions (namely, that concerning the order of a canonical product) that given 
an arbitrarily assigned positive number e¢, we can find a positive number r, such 


that for r S r. we have 
p*+e 
|, 


max |Q(z)| < exp || 


|z—c|=r 








z—c 
where 
p* = max {py , 2pe}. 
By the definition of the order of an entire function, we have thus 
THEOREM 7. The order p of either the limit function (28) or the limit function 


P(e) = lim 


no (z - c)" 





of Theorem 5 satisfies the inequality 
p S max {p, 2px}, 
where p, and p2 are defined above. In the special case 


c=c (: = 1,2,---) 
therefore, we have’ 
(29) p < 2». 
In view of (2) and (22), we have in all cases 
p S 2. 


In the particular case (11), which, as was mentioned before, is related to the 
moments problem of Stieltjes-Hamburger, it is easy to obtain additional infor- 
mation concerning the limit functions P(z) and Q(z), by taking in account the 
known fact that the zeros of P,(z) and Q,(z) are in that case all real ([4], §69; 
[5]), and by referring to the following theorem of Laguerre:* 

The limit of a sequence of polynomials having only real zeros, which converges 
uniformly in every bounded domain of the z-plane, is an entire function of genus 1 
at most, except for a possible factor of the form ” where a is real. 


5 A similar result for fractions (1) under (2) is given in [3]. 
® Oeuvres, vol. 1, pp. 174-177. 








so 1 
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Since P,(z)(z — c) " and Q,(z)(2 — ce)” are (in case (11)) polynomials in 
(z — c)* having only real zeros, we obtain immediately 


THEeorEM 8. When the coefficients of the continued fraction (3), in addition to 
satisfying the assumptions given in Theorem 5, also satisfy (11), then the limit 
functions P(z) and Q(z) of Theorem 5 are each at most of genus 1 in (z — c)™ 
except for a possible factor of the form 


1 2 
exp E (+) | a real. 


The case c; = c. The zeros of Q,(z) are, in this case, symmetric about the 
point ¢,’ and it is seen that 


Qu(e) = IL ( - 0)* ~ had, Qrisle) = @ — &) TL [Ge — 0)* = shane 


(c + 2,, are the zeros of Q,(z)), 


Q,(z) is iad = Zin ) 
oe AO @— of) 


It follows that the limit function Q(z) is even, considered as a function of 
(¢ — c). In the special case (11), it is then seen by Theorem 8 that Q(z) is of 
genus 0 in (z — c) ” except for a possible factor of the form exp [a(z — c)~’], 
areal. By utilizing also the separability properties of the zeros of Q,(z) under 
(11) [5], it ean be shown independently of Laguerre’s theorem that in this case 
Q(z) is exactly of genus 0 in (z — c)” (i.e., a = 0)8 

If we do not assume (11), then the above result can still be retained provided 
we suppose that p2 of Theorem 7 is S 3. Indeed, this latter assumption implies 
by (29) that the order of the limit function Q(z) is S 1. Hence, since the limit 
function is even in (z — c), we have 


so that 





TueoreM 9. The limit function Q(z) of Theorem 7 will be of genus 0 in (z — ec)” 
when c; = c and when pe given in Theorem 7 is S 3. 


4. By Theorem 3, it is immediately apparent that the continued fraction (3), 
with the coefficients satisfying (2) and (12), converges at every point of the 
z-plane with the possible exception of the point c and of the zeros of the limit 
function of sequence (16); and that it converges uniformly in every domain of 
the z-plane at a positive arbitrarily small distance from the point c and from 
those zeros. By Hurwitz’s theorem concerning the zeros of the limiting func- 
tion of a convergent sequence of analytic functions [2] it is readily seen that the 


7 By means of the recurrence formulas (10) (and Qy = 1, Q; = z — c:) we find 
Q,(e + z) = (—1)"Qa(e Pe z) (n = 0, 1, 2, vee), 
8 Cf. [6], p. 529, where a similar result is obtained for (1) under (2). 
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zeros in question are given by the limit points of the set of zeros of the poly- 
nomials Q,(z) (n = 1, 2, --- ), points which are zeros for an infinity of Q,(z) 
being considered as limit points.’ 

Convergence of (3) under the assumption of §3. We make use of the following 
two theorems: 


THEOREM 10. The limit functions P(z) and Q(z) of Theorem 5 have no common 
zeros.” 


THEOREM 11. Given an arbitrarily assigned positive €, we can find a number 
n, such that for all n = n, the zeros of the polynomials Q,(z) of Theorem 5, which 
lie outside the circle | z — c| = € do not coincide with any zeros of the limit func- 
tion Q(z). 

Theorem 10 can be proved in a manner analogous to Perron’s proof of Mail- 
let’s theorem ([4], p. 346, footnote). In fact, writing (the existence of the 
limits is obviously assured by Theorem 5) 











lim Qnim(2) a Qn(2) (m = 0, 1,---;2 c), 
n—0 (z _- c)" 
we can show that 
_ Ai Cm+1 Km = eee 
(30) Qn(z) = yay” Qm4i(z) + @— oye dma) (m = 0,1, ), 
and 
(31) lim gm(z) = 1, 26, 


and then apply Perron’s reasoning. 
To prove Theorem 11, we consider the following formula ((4], §5) 


Qn+m(Z) = Qn(Z)Qm.n(Z) + Kens Qn—1(Z)Qm—1,n41(2). 


nt+m 


Dividing on both sides by (z — c) and letting m — , we get 


Q(z) = Q2(e)qa(e) + —"e _ Q* s(e)gnsale). 





(2 — c)? 
Let, now, « (>0) be arbitrarily assigned. By (31) we can find a number n, 
such that for n = n,, Gnii(z) has no zeros outside the circle |z—c| =e. It 


follows, that for the same n (i.e., for n = n,) if ¢ is an arbitrary zero of Q(z) 
such that |¢ — c| > e, we cannot also have Q,(¢) = 0. For, if the latter 
equation were true, then it would follow that also Q,:(¢) = 0, and this is 
impossible in view of the relations ([4], §6) 


Pa(2)Qna(z) — Pna2)Qn(z) = (—1)""hi +++ hn 
and our assumption k; ¥ 0 (¢ = 1, 2, --- ). 


® The limit function of sequence (16) is not = 0, for 
eT (sin) 


———- Qa(z) = 1. 


patie (z — c)" 


10 An analogous theorem for (1) under (2) was first proved by Maillet [3]. 








Hen 


O1 


then 


(32) 


impl 
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By Theorem 10, it follows that the zeros of Q(z) are points of proper divergence 
of the continued fraction (that is, at those points, the reciprocal of the continued 
fraction converges to zero). Furthermore, by Theorem 11, it follows that the 
limit points of the set of zeros of the Q,(z) (n = 1, 2, --- ) can be taken in the 
geometric sense, since no points of the z-plane distinct from the point c can be a 
zero for an infinity of Q,(z). We have, therefore, 


THEOREM 12. Under the assumptions of Theorem 5, the continued fraction (3) 
converges at every point of the z-plane with the exception of the limit points of the 
set of zeros of the polynomials Q,(z) (n = 1, 2, --- ) and with the possible exception 
of the point c. At the aforementioned limit points, the continued fraction diverges 
properly. In every closed domain excluding those limit points and the point c, the 
continued fraction converges uniformly. 


5. Proof of Theorem 2. By the recurrence formulas (10), we have, putting 


Vale) = Qu(2) / TI (—c8), 








V,(z) os (1 _— *) V,-1(z) + kn V,-2(z). 
Ca —1Cn 
Hence 
|Valz) — Ve-x(z)| $ Bi | Vase) | +|—"*- |] Veale) |. 
Cn | Cn—-1 Cn 








On the other hand, it is seen, as in the case of the derivation of (24), that 


)H(+/5). 


Recalling assumptions (5) and (6), we see that the theorem follows just as in 
the proof of Theorem 5. 

A partial converse to Theorem 2 for a special case is given in the following 
remark: 


kiss 
CiCi4i 





|v) | IE (1 + 








If the coefficients of (3) are real, and if 


k n+1 


ma (n = 1, 2, ---), 
CnCa+i 
then the assumption 
: n(0 : 
(32) lim 220) exists 
I] (—«) 


implies (6). Moreover, if we have 


k, > 0, Cn of same sign (n = 1,2,---), 
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then (32) and the additional assumption 


lim 22 (0)_ exists 
iit I (—«i) 


imply both (5) and (6). 
To see the truth of this remark we have only to observe that by (9) 


Qo i(1—2)4' Ht (1-2) 


J k=1 Ck & CgCprr ki,it1 Ck 
Il (—«) 


i=l 
Fi Se a 9 (1 - =) + 


i<j CeCita Cp4iCj+e kXi,i+1,7+1,5+2 Ck 








and therefore 











Q,.(0) wt’ b> Kiss + "SS kiss kine 








ll a CgCita i<g CeCe+1 Cj4+1Cj+2 
L1 (—«) 
U n 1,n—1 ln 
n(O 1 7 ky : 1 
Q _ Sissy ka SF ! 
k=1 Cr t CyCy4a ksi,i+1 Ce 








pS be Ly] 
i<j CeCiaa Cp Cpye ki,i+1,j+1,54+2 Ce 
By examining the proofs of the theorems given in §3 and that of Theorem 12, 
it is readily seen that we can prove by the same methods, analogous results for 
the continued fraction of Theorem 2. 


II. Bessel’s continued fraction and Lommel polynomials 


6. An interesting example of a continued fraction belonging to the class dis- 
cussed in §3 is provided by Bessel’s continued fraction ((7], §5.6): 


(a3) pel _ Me + OI _ tee FDO + 3) ..., 


| z | Z : 








z ~ 0, v complex and ¥ 0, —1, —2, --- 
which is “equivalent” ({4], §42) to: 
am Re a 
| Qv/t | 2(v + 1)/t ‘ 


The denominator of the n-th approximant of (34) is Lommel’s polynomial” 


(34) t= 





1 This designation is slightly inaccurate, R,,,(¢) being a polynomial in 1/¢ and not in ¢. 








R,»(t 
by hi 


(35) 


for n 
doma 
As 
simpl 
Other 
now | 
Th 
cussic 
infort 


(36) 


By ¢ 
repre 
ducik 
with 
a me 
sider: 
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Co 
P,(2; 


(37) 
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12° 
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R,,,»(t) ({7], §9.6)." An important result, discovered by Hurwitz [2] and applied 
by him to the investigation of the zeros of Bessel’s function .J/,(z), is 


(35) tim —@9"" ony = 0 

nae T(n+v+1) ” 
for non-integral values of v, the convergence being uniform in any bounded 
domain of the ¢-plane. 

As an application of some of the topics discussed in part I, we shall give a 
simple proof of (35) with the » restricted only as in (33): » # 0, —1, —2,---. 
Other known properties of J,(z) will also follow from the development that will 
now be outlined. 

The explicit expression for J,(z) will be needed only at one step in our dis- 
cussion where we have to identify it with a derived function. Otherwise, our 


information is obtained directly from the functional equation ([7], §3.2) 
2 
(36) J,-1(z) + J 41(z) = z J,(z). 


By (36) it is easy to verify the known fact” that the continued fraction (33) 
represents the function J,(z")/J,a(z") = F,(z). Indeed, it is readily de- 
ducible from (36) that the function F,(z) is “associated” ({4], §§61 and 67) 
with the continued fraction (33). But this fraction represents, by Theorem 12, 
a meromorphic function in z, and it can be easily concluded, taking in con- 
sideration the uniqueness of “associated.ess’’ ((4], §61), that this meromorphic 
function must be identical with F,(z).” 

Consider now fraction (33) and denote its n-th approximant by 
P,(z; v)/Q,(z; v). By Theorem 5, the following limits exist: 
(37) lim aaa iv) 


no 





= p,-1(z), say; lim oe = q,-1(z), say. 
Again, by (8), it is seen that 

1 
P,(z; v) = » Qn-i(z; v + 1). 

Vv 


12 This is not the usual definition ({7], §9.6), but it follows readily from the following 
properties of Lommel polynomials ([7], §9.63) : 
2» +n — 1) 


R,,(t) = a Te Ra-i,r(t) _ Ry-2,»(t) (n = 2, 3, pi *), 


atin t ~bAte =. 


13 [4], p. 299. 
\“ That is, its formal expansion in powers of 27. 
18 Cf. [4], p. 353 and Theorem 20 on p. 342. 
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Hence 
1 
Pra(z) = nS q,(z) 
and we have (by the above) 


~ 1 q.(z) 
F(z) = page| (z # 0). 


If we put g,(z)/J,(z) = X,(z), the above equation becomes 
X,(z) = 2vzX,1(z), 


a difference equation in v a the solution 





X,(z) = i j (2z)’Pr + 1), Vrii(z) = ¥(2). 


Thus: 
(38) 3.(2) = 0) gre ays Hl ( = 0). 


It will now be shown that y,(z) = 1, by identifying the coefficients of the 
power series expansion of q,(z) with those of 2’T(y + 1)z’J,(z"). In fact, 
consider (30) with m = 0. It is readily seen that in our case it can be written 


q-a(z) = g,(z) — ya Qr+1(z). 


1 
4v(v + 1)z 
Let the expansion of qg,(z) be (the form following by §3) 


» 1 » 1 
1+ aq" 5+ Gt. 
Substituting in the above pai we obtain the system of difference equations 


(») (»-1) 1 (r+1) 
m ™ SB oe ——=r Ga = a eee), 
m — 4 bo +) Qm—1 (m 2, +++) 


and these lead very easily to our desired result.” 
16 Since qg{”? = 1, and since (ef. (9)) 


Q,(z; v) 1 425! 





24S nt (ES dal) S +: 
z z ; i<j 
1 1 
"5  ="Gei-wesi-e adie 


taking m = 1 gives 
1 
> ENC tETs ~ dy? 


qs” 





the periodic additive function vanishing by (37). Proceeding in this manner, we find (by 
mathematical induction) 


gi = (~i 1 





4™m! v(v +1) --- (ve +m—1)° 
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We have now by (38) 


J,(z) = 2 q(z). 


1 
2Tv+1 
This relationship permits the application of the results obtained in §3 to the 
function J,(z). Thus, Hurwitz’s result (35) follows immediately from (37), 
since 


(39) Rao(2) = 26> +1) «+ (+m = DQG59) 


by the definition of R,,, and Q, ({4], §42), while the well-known fact that z ’J,(z) 
is of genus 0 in z follows from Theorem 9. 


7. For positive values of the parameter v, the coefficients of the continued 
fraction (33) are seen to satisfy conditions (11) (with c; = 0) and the fraction 
is therefore related to a moments problem ([4], §72; [6]; [1]; [5]). That means 
that if the power series “‘associated”’ with (33) is 


ao ay, ae 
stater 


then the infinite system of integral equations 


ao 


(40) [ x" d(x) = an (n = 0,1, ---+) 


has at least one solution ¢(x) which is a bounded monotonically increasing func- 
tion of the real variable x having an infinity of jump-points, the integration 
being taken in the Stieltjes sense. It follows further that the sequence of poly- 
nomials Q,(z; v) = Q,(z) considered in §6 forms for every vy > 0 an orthogonal 
set with respect to this moments problem [5]; that is, 


[. eul2)Qn(a) dpa) = 0 (n # m;n,m = 0,1, -++), 
where ¢(z) is a solution of (40). Hence by (39), we have 
(41) [ Ru» () Rn» (:) do(z) = 0 ws eG 1, .-.37 >@. 


This result is a new property of the system of Lommel polynomials. 

By (41), we can obtain very simply the reality and separability properties of 
the zeros of Lommel’s polynomials for vy > 0 [5] and thence the reality of the 
zeros of J,(z) for vy real and > —1. In fact, we can apply the extensive theory 
of orthogonal polynomials [5] to obtain further properties of R,,,. However, 
for a full utilization of the relations (41), it is necessary to solve the moments 
problem (40). This can be accomplished very easily in the present case. The 
fact, pointed out in §6, that the fraction (33) represents a meromorphic function 
in z” tells us immediately ([4], Chapter 9; [5]) that the “interval of orthogo- 





64 H. M. SCHWARTZ 


nality” [5] is finite and the moments problem is “determined” (([4], §72; [5)); 
that is, there exists essentially only one solution. It also follows readily by 
‘Stieltjes’ inversion formula’? ({6]; [4], §66)" that the solution ¢(x) is a step- 
function with jump-points at the poles of the meromorphic functions in ques- 
tion,” namely, J,(z’)/J,-a(z *) (ef. §6). Furthermore, since all c; = 0 it follows 
[5] that the solution is ““symmetric”; that is, we have with the normalization 
o(x) = 0 

(42) o(z) = —¢(—2). 


To solve our moments problem completely it is still necessary to determine 
the jumps of ¢(x). Denote the positive zeros of J,(z") by jx? = jx (k = 
1, 2, --+ 3 Jess < je) and the corresponding jumps of ¢(x) by h,. By (42), 
it follows that the jump-points of ¢(x) are +), (kK = 1, 2, --- ) and the interval 
of orthogonality is (—j: , 71). Now, by Markoff’s theorem ([4], §68) the con- 
tinued fraction is equal (at its convergence points) to the Stieltjes integral 


ji d¢(zx) 
Lin = 


Therefore, by §6 and the form of ¢(z), 


(2) 
vi — ji 0 
z} _ [” d(x) _ a (hy = h_s by (42)), 
(2) i 2—L bmw 2 — jE 
Jy - 
Z 
the series being absolutely convergent for all z # 0, +j1, +je2,---. It follows 


that hy is equal to the residue of the function J,(z")/J,1(z') at the point j, 
so that, remembering the definition of j; , 


(2) 


hi, = lim (z — jx) ae 
2—Ik ; (2) 


Hence, in view of the functional equation ([{7], §3.2) 


=J' de) + — J,a(2) = J,(2), 
we find 


The orthogonality relations (41) have thus the following form: 


k= —oo 


17 Hilfssatz 5. Cf. also A. Wintner, Spektraltheorie der Unendlichen Matrizen, §43. 
18 Cf, [4], p. 403, and A. Wintner, loc. cit., §45. 


> Rn» (1) Ren (2) = 0 (m # n3m,n = 0,1, ---). 
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GENERALIZATIONS OF NON-ALTERNATING AND NON-SEPARATING 
TRANSFORMATIONS 


By E. P. Vance 


1. Introduction. In two papers, one by G. T. Whyburn’ and the other by 
J. F. Wardwell,’ non-alternating and non-separating transformations have been 
discussed. Two other transformations of the same type, completely non-alter- 
nating and completely non-separating, have also been considered but as yet 
have not appeared in the literature. The conditions on these four transforma- 
tions are quite strong, thus limiting the applications. For example, no trans- 
formation on an acyclic space can possibly satisfy the hypothesis of completely 
non-separating. Also, if the transformation is non-separating, then the image 
is always cyclically connected. Hence it seems desirable to weaken the condi- 
tions on these four transformations, thus extending the range of possible applica- 
tions. It is the purpose of this paper to present what seems to be a natural 
weakening or generalization of these four transformations, to investigate what 
theorems concerning the original stronger transformations carry over, and in 
most cases to consider what additional hypothesis must be added to the weak- 
ened transformations to obtain similar results. 

Throughout this paper it will be assumed that the space A is a compact metric 
continuum. All transformations T7(A) = B which are considered are assumed 
to be single valued and continuous. 

Six new transformations are defined in this paper. A- transformation T' is 
said to be weakly non-alternating® if, for any two distinct points x and y of B, 
T ‘(a) does not separate two points of 7” '(y) non-degenerately in A.‘ A trans- 
formation T is said to be weakly non-separating’ if, for any point x of B, T~'(x) 
does not separate any two points of A non-degenerately. A transformation T 
is said to be weakly completely non-alternating’ if, for arty. two points x and y 


Received June 29, 1939; presented to the American Mathematical Society, April, 1939; 
abstract, Bulletin of the American Mathematical Society, vol. 45(1939), p. 237. The 
writer wishes to express his appreciation for the help given by Professor W. L. Ayres, 
who suggested the investigation of this problem and gave valuable criticism and advice 
during the preparation of this paper. 

1G. T. Whyburn, Non-alternating transformations, American Journal of Mathematics, 
vol. 56(1934), pp. 294-302. 

2 J. F. Wardwell, Non-separating transformations, this Journal, vol. 2(1936), pp. 745-750. 

3 A transformation T is said to be non-alternating if, for any two distinct points z and y 
of B, T-'(xz) does not separate T-'(y) in A. G. T. Whyburn, loc. cit., p. 294. 

4 A subset K will be said to separate a subset H non-degenerately if K separates H in A 
and no single point of K separates H in A. 

5 A transformation T is said to be non-separating if, for any point xz of B, T~'(x) does 
not separate A. J. F. Wardwell, loc. cit., p. 745. 

* A transformation 7 is said to be completely non-alternating if, for any two points z 
and y of B and any closed subset K of T-1(x), K does not separate T-'(y) in A. 
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of B and any closed subset K of T'(x), K does not separate two points of 
T ‘(y) non-degenerately in A. (x may be identical with y.) A transformation 
T is said to be weakly completely non-separating’ if, for any point x of B and 
any closed subset K of 7” '(x), K does not separate two points of A non- 
degenerately. Two more transformations will be defined later, locally non- 
alternating and locally non-separating. 

In considering the relations between these four transformations and the four 
originally defined, the transformations previously discussed imply the corre- 
sponding weaker ones in all cases. Among the transformations themselves, the 
completely non-separating type implies both the completely non-alternating 
and the non-separating type, both of which in turn imply the non-alternating. 
These implications follow directly from the definitions. By simple examples it 
is easily seen that there exist no other relations between these eight trans- 
formations without added conditions. 

The following example shows the difference between the new and the old 
definitions. Let A be defined as the closed rectangle -2 S25 —-1,0SyS31 
plus the closed rectangle 1 S x S$ 2,0 S y S 1 plus the closed line interval 
—-l1s2<s31,y=0. Let T be defined as the following two steps: (1) a folding 
of the negative half of A into the positive half and (2) then identifying the line 
0s x S 1, y = O with the point (1, 0). This transformation satisfies the 
conditions of a weakly completely non-separating transformation and therefore 
the conditions of all the other weaker transformations; and yet it is not non- 
alternating and therefore is none of the stronger transformations. 

Since any continuous transformation of A into B is equivalent to an upper 
semi-continuous decomposition® of A into disjoint closed sets where the hyper- 
space of the decomposition is homeomorphic with B, any one of these transforma- 
tions defined is equivalent to an upper semi-continuous decomposition of A into 
sets which have the required properties stated in the particular definition. 


2. Characteristic properties. 


THEOREM 2.1. In order that T be weakly non-alternating it is necessary and 
sufficient that, for any element x of B, 

T ‘(x) separates two points a, and az in A 
implies either 

(1) x separates T(a,) and T (a2) in B; or 

(2) for any seperation A — T'(x) = A, + Az and any pair of points u of A; 
and v of Az such that T(u) = T(v), u and v are separated in A by a single point 
of T*(z). 


Sufficiency. Suppose T' is not weakly non-alternating. Then some set 7” *(z) 
separates two points a, and az of some 7” "(y); that is, A — T”'(x) = Ai + As, 


7A transformation 7’ is said to be completely non-separating if, for any point z of B 
and any closed subset K of T~!(z), K does not separate A. 

8 R. L. Moore, Concerning upper semi-continuous collections of continua, Transactions 
of the American Mathematical Society, vol. 27(1925), pp. 416-428. 
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where A, contains a, , Az contains a,yand A; - A, = A;- Az = 0. Since a 
point x cannot separate a single y jut y of B, alternative (1) is impossible and 
alternative (2) must hold. But vy (2) with u = a, and v = ag the separation 
above fails to be non-degenerate and the sufficiency is proved. 

Necessity. Since T~‘(x) separates a, and a2 in A, A — T‘(x) = Ay + Ao, 
where a; lies in A;. Suppose no set 7” ‘(z), z a point of B, has points in both 
Aj and Ao . Let B, = T (A) and B, = T (Az). Then B, . Be = @. Also 
B, - B, = 0. For suppose 6 is a point of B, - Bz ; then’? T*(b) - T"(Be) ¥ 0 
and lies in A, - Az, contrary to the assumption that A, and A: are mutually 
separated. Similarly B, . B, = 0. Thus B — z = B, + Bis a separation; 
that is, x separates T(A,) and 7(A¢2) in B, and alternative (1) is obtained. 
Suppose there is a set 7” *(z) such that T'(z) - A, # 0 ¥ T'(z)- Ae. Let 
u and v be points of these two sets. Since 7 is weakly non-alternating, it 
follows that u and v may be separated in A by a single point of T~'(x). Further, 
since any two points u, a point of A; , and »v, a point of Az, such that T(u) = 
T(v), belong to such a set 7 ‘(z), alternative (2) has been proved. 


THEOREM 2.2. If T is weakly non-separating, then for any cut point b of B, 
T*(b) contains a cut point of A. 


If b is a cut point of B, that is, B — b = B, + Bz, is a separation, then by 
continuity of the transformation A — T'(b) = T”'(B,) + T“(B:) is a sepa- 
ration. Since 7 is weakly non-separating, 7” '(b) does not separate any two 
points u and v unless a single point does. Therefore, since T~'(b) separates 
any point u in 7 ‘(B;) and any point v in 7” '(B2), a single point would separate; 
that is, 7~'(b) contains a cut point of A. 

The above condition is necessary as we have seen but not sufficient, even 
though we assume in addition that 7 is weakly non-alternating. 


THEOREM 2.3. If T is weakly completely non-alternating, then every open set 
of each set T~'(x) contains a cut point of A. 


Assume 7 '(x) contains an open set U which contains no cut point of A. 
For every p which is a point of U, there exists a neighborhood U, such that U, 
lies in U. Therefore the B(U,) separates U into U, and U — U,. If we con- 
sider the B(U,) as the closed set K in the definition of a weakly completely 
non-alternating transformation, we have B(U,) a closed set lying in T~*(z) 
and separating a point u = p of ‘7’ ‘(z) in U, and a point v of T'(x) in U — U,. 
Now since U contains no cut points, B(U,) contains no cut points; that is, no 
single point of B(U,) separates u and v. This is contrary to the fact that T 
is weakly completely non-alternating. 


Corouuary 2.31. If T is weakly completely non-separating, then every open 
set of each set T'(x) contains a cut point of A. 


Again the above conditions are necessary but not sufficient, even though T 
is assumed to be weakly non-separating, which implies weakly non-alternating. 


9G. T. Whyburn, Non-alternating transformations, loc. cit. 
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3. Applications to Peanc space. In: - to characterize further these trans- 
formations it will be supposed in this sect:. ‘hat A, and therefore B, will be 
locally connected continua. . 


THEOREM 3.1. If T is non-alternating and, for every cut point b of B, T *(b) 
contains no non-degenerate irreducible cut set between two points of A, then T is 
weakly non-separating. 


If T is not weakly non-separating, there exists a separation between two 
points u and v, A — T*(x) = A; + Az, where A, contains u and A: contains », 
such that no single point of T~'(x) separates uandv. Since T is non-alternating, 
there exists no 7” '(y) such that the set 7” *(y) contains points in both A, and Ag. 
Therefore A, is the sum of certain sets T”'(y) and Ag is the sum of other sets 
T ‘(y). Thus because of the continuity, z separates the sets 7'(A;) and T(A,); 
that is, z is a cut point of B. Therefore by hypothesis 7” (x) contains no 
non-degenerate irreducible cut set between any two points. Since in a Peano 
space every cut set between two points contains an irreducible cut set between 
these two points,” this cut set can be reduced to a point; that is, the above 
separation between u and v can be made by one point of Tr"), and this is 
contrary to the assumption. 

An example shows that the above condition is not necessary for a weakly 
non-separating transformation. 


THEorEM 3.2. If T is completely non-alternating and, for every cut point b 
of B, T~*(b) contains no non-degenerate irreducible cut set between two points of A, 
then T is weakly completely non-separating. 


Assume T is not weakly completely non-separating; that is, there exist a 
closed set K in T~*(x) and two points u and v such that A — K = A, + Asisa 
separation, where A; contains u and A: contains v and no single point of K 
separates u and v. Since 7 is completely non-alternating, no closed set K in 
T(x) separates any 7” '(y) (y ranges over B including x). Then each set 
T ‘(y) lies entirely in one of the sets A;, say Ai. 

Suppose that A; lies entirely in T(z) — K. Consider any point s of A;. 
Let d equal p(s, K), the minimum distance between s and the closed set K. 
Define K, to be all points {p} such that p is an element of A; and such that 
p(p, K) = 4d. Thus K;j is a closed subset of T”’(x) such that A — K, = 
Ai + A} is a separation, where Aj = all points {p’} such that p’ is a point 
of A, and p(p’, K) > 3d, and where A? = A — (Aj + Kj). But since A} 
contains points of 7 ‘(x), for example s, and A: contains points of 7” *(z), 
namely, those in K, the fact that 7’ is completely non-alternating is contra- 
dicted. Thus A; — 7 ‘(x) # 0. Then Ag is the sum of certain sets 7” ‘(y), 
A, is T(x) — K plus certain other sets T”'(y), and there is at least one 7” “(y) 
in each set. Therefore by continuity B — x = T(A, — T‘(z)) + T(A2) isa 
separation; that is, z is a cut point of B. Therefore by hypothesis T~*(x) con- 


10G, T. Whyburn, Concerning irreducible cuttings of continua, Fundamenta Mathe- 
maticae, vol. 13(1928), pp. 47-57. 
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tains no non-degenerate irreducible cut set between any two points. But in 
Peano space each such cut set contains an irreducible cut set which in this case 
must be degenerate.’ Hence K contains a point which separates u and v in A, 
contrary to the assumption. Therefore T is weakly completely non-separating. 


THEOREM 3.3. If T is weakly completely non-separating, then, for any cut 
point b of B, T-'(b) contains no non-degenerate irreducible cut set between any two 
points of A. 


Consider any cut point b of B, and let B — b = B, + By be a separation. 
Thus because of the continuity 7-'\(B) — T(b) = T(B)) + T'(B,) or 
A — T*(b) = T(B,) + T'(B:). Since T is weakly completely non-sepa- 
rating, for any closed set K in 7 ‘(b), K does not separate A between two 
points unless a single point does. If K does not separate A, then K is not a 
cut set. If K separates A between two points, then a single point of K will 
separate; that is, every cut set of 7~'(b) contains no non-degenerate irreducible 
cut set. 

Thus the irreducible cut set condition is also seen to be necessary even in 
non-Peano space. It is possible to set up examples to show that the necessity 
on Theorems 3.1 and 3.2 is not true even though only the weakened types of 
non-alternating transformations are assumed. 

It has been noticed that these theorems (3.1 and 3.2) have been proved only 
in Peano space. The following example will indicate clearly why they are not 
possible in non-Peano space. Let A be defined as follows: Consider a non-dense 
perfect set on the closed interval 0 < x <1. Join all points z of the non-dense 
perfect set by straight line intervals L, to the point (3, 2). Also consider the 
sequence of points in the line Lo from (3, 2) to 0 whose y coérdinates are 1, %, 
$4, 4, H, ---. This sequence will be called {a;}. In a similar fashion form 
{b;}, points in L,; with respective y coérdinates. Define R; as the closed interval 
joining a; to b,; for all 7. Let the set A be defined as the sum of the sets L, 
for all x of the perfect set and the sum of the intervals R;. Let T be defined 
as a homeomorphism for all points of A, with one exception. Let all the points 
on the line R; where y = 1 be carried into one point p. The transformation 7’ 
is clearly completely non-alternating; for all points except p have a single point 
as the inverse set and therefore cannot be separated. No single point separates 
T‘(p). Therefore the only remaining possibility is that a closed subset K of 
T ‘(p) may separate two points of 7” '(p). This is clearly impossible since 
any two points of 7” '(p) — K can be joined in A by an arc outside K. More- 
over, the only cut point of B is p, and no matter what two points a closed 
subset K of 7'(p) separates, the cut set can always be reduced, so T‘(p) 
contains no irreducible cut set, degenerate or non-degenerate, between any two 
points of A. Yet 7 is not even weakly non-separating; for T~‘(p) separates 
the point (0, 0) from the point (4, 2), and no single point of 7~'(p) does. 


1G. T. Whyburn, Concerning irreducible cuttings of continua, loc. cit., Theorem 8. 
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THEOREM 3.4. Jf A is a cyclically connected Peano space, (1) any weakly non- 
alternating transformation is a non-alternating transformation, (2) any weakly 
non-separating transformation is a non-separating transformation, (3) any weakly 
completely non-alternating transformation is a completely non-alternating trans- 
formation, and (4) any weakly completely non-separating transformation is com- 
pletely non-separating. 


For the proof of these statements it is sufficient to note that since A is cyclic, 
no single point of A separates any two points of A. 


4. Product and factor theorems. In this section the spaces A, B, and C 
referred to are compact metric continua. Let 7;(A) = B and 7T,(B) = C, 
and let 7 = 7:7;,. In other words T is the result of first applying 7; to A 
and then applying 72 to 7;(A), so that we have T(A) = 7T2(7;(A)) = T2(B) = C. 


THEOREM 4.1. Jf 7; is monotone and non-separating, and T, is weakly non- 
separating, then T is non-separating. 


Assume T is not non-separating; that is, there exists a separation A — 7” '(x) 
= A, + Az. Consider 7,(A) — 7:(T'(z)) = T:(A1) + T,(A2). The set 
T,(A,) - T;(Ag) is vacuous; for if not, consider p a point of 7,(A;) - T1(Ag). 
The set 77'(p) is a subset of A — T~*(x), has points in both A; and Ag, and is 
connected since 7; is monotone; and this contradicts the fact that A; and Ag 
were separated. Therefore 7;(A) — 7,(T‘(x)) = T1(A1) + 7T1(Az) is a separa- 
tion.” That is, B — Tz'(x) = 7,(A,) + 7;(A2) is a separation. Suppose a 
single point p of Tz'(x) would separate; that is, B — p = Ki + Kz. Then by 
continuity T7'(B) — Tr'(p) = Tzy'(Ki:) + Tr'(K2) would still be a separation, 
that is, T7'(p) would separate A, and the fact that 7) is non-separating is contra- 
dicted. Therefore, no single point of Tz'(x) in the above separation dc 2s the 
separating. But this fact contradicts the fact that T2 is weakly non-separating 
and therefore our assumption is false. Thus 7’ is non-separating. 


THEOREM 4.2. Jf T; is monotone and non-separating and T, is weakly non- 
alternating, then T is non-alternating. 


Assume T' is not non-alternating, that is, there exists a separation 


(1) A — T(z) = Ai + As, 
where some set 7” '(y) has points in both A; and Az. Consider 
(2) T,(A) — T:T (x) = Ty(A1) + Ti(A2). 


As in the proof of Theorem 4.1, (2) is still a separation because 7 is monotone. 
Since A; - T“(y) # 0, T:(A,) - Ti(T(y)) ¥ 0; that is, T,(A,) - Tz"(y) ¥ 0, 
wherei = land2. Therefore 


(3) B — Ty'(x) = Ti(Ai) + Ti(As), 


12 G. T. Whyburn, Non-alternating transformations, loc. cit., p. 296, Theorem 2.1. 
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where both 7,(A;) and 7;(A2) have points in common with the set Tz'(y). 
Suppose a single point of Tz'(xz) separated. Again as in the proof of Theorem 
4.1 this contradicts the fact that 7; is non-separating. Therefore (3) is a separa- 
tion and no single point of Tz'(x) does the separating. This contradicts the fact 
that 7: is weakly non-alternating. Thus 7 is non-alternating. 


TuHeoreM 4.3. If T is weakly non-separating and T, is non-alternating, then 
T: must be weakly non-separating. 


If T, were not weakly non-separating, there would exist some point zx of C 
and two points u and v of B such that B — Tz'(z) = B, + Bs would be a separa- 
tion of B between u and », and such that no single point of Tz'(x) would separate 
uandvin B. Since 7, is continuous, T7'(B) — T7'(Tz'(2)) = T7'(B:) + Tr (Be) 
or 


(1) A — T(z) = Tr'(B:) + Tr'(B2) 


is still a separation between Tj'(u) and Ty'(v). But T is weakly non-separating. 
Therefore if w is a point of Ty'(u) and », is a point of T7'(v), there is a point p of 
the set 7” '(x) such that 


(2) A—-p=A,+ Az 
is a separation and A, contains u, and A, contains v,. Consider 
(3) B — T\(p) = T:{Ai — Tr'(Ti(p))} + TifA2 — Tr'(Ti(p))}. 


Neither of these two sets on the right is vacuous, for the first contains 7',(™) 
and the second contains T;(v;) since T7'(T1(p)) is a subset of T~'(x). Thus (3) 
is a separation of B. For suppose the two sets have a point y in common. 
The point y cannot be 7;(p). Then 


T;'(B) — Tr'(T:(p)) = A — Tr'(T1(p)) 
= {Ai - Tr (Ti(p))} + {A: — Tr (Ti(p))} 


is a separation of A by (2) and both sets on the right contain points of T7'(y). 
Therefore T;'(y) would be separated by 77'(T1(p)), and this is impossible since 
7, is non-alternating. Thus we have shown that (3) is a separation of B by a 
single point of T~‘(z) between u and » and the assumption is contradicted. 
Therefore 72 is weakly non-separating. 


(4) 


TuHeoreM 4.4. If T is weakly non-alternating and T, is non-alternating, then 
T: must be weakly non-alternating. 


If 7’. were not weakly non-alternating, there would exist two points x and y 
of C such that B — Ty'(z) = B, + Bz would be a separation, where B, - Tz'(y) 
contains a point u and Bz - Tz'(y) contains a point v, and such that no single 
point of T7'(x) would separate u and v in B. Since 7; is continuous, Ty'(B) — 
Ty'(Tz'(x)) = Tr'(B:) + Tr'(Bs) or 


(1) A — T(x) = Ty"(Bi) + Tr'(B2) 
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would still be a separation between 77'(u) and T7"(v), that is, between points of 
T'(y). But T is weakly non-alternating. Therefore 


(2) A—p=A,+ A: 


is a separation, where p is a point of the set T”'(x) and A, contains uw , a point 
of T-'(y), and A: contains »; , a point of T~'(y). Consider 


(3) B — T\(p) = Ti{Ai — Tr'(Ti(p))} + TifA2 — Tr'(Ti(p))}. 


Again neither of the two sets on the right is vacuous, for the first contains 
T(uw,) and the second contains 7;(v,). Thus (3) is a separation of B. For 


suppose the two sets have a point g in common. The point q is not equal to 
T,(p). Then 


Ty'(B) — Ty'(Ti(p)) = A — Tr'(Ti(p)) 


{A, — Tr'(Ti(p))} + {As — Tr(Tilp))} 

is a separation of A by (2) and both sets on the right contain points of Ty'(q). 
Therefore Ty'(q) would be separated by 77'(7(p)) and this is impossible since 
T; is non-alternating. Thus a single point 7;(p) of 7T'z'(x) would separate B 
between u and v. But this is contrary to our assumption. Thus 7: is weakly 
non-alternating. 


(4) 


THEOREM 4.5. If T is weakly non-separating and T, is non-separating, then T2 
must be non-separating. 


If T: were not non-separating, there would exist a separation B — Tz'(x) = 
B, + Bz. Consider T;'(B) “ty Tr (T2'(z)) - Ty '(Bi) + Ty (Bs) or 


(1) A — T (a) = Tz'(B:) + Tr'(B)). 


This is still a separation because of the continuity of T;. Therefore since T' is 
weakly non-separating and there is a separation of A by the set 7” ‘(z), a single 
point p of 7 '(x) must separate. Therefore A — p = A; + As, where A; 
contains a point u; of 77'(B,) for i equal 1 and 2. Since pisa point of A, T;(p) 
is a point of B; and since 7; is non-separating, A — Ty'(T;(p)) is a connected 
set. Also T7'(T;(p)) lies in T(x) since p is a point of T'(x). Therefore 
A — T7'(T,(p)) contains A — T(x). Thus A — p = A, + A: contains the 
connected set A — 77'(T;(p)) which contains A — T‘(x). Therefore A, or 
Az, say A;, contains A — T(z). It follows that Az is contained in the set 
T ‘(«) — p; that is, T-’(x) contains Az. But A: contains a point us of Ty'(Bs) 
which lies in A — T'(x). Hence we have the contradiction that T(x) con- 
tains a point which does not belong to T”'(x). Therefore 72 is non-separating. 


TuHeoreM 4.6. Jf T is weakly non-alternating and T, is non-separating, then 
T2 must be non-alternating. 

Assume T? is not non-alternating; that is, there exists a separation B — 
Tz'(z) = B, + Bs such that some set Tz'(y) has points in both B, and Be. 
Consider T7'(B) — T7'(Tz'(x)) = Tr'(By) + Tz'(B2) or 


(1) A — T(x) = Ty'(Bi) + Tr'(B:). 
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This is still a separation because of the continuity of the transformation. Also 
from the fact that B; - Tz'(y) ¥ 0, T7'(B - Tr'(Tr'(y)) ¥ 0; that is, T7'(B,) - 
T '(y) ¥ 0 with 7 equal 1 and 2. Therefore in (1) we have 7 '(x) separating 
two points u and v of T‘(y). But since T is weakly non-alternating, a single 
point of the set 7” '(x) must separate u and v; that is, A — q = A; + Ae, where 
A; contains u and A; contains v. Since q is a point of A, 7;(q) is a point of B, 
and since 7’, is non-separating, A — 7T;'(T;(q)) is connected. Now 77'(T;(q)) 
is contained in 7” '(x) since q is a point of T'(x). Therefore A — T*(T,(q)) 
contains A — 7 '(x) and A — q contains A — 77'(T,(q)). Thus we have 
A — q = A, + Az containing the connected set A — T7'(T;(q)) which contains 
A — T(x). Therefore the set A — 7 ‘(x) must lie in A; or Az, say A. 
Hence A: is contained in T(x) — q; that is, Az lies in T‘(x). But since Ag 
had at least one point in common with the set 7” '(y), there is at least one point 
of T~'(y) in T™'(z), and this is impossible. Thus 7: is non-alternating. 

By simple examples it is seen that these are the only possible theorems. For 
even though 7’, is non-alternating and monotone and T; weakly non-separating, 
T may fail to be weakly non-alternating. It is possible to have 7 weakly 
non-separating and 7 weakly non-separating, and yet 7 will not necessarily be 
weakly non-alternating. Also it is possible to have 7 weakly non-separating 
and 7 even non-alternating and yet it is not necessary for 7; to be non-alter- 
nating. 


5. Applications to special curves and surfaces. In applying these trans- 
formations to the special curves and surfaces considered by Whyburn and 
Wardwell, there are no new applications; in the case of the boundary curve 
nothing can be said unless other conditions are assumed; in the case of the 
dendrite, any continuous transformation on a dendrite is weakly completely 
non-separating; and in the case of the simple closed curve and topological 
sphere, these weaker transformations reduce to those already considered. 


6. Locally non-separating transformations. A continuous transformation 
will be called locally non-separating at a point provided for any point p of A and 
any neighborhood U, of p, there exists a neighborhood V, , lying in U, such that 
if u and v are two points of V, — T*(T(p)), then u + »v lies in a connected subset 
of U, — T'(T(p)). A continuous transformation will be called locally non- 
separating on a space A if it is locally non-separating at every point of A. 

It is to be noted by examples that a non-separating transformation is not 
necessarily a locally non-separating transformation, and conversely. 


TueoreM 6.1. If T is locally non-separating and for no point x of B does T'(z) 
contain an open set, then T is completely non-separating (and therefore non- 
separating). 

If T is not non-separating, there exists a separation A — T(x) = A; + As. 
Since 7~*(x) contains no open set for any 2, it is possible to let T(z) = X, + 
X, , where X, consists of those points that are limit points of A; and X_2 those 
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points that are limit points of A.. If there were a point which was a limit point 
of both A; and Az, 7’ would not be locally non-separating. Thus X; - X2 = 0. 
Similarly, a point of X, - X: or X, - Xz would be a limit point of both A; and 
Az ; hence X, - X. = X, - X. = 0. Also neither set A; contains a limit point 
of X;. For X; lies in the set T ‘(x) which is closed. Therefore A = (A; + X 1) 
+ (Az + X2) is a separation of A, which fact contradicts A being connected. 
Therefore T is non-separating. 

Since 7 is non-separating, for any z, A — 7 ‘(x) is a connected set. If T 
were not completely non-separating, there would exist some closed subset K in 
some 7” (x) such that A — K = A; + Az would be a separation. Therefore 
A — T(x) being connected must lie wholly in A; or wholly in A:. Suppose 
it lies in A,;. Then Ag, an open set, would be contained in 7” ‘(x), and this is 
impossible by hypothesis. Therefore 7’ is completely non-separating. 


THEOREM 6.2. In order for T to be locally non-separating it is necessary and 
sufficient that for any point p of A and any neighborhood U, there exist a neighbor- 
hood W, such that all the components of W, — T'(T(p)) belong to a single com- 
ponent of U, — T'(T(p)). 

Necessity. Let p be a point of A and U, any neighborhood of p. Since T is 
locally non-separating, there exists a neighborhood W, such that any two points 
u and v of W, — T'(T(p)) lie in a connected subset of U, — T'(T(p)). Let u 
remain fixed and v range over all points of W, — T'(T(p)). Then each such 
point v lies with u in a connected subset C, of U, — T~'(T(p)). Since each two 
sets have the same point u in common, >> C, is connected and thus lies in a 
component of U, — T'(T(p)). 

Sufficiency. Since all the components of W, — 7 *(T(p)) belong to one com- 
ponent of V, — 7 '(T(p)), any two points of W, — T'(T(p)) will lie in a 
connected set in V, — T'(T(p)). 


THEOREM 6.3. If T' is locally non-separating at a point p, then for any U, at 
most one component of U, — T~'(T(p)) has p as a limit point. 


Consider any neighborhood U, of p, and the corresponding set U, — T*(T'(p)). 
If U, — T'(T(p)) is connected, the theorem is proved. Therefore assume it 
not connected; that is, U, — T”'(T(p)) = S;: + Seis aseparation. Also assume 
there are at least two components which have p as a limit point; that is, VU, — 
T (T(p)) = C, + C2 + ---. Now since T is locally non-separating at p, 
there exists a W, lying in U, such that all the components of W, — T”‘(T(p)) 
lie in one component of U, — T '(T(p)). ButC,-W, ¥ Oand C2-W, ¥ 0 since 
both sets C; have pasa limit point. But these are subsets of two different com- 
ponents of U, — T'(T(p)), and the fact that T is locally non-separating is con- 
tradicted. Thus at most one component of U, — T~'(T(p)) has pas a limit point. 


THEOREM 6.4. If T is locally non-separating, then for any point p of A and for 
any sufficiently small neighborhood U, there exists a neighborhood W, lying in U, 
such that, if C, is the component of U, containing p, then 

(1) af A is locally connected at p, then W, — C, = 0; or 

(2) if A is not locally connected at p, then T(W, — Cy) = T(p). 
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We first prove (1). Since A is locally connected at p, for any neighborhood 
U, of p, there exists a neighborhood W, lying in U, such that any point of W, 
can be joined to p by a connected set in U, ; that is, any point of W, lies in C,. 
Therefore W, — C, = 0. 

Next consider (2). Since A is not locally connected at p, there exists a neigh- 
borhood U’ of p such that any neighborhood V’ of p contained in U’ contains a 
point g which does not lie with p in any connected subset of U’; that is, p and q 
belong to distinct components of U’. This is obviously still true when U’ is 
replaced by any neighborhood U, contained in it. 

Since T is locally non-separating, by Theorem 6.2, there exists a neighborhood 
W', such that all components of W’, — T~'(7'(p)) belong to a single component of 
U, — T(T(p)). If this is the component C, , let W, = W,. If this is some 
other component C of U, , there is a neighborhood W, which contains no point of 
C since p is not a limit point of C. Then W, — C, — T'(T(p)) = 0 in both 
cases. Hence W, — C, = 0,or7(W, — C,) = T(p). But every neighborhood 
W, lying in U, contains a point g of the previously mentioned q’s, so W, — 
C, ~ 0 and we have T(W, — C,) = T(p). 

THEOREM 6.5. If T is locally non-separating, then B is a Peano space. 


If A is locally connected at all points, so is B by continuity of 7. Suppose A 
is not locally connected at some point gq where T(q) = p. Consider any neigh- 
borhood U, of p. Since T is continuous, there exists a neighborhood R, such that 
T(R,) lies in U,. Since A is not locally connected at ¢g, by Theorem 6.4 there 
exists a V, such that V, lies in R, and T(V, — C,) = T(q) = p, where C, is the 
component of R, containing g. For each g where T(q) = p there exists such a 
V,. (If A is locally connected at a point g, V, — C, = 0 by Theorem 6.4.) 
Therefore >> V, covers T‘(p). By the Borel Theorem there exists a finite 


number of the sets V, which cover T'(p), namely, 2. V,, = G. Then T(G) 
i=l 


lies in U, and it follows that 7(@) contains some open set W, about p lying in 
U,. For suppose it does not. If not, for each n there exists an zx, such that 
p(tn, p) Sn, where z, is not a point of T(G). Therefore T'(z,) is not 
contained in G. Let Y, be a point of 7 ‘(z,). Since A is compact, z. Yn 
contains a subsequence >> yn, which converges to a point z. As G is open and 
no point y, belongs to G, zis not in G. By continuity T(y,;) = z,; approaches 
T(x), which is equal to p because p(rn,, p) S ni’. Therefore x is a point of 
T '(p), that is, z is one of the q’s mentioned above; but x was not covered by G, 
and thus a contradiction is reached. 

Now, for each q;, Vg; — C,; = O or T(V,; — C,;) = T(qi) = p. Thatis, 
under the transformation all the V,,’s except C,, go into the same point as qi, 
namely, p; and T(C,,) liesin U,. Thus U, contains T(G) contains W, , and U’, 


contains T' (> C,;) contains W,. But T (> C,;) is a finite number of con- 
i=1 i=l 


nected sets. Thus W, which lies in U, is made up of at most a finite number of 
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components. Let H bethe component of W, containing p. As W, — H isa finite 
number of components, there is a neighborhood Y, containing no points of 
W, — H. Thus any neighborhood U, contains a neighborhood Y,, every 
point of which lies with p in a connected subset of U, , namely, H. Therefore B 
is locally connected at p. 

Examples will show that 7’ may be locally non-separating and yet B may 
contain a cut point. 


THeEorEM 6.6. Jf T is locally non-separating and for no x, a point of B, does 
T '(x) contain an open set, then B has no cut points. 


Since T is locally non-separating and for no z, a point of B, does T”'(x) contain 
an open set, by Theorem 6.1 7 is non-separating. Since 7’ is non-separating, B 
contains no cut points by Theorem 2.1 of Wardwell’s paper. 


THEOREM 6.7. If A is locally connected and T is locally non-separating, and 
for no point x of B does T(x) contain an open set, then 

(1) there exists a unique true cyclic element E, of A such that T(E.) = B; 

(2) T is non-separating on E, ; and 

(3) there exists a monotone transformation (retracting) W(A) = E, which is 
non-separating and such that T(x) = TW(x) on A. 


This theorem follows immediately from Theorem 6.1 and from Theorem 4.3 of 
J. F. Wardwell’s paper.” 


TuroreM 6.8. If A is a dendrite and T is non-separating at a point," then T is 
locally non-separating at p. 


If T were not locally non-separating at p, there would exist a neighborhood U, 
such that for any neighborhood W, lying in U, there exist two points u and v of 
W, — T '(T(p)) which do not lie in any connected set in U, — T'(T(p)); 
that is, 7 '(7(p)) separates u and vin U,. Since A is locally connected, itis 
possible to choose W, such that it will contain only one component, namely, 
the one containing p. Thus there is an are wv in W, and this are must contain 
points of T-'(T(p)). Now since A is a dendrite, there is no other are from u to v. 
Thus 7 '(7(p)) separates u and v in A, and this is contrary to 7 being non- 
separating at p. Therefore T is locally non-separating at p. 


TuHEeoreM 6.9. If T is locally non-separating at all points of the dendrite A, 
then T is non-separating at all points of A. 


Let us first show that B is a point by assuming that it is not. If not, for all 
points z of B consider the closed sets T~'(xz). Since A is a dendrite, the compo- 
nents of the closed sets 7” ‘(x) are either points or continua which are dendrites. 
If any component of any set 7” ‘(zx) is a cut point of A, this fact will contradict 
the hypothesis that 7 is locally non-separating at that point. Thus no com- 


13 J. F. Wardwell, Non-separating transformations, loc. cit., p. 747. 
14 The transformation 7’ will be called non-separating at the point p if T-'(T(p)) does 
not separate A. It is to be noted that this is weaker than locally non-separating at p. 
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ponent of any set 7” ‘(x) is a cut point. There remains the possibility that all 
cut points of A belong to components of the closed sets 7” '(x) which are not 
points. If all cut points of A belong to one set 7” ’(x), then A belongs to T”*(x) 
since this set is closed and the only subset of A which is closed and contains all 
the cut points of A is A itself. But this is impossible under our assumption 
that B is not a point. Consider any two such components D, and D, belonging 
to different sets T™'(x). Let d; be a point of D, and dz be a point of D.. Con- 
sider the are d;d,. Since T is continuous and d,d2 is connected, T(d,d2) is con- 
nected and contains more than one point. Thus 7'(d,d2) contains uncountably 
many points, so d,dz belong to uncountably many sets 7 '(x). Hence un- 
countably many components of the sets 7”‘(x) are not points. But this is 
impossible, for if there were an uncountable number, there would be an uncount- 
able number of diameter greater than some «> 0. But this is impossible since 
A is hereditarily locally connected.” Thus B is a point. Therefore T~*(B) 
does not separate A, and T is thus non-separating at all points. 


Corotiary. If T is locally non-separating on the dendrite A, then B is a point. 


7. Locally non-alternating transformations. A continuous transformation 
will be called locally non-alternating at a point p of T~'(z) if, for any neighborhood 
U, of p, there exists a neighborhood V, lying in U, such that if u and v are any 
two points of T”"(y) - V,, where y is any point of B distinct from z, then u and 
v lie in a connected subset of U, — T*(x). A continuous transformation will be 
called locally non-alternating on a space A, if it is locally non-alternating at all 
points of A. 

Note that a non-alternating transformation is not necessarily locally non- 
alternating, and conversely. Also any homeomorphism is a locally non-alter- 
nating transformation. The space B under a locally non-alternating trans- 
formation does not necessarily have to be Peano and may contain cut points. 
Thus very few of the theorems of the last section (§6) carry over to the case of a 
locally non-alternating transformation. 


THEOREM 7.1. In order that a transformation be locally non-alternating at a 
point p of T(x), it is necessary and sufficient that, for any neighborhood U, of p, 
there exists a neighborhood W, lying in U, such that all the components of W, - 
T *(y) belong to one component of U, — T'(x), for any y # zx. 


Necessity. Let p be a point of some 7” *(x) of A, and U, any neighborhood of 
p. Since T is locally non-alternating, there exists a neighborhood W, lying in 
U, such that if u and v are any two points of the set 7” "(y) - W, (x ¥ y), then u 
and » lie in a connected subset of U, — T(x). Let u remain fixed and v range 
over all points of 7” '(y) - W,. Then each such point v lies with u in a con- 
nected subset C, of U, — T(x). Since each two sets C, have the point u in 
common, > C, is connected and thus lies in a component of U, — T(z). 


16 H. M. Gehman, Concerning the subsets of a plane continuous curve, Annals of Mathe- 
matics, vol. 27(1925), pp. 29-46, Theorem 5. 
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Sufficiency. Since all the components of W, - T~'(y) belong to one component 
of U, — T‘(z), any two points of W, - T”‘(y) will lie in a connected set in 
U, — T(z). 

TuHeEoreM 7.2. If T is locally non-alternating with A an arc and B a dendrite, 
and if T~'(x) contains no open set, then T is a homeomorphism and thus B is an are. 


If T is a homeomorphism, the theorem is proved. If T is not a homeomor- 
phism, there exist two points in A, a and by , which go into the same point 2x» 
in B. Let ap be the are aobo. Not all the points of the are a» go into 2» in B; 
for if so, T~'(zo) would contain an open set. Consider some point pp not of 
T*(ao) which lies in ay. For any point b of B, T~'(b) is a closed set. Therefore 
on the are ap , consider any set 7” *(x;) # T~*(zo) which has points in a from pp to 
ad , and from pp to bb. There would exist such a set; for if not, T(aopo) and 
T(bopo) would be Peano continua having only the two points 7(po) and 2» in 
common. Then their sum would contain a simple closed curve. Call the first 
point of 7” *(2;) from po to a, a ; the first point of T~'(z;) from po to bo, bi. 
Call are a,;b;, a. By this procedure, a lies entirely in a. By exactly the 
same method, we can pick an a which lies entirely inside a,;. Continue this 
process indefinitely. 

io) 


Let a = [] a. If a is a point, then T is not locally non-alternating at 
i=l 


this point. If a, is an are with end points a, and b, , then from the continuity 
of T it follows that T(a,.) = T(b.). Then we may form a4; just as above. 
Thus we continue this procedure and define the ares ag for all ordinals 8 of the 
first and second classes unless for some limiting number 8, ag isa point. But this 
is impossible; for at this point 7 would not be locally non-alternating since 
a; — ag and b; — ag and T (a;) = T (b;). 

But the process cannot continue through all ordinals of the first and second 
classes; for then A would contain an uncountable monotonic decreasing sequence 
of continua. This is an impossibility. 

Then T is (1-1) and continuous from A to B. But as A and B are compact, 
T is then continuous from B to A. Thus T is a homeomorphism and B is an are. 


THEOREM 7.3. If T is locally non-alternating where B is a dendrite and A is a 
dendrite in which the branch points are dense on no arc of A, and if T~'(x) contains 
no open set, then T is a homeomorphism. 


If T is a homeomorphism, the theorem is proved. If 7 is not a homeomor- 
phism, there exist two points in A, ao and bo, which go into the same point 2 
in B. Let ao be the arc adobo. Not all the points of the arc ap go into 2% in B; 
for if so, T”*(ao) would contain a» , and thus would contain an open set in ao, 
since the branch points are not dense ona. The rest of the proof follows that of 
Theorem 7.2. 


UNIVERSITY OF NEVADA. 








REGULAR TRANSFORMATIONS 
By W. T. Puckett, Jr. 


1. Let M be a continuum and T7(M) = M’ be an (r — 1)-regular transforma- 
tion.’ It is shown in this paper that if a’, b’ are any two points of M’, then the 
s-dimensional Betti groups of T~‘(a’) and T~‘(b’) relative to M are isomorphic 
for s = 0, 1,---,r. Furthermore, in case T is a monotone 0-regular trans- 
formation, it is shown that the 1-dimensional Betti group of M is the direct sum 
of two groups, one of which is isomorphic with the 1-dimensional Betti group of 
M’, while the other is isomorphic with the 1-dimensional Betti group of T~*(a’) 
relative to M for any point a’ of M’. Thus p'(M) = p'(M’) + p(T ‘(a’), M’), 
where p'(N) is the first Betti number of N and, for any point a’ of M’, p'(T"“(a’), M) 
is the number of linearly independent cycles in T~‘(a’) relative to homologies 
in M. 

The cycles and bounding relations used here are with respect to an arbitrary 
modulus m = 0. The combinatorial notions used will be found in works of 
Alexandroff’ and Vietoris.’ After the convention of Alexandroff, 2” ~ 0 (mod m) 
indicates that the cycle z’ bounds an (r + 1)-dimensional complex relative to m, 
while z” ~ 0 (mod m) indicates that there exists a number a such that az” bounds. 
In case m = 2, the two relations are the same. 


2. Let the sequence of closed sets {A,}, which are contained in a compact 
metric space M, converge to the limiting set A. The sequence is said to converge 
r-regularly (mod m) provided that for each ¢ > 0 there exist positive numbers 6 
and N such that if n > N, any r-dimensional potentially bounding true cycle‘ 
(mod m) in A, of diameter < 6 is ~ 0 (mod m) in a subset of A, of diameter 
<. The convergence here defined differs from that given by G. T. Whyburn’ 


Received July 6, 1939. 

1 The transformation used here is a generalization of the 0-regular transformation 
defined by A. D. Wallace, Bulletin of the American Mathematical Society, abstract 44-3-161. 

2 Dimensionstheorie, Mathematische Annalen, vol. 106(1932), pp. 161-238. For ele- 
mentary combinatorial notions see also P. Alexandroff and H. Hopf, Topologie I, Berlin, 
1935. 


* Uber den héheren Zusammenhang kompakter Réume --- , Mathematische Annalen, 
vol. 97(1927), pp. 545-572. 
4A true cycle Z’ = (2; , 2;, 23, °:*) is said to be potentially bounding provided all 


except a finite number of the z* are potentially bounding (mod m). If r is > 0, any z* is 
potentially bounding, while if r = 0, 2° is potentially bounding if and only if the coefficient 
sum is = 0 (mod m). 

5 On sequences and limiting sets, Fundamenta Mathematicae, vol. 25(1935), pp. 408-426. 
It may be pointed out here that if the convergence is 0-regular for any m, it is 0-regular for 
every m, therefore is called simply 0-regular. 
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in that “complete” or “convergent” cycle has been replaced by “true” cycle. 
However, for m = 2, the two definitions are equivalent. For let us assume that a 
sequence {A,} converges r-regularly (mod m) to A with respect to convergent 
cycles, but not with respect to true cycles. Then for some e > 0, any 6 > 0 
and any N there exist an n > N and a true cycle Z, = (21, --- , 2k, ---) of 
diameter < 6 in A, such that Z;, is not ~ 0 in a subset of A, of diameter < «. 
Hence there exists a positive number o, and a true cycle Z,” = (z2;", --- , 2)", -+) 
contained in Z’, such that each z;” is not > 0 in a subset of A, of diameter < «. 


. ‘ 6 ” ” ” 
Since m = 2, there exists a convergent’ cycle Z," = (z:',--- ,2:', +++) con- 


tained in Z;’, and by the above Z.,’ is not > 0 in a subset of A, of diameter < «. 
Thus, since N may be taken arbitrarily large, {A,} does not converge r-regularly 
to A with respect to convergent cycles contrary to the hypothesis. Since any 
convergent cycle is a true cycle, the equivalence is established. 

The continuous single-valued transformation T(M) = M_’ is said to be 
r-regular (mod m) (see footnote 1) provided that for every sequence of points 
{a,,} converging to a point a’ in M’, the sequence {7 ‘(a,)} converges s-regu- 
larly to T-'(a’) for every s S r. From the Eilenberg’ characterization of an 
interior transformation’® it follows that an r-regular transformation is interior. 
The following known characterization of an interior transformation is stated 
here for reference: 


2.1. Let M be compact and T(M) = M’ be continuous. In order that T be an 
interior transformation it is necessary and sufficient that for any « > 0 there exist 
a 6 > O such that for any point a’ of M’ and any point a of T~*(a’), T[U(a, ©] 
contains’ U(a’, 6)."° 


The following is a characterization of an r-regular transformation: 


2.2. Let M be compact and T(M) = M’ be interior. In order that the trans- 
formation T be r-regular (mod m) it is necessary and sufficient that for a given 
s S rand e > O there exist a 56 > O such that for any point a’ of M’ and any 
s-dimensional potentially bounding true cycle Z* of diameter < 6 contained in 
T ‘(a’), Z’ ~ 0 (mod m) in a subset of T~'(a’) of diameter < «. 


Proof. Suppose the conditions of the theorem are not necessary. Then for 
some s < rand some e > 0 there exist for each integer n a point a, of M’ and 
an s-dimensional potentially bounding true cycle Z%, in T ‘(a,) of diameter < 
1/n, which is not ~ 0 in a subset of T”'(a,) of diameter < ¢. It may be 
assumed {a,} converges to a point a’ of M’ and {T~*(a,)} converges to T”*(a’). 
But as a consequence of the supposition this convergence is not s-regular, 


6 See Dimensionstheorie, loc. cit., p. 180. 

7 Transformations en circonférence, Fundamenta Mathematicae, vol. 24(1935), p. 174. 

8 A continuous transformation is interior provided any open set in the original space 
transforms into an open set in the image space. 

® By U(a, e) is meant the e-neighborhood of a. 

10 See Whyburn, The mapping of Betti groups under interior transformations, this Journal, 
vol. 4(1938), p. 1. 
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contrary to the hypothesis that 7 is an r-regular transformation. Suppose the 
conditions of the theorem are not sufficient. Then there exists a sequence of 
points {a,} converging to a point a’ of M’ such that 7”‘(a‘,) does not converge 
s-regularly to T”‘(a’) for some s S r. Thus it may be assumed that for each n 
there exists an s-dimensional potentially bounding true cycle Z‘, of diameter < 
1/n in T'(a),) which is not ~ 0 in a subset of 7” "(a),) of diameter < ¢. This 
contradicts the existence of the 6 given by the hypotheses, and the theorem is 
established. 


2.3. Let M be compact, T(M) = M’ be an (r — 1)-regular (mod m) trans- 
formation, and a’ be any point of M’. If « > 0 there exists a 5 > O such that to 
each r-dimensional 5-cycle z’ in T~*(a’) there corresponds an r-dimensional true 
cycle Z’ with the property that 2’ > Z’ (mod m) in T~‘(a’). 


Proof. Let d, < «/(r + 1) and let 2d,; be a number given by 2.2 such that 
every (r — 1)-dimensional potentially bounding true cycle in T~‘(a’), for any 
point a’ of M’, of diameter < 2d,_, is ~ 0 in a subset of T”‘(a’) of diameter < d, . 
Generally, let 2d, be a number given by 2.2 such that every k-dimensional 
potentially bounding true cycle in T~‘(a’) of diameter < 2d, is ~ 0 in a subset 
of T~*(a’) of diameter < di4,. Finally, let d) be a number given by 2.2 such 
that every 0-dimensional potentially bounding true cycle in T~‘(a’) of diam- 
eter < dy is ~ 0 in a subset of T*(a’) of diameter < d,. For 6 = dy let 2’ 
be any r-dimensional 6-cycle in T‘(a’), then it will be shown that there exists a 
true cycle Z’ > 2’ (mod m) in T™‘(a’). 


Assume 2” a= a'Aj , where the Aj are r-dimensional simplexes of 2’. Gen- 
i=0 
erally, for any s S r let Aj (¢ = 0, 1, --- , u,) be the s-dimensional simplexes 


in 2’ and let aj be a point of 7 ‘(a’)-U(| Aj |, 6), which may be a vertex of z’. 
For each A} there exists a null sequence of complexes { AK 't contained in a subset 
of T~‘(a’) of diameter < d,, such that” ,K} = A}. Define the cycles 


tt = nKi — Aj (¢=0,1,---,mj;n=1,2,---) 


2 
and the (dy + d;)-complexes .Q? = (a} »zi).” Now with each A? = >> pid}, 


j=0 
2 
there is associated a true cycle {,yi} = p> Bi nKi; }, which is of diameter < 2d, . 


Hence there exists a null sequence of po { Ki} contained i in a subset 
of T~‘(a’) of diameter < de such that, for each n, ,K? = ,y:. Define the 


(dy + d,)-complexes Li = > Bi nQi; » the cycles se EK - & - Ja. 


j=0 


11 Tf K is a complex and m is given, then K denotes the boundary of K (mod m). 

12 Tf Ar = (a), a, **+ , ay) is an r-dimensional oriented simplex and a is a point, then 
(ad*) is the (r + 1)-dimensional oriented simplex (a, ao, a1, --:, ar); and if K’ = > ai Al, 
then (aK") = 7 ai(aA;). Itis known that (aK’)’ = K” + (aK’). 





iin. 
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and the (dp + d; + dz)-complexes .Q: = (a; x3). Generally, for k < r there is 


associated with each Af = D> Bint" (¢ = 0,1, --+ , me) a true cycle {,yi"} = 
= 


k 

{> Bi Ki, '} which is of diameter < 2d,_,. Hence there exists a null sequence 
j7=0 

of complexes {,K*} contained in a subset of 7~*(a’) of diameter < d, such that, 


k-1 
for each n, KE = at. Define the (> d;)-complexes Lt = Zz pi Qi; , the 
j=0 j=0 


k 
cycles nti = ,Ki — AF — ,L, and the (> d;)-complexes , Art _ (af ai). 
7=0 
Br 


r 
41 i +1: . 
Thus, for each n, .Q' = Do a',Q;" is an ecomplex, since Da < 
S 


(r + 1)d, < «€. Moreover, it will be shown that, for each n, ,Q'™ 
Mr 2 
> a’,.Ki — z. Now 


Ot = ¥ (a2) - > a aki — a’ A; — 2 a ali 


r . Br-1 e 
otdét-¢- Lae. 
i=0 j7=0 


where )’ is the collected coefficient of .Qj as it occurs in the various »L;. But 
for each n the complex ,Qj occurs in each a’ ,L; with the same coefficient as 


r 
—l . ; e . —l . . 7 e . 
A; occurs in (a' Aj)’. Hence, since each Aj~ occurs in 2 = >» (a‘A;)° with 
i=0 


coefficient 0, each \’ = 0. Consequently x2” = > a’ ,Kj; is a cycle and ,Q’** = 
i=0 

nz — 2. Therefore, since {,Kj} is a null sequence for each i = 0,1, --- , u,, 

Z = {,2'} is the true cycle sought. 


On account of the convergence theorem (see footnote 6) one has 
2.31. For m = 2, 2.3 yields a convergent cycle Z’ ~ 2" (mod m) in T'(a’). 


3. The r-dimensional homology” or Betti group (mod m) of M is the group 
B’,(M), whose elements are classes of homologous convergent cycles; i.e., if ¢ 
is an element of B?,(M) and Z; , Zs are two convergent cycles in ¢, then there 
exist a’ not = 0 (mod m) such that a'Zj + a’Z; ~ 0 (mod m) in M. The 
least number, p;,(M), of elements which form a basis“ for B’,(M) is called the 
r-th Betti number (mod m) of M. As indicated by Vietoris this number is at 
most countably infinite. 

Let N be a closed subset of M. The r-dimensional Betti group (mod m) of N 
relative to M, B?,(N, M), is composed of the classes of r-dimensional convergent 


13 See Vietoris, loc. cit., p. 459. 
14 See Vietoris, loc. cit., pp. 463-464. 
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cycles in N relative to homologies in M; i.e., if ¢ is an element of Bi,(N, M) 
and Zi, Z3 are cycles of ¢, then there exist a’ not = 0 (mod m) such that 
a'Zi + a Z: ~ 0 (mod m) in M. The least number of elements, p?,(N; M), 
which form a basis in B;,(N, M) is called the r-th Betti number of N relative to M. 
Clearly pi.(N, M) S p;,(N) and p;.(N, M) Ss p..(M). 


3.1. THeoreM. Let T(M) = M’ be an (r — 1)-regular (mod m) transforma- 
tion, where M is a continuum.” If a’, b’ are any two points of M’, then 
B;,(T~‘(a’), M) is isomorphic with B%,(T‘(b’), M) for s S r. 


Since T is (s — 1)-regular for every s S 1, it suffices to prove the theorem 
for s = r. This is accomplished by the following sequence of assertions: 


3.2. For any « > 0 there exists a 6 > O such that to each r-dimensional 6-cycle 
z’ in T '(a’) there corresponds a 6-cycle y’ in T'(b’) such that y’ = 2’ (mod m) in M. 


Proof. For the given e > 0 let 36 < € be a number satisfying 2.3. For the 
number 6 > 0, let o be a number given by 2.1, such that, oi each point c 
of M, T[U(c, 4)] contains U[T(c), o]. Let a’ = ao, aj,---,a, = b’ bea 
o-chain joining a’ and b’ in M’. It will be shown that if y; is a é-cycle in 
T ‘(a;) = A;, then there exists a d-cycle yj4, (¢ = 0, 1,---,u — 1) in 
T'(ai4:) = Ai: such that yi41 & yi, and the assertion follows. 


Let (b,, --- ,b;, +--+ , by) be the vertices of yj. Then to each b; there corre- 
sponds a point c; of Aix, such that p(b;, c;) < 6, because of the choice of o. 
Suppose y; = >> a‘A;, where A; = (b;,, --- ,6;,) are the simplexes of yj. 


r 16 


Then 2” = >) a‘Dj, where Di = (cj, --- , ¢;,), is a 36-cycle and z’ > y'. 
Thus, from 2.3 and the choice of 36 it follows that there exists a true cycle 
Z = {z,} in Ais: such that Z’ > z’. Consequently, for sufficiently large n, 
z, isa é-cycle andis +z’. Define yi41 = 2, j then yin YZ F Yi, Le., yin S yi, 
since 36 S «. 


3.3. If Z) = (zi,--+,2n,-+-+) ts an r-dimensional true cycle in T~'(a’), 
then there exists an r-dimensional true cycle Y’ = (yi, ---,yn,---) in T(b’) 
such that Y" ~ Z (mod m) in M, and if Z’ is a convergent cycle so also is Y’. 


Proof. Let {«} be a sequence of positive numbers converging to zero. For 
each « , let 5; be a number given by 3.2. It may be assumed each 2), of Z’ 
is a 6,-cycle. Moreover, for each 7 there exists an integer N; such that, for 
n > Ni, 2, isa d-cycle. From (3.2) it follows that for n S Ne there exists a 
é,-cycle y, in 7 *(b’) which is > z, in M. Generally, for each ¢ and n such 
that Ni < n < Nix, there exists a 6-cycle y,, in T”'(b’) which is ~ z, in M. 


Then Y’ = (yi,---,Yyn, +--+ ) is the true cycle sought. 


3.4. Let Zi, ---,Z,, 9 = p(T ‘(a’), M), be a basis in Bi,(T‘(a’), M). 
If, for each i, Y; is a convergent cycle in T~'(b’) corresponding to Z; given by 
(3.3), then the Y; form a basis in B;,(T'(b’), M). 


15 T.e., a closed compact connected set. 
16 This is essentially a part of a proof given by Vietoris, loc. cit., (3). 
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Proof. In the first place, the Y{ are linearly independent relative to homol- 
ogies in M. For suppose there exist a’ not all = 0 (mod m) such that 
> a'¥;~0. Then y a'Z; ~ 0 in M, contrary to the hypothesis that the Z; 
t=1 i=1 
form a basis in B’,(T”"(a’), M). Now let Y6 be any r-dimensional convergent 
cycle in T*(b’) and let Zo be a convergent cycle in T ‘(a’) given by 3.3 such 
that Yo ~ Zo in M. Then there exist 6° not all = 0 (mod m) such that 
> 6'Z; ~O0inM. Hence > B'Y; ~ 0 in M, and consequently the convergent 

i=0 


i=0 
cycles Yj, --- , Y; form a basis in Bi,(7"*(b’), M). 

3.5. Corottary. Let T(M) = M’ be an (r — 1)-regular (mod m) trans- 
formation, where M is a continuum. If a’, b’ are any two points of M’, then 
pu(T*(a’), M) = pn(T*(b’), M). 


4. THroremM. Let M be a continuum and T(M) = M’ be a monotone” 
0-regular” transformation. If Z' is a 1-dimensional true cycle (mod m) in M 
such that T(Z') = Z'’ ~ 0 in M’, then for each point a’ in M’ there exists a true 
cycle Y* in T~‘(a’) such that Y' ~ Z' in M. 


Let « > 0 be arbitrary but fixed, and let a’ be any point of M’. By 2.2 
there exists a number e such that any 0-dimensional potentially bounding true 
cycle of diameter < 3e contained in 7 '(a’) is ~ 0 in a subset of T”'(a’) of 
diameter < }e. Moreover, by 2.1, there exists ad > 0 such that T[U(a, e)] 
contains U[T(a), 6] for every point a of M. Finally, let z’ be a 1-dimensional 
e-cycle of M such that if a, b are vertices of a simplex of z', then p[T(a), T(b)] < 4. 
Under these conditions the following assertions are established. 


4.1. If the two simplexes Ao = (ao , bo) and A = (a, b) of z' are such that T(Ao) = 
T(A) while T(ao) is not T(bo), then there exists a 1-dimensional e-cycle x' in M 
such that (i) 2 > z', (ii) T(z’) = x’ differs from T(z') = 2’ only by a degenerate 
cycle, and (iii) x’ does not contain A. 


Proof. It may be assumed that T(a) = T(a) = a’. Since T is monotone, 
there exists an e-chain a, @,---,@,, Qi: = ain T‘(a’). Let T(bo) = 
T(b) = b’, then p(a’, b’) < 6, by the conditions on z’. Hence on account of 
the choice of 5, there exists for each a; a point b; of T”*(b’) such that p(a; , b;) < e. 
Consequently, bo, bi, +++, by, bus = 6 is a 3e-chain in T'(b’). Let 2’ = 


aA + ; a'A; and define 
i=0 
C; = at; = a(a;, j41) (j — 0, 1, ot B), 


17 A continuous transformation is monotone if the inverse set of each point of the image 
space is connected. 

18 A transformation which is 0-regular for any m is 0-regular for every m, therefore is 
called simply a 0-regular transformation. 
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and s; = (b;, bj4:).. Now (as;) is a potentially bounding 0-dimensional true 
cycle of diameter < 3e. Thus it is ~ 0 in a subset of 7”'(b’) of diameter < }e, 
because of the choice of e. Therefore, there exists, for each 7 = 0, 1, --- ,n, 
an e-complex Q; of diameter < }¢ such that Q; = (as;)’. Define K’ = 


> [((a;Q;) — (bj4:C;)], then K* is an ecomplex and 
K* = > (Qi — Ci + (a:Q) — jC) 
= p> (Q; — Cj + {a;(abj41 — abj)} — {bj41(aaj41 — aa;)}] 


= F1Q; — Cj) - ade + aa. 


Consequently z' = z' — K’ is the desired cycle. 

4.2. Let z' have the property that T(z') = 2’ = K’, where K’ is a 2-dimensional 
é-complex. If A’ = (T(a), T(b), c’) is a non-degenerate simplex of K' such that 
a and b are vertices of a simplex of z', then there exists an e-cycle x* with the prop- 
erties (i) 2* > z' in M and (ii) T(x*) = x*’ differs from (K’ — ad’), where a is the 
coefficient of A’ in K’, only by a degenerate cycle. 

Proof. Since p(T (a), c’) < 6 and p(T(b), c’) < 6, there exist points c, and c, 
of T~'(c’) such that p(c, , a) < eand p(c , b) < e, and consequently p(ca , cs) < 3e. 
Thus, just as in the proof of 4.1, an e-complex Q of diameter < }e can be 
found in 7~“*(c’) such that @ = (as)’, where s = (ca, cs), because of the choice 
of e. Let us define L = (aQ) + a(a, b, o) and x* = z' — L. Then 2* is the 
desired cycle; for ZL is an «complex and 


T(a*) = T(z — L) = T@') — T(L) = Te’) - (TI) 
= K’ — [aA’ — degenerate complex’ 
= (K’ — ad’) + (degenerate complex)’ 
= (K’ — ad’) + degenerate cycle. 


4.3. If z' is such that T(z') = z’ $ 0 and a’ is any point of M’, then there exists 
an e-cycle y' in T~*(a’) such that y' > z' in M. 


Proof. By successive applications of 4.1 an e-cycle 2, is obtained such 
that (i) 1, ~ z' in M, (ii) T(2) = T(z’) + a degenerate cycle, and (iii) if A, 
and A; are two fundamental simplexes of x, , then T(A,;) = 7 (de) if and only 
if both are degenerate, and therefore map into the same point. Since z’ $ 0, 
there exists a 6-complex K’ in M’ such that T(a,) = K’. Let 


K' = > a’ A; + degenerate complex, 
t=] 
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where each A; is a non-degenerate 2-dimensional simplex. Moreover, it may 
be assumed A, has the form A; = (7'(a), 7(b), c’), where a and b are vertices of a 
simplex of z,;. By 4.2 there exists an e-cycle az; such that (i) 2 ~2,in M 
and (ii) T(zi) = (K’ — a‘d,)’ + degenerate cycle. Continue the application 
of 4.1 and 4.2 to obtain finally an e-cycle Po such that (i) 2; i te > 
Ey ss Yt Sm > 2 and (ii) T (a) is a degenerate cycle, since it is the 
boundary of a degenerate complex. Hence each simplex in T(z;) must be a 
reiteration of some one of a finite set of points aj, a2, ---,a,. Thus x has 
the form a = 2 + 2+--- +2, where z; is contained in T'(a;). But by 
3.2 it may be assumed that ¢ and ¢ are so related that for each j there exists an 
e-cycle y} in 7” *(a’) such that yj + z;in M. Therefore, y* = yi + y2 + --- +y 
is the cycle sought, for y' Y a. ~& 2’. 

Proof of theorem. Let {«} be a null sequence of positive numbers and let 
{e:} and {4;} be related to the corresponding « as above. In Z’ = {z)} it may 
be assumed that, for all n, z, is a cycle satisfying 4.3 for (e, e, 6). Gen- 
erally, there exists an integer N; such that, for n > Ni, zs is a cycle satisfying 
4.3 for (é , e, 6). Thus 4.3 gives a true cycle Y' = {y},} such that, for 
Ni <n S Nis, yh is an e-cycle and y), & z, in M. Therefore, since both 
{e} and {e} converge to zero, it follows that Y’ is the true cycle sought. 

In the same way one can establish the following: 


4.4. Tuzorem. If under the conditions of 4 T(Z') ~ 0 in M, then there 
exists a true cycle Y' in T~‘(a’) such that Y' ~ Z' in M. 


5. THrorem. If M is a continuum and T(M) = M’ is a monotone 0-regular 
transformation, then B},(M) = U + V, where U is isomorphic with B},(M’) 
and V is isomorphic with B},(T ‘(a’), M) for any point a’ of M’. 


Proof. Let Zi yore  Zy , p' = pmu(M’), be a basis for B},(M"); then according 


to a theorem of Vietoris™ there exist convergent cycles Z1,-:-,Zp of M 
such that 7(Z;) ~ Z;. Let . eee . qd = p(T '(a’), a! be a _basis for 
Bi(T‘(a’), M). The convergent epelin Gi, +s ee, ss ee ee 


linearly independent (mod m) set of cycles. For suppose 


¥ Zi + Vp'zt ~0 


i=l j=1 


in M. Then 
q : ae 
T (> aZ:+ > 6'Z;) ~ > ai Zi ~ 0. 
i=l j=l i=l 


Thus a‘ = 0 (mod m), since the Z; form a basis in B},(M’). Hence > BZ; ~0 
i=l 
in M, and consequently 8’ = 0 (mod m), since the Z; form a basis in 


19 See Vietoris, loc. cit., pp. 468-469. While Vietoris uses m = 0 or 2 only, his proof is 
valid for any m 2 0. 
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B\(T"‘(a’), M). Now let Z’ be any 1-dimensional convergent cycle in M, 
then there exist a’ such that a 7'(Z') + >> a'Z; ~ 0, since the Z; form a basis 
i=l 


in B},(M’). Now X' = o°Z' + >> a’ Z; is a cycle in M such that T(X') is ~ 0 
i=1 
in M’. Therefore by 4.4 there exists a cycle Y* in 7” ‘(a’) such that Y’ ~ X’ 
in M. But there exist 8’ such that p°Y’ + > BZ; ~ 0, since the Zz; form a 
j=l 
basis in B},(7'(a’), M). Hence 
- i 7 * i 7* . 7 . i 7* 
Ore Y'+ DeiZt~ OX + Leas = pals — pd alt + Des, 
j=1 i=l t=1 7=1 


i.e., there exist \’s and 6’s such that 
NZ) + > Zi + > BZ; ~0. 
i=] i=l 


5.1. Corotiary. If M isacontinuum and T(M) = M’ isa monotone 0-regular 
transformation, then pm(M) = pn(M’) + pn(T‘(a’), M), where a’ is any 
point of M’. 
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SOME GENERALIZATIONS OF THE THEORY OF ORTHOGONAL 
POLYNOMIALS 


By GLENN PEEBLES 


1. Introduction. If a function p(x) is integrable and non-negative on an 
b 
interval (a, b) and is such that [ p(x) dx > 0, a set of polynomials [p,(z) = 


a,x" + b,x" ' + ---] is uniquely determined, except for a constant factor, by 
the relations 


(1) [ o(c)pa(e)pa(z) de = 0, man, 


The set of polynomials defined in this way is said to be orthogonal with respect 
to the weight function p(x) over the interval (a, b). 
For the weight functions 


p(x) _ (x = a)*(b ‘sas! x)’, a> -i, B > =I, 
(a) p(x) = (x — a)*e™, a>-—1,6B>0,b= a, 


p(x) age a>0O,a= —o,b = ©, 
the polynomials [p,(x)] are respectively those of Jacobi, Laguerre, and Hermite. 
Each of these weight functions satisfies the Pearson differential equation 


(2) 1d). _4t+B  _Ar+B 
p(a) dx” C2 +Dz+E Mia)’ 


if A, B, C, D, E are given suitable values. 

The class of functions defined by (2) when A, B, C, D, E range through all 
real values (Cz* + Dz + E # 0) is such that for each non-identically vanishing 
member p(x), the expression [p(x)]‘d"[M"(x)p(x)]/dz"s where M"(x) means 
[M(zx)]", is a polynomial in x of degree n at most. The set of polynomials 


1 dQ 
p(x) dz” 
satisfies (1) when p(x) is one of the functions (a). In other cases the property of 
orthogonality is lost because p(x) is such that the integral (1) ceases to have a 
meaning. The corresponding sets of polynomials (3) will by way of distinction 
be called non-orthogonal. 

As is known, each of the systems of orthogonal polynomials satisfies a recursion 
formula and a Christoffel-Darboux identity deduced from the recursion formula, 
and has the property of representing suitable functions by means of convergent 
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(3) g(z)=1, gnr(z) = [M"(zx)p(x)] (n = 1, 2,3, ---) 
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series. These considerations suggest the question: To what extent do these 
characteristics persist in the case of the non-orthogonal systems defined by (3)?" 
To answer this question (at least in part) is the purpose of the first part of this 
paper. 

The second part is concerned with a generalization of the ordinary concept of 
orthogonal polynomials, namely, the construction of such polynomials for a 
class of weight functions which change sign in the interval of orthogonality.” A 
theorem is given which, under the assumption of the existence of the polynomials 
[qn(x)] orthogonal with respect to a weight function p(x), places on a general 
polynomial 7,,(z) a necessary and sufficient condition for the existence of the 
polynomials orthogonal with respect to the weight function 27»(x)p(xz). The 
necessary and sufficient condition is formulated in terms of a set of general 
determinants which include, as special cases, Vandermonde and Wronskian 
determinants of the polynomials [q,(z)]. 


2. The recursion formula and the Christoffel-Darboux identity. If the factor 


b 
in p,(x) left undetermined by (1) is so taken that / p(x)[p»(x)]’ dx = 1, the p’s 


satisfy the recursion formula 


(4) pela) = 2° passlt) + [2 is best] sa) + pa), 


Qn+ 
For the moment let A, B, C, D, and E in (2) be confined to those ranges for which 
p(x) takes the form (x — a)*(b — 2)®, a > —1,8 > —1, and let (4) be written 
in terms of the q’s by placing p,(x) = gn(x)/In, dn = On/In, bn = Bn/In , where 
qn(x) is defined by (3), a, and 8, are the first and second leading coefficients of 
Qn(x), and 


b 4 
I, = i (x — a)*(b — 2)Plqe(a) de} ; 


Then (4) may be reduced to the form 





(6) ante) = S quasla +|% : — Best) g(a) + 2! 4 g(a), 


2 
An+ an Bout 


1 A number of the recurrence formulas for the Jacobi, Laguerre, and Hermite polynomials 
have been shown to exist for the non-orthogonal polynomials (3) by E. H. Hildebrandt, 
Systems of polynomials connected with the Charlier expansions and the Pearson differential 
and difference equations, Annals of Mathematical Statistics, vol. 2(1931), pp. 379-439; 
pp. 393-411. For other properties of the polynomials (3), see also F. 8. Beale, On the poly- 
nomials related to the differential equation 1dy = a Annals of Mathe- 

7 ydz bbthxz+hz*? D’~ 
matical Statistics, vol. 8(1937), pp. 206-233. 

2 On this topic, see Jacques Chokhatte (J. Shohat), Sur les fractions continues algébriques, 
Comptes Rendus, vol. 191(1930), pp. 474-475; J. Shohat, Sur les polynomes orthogonaux 
généralisés, Comptes Rendus, vol. 207(1938), pp. 556-558; A. Tartler, On a certain class of 
orthogonal polynomials, Amer. Jour. Math., vol. 57(1935), pp. 627-644; G. Szegé, Uber 
gewisse orthogonale Polynome, die zu einer oszillierenden Belegungsfunktion gehéren, Mathe- 
matische Annalen, vol. 110 (1935), pp. 501-513. 
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Simple but lengthy calculations show that 





~=1, 
a, = [A + (n + 1)CJ[A + (n + 2)C]---[A + 2nC] (n > 0), 
(6) Bn = n[A + (n + 1)C][A + (n + 2)C]---[A + (2n — 1)CILB + nD] 
(n> 0), 
Ti, _ na,[ABD — A*E — B°C + A(D* — 4EC)n + C(D* — 4EC)n’| 
| @n-[A + (2n + 1)C][A + 2nC] 
(n > 0). 


By means of these formulas, (5) becomes 
[A + 2nC][A + (2n + 1)C][A + (2n + 2)C] xqn(z) 
— [A + (n+ I)CYA + 2nC]qnsi(z) 
(7) + [A + (2n + 1)C|[AB + AD + (2AD + 2CD)n + 2CDn’] q,(x) 
— n[A + (2n + 2)C\[ABD — A°E — B°C + A(D* — 4EC)n 
+ C(D? — 4EC)n"\qn.-1(z) = 0. 


It is easily shown from (2) and (3) that q¢,(x) is a polynomial in A, B, C, D, and E 
as well as x. Therefore (7) is an identity valid for all values of A, B, C, D, E 
and may be regarded as a recursion formula for all sets of polynomials defined 
by (3). 

In order to get the Christoffel-Darboux identity 





& px(t) p(x) ~ = pele = pBete 


for the non-orthogonal sets defined by (3) it is necessary to resort to a sort of 
analytic extension for the definition of the normalizing factor 1/J,,. Suppose 
the constants A, B, C, D, and E are chosen so that A + nC # Oforn > 1, and 
so that ABD — A°*E — B°C + A(D*® — 4EC)n + C(D® — 4EC)n’ # 0 for 
n>0O. Thena, # 0, and, if Jo is arbitrarily assigned a value different from zero, 
the ratio J2,/I?_, given by formula (6) serves to define J,, I:, --- when the 
integral definition of the I’s fails.* Writing p,(z) = q,(x)/In, one can return 
(5) to the form of (4) from which the Christoffel-Darboux identity follows. 


3. Convergence of expansions in the polynomials of the Jacobi type. When 
either a S —lorf S —1, the polynomials 

1@ ae 

p(x) dx” (x — a)*(b — x)? dz” 

are not orthogonal for the reason that p(x) is not integrable over (a,b). Never- 

theless, suitable functions may be expanded in terms of such polynomials. 





[M"(z)p(x)] = [(2 — a)**"(b — 2)***) 


3 This definition may require J, to be imaginary. 
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To prove this an identity relating the functions Dd pi(t)ps(x) for different 
k=0 


weight functions in the case of ordinary orthogonal] polynomials is extended to 
the non-orthogonal polynomials. 

On the interval (a, b), let the set of polynomials [q,(x)] be orthonormal with 
respect to the weight function p(x) and let the polynomials [p,(x)] be ortho- 
normal with respect to the weight function 7,(z)p(x), where +(x) is a poly- 
nomial of degree m, non-negative on (a, b). The two systems of polynomials 
are connected by the identities 


(8) T m(X)Pn(x) = A n0Qn(2) + A mQn41(2) + iat + Anm{n+m(2);" 
(9) Qn(x) saad A nPn(2) + A n—1,1Pn—1(2) + i + As-n,aPe~ul2), 


b 
where Axyy = [ Wm(X)p(X)pn(X)Gnye(z) dz. By means of these identities one 


can show that the difference 
(10) ra(t) 3> palt)pa(e) — 3 ga(tqn(s) 
k=0 k=0 


is a combination of the p’s, whose nature is too involved to warrant precise 
statement, but is sufficiently well described for present purposes by remarking 
that it consists of }m(m + 1)’ terms, each of the form A;;Aypi(x) p(t), and that 
Pn—m+i(t) is the polynomial of lowest order to appear. 

Consider the two systems of polynomials 


1 d” 


-_ atn ba B+n 
— a)" — 2) de (2 — a)*™"(b — x)""") 


(11) Qo(z) = 1, Q,(z) = 





1 d” 


_ p\athtnyp _ \Btk+n 
(cz — a)*t*(b — x)A+ dz" [(x — a) (b — x) ] 





(12) Pox) =1, P(x) = 


(n = 1, 2, e+e), 


where @ and 8 are not both > —1, and where h and k are integers such that 
a+th>-1,8+k>-—1. Let p,(z) be the normalized system of polynomials 
corresponding to (12). System (11) cannot be normalized in the ordinary sense, 
but, with the method of the preceding section and with the exceptions noted, 
its members can be given quasi-normalized forms. The exceptional cases to be 
avoided here in defining the J’s are most conveniently indicated by rewriting 
ratio (6) 
£ —nan(b — a)*(a + n)(8 + n) 


18) Pi. mala +B + 2n)(a + B + 2n + 1)" 





‘Cf. J. Shohat, On the development of continuous functions in series of Tchebycheff poly- 
nomials, Trans. Amer. Math. Soc., vol. 27(1925), pp. 537-550; p. 542. 
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Were a and 8 > —1, the ratio of the normalizing factors for the polynomials of 
zero degree of systems (11) and (12) would be 


[ * e — a)"**(b — 2)**ae| 





(14) [ (x — a)*(b — x)* dz 


™ {o—a et Meth StU 4 OE thy ot yy 
(@+Btht+kt+l@+bB+h+k)---(@+ 6+ 2) 


Now if Jo , to which an arbitrary value different from zero may be assigned in the 
definition of the J’s by ratio (13), is given one of the two values required by 
relation (14) when the undefined integral in the denominator is replaced by 
Ii , and if (qn(x)] represents the quasi-normalized system of polynomials so formed 
from system (11), then the polynomials of the two systems [p,(zx)] and [¢,(z)] 
are connected by identities (8) and (9) with x(t) = (t — a)*(b — 1)". These 
identities then enable one to express the difference (10) in the form described. 

Suppose f(x) is such a function that (x — a)*(b — 2)*f(x) and (x — a)** 
-(b — x)**[f(a)} are integrable over the interval (a,b). Let 





Sz) = X wa) [  - * — 09 pilt) at, 


sa(z) = De ate) [ ¢ - a — Ogle) at 


Then, on multiplying the difference (10) by (¢ — a)*(b — ¢)*f(t) and integrating 
over the interval (a, 6), one has 


b 
(t) 

15) S,(x) — 8n(x) = 2, Aj Ars pil / (t-—a etn, — ete SO (t) dt. 
(15) )= LD AwAnpila) ft a)"— 0h — A alt 
It is not difficult to show that the A’s are bounded, and it is well known that the 
p’s are bounded at any point interior to (a, b). Since (x — a)*"(b — z)*™* 
-[f(z))’/[(« — a)”*(b — x)™] is assumed to be integrable, the }m(m + 1)’ integrals 
in the second member of (15) tend to zero as n increases indefinitely.” This 
proves 


THeoreM I. [f [p,(x)] is the system of normalized Jacobi polynomials for the 
weight function (x — a)***(b — x)**, wherrea +h > —-1,8+k>—1l,a,p# 
—1, —2,---,anda+8 # —2, —3, --- , of [qn(x)] ts the system of quasi-nor- 
malized polynomials of the Jacobi type for the weight function (x — a)*(b — zx)’, 
and if (x — a)*(b — x)*f(x) and (x — a)*"*(b — zx)’ “[f(x)}’ are integrable over 
the interval (a, b), then, when x is an interior point of (a, b), lim [S,(x) — s,(x)]= 0. 


5 For a somewhat similar attack upon the problem of the equivalence of expansions of a 
function in terms of ordinary orthonormal polynomials see G. H. Peebles, An equivalence 
theorem for series of orthogonal polynomials, Proceedings of the National Academy of Sci- 
ences, vol. 25(1939), pp. 97-104. 
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4. Polynomials orthogonal with respect to a weight function which changes 
sign. The identities leading to Theorem I suggest, in a way which is perhaps 
not entirely apparent without more detailed explanation than is warranted 
here, a method of constructing polynomials orthonormal with respect to a 
weight function which changes sign in the interval of orthogonality. Since 


[ p(x)[qn(x)]}° dx is not necessarily of the same sign for all values of n, when p(x) 
changes sign in the interval (a, b), the definition of normalization is broadened 
b 
so that g,(z) is said to be normalized if [ p(x)[qn(x))’ dx = +1. This definition 


is used from here on. 

It is important to note that each of the polynomials orthogonal and normalized 
with respect to the weight function p(x) has degree corresponding to position in 
the sequence when p(x) changes sign as well as when p(x) is non-negative on 
(a, b).° If this were not true, the polynomials could not be normalized. Cer- 
tainly go(z) # 0. Suppose q,(x) is the first polynomial to be of lower degree 
than n. Then qn(x) = Cnidn-ai(z) + --- + Cogo(x), if the C’s are properly 
chosen, and as a consequence, 


b b 
[ p(x)[gn(x)? dx = [ p(x)gn(x)[Cn+rgn—a(z) + +++ + Cogo(x)] dx = 0. 


Let [qn(z) = ena” + ---] be a set of polynomials orthonormal with respect to 
the weight function p(x) over the interval (a, b). Let 

Quay", ys", +++, yk) (mt L+m+ti+---+m+l=n—m+)) 
represent the determinant 


qn(ys) qn—a(¥s) eee Qm(Ys) 
Yn (y:) qn—1(y) eee Qm(Ys) 
Qn ® qu—i(ys) eee Qm(Y1) 


ae” (y: ) git (y:) ee ge (yn) 
“a qn—a(Ys) eos qm(ya) 
Qn (ys) Gn—i(y2) eee Qm(Y2) ’ 


a" (ys ) at2(ys) 5 aw) 
odeo ow) vation ann) 


a” (yi) afte (y:) ve ae” (y) 
where the y’s are distinct.’ 








6 In consequence, identities (8), (9), and (10) hold when p(z) and x»(x) change sign in the 
interval of orthogonality, provided the polynomials [g,(z)] and [p,(z)] exist for all n. 
7 If one of the indices n; is zero, it is to be dropped from the notation altogether. Thus, 


nl ) nai ( 1) 
Qnnily{”, ys”) = Qnn—ilyr, ye) ” — ’ . 








qn(y2) qn-a(ys) | 





m 


ww | — ww 
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The numbers m, m, m2, --- , m being given, the points for which the deter- 
minant Qnim—in(ri"", ri"”, --- , rf") vanishes for some value of n form a set of 
measure zero in the k-dimensional space of the arguments 7, re, --- ,T%- 
Hence, the r’s may be selected from any interval of positive measure, in partic- 
ular, the interval (a, b), in such a way that Qnim—iua(ri"”, ri", ---, rh") 
vanishes for no value of n. Suppose the r’s have been selected in this way. 
Then for all values of n, Qnsmn(a, ri"”, ri", --- , rk") has r; for a root of order 
ni +1 (¢ = 1,2,3,---,k). Let a set of polynomials [p,(x)] be defined by the 
relation tm()pn(z) = AnQnima(z, ri", rs", ---, rg™),® where (xz) = 
(a — 1r:)""** (aw — 1e)"**" ... (2 — ry)™**? and X, is an arbitrary constant not 
zero. One has 


/ p(x) rm(x)pa(x) p(x) dx 


0, when n ¥ j, 
= m,2Cn+m (ny) _ (ng) (nx) (ny) _ (ng) (nx) 
bom 1) An ¢ a Qnim—tn("i : Te cies +, Tk ’ Qaim, n4i(Ti ™ re"? oS +7 ) a 0, 
n 
when n = j. 


Hence, the polynomials [p,(x)] are orthogonal with respect to ,(x)p(x) and 
can be normalized by a proper choice of A, . 

When the polynomials [q,(z)] exist for all n, not only is the non-vanishing of 
Qnim—in(Mi"?, rs", --- , rk”) sufficient, but it is also necessary’ for the existence 


of the polynomials [p,(z)]. Three lemmas are useful in the proof.” 
Lemma l. Always 
(x — ry)"*(a — 1q)"*™* ..- (@ — re)" = AQuo(a, ri", ri", ---, rk"), 
where d is a suitable constant. 


The proof proceeds by the method of mathematical induction. The lemma is 
obviously true for 


_|q(z) golz)|_ 1, _ 
Qro(z, 1) (qi(mi) go(ri)| Xd is — n). 
Assume that Qyo(z, r{"”, ri"”, --- , ré"”) is a polynomial of the n-th degree 


possessing a root r; of order n, + 1, a root rz of order ne + 1, ete., m + 1 + ne + 


8 This special form of identity (8) is given by Szegé, Ueber die Entwickelung einer ana- 
lytischen Funktion nach den Polynomen eines Orthogonalsystems, Mathematische Annalen, 
vol. 82(1921), pp. 188-212, footnote on pp. 190-191; Bernstein, Sur les polynomes orthogonaux 
relatifs d un segment fini, Journal de Mathématiques pures et appliquées, (9), vol. 9(1930), 
pp. 127-177; pp. 138-139. 

® See references of footnote 2. 

1° So far as the proof of these lemmas is concerned, the property of orthogonality of the 
q’s can be dropped and the q’s taken to be any system of polynomials for which the co- 
efficient of xz" in q,(x) differs from zero. 
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1+.---+m+41=n. Consider the determinants Quseclz, #i°**”, rf"? ---, 
r™) and Qayo(z, ri", r$"”, --- , 7h", rear), Trat ¥ 11, T2,-*:, Te. Both 
are polynomials of the (n + 1)-th degree having the roots required by the 
lemma if the minors of qn4:(x) do not vanish. The respective minors are 
Qro(ri"'*?, rf", --- , rf") and Qno(ri"”, rf", --- , rf", regi), and neither can 
vanish since Q,o(z, ron) rs"? , .-. , rf") does not have r4; for a root nor 7 


for a root of order mn, + 2. 


Lemma II. If the minors of qm—1(x), Gm—2(2), «++ , Qo(x) in Quo(a, ri"”, r$"®, 
rt"») all vanish, that is to say, if Qno is a linear combination of the polynomials 
Qn(X), Qn—1(X), «++ , @m(X), then Qyo is a constant multiple of a determinant obtained 
from Qo by striking out the last m columns and some, though not necessarily an 
arbitrary, set of m rows. Any m rows, not including the first, may be struck out, 
provided the minor of q,(x) in the final determinant is not zero. 


The matrix obtained from Q,o by striking out the first row, the first column, 
and the last m columns must be of rank n — m. Otherwise Qyo is not of the 
n-th degree, as can be seen by using the determinants from this matrix to expand 
Qno by Laplace’s development. Therefore, it is possible to obtain, in the manner 
stated by the lemma, a determinant D(x) in which the minor of q,(x) is not 
zero. By hypothesis, 


Qno(z, rf. rf", eee , rh") = Crgn(x) + Cr—19n—1 (2) +.:-- + CmQm(X), 


where C, is the cofactor of q,(x), ete. Keeping in mind this form of Q,o and 
the points where Q,o and its derivatives vanish, one sees that the n — m + 1 
sets of n constants 


qi(rs), Q3(r), «++, q5" (rn), Gira), «+= 5 4S"? (72), «++ , gS (re) 
(j =m,m+1,---,n) 


taken from the columns of Q,0 are linearly dependent with multipliers C,, , 
Cri, --:,Cm. Hence, every determinant of order n — m + 1 formed from 
their matrix is zero. But D(r;), where i has any of the values 1, 2, ---, k 
and 0 S v S nj, is one of these determinants or else has two rows identical. 
Therefore D(z) has all the roots of Q,o to the same orders. 


Lemma III. If Qno(z, ri"’, --- , rk") = Cngn(x) + Caagra(t) +--- + 
CmQm(x), but there is a set of indices nj, no, ---,m such that Qno(z, “a, 
rh) A NQam(t, rh"?, rf", --- 28"), where ni Sm, mS me, 


etc.,t S k, then there exist two or more cian of the n-th degree which are 
linearly independent, which have the root r; to the order ni + 1, the root rz to the 


order nz + 1, --- , the root r; to the order n; + 1, and which are expressible linearly 
in terms of the polynomials qn(x), Gn—1(X), «++ 5 Um(2). 
If Qu # ey’ oy by Lemma IT, Qn-1, mre), ri"? ... rf") = 0 and 


Qnm(z, ri"?, ---, rf") is not a polynomial of the n-th Seiten. Nevertheless, 





a 


cor es ow 
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the reasoning of Lemma II can be used to show that Q,,, has all the roots of Q,0 
to the same orders. Hence, Q,n = 0. But 


Qnm(z, ry"?, rs"®, --- rf") = Brga(z) + Baagn—a(z) + --- + Budm(2), 


where B, is the cofactor of gn(z) in Qam, ete. By hypothesis B, = Qy—i.m(ri"’, 
rf"®, ...,rf$"?) = 0. Hence, the coefficient of z"' in the second member is 
B,aCn-1. Since the coefficient of 2" must be zero if Quam = 0, and since 
C,. # 0, B,.. = 0. Continuation of this procedure shows that B, = B,, = 

- = B, = 0. Let the smallest possible number of rows, say j rows, be 
replaced in Q,» to get one of the determinants D(z) which, by Lemma II, 
always exists. If only 7 — 1 rows of the last n — m rows of Q,. are replaced, 
the resultant determinant, like Q,,, , is such that all the cofactors of g,(x), qn-i(x), 

- ,Qm(z) are zero. Hence, any determinant which contains n — m — j + 1 
rows from the last n — m rows of Qnm is zero. Let any row of D(x) which is 
not contained in Q,m be replaced by a set of n — m + 1 independent parameters 
and let this determinant be E(x). If it can be shown that H(z) has the root 
r, to the order nj + 1, ete., then the lemma is proved. Let r. be one of the 
roots in question. Wheny < n,, E(r.) = 0. For, if the row gf? (ra)qe?a(ra) 

. qo? (ra) has not been replaced, and so is one of the rows of E(x), then two 
rows of E’(r,) are identical and, if this row has been replaced, then E°’(r.) 
has n — m — j + 1 rows from the last n — m rows of Qin . 


e ° ) mk)\ : 
The proof that the non-vanishing of Qni-m—ia(ri’?, rs", --- , re"™) is necessary 


for the existence of the p’s follows. Assume that the polynomials [p,(x)] 
orthonormal with respect to m»(x)p(r) exist. Then the p’s and q’s are con- 
nected by identity (9). Suppose mn(x)pa(z) ~ AnQnimn(2, ev fi"? ..., 
ri"®). According to Lemma I this cannot occur for n = 0. If it occurs for 
some positive value of n, then by Lemma III there is at least one other poly- 
nomial, say tm(x)p,»(x), not proportional to 2,,(z)p,(x), which is expressible in 
terms Of dnim(Z), --- ,Qn(%). But the existence of a relation like identity (9) 
for p,(x) is sufficient to prove that p,(x) is orthogonal to every polynomial of 
lower degree with respect to r»(x)p(x). Therefore, if a, and d, are respectively 
the leading coefficients of p,(x) and p,(x), the G’s in the relation 


= pa(z) — pr(x) = Grapna(z) + --- + Gopo(z) 
are all zero; for 
Gy = [ xalerota) | pate) — Bale) le) de = 0 (j= 0,1,---,n =D). 
Hence Gnpa(z) — Gnpa(x) = 0, and one is led to the contradiction that p,(zx) 
and p,(x) are linearly dependent. It follows that, if the p’s exist, Qaym—an(r\"” 


rf... rf") ¥ Oforn = 0,1,2,---. 
The results so far obtained are summarized in 


’ 
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THEOREM II. If the polynomials (q,(x)| orthonormal with respect to p(x) exist 
for all n, then a necessary and sufficient condition that the polynomials orthonormal 
with respect to rm(x)p(x) exist for all n is that Qnim—an(ri"”, rs", --- , rf") #0 


forn = 0,1,2,---. 


Since the p’s surely exist if p(x) is non-negative and if r, , 72, --- , rT; lie outside 
or at the ends of the interval of orthogonality, Theorem II has a 


Corotiary. If the polynomials (q,(x)| are orthonormal with respect to a weight 
function which is non-negative and positive on a set of positive measure in the 
interval of orthogonality, then Qera-aa(ri”’, rs", .-- , rh) may vanish only 
when one or more of the r’s is an interior point of the interval of orthogonality or 


when two or more of the r’s have the same value. 


A theorem of orthogonal polynomials states that if ¢g,(x) is a polynomial 
from a set of polynomials orthogonal with respect to a non-negative weight 
function, then q,(xz) has n simple real roots which are interior points of the 
interval of orthogonality. An extension of this theorem is 


TueoreM III. If the polynomials [q,(x)] are orthogonal with respect to a non- 
negative weight function p(x), then the Wronskian 


[Qnim(Z) Gntm—1(t) +++ n(x) | 

dnim(Z) Qn4m—a1(t) +++  n(2) 

Qnim(Z) Qnima(z) +++ gh” (x) 

has no real roots, if m is odd, and has n and only n real roots all of which are simple 
and are interior points of the interval of orthogonality if m is even. 


Since (x — r)”*"p(zx) is non-negative, if m is odd, the polynomials orthogonal 


and normalized with respect to (x — r)”*"p(x) surely exist. It follows from 
Theorem II that the Wronskian Q,4m,.(r°") vanishes for no value of n. Thus, 
part of the theorem is easily proved. 
Suppose m is even and that Quim,n(r”) = 0. By the corollary to Theorem II, 
r must be an interior point of the interval of orthogonality. Since 
F— Qeranels, rm) \_. on Qnimn(r™) si 0, 


Qnimn(t, vr” ») has a root of order m + 1 at x = r. The polynomial p,(z) 


corresponding to the weight function (x — r)"p(x) and defined by the relation 
(x — r)"pn(X) = AnQnim,n(2, r) has a root at r. Conversely, whenever Prn(x) 
has a root at rT, Qnimn(r”) = 0. 

The roots of p,(z), say Yi, Y2,--* Yn, are real and distinct and contained 
in (a, b), since the weight function (x — r)”p(x) is non-negative, and are con- 
tinuous functions of r; so the function r — y;(r), which is negative when r = a 
and positive when r = b, vanishes at least once in the interval (a, b). There- 
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(m) 


fore Qnim.n»(r” ) has at least n roots in (a, 6). To show that r — y;(r) does 
not vanish more than once, let x be defined as a multiple-valued function of r 
by the equation p,(z) = 0. On each branch of the function z represents one 
of the roots y, Ye, ---,Yn- Since 


on(x) $n—1(2) satis n—m(2) | 


(7) = a Quimale, 2) _ | aeemlr) dermal) +++ galt) 
Pn tj) = (x ia r)™ — n ? 
iP) aPalr) vee a) 
where ¢;(x) is the integral part of the quotient qi,(r)/(z — r)”, one has 
Odn : ... Be o ee ee 
or ” al | Qn+m(T) Qn+m—1(1) "ee qn(r) 
Gn+m(r) Qn+m-1(1) theta qn(r) 


ae) Gnim-i(T) +++ qn” (7) 


dx _ _ ah) AEM «e+ PO! laa) oa) +. ar) | 
dr | 26, Abn Obn—m | 
Ox Ox Ox | 


| Qntm(r) Qntm-(T) +++ Qn(r) 


eee ee eee 


nim (7) nimaa(r) +++ gn” (rr) 


The relations 


(x ) - abin(r) + him =" (r) (x s r) sce} qh” (r) (x a r)‘, 








m! | (m+ 1)! (k + m)! 
bul) = B=), 
Abe! _ ghim'(r) _ ktm (r) _ | ghtm’ (r) 
Or lemr =m! (m + 1)! (m + 1)!’ 
dx | qkrn? (r) 


az lear (m+ 1)! 
show that always 
dx 
Ur \rmz 
Hence 


ofr — yilr) rey; = 1 +m. 
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The function r — y;(r), being continuous, vanishes but once and so Qn4m,n(r””) 
has n and only n real roots. The roots are simple; for, if Qaim..(r”) = 0 and 
therefore p,(r) = 0, 

d (m)\ __ "5 (m—1) | ro 1 "let m | 

= Qnim,n(? )= dz™ti Qnim,n(Z, r )| ——. (xt r) Pr(X) 7 ~ 0. 
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THEORY OF COGROUPS 
By J. E. Eaton 


1. Introduction. Grouplike systems with non-unique multiplication have 
been the subject of several recent papers. In 1938 Dresher and Ore’ undertook 
an axiomatic investigation of such systems, which they called multigroups. 
Some of their most interesting results were concerned with the relation of sub- 
multigroups of a multigroup to the multigroup itself. However, for these 
theorems they found it necessary to restrict their consideration to submulti- 
groups which satisfied a “reversibility” condition. 

In this paper we shall examine some of the properties of a special type of 
multigroup in which every submultigroup is reversible. We have called this 
particular kind of mu!tigroup a cogroup (or, more properly, left cogroup). Since 
the multiplicative system of the left coset decomposition’? of any group with 
respect to a subgroup is a cogroup, a few of the results contained in this paper 
may be of some interest from a group theoretical viewpoint. However, if it 
can be shown that any cogroup may be generated by the left coset decomposi- 
tion of a group, many of our theorems would reduce to trivialities. Such a 
proof, nevertheless, would be of considerable importance. It would permit a 
formulation of the problem of the extension of groups by non-normal subgroups 
analogous to the so-called solution of Schreier’s for the normal case. 


2. Axioms. A cogroup (or, more properly, left cogroup) is an algebraic system 
in which there is defined a single binary operation, multiplication, subject to 
six axioms. 


Axiom 1. The Product. Jf c; and c; are any two elements of a cogroup G, 
then the product cic; is a non-void subset of ©. 


Cc; = {cr}. 


The existence of the product of any two elements of € permits us to give 
meaning to the notion of the product of any two subsets of ©. If A and B 
are two non-void subsets of € with elements {a;} and {b,;} respectively, then an 
element c of € is in AB if and only if c is contained in some product a,b . 


Axtom 2. The Associative Law. If c; , c; , c, are any three elements of ©, then 
(ci;)Ce = Ci(CjCx). 


Received July 18, 1939. 

1 Dresher and Ore, Theory of multigroups, American Journal of Mathematics, vol. 
60(1938), pp. 705-733. 

2 We shall call a left coset of a subgroup $ a complex of the form $g. 


101 











102 J. E. EATON 


These products have meaning under our definition of products of subsets. 
Axiom 3. The Unit. There exists an element e in © such that 
ec; = C; 
for all c; in ©. 
Axiom 4. The Right Inverse. To each c; in © corresponds a subset C; of € 
such that 
(i) fx CC;, thenew De; 
(ii) if cje; Dc , thene,C; De;. 
Axiom 5. The Left Inverse. 1'o each c; in € corresponds at least one element 
cz’ such that 
cc; De. 


Axiom 6. If cic; contains k distinct elements, then cic contains k distinct ele- 
ments for any c in ©. 


Although it is not essential in the proof of all of our theorems, we shall 
throughout this paper assume that © contains but a finite number of elements. 
If, in the above axioms, we interchange the order of multiplication, the postu- 
lates would then define what we might call a right cogroup and the theorems in 
this paper would be equally applicable to the amended system. 

As an example of a cogroup consider the system whose multiplication scheme 
is given by the table below. 





b | b,e b,c e,a e,a 


| 


c|b,e b,e e,a e,a 


3. General properties. It is quite easy to show that a cogroup is a multi- 
group. The known properties of multigroups may then be used to simplify 
the proofs of our theorems. 


THEOREM 1. The element e is a right unit: 


ce Dc 

for any cin &. 

Proof. Let ce De;. Thence Dcje. Furthermore, cje > c; by Axiom 4 
(since e is its own only right inverse) andc,;e Dc. Hence cye = cje and ce Dec; . 

As an immediate consequence of this theorem we have that € is a multigroup. 
That is, for any ordered pair of elements c; , c; there is at least one x and one y 
in € such that 

ex Dec; and yo; Dc;. 
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THEOREM 2. If cc contains k elements, there exist co, cs, --- , Cy (all distinct 
and different from c,) such that ce = coc = --- = ce for all c in ©. 

Proof. By Axiom 6, ce contains k distinct elements c , c2,---,c,. But 
in the proof of Theorem 1 we showed that cye = c,e (i,j = 1,2, ---,k). Hence 
cec = cjec and cic = c;c. 

We shall refer to the elements c; , c2, --- , ce as the e-conjugates of c,. It is 


obvious that e-conjugate is a symmetric, reflexive, transitive relation. 
THEOREM 3. If cic Dc’ and cic D c’, then c; and c; are e-conjugate. 


Proof. Divide € into disjoint subsets C, , C2, --- of e-conjugate elements. 
Let C; contain k; elements and € k elements. Then >> k; = k. But if the 
theorem were false we would have that Cc contains less than k elements, and 
this is impossible since € is a multigroup. 


4. Inverses. The conditions in Axiom 4, enunciated for right inverses, are 
also satisfied by left inverses. 


TueoreM 4. If cic; D c , then for some left inverse cz", we have cz 'cx Dc; . 


Proof. We may find z such that zc, Dc;. Therefore zcjc; Dc;. Then by 
Theorem 3, xc; > e. 

The inverses of a cogroup have many properties in common with the inverses 
of a group. However, the notion of e-conjugate is important in their con- 
sideration. 


THEOREM 5. A left inverse is also a right inverse and conversely. The inverses 
of a given element are e-conjugate and all e-conjugates of an inverse are inverses. 
The number of e-conjugates of an inverse of a given element is the same as the 
number of e-conjugates of the given element. 


Proof. Let cc; D e. Then cjec; > c; and by Theorem 3, cje; D e. If 
cic; D e and cc; > e, then by Theorem 3, c; and c, are e-conjugate. If cic; De 
then cc; D e for any c; e-conjugate to c;. Let cc; D e and let the product 
contain k elements. Let cz’ have k’ e-conjugates and suppose k’ < k. Then 
for any c the number of solutions of cjz > c is less than or equal to k’ since we 
must have c;'c D> x. Hence the number of elements in ¢;€ (if multiplicity is 
regarded) is less than or equal to nk’, where n is the number of elements in €. 
But the number is nk. Thus k’ is not less than k. Similarly k is not less than 
k’ and hence k = k’. 

We have in the proof of this theorem established the following result. 


TuerorEeM 6. If c; has k e-conjugates, then cxx > c has exactly k solutions for 
any c¢. 


5. Subcogroups. An interesting property of finite groups is that closure 
under multiplication is sufficient to insure that a subset of a group is itself a 
group. That characteristic is equally valid in cogroups. 
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THEOREM 7. If § is a subset of a cogroup € for which © D HH, then H is 
itself a cogroup which is both left and right closed in ©.* 


Proof. Let § contain k elements. Then for any h in § we have S D Hh. 
By Theorem 3, A contains at least k elements. Hence § = Mh for all h. 
Then for any h we may find an A’ such that h’h Dh. By Theorem 3, h’ = e 
and eisin §. Suppose zh; Dh;. But we may find an h’ such that h’h; Dh;. 
Then by Theorem 3, h’e Dzandzisin §. Supposeh Dh;. Then Sr D G. 
Since Hz contains but k distinct elements, we have Hr = . Then § Der = z. 
Thus © is both left and right closed and the postulates of a cogroup are readily 
seen to be satisfied. 

The concept of reversibility was first introduced by Dresher and Ore.* For a 
submultigroup to generate a coset decomposition of the multigroup, it is suffi- 
cient that the submultigroup be reversible. It is thus a highly desirable prop- 
erty for a submultigroup to possess. But the results of Dresher and Ore’ yield 
immediately : 


THEOREM 8. Any subcogroup is both left and right reversible. 
We thus have that if € is a cogroup and § a subcogroup, then a coset decom- 
position of € is possible," 
C= $+ He2+--- + He, 


possessing the usual properties of such decompositions, namely: every element 
of € lies in some coset, the cosets are disjoint, each coset contains its generating 
element, and any element in a coset generates that coset. Since we have 
already seen that every coset contains the same number of elements, we may 
state the theorem of Lagrange for cogroups. 


THEOREM 9. The order of a subcogroup (i.e., the number of elements in it) 
divides the order of the cogroup. 


The problem of determining the conditions under which two elements lie in 
the same coset is not easy. We may, however, readily establish a result in that 
direction. 


THEOREM 10. If 9 is a subcogroup, then Hcie D He; if and only if cic; Dh, 
where h is some element of 9. 


6. Homomorphisms. It is clear that any group is also a cogroup. It then 
follows from the theorem below that the multiplicative system of the left coset 
decomposition of a group with respect to any subgroup is itself a cogroup. 
Hence all the theorems deduced in this paper are directly applicable to such 
multiplicative systems. 


3 A submultigroup © is right closed if every solution z of hz D h’ lies in § when h and 
h’ lie in §. 

4 Op. cit., p. 715. A submultigroup § is left reversible if whenever Hx D y then Hy D z. 

5 Op. cit., Theorem 6, p. 717. 

6 Dresher and Ore, op. cit., pp. 717-718. 
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THEOREM 11. The multiplicative system, €/, of the left coset decomposition 
of any cogroup © with respect to any subcogroup $ is a cogroup. 


Proof. Let € = © + Heo + --- + He,. The various $c; form a multi- 
group with a left scalar unit . Hence Axioms 1, 2, 3, 5 are satisfied. Suppose 
He: Hc; D He,. We may choose c; and c; so that cic; D c,. Then there is a 
c;' such that cc; De;. Then Sce.Hc7' D He; where Hc,Hcj' D H. Thus 
Axiom 4 is satisfied. Let ScH = Hee + Hee + --- + Hee. Then SceHxr = 
Har + Hew + --- + Hex. There are the same number of elements in 
Hee and Hex, for Hex contains all the e-conjugates of any elementinit. Then 
there are the same number of distinct cosets in Hce and Hew. Hence the 
number of distinct cosets in Hc Hz is less than or equal to the number in HcH. 
But if HeH = Ha + He + --- + Hee, then HaH = HaH = --- = HaH 
since they each equal Sc (two double cosets which are not disjoint are equal’). 
Divide €/ into disjoint subsets C,, C2, --- of e-conjugate elements and 
select from each C; a single representative c;. Let C; contain k; members. 
Then ps k; = r, where r is the order of €/. Suppose He;Hz contained less 
than k; elements. Then [>> Sc;]Sz contains less than r elements. But 
[>> Se] Hx = [C/H]He and, since C€/H is a multigroup, [C€/H]H-z contains r 


elements. Hence we have a contradiction and Axiom 6 is thus satisfied. 


THEOREM 12. If a cogroup € is homomorphic to a cogroup &*, then &* is 
isomorphic to the coset decomposition of © with respect to a subcogroup. 


Proof. Suppose c and c’ have the same image c*. We may find an z in © 
such that zc Dc’. Then z*c* Dc*. By Theorem 3, 2* = e*. The theorem 
then follows immediately from the theory of multigroups.* 


7. Normal subcogroups. In the usual theory of multigroups it is necessary 
to distinguish between several types of normal submultigroups. The weakest 
form of normality that has been introduced is left normality. A submultigroup 
© is left normal’ if Sm D mG for every m in the multigroup. Even for this 
extremely weak normality the Jordan-Hélder theorem for composition series is 
valid. Dresher and Ore define a strongly normal submultigroup § to be such 
that mm™' = § for every m and every inverse m™’."” They show that the 
necessary and sufficient condition that the quotient multigroup I/H be a 
group is that © be strongly normal in §M." The strongly normal submulti- 
groups form a Dedekind structure. Thus, there exists a unique minimal 
strongly normal submultigroup. The situation for cogroups is much simpler. 


THEOREM 13. A left normal subcogroup is strongly normal. 


7 Dresher and Ore, op. cit., p. 718. 

8 Eaton and Ore, Remarks on multigroups, American Journal of Mathematics, vol. 
62(1940), Theorem 3, p. 68. 

® The terminology is mine. Krasner, I believe, calls such a submultigroup right semi- 
normal. 

10 Op. cit., Theorem 10, p. 730. 

11 Op. cit., Theorem 12, p. 730. 
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Proof. cH C Hc for any c. Since there is but one coset on the right, 
cH = He. Thus every element in €/®§ is its own only e-conjugate and €/H 
isa group. Hence © is strongly normal. 

In a recent paper” we introduced the notions of conjugate submultigroups and 
the normalizer of a submultigroup, analogous to those constructs in groups. 
While it is possible to simplify slightly the defining conditions for conjugate 
subcogroups, it does not appear easy to construct all the conjugates of a given 
subcogroup. The normalizer of a subcogroup 5, however, may be redefined in 
a much simpler fashion, namely: the totality of elements ¢ in © for which 
Sc DcH. It is obvious that the normalizer constitutes the left scalar elements” 
of €/. That the normalizer is itself a subcogroup is an immediate conse- 
quence of: 


THEOREM 14. The set of all left scalar elements of a cogroup form a subcogroup. 


The theorem follows directly from the fact that the product of two left scalar 
elements is a left scalar element. 


8. Application to groups. We may rephrase some of our previous results in a 
form more closely related to group theory. 


THEeorEM 15. The necessary and sufficient condition that a partition of a 
group & into a finite number of disjoint subsets be the left coset decomposition of © 
with respect to a subgroup © is that the multiplicative system IN of the partition be 
such that 

(i) M contains a left scalar unit; 

(ii) af a product AX, in M contains k distinct elements, then AX contains k 
distinct elements for all X in M. 


It may be of interest to examine a proof of the necessity by purely group 
theoretical methods. 

Let G = 5 + Hoo+ --- + Hg, be a left coset decomposition of G with respect 
to and let the cosets Sg; be elements of a multiplicative system I. Then 
is obviously a left scalar unit of M. Let SgiHg; = Goi + Goo + --- + Ho, 
where the $g; are distinct. Then gi(g;)’ C @ — © for i ¥ j. Consider 
any coset §g, and let g, = gjg”. We then have OgiHg. = HgiHgig"” = 
Soig’ + Gog" + --- + Sog". But gig’Gig")* = gigi)’ CG — H so 
the k cosets are distinct. 

As we have seen, the coset decomposition of a group also possesses the fol- 
lowing property. 

(iii) If a product X,A in M contains k distinct elements, then there exist 
X2, Xs, --- , Xx (all distinct and different from X,) such that X;Y = X,Y for 
all Y in M and i,j = 1, 2, --- ,k. 


12 J. E. Eaton, Associative multiplicative systems, American Journal of Mathematics, 
vol. 62(1940), pp. 222-232. 
13 An element c is a left scalar if cx is a single element for all z. 





ee ee 


, 





THEORY OF COGROUPS 107 


A group theoretical proof of this may also be of interest. 

Consider for any coset Sg; the group (g;'Sg:, 5) = &. Expand © in 
cosets with respect to ®: G6 = R + Rho +--- + Khe. Then HoH = 
Hoi + Hgihe + --- + Hgih, , for note first that the cosets are distinct. If 
j ~ t, then g:hhj'gi’ C G@ — since hykj’ C S — K. Furthermore, any 
Hgih = Hgih; for some j since there exists some h; such that hjh"’ CR. Hence 
HgiH9; = HgheHg; = --- = Hgih. Hg; for any coset Hg;, where s is the 
number of cosets in the product $g:Hg; . 


Horstra COLLEGE. 











SOME PROPERTIES OF ;F2(—n, n + 1, £3 1, p; ») 


By S. O. Rice 


The fact that the Legendre function P,(x) may be expressed as the hyper- 
geometric series 


1.1 -2\_ S(—n)(n+),f/1-—zy 
pas) = P(-nnt tits g2) = SoMa D(a) 


where (a), = a(a + 1) --- (a+r — 1), together with the fact that the general- 
ized hypergeometric functions, studied by Bateman and Pasternack, 


_ bes v,(! $*) 


Fale) = aFa(-n, n+ 1,4 4451,131) = > iter, EF 
2 r=0 rirtr! 
F™(z) = sFs(—n, n+1; et; l,m+1; ') 
e, (—nin + 1)-(1 +24 m) 
. 3 vie +, 


have many interesting properties, suggests that other hypergeometric series in 
which (—n),(n + 1),/(r! r!) appears as a factor in the general term may also be of 
interest. 

Here we examine one of these series, namely, 


Hf, p, v) = sF2(—n, n + 1, £31, p; v) 


- = (—n),(n + Ir Or 
r=0 rir!(p), 





When the generalizations given here are compared with the earlier results) 
only those of Bateman’s involving F,,(z) will be mentioned, although in many 
cases Pasternack [9]' has obtained relations which, from the standpoint of gener- 
ality, lie between those given here and those given by Bateman. This omission 
is made for the sake of brevity and simplicity. In all of the following work we 
assume that p is not a negative integer, and that n, unless otherwise stated, is a 
positive integer so that H,(¢, p, v) is a polynomial of degree n; and we shall 
omit the subscripts 3 and 2 on the hypergeometric function 3/2 when it is con- 
venient to do so. 


Received July 18, 1939. 
' Numbers in brackets refer to the bibliography. 
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The paper is divided into three sections. In §§1, 2 integrals and series which 
involve H,({, p, v) are obtained. In §3 the behavior of H,(f, p, v) as n becomes 
large is studied by applying Darboux’s method to a generating function which is 
given in §2. 


1. Integrals involving H,({, p,v). Integrals for H,(¢, p, v) are obtained from 
the series when certain factors in the general term are expressed as an integral 
and the order of integration and summation interchanged. This interchange is 
always permissible since the series for H,({, p, v) never has more than n + 1 
terms. Perhaps the simplest representation is obtained from 


(¢), T'(p) t+r-1 p-t-1 
i O Fore sp La ora 


a relation which leads to 


I'(p) a —f-1 
(1.2 H.(f, p, ») = = [ e"(1 — t)? * P,(1 — vt) dt, 
) EGP) = Tore Hb 

where R(p) > R(¢) > 0. Other representations which are not subject to the 
same restrictions may be obtained by using other integrals for (¢),/(p),. In 
this way we may obtain the two expressions 


(14) Hylt, p, ») = » atom = = Ie ri — oegcuens 


subject to R(¢) > 0 and R(p — £) > 0, respectively. L is any contour starting 
and terminating at infinity that can be deformed into the straight line joining 
3} — io and } + 7 without passing over the points t = 0 andt = 1. Still 
other integrals may be obtained by taking L to run along the real axis from ¢ = 
+ltot = + orfrom — ~ to0. 

The integral 

(0+) n 

0.8) Wat po= sf PG n+ ispim(1-1) 4 
1d cy ¢ 
is slightly different from the ones above. It holds for all values of ¢, p and v 
and may be verified by expanding the binomial factor and integrating termwise. 

If ¢ and p are interchanged in (1.1), the resulting integral may be used to 
prove 


_ r(g) : p—1 _ {-—p-1 
PA(1 — 20) = oe [ P71 — 47H, (¢, p, vt) dt. 


This equation holds when R(¢) > R(p) > 0 and is in a sense reciprocal to equa- 
tion (1.2). Integrals somewhat similar in appearance to the one just above 


ee __ 


: 
| 
, 
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may be obtained by applying Mellin’s inversion formula to an integral obtained 
from equation (1.2). Setting z = ¢/(1 — #) in that equation leads to 


(1.6) H,(¢, p,v) = woe» & a(1 + 2)? P, (1 a 7) ae, 


the integral converging absolutely for R(p) > R(¢) > 0. Therefore, by Mellin’s 
inversion formula,” 





_ POT — $)H,(é, p, v)x * de, 


(1.7) T(p)(1 +2)"P,(1 Qvx )- 1 otic 


~1l+a) anid, 


where R(p) >o¢ > 0. This equation is a generalization of the equation 
+00 
sech x P,(tanh x) = 4 i e’™ sech 4xz F,,(iz) dz 


given by Bateman in [3]. The analogues of equations (1.2) and (1.6) are also 
given in [3]. The equation 


+0 
(1.8) cosech z Q,(coth z) = 34 / e'* sech’ (rz) F (ix) dx 


is given in [2]. A slight generalization of (1.8) may be obtained from (1.7) by 
setting ¢ = } and v = 1, taking p to be an integer such that 1 < p S n, multi- 
plying both sides by the reciprocal of 


a +2)(u- te£)- w— (at st+i), 


u being real and greater than unity, and integrating z between 0 and ~. On the 
left we have the integral 


4% [l+u-—(u—y))"" Pal) gy 
2 u-—y 

where we have set y = (1 — x)/(1 +2). On the right side the order of integra- 
tion may be inverted by de la Vallée Poussin’s theorem’ (the integral in (1.7) 
converges absolutely since | P'(¢) '(p — £) | is O(| ¢ |? *e-*"") and H,(f, p, v) 
is O(¢") as{—+o¢+i). This work leads to the result 


ow — (YE PY ancy 


(1.9) }+io 2 
J (“ + )( £ ) (1 — g)p-aHa(t, p, 1) ak, 


~ Bet Jie \u — 1) \sin xt 
where (1 — )p-1 = (1-$)(2 -— 4) --- (p—1-—9). 


2? An account of Mellin’s inversion formula is given in the book Methoden der Math. 
Phys., by Courant and Hilbert, p. 87. 
3 See T. Bromwich, Theory of Infinite Series, p. 504. 





= (1 + u)”"*Q,(u), 








or, 


wh 


(2. 
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Another equation of the nature of an integral equation may be obtained from 
(1.7) when both sides are multiplied by x” ‘(1 + z)”*, where 0 < R(s) < R(q), 
and integrated with respect to z between 0 and «. If s, p, g are so related 
that a number o can be chosen which wiil satisfy both of the inequalities 
0<o < R(p),0 < R(s —c) < R(q — p), the order of integration on the 
right may be inverted to obtain 


I'(p) I i a 1+ 2*P,(1 ~ eae 


a—f-l 


oti2 
=o. [- ro@r@ - DHAG, p, oa [ Gap" 


or, from (1.6), 
I(q — p)T(p)T(s)lq — s) 
rq) 


1 ati 


~ Oni 





H,(s, q, v) 
(1.10) 


, FOr — rs — OT@ — p — 8 + HALL, p, v) df. 


Some of the restrictions on s, p, g made in the proof may be relaxed by analytic 
continuation after we specify that the path of integration is to be curved, if 
necessary, so that the set of poles of T'(¢) T'(q — p — s + $) lie to the left and 
those of '(p — ¢) I'(s — £) to the right. This implies that s, p, g are such that 
the required path of integration may be found; i.e., no pole of one set can coin- 
cide with a pole of the other set. 


2. Series involving H,(¢, p,v). All of the series given in this section except 
(2.10) were suggested by the results given by Bateman and Pasternack. In 
some cases it is possible to extend the generalization beyond H,({, p, v) to the 
hypergeometric function ;F: , and when it is convenient the more general form 
will be given. 

The generalizations of 








s+! 1. sd 
DP.) = Fl pews } 
= rho = 1) = e ‘oF{—n, n + 1; 1, 1; ¢] 


e 'Z,(t) 


which are given in [3] and [5], ete are 


(2.1) > t"H,(f, p, v) = | Fs, 4; p; —4ut(1 — t)~), 


n=0 


(2.2) > Cr r|® b, mi = = «Pla, b; 6, p; ot 
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In (2.1) | | mtist be less than the smaller of the roots of —4vt = (1 — ¢)* and 
hence can never exceed unity. In the second relation ¢ and v may have any 
finite values. These results are obtained by assuming ¢ to be so small that the 
right sides may be expanded in absolutely convergent double series and then re- 
arranging the terms so as to get power series int. Since the circle of convergence 
of a power series extends out to the nearest singularity and the ordinary hyper- 
geometric function has a singularity at the point where its argument equals 
unity, we see that the series on the left in (2.1) converges under the conditions 
stated. The convergence of the series on the left in (2.2) follows similarly from 
the fact that e ‘ and 2F; are integral functions. 

Incidentally, the equation (2.2) may be regarded as a special case of the 
equation 


oF Ane) = e* a(h) 


which defines the Appell polynomials [1] A,(xz) corresponding to the function a(h). 
A generalization of the series [3] 


XY CP,(-2m - 1) = ~ P(t) 

is suggested when the path of integration in equation (1.7) is closed on the left 
and the residues at the poles of ['(¢) evaluated. Other series of this nature are 
suggested by the analogues of (1.7) obtained from the different representations 
of H,(f¢, p, v) mentioned in connection with equations (1.3) and (1.4). When 
these series are written down, it is seen possible to generalize them by replacing 
H,, by the more general ;F,. In this way we obtain the following results which 
are of the same nature as some of those obtained by P. Humbert [7, 8]: 


= {” a,b, —m;v - vt 
i ¥ Dew, ’ _ 1 _ P : . Ja . 
(2.3) Simi? P| C, D; | oe (a0 wnt = : 


|t| < min (1, |1 — v0 |”), 





where the inequality is to be read as “ | ¢| is less than the smaller of the numbers 
1 and|1 — v|"”; 


— i” a,b,p+mv}_ .  y-» —— 
(2.4) Xm P= Fl C, D; ]-a 0 F(a,b:6175), 
lv| <1, |¢| < min (1, |1 — v)); 
Soak opty Pe | = 0 — 07 FCa, 6565001 - 0), 


(2.5) 
lwi<1, {tl < min (1,|1-} 





), p * integer; 





W 
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= a, b, —m;v tae —p ad 
Dn nF | , 1 _ Pp a a a q = t) F(a, b; Cc; vt), 


(2.6) - 
| t | < min (1,|*)), p * integer. 


In these relations (p)m = p(p + 1) --- (p + m— 1). They may be proved 
and the regions of convergence established by the procedure used in dealing with 
equation (2.1). When we seta = —n,b = n+ 1, c = 1, the 3F: functions may 
be replaced by H,, and the restriction involving v may be dropped leaving only 
the conditions | ¢| < 1 and, in the proper places, p ¥ integer. For example, 
(2.3) leads to the equation 


‘ — (” - 2ut 
(2.7) L— (p)mH,.(—m, p,v) = (l1— 2? P, (1 +o- ), jt] <1. 
m=0 ™! 1 —_ t 
When » is set equal to unity in this equation and in the similar equation obtained 
for (2.4), we obtain two results given by Bateman [4]. 
The analogue of Heine’s expansion 
1 oO 

(2.8) — = 2) (2n + 1)Q,(s)Palu), 

&— p n=O 
which is valid when the point yu lies inside the ellipse which passes through the 
point s and has the point +1 for its foci, given in [3] is (the notation has been 
changed) 


1 ‘ont §(2+1) > 
.. 3 (:=3) = = (2n + 1)Q,(s)Fn(z). 

Probably the simplest method of obtaining the extension of this result is to 
multiply both sides of the integral (1.2) for H,(¢, p, v) by (2n + 1) Q,(s) and sum 
n from 0 to ~. If the point 1 — 2bv lies inside the ellipse passing through s 
having its foci at +1, the series 


x 


DX (2n + 1)Qn(s)Pa(1 — vt) 

n=0 
converges uniformly with respect to ¢ in the interval of integration 0 S ¢ < 1, 
and the order of summation and integration may be inverted and the series 
summed by (2.8). The integral may be expressed as a hypergeometric function 
and we obtain 


29) X Gn + QM AG, v0) = 25 P(t 2: ;*.). 


The method used establishes the result only for R(p) > R(g) > 0. When 
the representations (1.3) and (1.4) are used for H,(f, p, v), the result is estab- 
lished for R(¢) > 0 and R(p — £) > 0, respectively. This suggests that (2.9) 
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is true generally, subject only to the conditions that p be not a negative inte- 
ger and that 1 — 2v lie inside the ellipse. This is confirmed by the asymptotic 
expansions (3.1) and (3.2) for H, when 0 S v S 1. 

Another series may be obtained by a similar procedure in which 


— 
i = (5) ¥ en + WPaludues(r 


is used in place of Heine’s expansion (2.8). It is 


= 
(2.10) e7Fi(f; P; — 2irv) = (z) p> t"(2n + 1)H,(¢, P; v)J n44(r) 


and appears to hold for all values of r, v, ¢ and p, although our method of proof 
requires either R(¢) > 0 or R(p — £) > 0. 
Bateman has obtained the expansion‘ 


(211) Jp, (+4) P, 3") = > r™ P,,(cos 0) F,(—2m — 1) 


R R R m=0 
in which n is not necessarily an integer and 
(2.12) R? = 1 — 2rcos 0+’. 


Although up until now we have taken n to be a positive integer, we shall drop 
this restriction temporarily. Then since (2.7) is derived from (2.3), we see that 
it holds for general values of n if | t| < min (1, | 1 — v |~’), and in it we set p = 1 
and 


cos 6 — r —isin@cos¢ 


t=r — ‘ 
1 — rcos@ — irsin @cos¢ 





We shall assume that @, ¢, r, v are real and that r and v lie between 0 and 1. It 
then follows from the definition of ¢ that |¢| < r. Thus the series in (2.7) 
converges uniformly with respect to g provided both the restrictions 0 < r < 1 
and |r(1 — v)|< 1 are satisfied. We may, therefore, integrate the series 
termwise, after multiplying both sides of the equation by (1 — #4), using 

1 [" (a — Boos ¢)*" 


Qe L. (y — dcosy)t 


e. hw (a 4¢-D P ( ay — Bs ) 
(FN - Ae = BG? = #)B/” 


a relation which holds when the factors of the integrand do not vanish in the 
interval of integration. The arguments of the various quantities entering the 
equation may be obtained by analytic continuation from the case in which a, 8, 
y, dare realand0 <6 <a,0<6<y. Inour application of (2.13) ¢ = m + 1, 
a’ — B = 7° — & = R’, and the argument of P;_; is cos 8. 





7) 
(2.13) 





‘I am indebted to Professor Bateman for communicating this result to me. 
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The term remaining on the other side of the equation is the integral of 
P,(1 + 2vt(1 — 0"). Straightforward substitution shows that 


1+ — 1 


."k [R” — r°v” — i ur sin @ cos ¢l, 


where R” = 1 — 2r(1 — v) cos 0+ r°(1 — v)*. Since R, R’, rv may be viewed 
as the three sides of a triangle in which R’ always exceeds vr, it follows that 


R’ — or 
b=. — $1 
R ? R => ? 
where b = 1 when 6 = Oanda = lwhen@= 7. Thus, since 

R‘(a® — 1)(1 — b’) = 4v’r’ sin’ @, 


we may write 


5 dh iF = ab — i[(a® — 1)(1 — b°)]' cos g; 


and from the addition theorem for Legendre functions it follows that the integral 
of P,, is 
us 7 


Our generalization of (2.11) is therefore 


(2.14) p Pala)Pald) = > r” P.,.(eos 0) H,(—m, 1, v) 
m=0 
in which R is given by equation (2.12) and 
a = R{(1 — 2r(1 — v) cos6 + r'(1 — v)*}' + wi, 
b = R“[[1 — 2r(1 — v) cos 6 + (1 — v)*} — or). 


The number n is not restricted to integer values, but in the proof 6, r, v have been 
taken to be real with0O <r < 1,0 <v <1. The effect of increasing @ by x in 
(2.14) is the same as that obtained by changing the sign of r and the restriction 
0 <r < 1 may therefore be replaced by -1 <r <1. Setting v = 1 gives the 
result (2.11). 

When we replace P,,(cos 0) by Callandreau’s integral 


P,,(cos 0) = . [ e *°** Jo(x sin 6) x” dz, 
m! Jo 
in (2.14), and use the result, obtained from (2.2), 


(2.15) p (rz)” H,(—m, 1, v) = e*2F2(—n, n + 131, 1; —rav), 
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we obtain a generalization of a result given by Bateman [4] 
(2.16) R°P,(a)P,(b) = I e 79” F(z sin 6) oF 2[—n, n + 131, 1; —vra] dz. 
This result may be verified when | @| < 47,0 < r < 2! cos (|| + im),0< 
v < 1, and nis a positive integer. Analytic continuation may then be used to 
show that the equation is also true when @, r, and v are less restricted; for ex- 
ample, it may be shown to hold when the real part of cos 6 — r is positive, @ 
being real and v being finite. One way of verifying equation (2.16) is first to 
replace 2F2 by its series expression, which has n + 1 terms, and consider the 
integral of each term. These integrals may be evaluated by expanding 
e* Jo(x sin @) as a power series and integrating termwise. The termwise integra- 
tion may be shown to be legitimate, when the above conditions are satisfied, by 
a theorem due to G. H. Hardy.’ Furthermore, these same conditions guarantee 
that the resulting multiple series is absolutely convergent and may be rearranged 
until it takes the form of the series on the right of equation (2.14). Equation 
(2.16) then follows immediately. 
When we set p = 1 in (2.9), it becomes 


. _ (s—1)*" 
(2.17) > (n + N)Q.(s)Hals, 1, ») = ae 
and we know that this certainly holds for all values of ¢ since the regions R(¢) 
> Oand R(1 — £) > Ooverlap. This result may be generalized. We first set 


s = ab — [(a’ — 1)(6? — 1) cos g, 


where a > b > 1, sos > 1, and assume that 0 < v < 1 so that the point 1 — 2v 
always lies inside the required ellipse. Since the series converges uniformly 
with respect to ¢, it may be integrated termwise if we use 
1 ” 
Qa(a)Palb) = = [ Qu(ab — (a? — 1)(6* — 1)}* 08 ¢) de. 
When the right side of (2.17) is integrated with respect to g between the limits 
—r and z, an integral of the form (2.13) is obtained. Thus we are led to 


LJ 


D (Qn + 1)Q,(a)P.(b)H, (: ig 5 


—- ot, — p/P S* + (1 — u)(u — ab) 
= S*(a b) Pel (a— bs tite | 


(2.18) 


in which we have replaced v by 3(1 — u) and have placed 
S=a°+b?+u° — 1 — 2uab. 


5 E. C. Titchmarsh, Theory of Functions, $1.79. 
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By means of the asymptotic expansion (3.2) for H,(f, 1, v) we can show that the 
restriction b > 1 may be removed. Thus equation (2.18) certainly holds for 
1 <a, —-1 <b <a, —1 < u <1, but these are not necessary conditions as 
may be seen by setting u = 1. 

When u = —1 this becomes an expansion given in [4], and when ¢ = 1 it 
reduces to a known expansion. 


3. Behavior of H,(¢, p, v) for large values of n. An idea of the behavior of 
H,(¢, p, v) for large values of u may be obtained by applying Darboux’s method 
[6] of obtaining asymptotic expansions from generating functions. We shall 
show that 


Tp)n™ _ 4)" r (p)n*-*” 
@—pra—s * (- s- p+ Ire) 





(3.1) Hf, p, 1) ~ r 


and, if0 <¢ <7, 


-2, )  V(p)(nsin hy) 
H,(¢, p, sin’ 3¢) rp —- ra -o 


1 ,)\s-P 4 
Pepin tan de) "| 2 [cos lin + He + dete — p - DI. 


ne sin ¢ 
Each term which appears is to be regarded as the first term of an asymptotic 
series. In general, one of the terms will be negligible in comparison with the 
other. In the derivation it is assumed that ¢ — } and p — ¢ — } are not integers, 
that 2¢ — 1 is not zero or a positive integer. In addition for the v = 1 case it is 
assumed that 2p — 2¢ — 1 is not zero or a positive integer. However, the forms 
of the expression above indicate that these restrictions may not be necessary. 
The first term of the asymptotic expansion for F,(z) may be obtained from 
(3.1) by setting p = 1,¢ = 3(2 +1). Thus 


——~§ s=-i 


(3.2) 
+ 





a. aa — oem ieee 
© ~iaa—appt ~  waa+epr 
and if z = zy is purely imaginary, 
2 cosh $y cos (2a — y log n), n even, 
Tv 


F,(iy)~ 4. 
= cosh }zy sin (2a — y log n), n odd, 
T 


where a = arg I'(3(1 + zy)). 
The generating function of H,(¢, p, v) is, from equation (2.1), 
(3.3) (1 — “FIs, 3; p; —40t(1 — 0). 


When considered as a function of ¢, it will have singularities, in general, at ¢ = 1 
and at the values of ¢t which make the argument of the hypergeometric function 
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unity. In order to investigate the behavior of (3.1) near ¢ = 1 we may use the 
relation between hypergeometric functions of argument x and x’, and the 
behavior near the other singularities may be obtained by using the relation 
between hypergeometric functions of argument z and 1 — x. Thus, retaining 
only the leading terms, we see that near ¢ = 1 the generating function (3.3) 
assumes the form 


rp)rg —s) (1 —)*" | Pp)r — 4) 
Ta)r(p— 5) — (4v)F POT (p — ¥)2v* 


In taking this step we assume that p is not zero or a negative integer and that 
4 — ¢is not an integer. Also since we are concerned only with the singularities 
of (3.3), we note that we may neglect the second term in (3.4) since it and its 
associated hypergeometric series have no singularity at ¢ = 1. Furthermore, 
in order that the first term may have a singularity at ¢ = 1 we must assume that 
2¢ — 1 is not zero or a positive integer. 





(3.4) 


The behavior of (3.3) near the point where 1 = —4vt/(1 — 2)’ is similarly 
given by 
35) _F@re-s-%)  , Pe)rG +4 —p) (1-H? + dol 


M(p — 9l(p — 4) — b) P(g) (g) ai-pj-s 
where we have assumed that p — ¢ — } is not an integer. We may neglect the 
first term because it has no singularity at the point under consideration (v ~ 0). 
Also, when v = 1, 2p — 2¢ — 1 must not be zero or a positive integer. 

We now consider the case v = 1. It is seen that the singularities of the 
generating function are at = 1 and t = —1 both of which lie on the circle of 
convergence of the series in (2.1). Expressions (3.4) and (3.5) show that the 
expression 
ge) T@rG-) a-0" , rorg+4—p) A+0"" 

P'(3)l(p — $) 4 rary) as 
has the same leading terms as the generating function has at the singularities 
on the circle of convergence. Hence, by Darboux’s method, the first terms in 
the asymptotic series for H,({, p, 1) are given by the coefficient of t” in the 
expansion of (3.6) in powers of ¢t. The expression in (3.1) is obtained by con- 
sidering n to be so large in this coefficient that the relation 


Ta + n) ‘al n* 
T'(n + 1) 








may be used. 
The case for 0 < v < 1 may best be considered by setting v = 3(1 — cos¢) = 
sin* }y, where 0 < ¢ < 7, as this enables us to write 


(1 — t)* + 4vt = (e* — t(e* — 0) 





\ = 
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and the singularities of the generating function lie on the unit circle at ¢ = 1, 
t=t =e’ andt=t=e *. The expression corresponding to (3.6) is 
r(p)rG — ¢) a -H*" 
rG)lp—s)  (4v)F 

r(p)r¢ + 4 — p) E — HPF petty ha Wr or], 


+ Tare La ies 


When this is expanded in a power series in ¢, the coefficient of t" gives, after some 
reduction, expression (3.2). 
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LA LOI DE JORDAN-HOLDER DANS LES HYPERGROUPES ET LES 
SUITES GENERATRICES DES CORPS DE NOMBRES $-ADIQUES 


Par Marc KRrasNER 


M. Kuntzmann’' et MM. Ore et Dresher’ ont montré que, pour les sous-hyper- 
groupes reversibles d’un hypergroupe, a lieu une loi de Jordan-Hélder avec des 
hypothéses calquées sur celles de la loi de Jordan-Hélder pour les groupes sous 
sa forme classique. Cette forme de la loi de Jordan-Hélder a |’inconvénient 
de ne donner dans un cas particulier (celui des hypergroupes de classes), im- 
portant pour ja théorie des corps, que ce que donne déja la loi de Jordan-Hélder 
dans les groupes: en effet, si G est un groupe, et si G et g C G sont deux sous- 
groupes de G, l’hypergroupe quotient droit H de G@ par g est invariant dans 
’hypergroupe quotient droit H de G par g si, et seulement si, @ l’est dans G, et 
l’hypergroupe quotient droit de H par H est isomorphe A celui de G par G. 

Je montre dans le travail qui suit que le théoréme de Jordan-Hdélder a lieu 
pour les sous-hypergroupes reversibles d’un hypergroupe, sous des hypothéses 
qui, tout en étant équivalentes aux hypothéses ordinaires dans le cas ot l’hyper- 
groupe dont il s’agit est un groupe, sont beaucoup plus faibles que ces derniéres 
dans le cas général. 

Il est A remarquer qu’il s’agit dans le présent travail de la forme stricte de la loi 
Jordan-Hdlder, et non des analogues, pour les hypergroupes, des formes affaiblies 
de cette loi,’ qui ont lieu quand on remplace la condition de l’invariance par celle 
de la permutabilité ou de la quasi-invariance, etc. La recherche de conditions 
aussi faibles que possible pour que ces analogues aient lieu semble étre un 
probléme intéressant et sans trop grandes difficultés.* 

Il se trouve que si H et H C H sont deux sous-hypergroupes de l’hypergroupe 
de ramification V x d’un corps K/k de nombres $-adiques,’ et s’il n’existe aucun 
hypergroupe A entre M et H, Al posstéde dans H la propriété qui remplace 
l’invariance dans la loi de Jordan-Hélder sous ma forme (par contre, H n’est 
invariant dans H que dans des cas exceptionnels). Ce résultat, qui est, en 
quelque sorte, l’analogue d’un théoréme connu de Sylow pour les p-groupes, 
permet de démontrer un théoréme trés précis sur la structure des corps $- 
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5 Voir la définition de cet hypergroupe dans Krasner, Sur la primitivité des corps $-adi- 
ques (Mathematica, vol. 13(1937), pp. 72-191), pp. 83-84. 
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adiques, que j’avais énoncé dans un de mes travaux précédents.® La 2-eme 
partie du présent travail, consacrée 4 cette application aux corps P-adiques, 
sera publiée plus tard dans ce journal.’ 


Chapitre I 


La loi de Jordan-Hiélder dans les hypergroupes 


1. Hypergroupes. Les hypergroupes avaient été introduits par M. F. Marty.” 
M. O. Ore’ les appelle aussi multigroupes. Voici leur définition. 

Un ensemble H, ow est définie une loi de composition de ses éléments, s’appelle 
hypergroupe par rapport a cette loi si les trois conditions suivantes sont vérifiées: 

1. Le composé ab d’un b ¢« H par una «¢ H est un sous-ensemble jamais vide de H. 

Si A, B sont deux sous-ensembles de H, AB désignera la réunion de tous les 
ab,aeA,beB. En particulier si A = {a}, B = {b} (a,b € H), on écrira aB, Ab, 
ab au lieu de {a}B, A{b}, {a}{b}. 

2. (ab)e = a(bc) (a, b, c e H) (loi d’associativiteé). 

3. Pour toutae H,aH = Ha= H. 

Un sous-ensemble h de H s’appelle sous-hypergroupe” de H s’il est un hyper- 
groupe par rapport a la loi de composition de H. Il est dit clos” dans H si 
(H — hhh = h(H —h) =H —h. Sihest clos dans H, et que A Ch, BCH, 
ona A[B N (H — h)] Gh(H — h), done AB N h = A(B Nh); de méme, dans 
cecas, BANh=(BNA)A. 


® Voir la p. 125 du travail qu’on vient de citer. 

7 Nous aurons a citer au cours de cette premiére partie de notre travail les mémoires 
suivants: 

M. Dresher et O. Ore, Theory of multigroups, Amer. Jour. of Math., vol. 60(1938), pp. 
705-733, qui sera cité comme D.O. 

L. Kaloujnine, Une méthode de construction de sous-groupes infra-invariants, Paris 
Comptes Rendus, vol. 208(1939), pp. 1869-1871, qui sera cité comme Ka. 

M. Krasner, Sur la théorie de la ramification des idéauz des corps non-galoisiens de nombres 
algébriques (Thése, Paris), Mémoires (in 4°) de l’Acad. de Belgique (Classe des Sc.), vol. 
11(1937), fase. 4, pp. 1-110; Sur la primitivité des corps B-adiques, Mathematica (Cluj), 
vol. 13(1937), pp. 72-191; Une généralisation de la notion de sous-groupe invariant, Paris 
Comptes Rendus, vol. 208(1939), pp. 1867-1869, qui seront cités comme K.1, K.2, K.3. 

J. Kuntzmann, Opérations multiformes. Hypergroupes, Paris Comptes Rendus, vol. 
204 (1937), pp. 1787-1788, qui sera cité comme Ku. 

F. Marty, Sur une généralisation de la notion de groupe, Huitiéme congrés des mathé- 
maticiens scandinaves, Stockholm, 1934, pp. 45-49; Sur les groupes et hypergroupes attachés 
a une fraction rationnelle, Annales de |l’Ecole Norm. Sup., vol. 53(1936), pp. 83-123, qui 
seront cités comme M.1 et M.2. 

O. Ore, Structures and group theory, I, ce Journal, vol. 3(1937), pp. 149-174, qui sera 
cité comme O. 

H. 8. Wall, Hypergroups, Amer. Jour. of Math., vol. 59(1937), qui sera cité comme W. 

§ M.1; M.2, p. 89. 

*0., p. 153; D.O., p. 705. 

1° Cette notion est due a M. Marty, voir M.2, p. 93. 

11 Cette notion est due 4 MM. Dresher et Ore, voir D.O., p. 114. M. Marty emploie le 
terme ‘‘fermé’’. 
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LeMME |. Sih et A > Ah sont deux sous-hypergroupes d’un hypergroupe H 
tels que h soit clos dans H et H le soit dans H, h est clos dans H. 


Démonstration. On a (H — h)h = (H — A)h U (A — h)h © (H — ADA 
U (A — h)h = (H — A) U (A — h) = A — het, deméme h(H — h) GH — he. 
Mais puisque Hh = hH = H et hh = h, on a aussi (H — h)hh DH — het 
h(H —h) DH —h. Done (H— h)h = h(H —h) =H —-h. 


LemME 2. Sih et h’ sont deux sous-hypergroupes d’un hypergroupe H, dont h 
est clos dans H, h 1) h’ est un sous-hypergroupe clos de h’. 


Démonstration. Soith=hNh’. Ona(h’-hhE(H —AANH = (H — 
h)h’ = h’ — het h(h’ — h) Sh’ —h. Done, sic eh, c(h’ — h) et (h’ — h)c 
sont disjoints avec h. Done puisque ch’ = h’c = h’ Dh, onach Dhet he Dh. 
Orhh Gah N h’h’ =hNh’ =h,d’odch = he = het (h’ — h)h = h(h’ — h) = 
h’ — h, ce qui prouve le lemme.” 

Un élément e de H tel que, pour tout c « H, on ait c € ec, c € ece, c € ce s’appelle 
dans ces cas respectifs unité gauche,” centrale, droite’ de H. Un sous-hyper- 
groupe clos h de H contient toutes les unités gauches et toutes les unités droites 
de H.’ 

Deux hypergroupes H et H’ sont dits isomorphes”* s’il existe une correspond- 
ance biunivoque E de H a H’ (dite un isomorphisme de H & H’) telle que, pour 
tous a, be H, Ea-Eb = E(ab) (notation: H ~ H’). 


2. Classifications réguliéres. Hypergroupes quotients. Sous-hypergroupes 
reversibles. Soit I une relation classifiante dans un hypergroupe H. C étant 
une réunion de classes dans H suivant lf, C/T désignera l’ensemble de toutes 
les classes suivant [ contenues dans C. 

lr sera dite une classification réguliére de H si le composé de deux classes quel- 
conques suivant T est une réunion de classes suivant I. 

Soit [ une classification régulitre et soient C; , C2 deux classes suivant I. 
Organisons l’ensemble H/T par une loi de composition tel que le composé 
(C,/T)(C2/T) d’un élément C./f! de H/T par un élément C/T de H/T soit 
C,C:/T. Cette composition est associative et (C;/I)(C2/T) est un sous-en- 
semble jamais videde H/T. De plus, siC /f e H/T ona (C/T)(H/T) = CH/T = 
H/T et (H/T)(C/T) = HC/T = H/T. 

Donc, H/T ainsi organisé est un hypergroupe qui sera appelé hypergroupe 
quotient de H par TY." 


12.Un résultat un peu plus restreint que l’ensemble de ces deux lemmes, & savoir que 
Vintersection de deux sous-hypergroupes clos d’un hypergroupe en est un sous-hypergroupe 
clos, avait été prouvé par MM. Dresher et Ore. Voir D.O., p. 715. 

13 Notion due 4 MM. Ore et Dresher, D.O., p. 707. 

4 Notion due 4 MM. Ore et Dresher, D.O., p. 707. Toutefois, la notion des unités 
bilatéres est due 4 M. Marty, M.2, p. 95. 

% Résultat dud MM. Ore et Dresher, D.O., p. 715. 

1% Notion due 4 M. Marty, M.2, p. 96. 

17 Comparer aux considérations de K.1, p. 25; la méme notion avait été introduite indé- 
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Soit A un sous-hypergroupe de H, et soit ce H. Les ensembles he, hch, ch 
s’appellent respectivement classe gauche, classe centrale (ou catégorie), classe 
drotte de c suivant h. 

Il se peut que les classes gauches, ou centrales, ou droites suivant h d’éléments 
de H soient classes au sens de la théorie des ensembles, c’est-A-dire que les 
classes de deux éléments quelconques ¢; , c2 de H soient ou bien égales ou bien 
disjointes. D ailleurs, dans ce cas, tout c e H est élément de sa classe (respec- 
tivement gauche, centrale, droite): en effet, puisque hH = hHh = Hh = H, 
il existe un c’ eH tel que respectivement c ehe’, c ehe’h, cec’h. Mais alors 
on a respectivement he © h-he’ = he’, hch Gh-he’h-h = he'h, ch SG c’h-h = c’h. 
Ceci entraine respectivement he = he’, hch = he’h, ch = ch; donc respective- 
ment c € he, c ehch, c ech. 

Si les classes gauches ou centrales ou droites suivant A d’éléments de H sont 
des classes au sens de la théorie des ensembles, la subdivision de H en ces classes 
est une relation classifiante dans H qui sera désignée dans ces cas respectifs 
parh®, hk, h®. h® (a = g, c, d) est une classification réguliére de H, parce 
que si c, c’ € H, hehe’, hch-he'h = hehc’h, che’h sont les réunions de toutes les 
classes respectivement gauches, centrales, droites des éléments de che’. Les 
hypergroupes H/h®, H/h®, H/h® seront appelés (quand ils existent) hyper- 
groupes quotients gauche, central, droit de H par h.* 

Appelons, avec MM. Ore et Dresher,” h reversible dans H quand et les classes 
gauches et les classes droites suivant h dans H sont des classes au sens de la 
théorie des ensembles. Ces auteurs avaient montré” que dans ce cas les classes 
centrales suivant h dans H le sont aussi. Un sous-hypergroupe reversible est 
toujours clos. 

Nous allons énumérer quelques propriétés des sous-hypergroupes reversibles, 
prouvées par MM. Ore et Dresher, qui nous seront nécessaires dans la suite du 
travail. 

Sih, h’ sont deux sous-hypergroupes de H, dont h est reversible et h' est clos dans H, 
h 1) h’ est un sous-hypergroupe reversible de h’.” 

Si h, h’ sont deux sous-hypergroupes reversibles de H, lVintersection de tous les 
surhypergroupes communs de h et h’ est un sous-hypergroupe (h, h’) de H, le plus 
petit surhypergroupe commun de h et de h’.  (h, h’) est le plus petit surensemble 
commun A de h et deh’ tel que AA GA. (h, h’) est reversible dans H.” 


pendamment par M. Marty dans son cours fait en 1939 4 la fondation Claude Peccot 
(Collége de France). 

18 Ces notions sont dues 4 MM. Dresher et Ore, D.O., pp. 717-718. Toutefois, dans le 
cas ot H est un hypergroupe normal au sens de M. Marty (voir M.2, p. 95) et A est un sous- 
hypergroupe normal de H, ces notions avaient été introduites par M. Marty, M.2, p. 95 et 
p. 99. 

19 1).0., p. 715; M. Marty emploie le terme “‘inversible’’. 

207).0., p. 718. 

22.0., p. 716. 

2 :—D.0., pp. 716-717. 
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Si h est un sous-hypergroupe reversible de H, et si H Dh est une réunion de 
classes gauches, ou centrales, ou droites suivant h dans H, H/h‘® (respectivement 
a = g, c, d) est un sous-hypergroupe de H/h‘ si, et seulement si, H est un sous- 
hypergroupe de H.” 

Sih et H Dh sont deux sous-hypergroupes reversibles de H, H/h‘” (a = g, c, d) 
est reversible dans" H/h® et (H/h‘®)/(H/h®)® ~ H/H®.® 

Ce dernier résultat sera completé par une réciproque partielle qui est le 


LemME 3. Si h est un sous-hypergroupe reversible de H, et si H Dh est un 
sous-hypergroupe de H tel que H/h soit reversible dans H/h et H/h® le soit 
dans H/h®, H est reversible dans H. 


Démonstration. Soient c,, c2¢H, et posons c§” = he,;/h®, c&? = ch/h@ 
(¢ = 1, 2). Ona (A/h®)c? = Ahe:/h® = He:/h®. Comme (H/h™)c{” 
et (H/h)cs” sont disjointes ou coincident, il en est de méme pour He, et Hee . 
De méme, puisque ¢{?(A/h®) = chH/h® = ef /h®, cH et cH ou bien sont 
disjointes, et ou bien coincident. 


3. Hypergroupes, , hypergroupes, , hypergroupes,. Les groupes sont un 
cas particulier d’hypergroupes, et les sous-hypergroupes d’un groupe ne sont 
autre chose que ses sous-groupes. Un groupe G a les propriétés suivantes bien 
connues: 

(a) Tout sous-groupe g de G y est reversible. 

(b) Sig et G Dg sont deux sous-groupes de G, toutes les classes droites suivant 
G dans G contiennent un méme nombre de classes droites distinctes suivant g dans G, 
et toutes les classes gauches suivant G dans G contiennent un méme nombre de classes 
gauches distinctes suivant g dans G. Ces nombres sont égauzx tous les deux a l’indice 
(G:g) de g dans G. 

Quand G est d’ordre fini, on a encore 

(c) Un sous-ensemble g de G en est un sous-groupe si, et seulement si, gg € g. 

g étant un sous-groupe d’un groupe G, en vertu de (a) tous les quotients 
G/g®, G/g®, G/g® sont définis. Un hypergroupe H qui est isomorphe & un 
hypergroupe de la forme G/g, G/g, G/g® sera appelé dans ces cas respectifs 
hypergroupes , hypergroupec ,”° hypergroupen .” 

Si le groupe G dont il est question peut étre choisi de maniére a étre d’ordre 
fini, H sera dit hypergroupe, , respectivement hypergroupec , respectivement 


231D.0., p. 719. Dans des cas particuliers ce résultat avait été prouvé auparavant par 
MM. Marty (M.2, p. 93, p. 95), Krasner (K.1, p. 26, p. 28), Kuntzmann (Ku., p. 1788), 
Ore (O., p. 154), Wall. 

*D.0., p. 719. 

% Se trouve, d’une maniére implicite, dans D.O., p. 719. Démontré auparavant dans 
des cas particuliers, par MM. Marty (M.2, p. 95), Krasner (K.1, p. 28; K.2, p. 78), Kuntz- 
mann (Ku., p. 1788). 

% Notion due 4 M. Marty, M.2, p. 9. 

27 Notion due 4 l’auteur, K.1, p. 29. 
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hypergroupep fini.” (a) montre que tout sous-hypergroupe d’un hypergroupeg , 
ou d’un hypergroupec , ou d’un hypergroupep est reversible. (b) montre que toutes 
les classes gauches dans un hypergroupeg H suivant un de ses sous-hypergroupes h 
ont le méme nombre d’ éléments égal a celui de h, et il en est de méme pour les classes 
droites dans un hypergroupep suivant un de ses sous-hypergroupes. Le nombre 
d’éléments de H/h‘” (a = g resp. d) est égal au quotient (H:h) du nombre d’élé- 
ments de H par celui de h (dit indice de h dans H).” 

D’autre part, puisque tous les sous-hypergroupes de G sont les sous-groupes 
de G, et puisque g/g” (a = g, ¢, d) est la seule unité de G/g™, on voit que 
tous les sous-hypergroupes d’un hypergroupe,a (a = G, C, D) sont des hyper- 
groupesa ; un hypergroupe. (a = G, C, D) H posséde une et une seule unité ly . 
Si H est un hypergroupeg , hypergroupec , hypergroupey , on a respectivement, pour 
tout c eH, lyc = {ce}, lye = cly = {ec}, clw = {c}. H étant un hypergroupeg , 
ou un hypergroupec , ou un hypergroupen , et h étant un sous-hypergroupe de H, 
respectivement H/h®, H/h®, H/h® est encore un hypergroupe de la méme nature. 

Si H est un hypergroupe, fini, (c) montre qu’un sous-ensemble h de H en est un 
sous-hypergroupe si, et seulement si, hh © h.” 


4. Chaines d’hypergroupes. Suites génératrices. Une suite de sous-hyper- 
groupes d’un hypergroupe H 


(S) H = H,MW,He,---,H,=h 
s’appelle chaine d’hypergroupes (au sens strict) si, pour tout 7 = 1, 2, ---, 8, 
H; CH. 8 est dit la longueur de la chaine (5S). 

La chaine (S) est dite close, si, pour tout 7 = 1, 2, --- , s, H; est clos dans 
H;_, , ce qui, en vertu du lemme 1, a lieu si, et seulement si, H; est clos dans H. 
La chaine (S) est dite reversible si, pour tout 7 = 1, 2, --- , s, H; est reversible 


dans H,;_,. Une chaine reversible est aussi close. a étant un des signes g, ¢, d, 
et (S) étant une chaine reversible d’hypergroupes, la suite 


Ho Hy, Hew 
Ho»? HS? :" es H® 


s’appelle la suite des a-quotients de (S). Quand H est un hypergroupeg , ou un 
hypergroupep (auquel cas toute chaine de la forme (S) est reversible), sa suite 
de g- respectivement d-quotients sera dite sa suite de quotients tout court et il 
est utile d’introduire encore la suite d’indices de (S) qui est la suite (Ho:H;), 
(H,:H2), --- , (Hs.:H,). 

La chaine (S) s’appelle une suite génératrice de H a partir de h quand elle est 
reversible et quand il n’existe aucune chaine reversible entre H et h autre que 


28 Notion due 4 l’auteur, K.1, p. 29. 
29 Prouvé par l’auteur dans K.1, p. 27, pour les hypergroupesp. 
3° Dans le cas des hypergroupesp finis avait été prouvé par l’auteur dans K.1, p. 26. 
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(S) et dont (S) est une suite partielle. En particulier, si H est un hyper- 
groupe, , ou un hypergroupec , ou un hypergroupep , les suites génératrices de 
H & partir de 1, seront appelées suites génératrices de H tout court. 


5. Sous-hypergroupes infra-invariants, semi-invariants, invariants. Types. 
Propriétés des sous-hypergroupes infra-invariants. Un sous-hypergroupe h de 
H s’appelle infra-invariant dans H si, pour tout c e H, on a heh © he U ch. 

Supposons qu’un sous-hypergroupe h de H soit reversible et infra-invariant 
dans H. SoitceH. Onathch = he U ch. Supposons que hch # ch. Alors, 
il existe un c’, c’ ehe, c’ non ech, tel que hch D c’h. Done, puisque c’h est 
disjoint avec ch,onahe De’h. Done he = h-he Dhe'h = heh. Donc, puisque 
heh D he, on a hch = he. Done ou bien hch = he, ou bien hch = ch. 

L’élément ¢ de H sera dit g-élément, c-élément ou d-élément par rapport a h 
suivant que respectivement he = hch # ch, hc = hch = ch, he # heh = ch. 

On a he D ch, he = ch, he C ch suivant que c est un g-, c-, ou d-élément par 
rapport a h. 

On désignera par H,(h), H.-(h), Ha(h) les ensembles des g-, c-, et d-éléments 
de H par rapport 4 h. Soit A un sous-hypergroupe reversible infra-invariant 
de H. La condition nécessaire et suffisante pour que H/h = H/h® est que 
toutes les catégories suivant A soient des classes gauches suivant h, c’est-a-dire 
que tous les éléments de H en soient des g- ou des c-éléments; c’est-A-dire que, 
pour tout c eH, on ait he D ch. 

Un tel sous-hypergroupe h de H sera dit semi-invariant a droite dans H.” 

De méme, la condition nécessaire et suffisante pour que H/h® = H/h® est 
que, pour tout ce H, on ait he © ch. Les hypergroupes satisfaisant 4 cette 
condition seront dits semi-invariants d gauche dans H.” 

h sera dit semi-invariant dans H s’il y est ou bien semi-invariant 4 droite, ou 
bien semi-invariant 4 gauche.” 

La semi-invariance est la condition nécessaire et suffisante pour que H/h, 
H/h® et H/h® ne soient pas distinets deux 4 deux. 

h sera dit invariant dans H s’il y est semi-invariant 4 gauche et a droite en 
méme temps; c’est-d-dire si, pour tout ce H, on a he = ch. L’invariance de h 
dans H est la condition nécessaire et suffisante pour que H/h® = H/h®. Et 
alors H/h° = H/h® = H/h®. Dans un groupe d’ordre fini la notion de 
Vinfra-invariance se confond avec celle de Vinvariance, parce que si g est un sous- 
groupe d’un groupe fini G, et si c « G, ge et cg ont le méme nombre fini d’éléments 
et aucune des inégalités ge > cg, ge C cg n’est possible. II n’en est plus de 
méme pour les groupes d’ordre infini: j’ai montré,” en effet, qu’il existe de tels 

31 Notion déja introduite par l’auteur dans K.2, p. 76. 

32 La notion déja introduite par l’auteur dans le cas des hypergroupesp. Voir K.1, p. 27. 

33 Notion due 4 Krasner, K.1, p. 24, et, indépendamment 4 Kuntzmann, dans le cas des 
sous-hypergroupes normaux d’un hypergroupe normal, Ku., p. 1788. 


* Voir K.3, p. 1868; je dois aussi signaler la note de M. Leo Kaloujnine (Ka.) dans 
laquelle il donne une méthode trés générale de construction de tels sous-groupes. 
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groupes G ayant des sous-groupes g infra-invariants, et non invariants. D’ail- 
leurs, un sous-groupe infra-invariant, mais non invariant g de G ne peut pas étre 
semi-invariant, parce que de gc > cg résulte gc’ C c“g et inversement, donc 
aucun de G,(g), Ga(g) n’est vide. 

Dans un hypergroupep fini la notion de Vinfra-invariance se confond avec celle 
de la semi-invariance ad droite, ce qu’il suffit de prouver pour les quotients 
H = G/g d’un groupe d’ordre fini G par un de ses sous-groupes g. 

En effet supposons qu’il existe un c e H qui est un d-élément par rapport a 
un sous-hypergroupe infra-invariant H = G/g® de H. 

Soit c = ag/g (aeG). Alors He = Gag/g®, cH = agG/g® = aG/g®. 
En vertu de l’hypothése faite, on doit avoir Gag C aG. Done Gag doit avoir 
moins d’éléments que aG, done que Ga & Gag, ce qui est absurde. 

Correlativement, dans un hypergroupeg la notion de V invariance se confond avec 
celle de la semi-invariance a gauche. 

Il est aussi 4 remarquer que si H est un hypergroupea (a = G, C, D), {lu} 
est un sous-hypergroupe infra-invariant de H, parce qu’on a dans ces cas 
respectifs, pour tout ceH, {lyjc = {ce} Gecf{lw}, {lajc = {ce} = eflu}, 
{Inje D fe} = c{ly}. 

Soient A, B deux sous-ensembles disjoints d’un hypergroupe H. Le couple 
ordonné (A, B) s’appellera un type dans H. (A, B) et (A’, B’) étant deux 
types dans H, (A, B) sera dit sous-type de (A’, B’), et (A’, B’) sera dit sur-type 
de (A, B)siA ( A’ et B&B’. Deux types (A, B), (A’, B’) dans H seront dit 
compatibles s’il existe un sur-type commun de ces deux types, c’est-d-dire si 
Af B’ et BN A’ sont vides. 

Al étant un sous-hypergroupe de H, (A N A, BN A) s’appellera type induit 
par (A, B) dans H. Deux types (A, B), (A’, B’) dans H seront dits compatibles 
sur HT si les types qu’ils induisent dans H sont compatibles. 

Un sous-hypergroupe infra-invariant reversible h de H sera dit du type (A, B) 
sur H si H,(h) © A et Ha(h) & B. h sera dit du type (A, B) aw sens strict 
sur H, et (A, B) sera dit type propre de h sur H, si H,(h) G A et Halh) & B. 
Deux sous-hypergroupes infra-invariants reversibles h et h’ de H seront dits 
semblables sur H si leurs types propres sur H sont compatibles. La relation 
d’étre semblables sur H n’est pas, en général, transitive. On dira d’un sous- 
hypergroupe h © AT de H infra-invariant et reversible dans H qu’il est d’un 
type (A, B) sur H, ov (A, B) est un type dans H, si h est sur H du type induit 
par (A, B) dans H. 

En particulier, 0 désignant l’ensemble vide, on voit que A est semi-invariant 
a droite, 4 gauche, invariant dans H si, et seulement si, il est du type respective- 
ment (H, 0), (0, H), (0, 0). 


Lemme 4. Si (A, B) est le type propre sur H d’un sous-hypergroupe h de H, 
ona hAh = A, hBh = B. 


Démonstration. Soient c, c’ deux éléments de H tels que hch = he’h. Alors 
he’ & heh et c’'h | heh. Puisque A est infra-invariant dans H, une au moins 
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des égalités hch = he ou hch = ch doit avoir lieu. Mais dans ces cas respectifs 
on a he’ © he ou c’h & ch, ce qui entraine respectivement he’ = he = he’h ou 
c’h = ch = he’h. En interchangeant h et h’, on voit que |’une des deux égalités 
hch = he, he'h = he’ entraine l’autre et qu’il en est de méme pour les deux 
égalités hch = ch, hc’'h = c’'h. Tout est prouvé. 


Lemme 5. h, h’ étant deux sous-hypergroupes reversibles et infra-invariants 
d’un hypergroupe H tel que H = hh’, les types propres (A, B), (A’, B’) de h et de 
h’ sur H sont compatibles si, et seulement si, un des cas suivants a lieu: (1) un des 
h, h’ est invariant dans H; (2) h et h’ sont semi-invariants d’un méme cété dans H. 


Démonstration. La compatibilité des (A, B) et (A’, B’) dans les cas (1), (2) 
est manifeste. I] s’agit done de prouver que si (A, B), (A’, B’) sont compatibles 
un des cas (1), (2) a lieu. Supposons que A NM B’ = A’N B=0. Ona,en 
vertu du lemme 4, Ah = A, Bh = B, A’h = A’, B’h = B’. Soit que h n’est 
pas invariant dans H. Alors ou bien A # 0, ou bien B # 6. Si A ¥ 0, ona 
Ah’ = Ahh’ = AH = H, donc toute classe suivant h’ dans H a des éléments 
communs avec A. Mais B’, quand cet ensemble n’est pas vide, contient au 
moins une classe suivant h’, ce qui entraine A M B’ ¥ 0, contre V’hypothése 
faite. Done B’ = 0. De méme, si B ¥ 0, on doit avoir A’ = 0. Done, a 
moins que l’on ait A’ = B’ = 0, on doit avoir A = A’ = Qou B = B’ = 0, ce 
qui prouve la proposition. 


THEOREME 1. Soient h et h’ deux sous-hypergroupes reversibles, infra-invariants 
et semblables de H, et soit (h, h’) leur hypergroupe composé, c’est-d-dire le plus 
petit sous-hypergroupe de H qui les contient. Alors (h, h’) est encore infra- 
invariant dans H et est semblable dh et dh’. En particulier, si h et h’ sont semi- 
invariants a droite, ou a gauche, ou invariants dans H, (h, h’) Vest aussi.” 


Démonstration. On a (h, h’) = hh’ U h’'h. En effet hh’ U Wh Dh Uh’ 
et, en vertu de l’infra-invariance de h et de h’, (hh’ U h’h)(hh’ U h’h) = hh’hh’ U 
hh'hh’ U h’hhh’ U h'hh'h = h-h’hh’ U hh’'h U P'hh’ U h’-hh'h = h(h’'h U hh’) U 
hh'h U h'hh’ U h’(hh’ U h’h) = hh’'h U hhh’ U hh’h U P’hh’ U D’hh’ U h’h'h = 
hh'h U hh’ U h'hh’ U h’'h = (hh’ U h’h) U hh’ U (hh’ U D/A) U D’h = hh’ U 
h’h, done (h, h’) | hh’ U h’h. Et, d’autre part, hh’ U h’h & (h, h’)(h, h’) U 
(h, h’)(h, h’) = (h, h’) U (h, h’) = (h, h’). 

Supposons que c eH est un g-élément pour un des hf, h’. Alors il est un 
g- ou un c-élément pour l’autre. Done (hh’ U h’h)c = hh’c U h’'he D heh’ U 
h'ch D chh’ U c’h'h = c(hh’ U h’h). Sic est un d-élément pour un des h, h’, 
il est un d- ou un c-élément pour I’autre, et on a de la méme maniére c(hh’ U 
h’h) D (hh’ U P’hde. 

Enfin si ¢ est un c-élément et pour h et pour h’, on a c(hh’ U h’h) = 
(hh’ U h’h)c. Done (h, h’) est infra-invariant dans H, et, d’ailleurs, semblable 
& h et A’. Il est semi-invariant 4 droite, ou 4 gauche ou invariant quand 
ils le sont. 


% Dans le cas ot h et h’ sont invariants dans H, ce théoréme avait été prouvé par MM. 
Ore et Dresher (D.O., p. 725); dans un cas particulier, par M. Kuntzmann (Ku., p. 1788). 
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On voit, de plus, que si (A, B), (A’, B’) sont les types propres des h, h’ sur H, 
le type propre de (h, h’) sur H est un sous-type de (A U A’, B U B’). 

Il est commode d’introduire pour les sous-hypergroupes infra-invariants 
reversibles h d’un hypergroupe H une notion nouvelle, celle de quotient global 
H/h de H par h. Pour cela considérons un élément ¢, = C,/h de H/h et 
un élément cz = C2/h® de H/h®. En vertu de l’infra-invariance et de la 
reversibilité de A, un et un seul des cas suivants doit se présenter: C; > C2, 
Ci = C2, C,; C C2, C, 1 C2 = 0. On écrira dans ces cas respectifs c, > ce, 
C, = C2, Cy < C2, || C2, et la relation ainsi écrite sera dite la relation typique 
entre ¢, et c2. L’ensemble 7’ des relations typiques de tous les couples ordonnés 
(c:, ¢2) (c,¢H/h®, coe H/h) sera dit Vensemble typique de H pour h. On 
appellera quotient global de H par h le complexe (H/h®, H/h®, T). Deux 
quotients globaux H,/h,; = (H,/h{”, H,/h{”, T;) et He/he = (Ho/hS”, Ho/hS”, T2) 
sont dits isomorphes s’il existe un isomorphisme E, de H,/h{” & H2/hs” et un 
isomorphisme Ez de H,/h{” & H2/hs” tels que, pour tous ¢ € H,/h{”, co ¢ Hi /h{”, 
la relation typique entre E,c,; et Eace soit la méme que celle entre c; et c.. Le 
couple (E, , Ea) sera dit un isomorphisme de H,/h, 4 He/he . 

Manifestement, si (A; , B,) et (Az, Be) sont les types propres de A; sur Hy, 
et de he sur Hz, on a Ao/hy” = Eq(Ai/hj”) et Bo/hs” = E.(Bi/h\”). 

Si Hi/h, ~ H2/he, manifestement H,/h{? ~ He/h”, Hi/h{? ~ H2/hS” et 
aussi H,/h{? ~ He/h3”. 


THtorEME 2. Soit h un sous-hypergroupe reversible infra-invariant de H, et 
soit h’ un sous-hypergroupe clos de H et non disjoint avec h. Alors h 1) h’ est un 
sous-hypergroupe reversible infra-invariant de h’. hh’ est égal a h’h et est le plus 
petit surhypergroupe commun de h et de h’, et on a hh'/h =~ h'/(h 1) h’), Viso- 
morphisme global précédent pouvant se réaliser en faisant correspondre ad une 
classe C* suivant h ou h® la classe C* MN h’ suivant (h N h’) respectivement 
(h ‘a yy". 

Un sous-ensemble h D h de hh’ est un sous-hypergroupe de hh’ si, et seulement 
si, h Mh’ enest unde h’. h 1) h’ est reversible et infra-invariant dans h’ si h Vest 
dans hh’. Et dans ce cas, la correspondance précédente fournit un isomorphisme 
global de h/h a (h 1 h’)/(h Nh’). (A*, B*) et (A, B) étant respectivement les 
types propres de h sur hh’ etdeh 1 h’ sur h’,ona A = A* Nh’, B = BN hi’, 
A* = hA = Ah, B* = hB = Bh.® 


Démonstration. (1) En vertu d’un résultat cité de MM. Ore et Dresher, 
h 1) h’ est un sous-hypergroupe reversible de h’. Soit c eh’, et soit C = 
c(h 1h’). Posons C* = Ch = ch. Puisque c ¢€h’ et puisque h’ est clos, on a 
c* fh’ = c(h N h’) = C. Done, aux C différents correspondent des C* 
différents. De méme, si l’on pose C = (h 1 h’)e (c eh’) et C* = hC = he, 


% Dans le cas ot h et A sont invariants, ce théoréme avait été prouvé par MM. Dresher 
et Ore (D.O., p. 724 et pp. 726-727). Dans le cas ot, de plus, tous les hypergroupes de 
l’énoncé sont normaux, il avait été prouvé par M. Kuntzmann (Ku., p. 1788). Des formes 
affaiblies de ce théoréme sous d’autres conditions avaient été prouvées par M. Marty (M.2, 
pp. 96-99). 
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on trouve de la mémé maniére que C* M h’ = C. Donc encore, aux C différents 
correspondent des C* différents. 

Enfin, soit hch © he U ch (ceh’). Alors (h N h’)c(h Nh’) S heh Nh’ 
CS (he U ch) NA’ = (he Nh’) U CANA’) = (hN he Uh Nh’. 

Donc si A est infra-invariant dans H, h M h’ V’est dans h’. 

On voit que la correspondance C* > C met h’h/h , h’h/h® en correspondance 
biunivoque avec respectivement h’/(h Nh’), h’/(h Nh’). Et si h est un 
sous-hypergroupe queleonque de hh’ /M h’h, contenant h, (kh N h’)/(h Nh’) 
correspond a h/h‘® dans les correspondances biunivoques précédentes pour tout 
a = g,d. 

Pour prouver que cette correspondance biunivoque est un isomorphisme, il 
suffit de prouver que quelque soient les classes C; , C, d’un méme cété suivant 
h 1h’ dans h’, ona Circ: Nh’ SCC... 

Regardons les cas de classes droites et de classes gauches: 


(1) Ci = o(h Nh’), C2 = eo(h Nh’) (ey , C2 €h’). 


Alors CTC? Mh’ = erhesh Nh’. Or hesh est égal ou bien a hes , ou bien a coh. 
Done eyhesh 1 h’ est égal ou bien A chez Nh’ = ey(hee Nh’) = e((h N h’)ee) = 
a(h N h’)e2 & CiCz ou bien & crezh Nh’ = cyeax(h N h’) S C,C2 (parce que 
CC & h’) et, toujours, CC? Nh’ | C,C2. 


(2) C= (AN ha, C2 = (hN h’)ee (cy , C2 €h’). 


On démontre ce cas par un raisonnement analogue appliqué & he,h. 

Or, h’/(h Nh’) est un hypergroupe. Done hh’/h™, h’h/h® le sont aussi. 
Donc h’h, hh’ sont des sous-hypergroupes de H. Comme ils contiennent tous h 
et h’ et sont contenus dans tout sous-hypergroupe de H contenant h et h’, ils 
sont égaux, et hh’ = h’h est le plus petit surhypergroupe commun (h, h’) de h 
et deh’. Ona (h, h’)/h ~h'/(h Nh’) (a = g, d). 

En particulier, on voit que, pour tout sous-hypergroupe h D h de (h, h’) = 
hh’ = Wh, (RN h’)/(h Nh’) (a = g, d) correspond a h/h”. Mais, a étant 
un quelconque des g, d, un sous-ensemble h D h de (h, h’) est un sous-hyper- 
groupe de H si, et seulement si, h/h‘” a un sens et est un sous-hypergroupe de 
(h, h’)/h‘®. De méme, a étant un quelconque des g, d, h M h’ est un sous- 
hypergroupe de h’ si, et seulement si, (kh M h’)/(h N h’) en est un de 
h’'/(h N hk’). Or, puisque h/h? ~ (h N h’)/(h N h’)™,” ils sont ou ne 
sont pas des hypergroupes en méme temps. Donc h f h’ est un sous-hyper- 
groupe de h’ si, et seulement si, h en est un de H. 

En vertu du lemme 1, h f/ h’ est reversible dans h’ si, et seulement si, pour 
a = get poura = d, (AN h’)/(h Nh’) Vest dans h’/(h Nh’), et, de méme, 
h est reversible dans (h, h’) si, et seulement si, pour a = g et pour a = d, h/h‘” 


37 Cette formule signifie que si h/h@ a un sens, (h NM h’)/(h N h’)@ a aussi un sens; et 
qu’il existe un isomorphisme de (h, h’)/h@ ah’/(hN h’)@ qui fait correspondre (h MN h’)/ 
(hNA)@ah/h@., 
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est reversible dans (h, h’)/h“. Done, puisque (h, h’)/h® ~ h’/(h Nh’) 
et puisque dans cet isomorphisme (hk NM h’)/(h Mh’) correspond a h/h“, 
h 11 h’ est reversible dans h’ si, et seulement si, 2 l’est dans (h, h’). 

Si c eh’, on a, manifestement, ch M h’ = c(h 1 h’) et, de méme, he Nh’ = 
RN hc. Done, onachN h’) CAN hc ouchN h’) DUN he si 
ch © he respectivement ch D he. De plus si he contient deux classes droites 
disjointes c,h et coh (ce, , c2 €h’) suivant h dans (h, h’), (kh N h’)e contient deux 
classes droites disjointes c(h M h’) et c(h M h’) suivant h N h’ dans h’, et, 
de méme, si ch contient deux classes gauches disjointes suivant h, c(h Mh’) 
contient deux classes gauches disjointes suivant h Mh’. 

Il en résulte que h M h’ est infra-invariant dans h’ si h Vest dans (h, h’); et 
que C* désignant une classe queleonque 4 gauche ou a droite suivant h dans 
(h, h’), on a la correspondance 


c* > CNN, 


et dans ce cas un isomorphisme global de (h, h’)/h a h’/(h Mh’). (A*, B*) 
et (A, B) étant les types propres de h dans (h, h’) et de h A h’ dans h’, on voit 
que dans cette correspondance A correspond A A* et B correspond a B*. Done 


A = A* 1h’, A* = hA = Ah, et B = B* 1h’, Bt = hB = Bah. 


6. Suites infra-normales. Suites de composition. La loi de raffinement de 
suites infra-normales et la loi de Jordan-Hoélder pour les hypergroupes. Soient 
H et H C H deux sous-hypergroupes d’un hypergroupe H. Une chaine reversible 
d’hypergroupes (au sens strict) 

(S) 2 = &.,%,&e,--:, 28 
s’appelle suite infra-normale entre H et A, si, pour tout «7 = 1, 2,---,s, A; 
est infra-invariant dans H;,. (A;, B;) étant le type propre de H; sur Hy, 


(u, A;, U Bi) s’appelle type propre de la suite (S). Si (A, B) est un sur- 


type dans H du type propre de la suite (8), la suite (S) sera dite infra-normale 
du type (A, B). En particulier, une suite infra-normale du type (H, 0), (0, H), 
(0, 0) sera dite suite respectivement semi-normale d droite, semi-normale a 
gauche, normale. La suite 


Ho/H, , Hi/H2,--- ,»Au/H, 


est dite la suite de quotients globauz de la suite (S). 

La suite infra-normale (S) sera dite une suite de composition entre H et A si, 
pour aucun 7 = 1, 2, --- , s, il n’existe d’hypergroupe H* de H tel que Hj. > 
H* D> H; et que H* soit reversible, infra-invariant et semblable 4 H; sur Hj. . 
Une suite semi-normale A gauche respectivement A droite entre H et Ai (S) sera 
dite une suite de composition gauche respectivement droite entre H et Ai s'il 
n’existe aucune suite semi-normale 4 gauche respectivement & droite entre H 
et A, autre que (S), dont (S) est une suite partielle. De méme, une suite 
normale entre H et A(S) est dite une suite de composition bilatére entre A et 
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s’il n’existe aucune suite normale entre H et H distincte de (S) et dont (S) est 
une suite partielle. Deux suites infra-normales entre H et H seront dites sans 
intersection s’il n’y a aucun terme commun sauf H et H. 


Lemme 6. Si H a un nombre fini d’éléments, une suite infra-normale entre H 
et H est une suite partielle d’une suite de composition entre H et H. 


Démonstration. L’ensemble de toutes les suites infra-normales entre H et H 
dont la suite donnée est une suite partielle est fini et non vide. Done, il existe 
dans cet ensemble une suite 


(S) AH =H,4H,,H:,---,H. =H 


dont la longueur s est maximum. II est impossible que pour un 7, 0 < 7 S s, 
il existe un sous-hypergroupe reversible, infra-invariant H* de H;_,, tel que 
H,. > H* D> H;, et que H* soit sur Hj semblable 4 H; , parce que dans ce 
cas la suite 

Ho, H,, ah » Men, &, H;, ch eng ,H, 


de longueur s + 1 ferait encore partie du méme ensemble. Done (8) est une 
suite de composition entre H et H. 

Lemme 7. Si (S) est une suite infra-normale d’un type (A, B) entre H et H, 
et si H’ est un sous-hypergroupe clos de H, la suite formée par les termes inégaux 
de la suite 


WONH=HNM,WONM, WN m,--.,W NH, = HW NA 
est une suite infra-normale du type (H’ N A, H’ 1) B) entre H' N A et H' 1 Gl. 


Démonstration. Soit H’ N Hi. * H’ 1 H;. Puisque H’ est clos dans 
H, H’ 1’' H;, est clos dans H;,. D’autre part, H; est reversible et infra- 
invariant dans H;,;. Done, en vertu du théoréme 2, H’N H; = (H'N Hi) N 
H; est reversible et infra-invariant dans H’ MN H;_,, et son type sur H’ N Hy 
coincide avec celui de H; et le lemme est démontré. 


Lemme 8. Si (8) est une suite infra-normale entre H et H et si H* est wn sous- 
hypergroupe infra-invariant reversible de H dont le type propre est compatible avec 
celut de la suite (S), pour tout i = 0, 1, --- , 8s, Hi#H* = H*H; et est un sous- 
hypergroupe de H, et la suite formée par tous les termes inégaux de la suite 


(S*) A = H.H*, H,H*, --- ,H,H* = AH* 


est une suite infra-normale entre A et HH* dont le type propre est compatible avec 
celui de H*. Si la suite (S) et H* sont du type (H, 0), (0, H), (0, 0) sur H, (S*) 
est aussi du méme type. 


Démonstration. Pour tout i = 1, 2, --- ,s, H; est clos dans H;,. Done, 
en vertu du lemme 1, H; est clos dans Hp) = H. Done, en vertu du théoreme 2, 
H,H* = H*H; et est un sous-hypergroupe de H. H;,, M H* est un sous- 
hypergroupe reversible infra-invariant de H;, et, (A*, B*) désignant le type 
propre de H* sur A, Hi, M H* est du type (A*, B*) sur Hj... Comme le 
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type de H; sur Hi. y est compatible avee (A*, B*), HiH* N Hi = 
H,(H* 1) H;_) est, en vertu du théoréme 2, un sous-hypergroupe reversible et 
infra-invariant de H;_, d’un type (A; , B;) compatible avec (A*, B*) sur Hy... 
Donec, en vertu du théoréme 2, H;H* est reversible et infra-invariant dans 
H;,H*, et son type propre (A; , B;) sur H,,H* est tel que A;H* = Aj, 
Aj N Hi. = A; et BSH* = By, BE N Hi = B;. Comme A*H* = A*, 
B*H* = B*, on a A; A B* = (A; A B* N H,4)H* = (A; AN B*)H* et 
Bi  A* = (B; N A*)H*. A; 1M B* et A* 1M B; étant vides, AT N B* et 
A* 1) BF le sont aussi, et (A;, By), done aussi (U Al, U B?) est compatible 


avec (A*, B*), ce qui prouve le lemme. 

En parti¢ulier, si (S) est une suite semi-normale d’un certain cété respective- 
ment normale entre A et A, et si H* est semi-invariant dans H du méme cété 
respectivement invariant dans H, H;, N H* et HH: N H*) = HiH*N Hi4 
est semi-invariant du méme cété respectivement invariant dans H;_, , et H;H* 
Vest dans H;_,H*, donc la suite (S*) est semi-normale respectivement normale. 

Soient 


(S) H = H,,H,, He, ---,H, = H, 


(S’) A = Ho, Wi, Hs,---,Hy =A 

deux suites infra-normales entre A et H dont les types sont compatibles. La 
suite des hypergroupes distincts parmi les H;,; = (Hi. NM HH: = 
H(Hi.  H}) rangés suivant Vordre lexicographique de leur indices, sera 
appelée le raffinement de la suite (S) par la suite (S’). Le raffinement de (S) 
par (S’) est formé par la juxtaposition des suites =; , 2; étant la suite des hyper- 
groupes distincts parmi les KH;,; (j = 1, 2, --- , 8’). 

En vertu du lemme 7 la suite des hypergroupes distincts parmi les H;, NM Hj 
est une suite infra-normale entre H;_, et H dont le type est compatible avec 
celui de la suite (S) et, en particulier, avec celui de H; sur H;,. Done 2%; est, 
en vertu du lemme 8, une suite infra-normale entre H,_, et HH; = H; dont 
le type est compatible avec celui de H; sur Hi... Done le raffinement de (S) 
par (S’) est une suite infra-normale entre H et A, comprenant (S) comme suite 
partielle, et dont le type est compatible avec celui de (S). En particulier, si 
(S) et (S’) sont des suites semi-normales d’un méme cété respectivement 
normales, le raffinement de (S) par (S’), comme on voit facilement, est une 
suite semi-normale du méme cété respectivement normale. 

(S) et (S’) sont dites sans raffinement mutuel si le raffinement de (S) par (S’) 
coincide avec (S), et si le raffinement de (S’) par (S) coincide avec (S’). Mani- 
festement, si (S) et (S’) sont deux suites de composition (dont les types sont 
compatibles) ou de composition gauche, ou de composition droite, ou de compo- 
sition bilatére, elles sont sans raffinement mutuel. 


Lemme 9. (Hi. 1 HDA: N (Ai N Hi) = (A: N Hi)HE N (AN 
Hj) = (Hix 1M Hj)(Hi 1 Hj4) quand (S) et (S’) sont deux suites infra- 
normales entre H et H dont les types sont compatibles. 
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Démonstration. En effet, dans ce cas (Hi, M H})H; et Hi. N Hj, sont 
clos dans H;_; , done puisque H:-,; N H; © Hi N Hj, ona 


(Hi. N HDHEN (Aa N Aja) = (Aa N (AGN (Ai N Hj.) 
= (Hia N Hj)(Hi N Hj), 
et, de méme, H}(H; N Hj) N (Hin N Hj) = (Aa N A))(A; N HjR). 


Tutortme 3 (Loi de raffinement pour les suites infra-normales).* (S) et 
(S’) étant deux suites infra-normales entre H et H dont les types sont compatibles, 
le raffinement (=) de (S) par (S’) et le raffinement (=') de (S’) par (S) ont la méme 
longueur et, ad V’ordre et d Visomorphisme global prés, la méme suite de quotients 
globaux. De plus (A, B) et (A’, B’) étant les types propres de (Z) et de (Z’), on a 


a= UU (aN (Ava N Aja) — (ia N AY)(A; AN Hj) AF), 


i=1 j=l 


B’ = U U [(B Nn (Hin nN Hj) _ (Hin n Hj)(Hi nN Hj-))) Hj). 
i=l j= 
Démonstration. Puisque (Hi. 1 H})H; est infra-invariant dans (Hi. 
Hj-)H; (0 <i S 8,0 <j S 8’), et puisque Hi, N Hj_, est clos dans A, on a, 
en vertu du théoréme 2, 


(Hin ON Hia)Hs/(Hia N HH: 
= (Hia N Hja)(Aia N A) A/(Hian N HH 
~ (Hina N Hja)/((Hia NH): N (Hin AN Hj-)] 
= (Hia N Hja)/(Hia N Hj)(H: A Hj), 

et en vertu du méme théoréme, le type propre de (Hi. N Hj)(H; N Hj_.) sur 

Hin ‘nt est 

(H, B) = (AN [Hi N Aja) — (Hin A Hi)(H. N HjX)), 
BN [ia N Hija) — (Hea N Hi) N Hj). 


On a M(H; N Hj) = 4, BCA; N Hj.) = B. Mais, en vertu du méme 
théoréme, puisque (H; M H}-:)H; est infra-invariant dans (Hi; MN Hj-.)H;, 
on a 


38 La démonstration de ce théoréme et des lemmes précédents est A peu prés semblable 4 
la démonstration de la loi de raffinement pour les groupes par la méthode de Zassenhaus. 
Les seules complications proviennent de ce que les chaines doivent étre closes et de ce que 
certains types doivent étre compatibles pour permettre l’application du théoréme 2. 

Le présent théoréme avait été prouvé par MM. Ore et Dresher pour le cas des suites 
normales (voir D.O., p. 727); auparavant, il avait été prouvé par M. Kuntzmann pour les 
suites de composition bilatéres dont tous les termes sont des hypergroupes normaux au 
sens de M. Marty (voir Ku., p. 1788). 
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(Hia 1 Hja)/(Hia O Hj)(H: A Hj) 
= (Hin N Hj4)/((Hi A Hja)H; A (Hin N Hj) 
~ (Hin N Hja)((Hi O Hija) H/(H  Hja)H; 
= (Hin N Hj4)H;/(Hi N Hj-)H;, 


et le type de (H; M H}_.)H; sur (Hi. AM Hj-1)H; est, en vertu du méme 
théoreme, (4(H; N H'.)H}, B(H; N Hi.)H}) = (1H), BH) = (CAN 
(Ha A Hija) — (Hin N Hj)(Hi N Hj))H;, (BN (Aa N Hj) — (HAN 
H;)(H; MN Hj-)))H}). Par conséquent (Hi. NM Aj)Ai/(Hia N HH: ~ 
(Hi O Hi4)Hj/(Hi ON Hi1)H} et (Ain ON Hju)H} = (Hi N Hj)H; si, et 
seulement si, (Hi. M Hja)H; = (Hi. OM Hj)H;, ce qui montre que les suites 
des quotients globaux de (=) et de (2’) sont les mémes 4 l’ordre et 4 |’isomor- 
phisme global prés. Et le type propre (2’, 8’) de (2’) est bien donné par la 
formule de |’énoncé. 


Tutortme 4 (Loi de Jordan-Hélder pour les hypergroupes). Sz (S) et (S’) 
sont deux suites infra-normales a types propres compatibles sans raffinement mutuel 
(en particulier deux suites de composition, ou de composition droite, ou de compo- 
sition gauche, ou de composition bilatére) entre H et H, elles ont la méme longueur 
et, a l’ordre et ad Visomorphisme global prés, la méme suite de quotients globauz. 
Le type propre de l'une de ces suites se calcule a partir du celui de l'autre par les 
formules du théoréme précédent. 


Démonstration. On n’a qu’appliquer le théoréme précédent et remarquer que 
(2) = (S), (2) = (S’). 

Consfquence. (SS) et (S’) étant deux suites infra-normales a types propres 
compatibles sans raffinement mutuel, si (S) est semi-normale d’un certain cété ou 
normale, (S’) lest aussi. 


Démonstration. En effet, (A, B) et (A’, B’) étant les types propres de (S) 
et (S’), done aussi de leurs raffinements (2) = (S) et (2’) = (S’), les formules 
du théoréme 3 montrent que si A = 0, on a A’ = 0, et que si B = 0, ona 
B’ = 0, ce qui prouve la proposition. 


Consfquence. S’il existe une suite de composition (S) entre A et H qui est 
normale, toutes les suites de composition entre H et H le sont. 


Démonstration. (S’) étant une suite de composition queleonque entre A et 77, 
le type propre de (S’) est certainement compatible avec le type propre (0, 0) 
de (S) et, de plus, (S) et (S’) sont sans raffinement mutuel. Done ¢S’) est 
normale. 

Cette conséquence subsiste encore quand on y remplace “de composition” 
par “‘de composition gauche” ou “de composition droite’”’. 

Soient (S) et (S’) deux suites infra-normales entre H et A types propres 
compatibles et sans raffinement mutuel. s étant leur longueur commune et 7 
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étant un des nombres 1, 2, --- , s, soit g(z) le plus petit nombre j, 0 < 7 & s, 
tel que H} N Hi. = H} N H;. En vertu du lemme 9, i est aussi le plus 
petit indice tel que H; N Hiwa = Hi N How. On dira que les indices 4, , is 
sont en inversion (pour le couple ordonné [(S),j($’)]), si (4: — a2) [e (a) — ¢ (&)] 
<0. Si les suites (8) et (S’) ne coincident pas, il y a des couples d’indices en 
inversion: parce que s’il n’y en avait pas, on aurait g(7) = 7. Done si 7 était le 
plus petit indice tel que H; * H; (done H;; = Hj) on aurait H; = H; N His 
=H;N Hi.=H;N Hi = Hi. N Hi = Hj, ce quiest absurde. 


LeMmME 10. Si les indices i, i; > 1 sont en inversion et sij = (i), ona 
Hit Hi. = (Aa N H(A; N Hi), 
(WiaNHA)H: =Hia, (Hi N Aja)H} = Bj. 


Démonstration. Puisque i < 7%, et puisque 7 et 7, sont en inversion, on a 
j = o(t:) < (i), done Hi. NH} AHN Het (Hi. NADH; 4 H;. Puisque 
(S’) ne raffine pas (8), on doit avoir (H;_, N H})H; = Hi. et, de méme (H; N 
Hj)Hj = Hj. Done (Hia AN H})(Ai N Hj) = (Ai NADH. N A} = 
Hi. M Hj, et tout est prouvé. 


THtoREME 5. Si 7 et i, sont en inversion, ou bien H; est invariant dans H;-4 , 
ou bien H;, est invariant dans H;,-, , ou bien H; dans H;_, et H;, dans H;,- sont 
semi-invariants d’un méme cété. 


Démonstration. Puisque (Hi M H})H; = His, H; est invariant respec- 
tivement semi-invariant d’un certain cété dans H;_, si, et seulement si, H; 
(Hi. Hi.) = H; N Hj_, Vest dans Hi, N Hj... De méme Hj est invariant 
respectivement semi-invariant d’un certain cété dans H aad si, et seulement si, 
Hi. M H; Vest dans Hi, M Hj... Enfin, en vertu de la loi Jordan-Hélder 
Hi,a/Hi, ~ Hetya/Hecy = Hj+/H}, done H;, est invariant ou semi-in- 
variant d’un certain cété dans H;,_; si, et seulement si, H; l’est dans H}_, . 

Or, les types propres de H; dans H;_, et de H}; dans H}_, sont compatibles. 
Puisque, en vertu du théoréme 2, ils coincident sur Hi. N H ioe avec ceux 
respectivement de H; M Hj_, et de Hi, M Hj, ces derniers types sont com- 
patibles. En vertu du lemme précédent, (H;.. 9 H})(H;i N Hi) = Hii 
Hj... Par conséquent, il résulte du lemme 5 que ou bien H;, M H;j est 
invariant dans H;, M H}_,, ou bien H; N Hj_, Vest, ou bien Hi. N H; et 
H; \ Hj_, sont semi-invariants d’un méme cété dans Hi, M Hj1, ce qui 
prouve la proposition. 


Consfquence. Si (S) est une suite infra-normale entre A et H, et s'il existe 
une sutte infra-normale entre H et Af autre que (S) et dont le type propre est com- 
patible avec celui de (S), ou bien il existe un indice i tel que H; soit invariant dans 
H;1 , ou bien il existe deux indices i, , 12 tels que H;, dans H;,_, et H;, dans Hj, 
sotent semi-invariants d’un méme cété. 


En effet, si une telle suite (S’) existait, sans que (S) satisfasse 4 nos conditions, 
il existerait deux indices 7, , 7 en inversion pour ((S), (S8’)), et le théoréme 5 
serait en défaut pour ces indices. 








LA LOI DE JORDAN-HOLDER 137 


Quand H est un hypergroupeg, ou un hypergroupec, ou un hypergroupep, 
toute chaine de sous-hypergroupes de H est reversible, done on peut supprimer 
la condition de la reversibilité de la chdine (S) dans la définition des suites infra- 
normales entre deux sous-hypergroupes d’un tel hypergroupe. De plus, puisque, 
dans ce cas, {lz} est infra-invariant dans H, donc aussi dans H, toute suite 
infra-normale entre H et H est une suite partielle d’une suite infra-normale 
entre H et {1,}. Si H a un nombre fini d’éléments, elle est une suite partielle 
d’une suite de composition entre H et {17}. Si H a un nombre fini d’éléments, 
les suites de composition entre H et {1,} seront appelées suites de composition 
de H. 

Quand H est un hypergroupe,g fini, toutes les suites infra-normales dans H 
sont semi-normales 4 gauche, et toutes les suites semi-normales 4 droite sont 
normales. De méme, quand H est un hypergroupe» fini, toutes les suites infra- 
normales dans H sont semi-normales A droite, et toutes les suites semi-normales & 
gauche sont normales. Done dans ces deux cas, les types propres de deux suites 
infra-normales queleonques entre H et H (H 2 H 2 Ai) sont compatibles, ainsi 
que les types propres d’une suite infra-normale dans H et d’un sous-hypergroupe 
infra-invariant de H. Donec, pour des tels hypergroupes, on ‘peut supprimer 
dans les énoncés du lemme 8 et des théorémes 3 et 4 toutes les hypothéses 
concernant les types des suites infra-normales ou des hypergroupes dont il y est 
question. 

De plus dans ce cas, les suites d’indices des raffinements de deux suites infra- 
normales entre H et H V'une par Vautre sont les mémes a Vordre prés. En particu- 
lier, si deux suites infra-normales entre H et H sont sans raffinement mutuel (ce 
qui a lieu, en particulier, pour deux suites de composition entre A et ff), elles 
ont la méme suite d’indices a lV’ordre pres. 


7. Métagroupes. ln sous-hypergroupe reversible infra-invariant h de H est 
dit infra-invariant strict dans H si H/h® est un groupe. Soit h un tel sous- 
hypergroupe de H, et soient c, c’ deux éléments de H tels que cc’ ne soit pas 
disjoint avec h, alors hchc’h = heh-he'h D cc’ n’est pas disjoint avec h. Done, 
puisque h/h est l’'unité du groupe H/h“, on doit avoir hche’h = h, c’est-d-dire 
che’ Gh. Done he’'h/h est Vinverse de hch/h® dans H/h. Les inverses 
dans un groupe étant permutables, on doit avoir he’h-hch = he'hch = h, c’est-a- 
dire c’he Ch. En particulier c’c Ch. c étant un élément quelconque de H, il 
existe un c’ ¢ H tel que cc’ M h ne soit pas vide et un ce” €H tel que c’e NA 
ne soit pas vide. Done che’ Ch. Done che’’e € he. Comme cc Ch, ona 
he’’c = h,etch She. Done he = ch, et h est invariant dans H. Done tout sous- 
hypergroupe infra-invariant strict de H y est invariant.” 

Remarque. Si H est un sous-hypergroupe reversible infra-invariant strict de 


39 MM. Dresher et Ore appellent un sous-hypergroupe invariant h d’un hypergroupe H 
possédant des unités 4 droite et des unités 4 gauches rigoureusement invariant (strongly 
normal) dans H si H/h® (= H/h®) est un groupe (voir D.O., pp. 728-731). On voit que 
pour de tels hypergroupes H les notions de |’invariance stricte au sens de ce travail et de 
l’invariance rigoureuse au sens de MM. Dresher et Ore coincident. 
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Hf, et si H’, H > H’ D> G,, est un sous-hypergroupe de 77, H’ est reversible dans A. 
En effet, les H’/H (a = g, d) sont des sous-groupes des H/H® correspondants. 
Ils sont donc reversibles dans les H/H‘”. Done en vertu du lemme 3, H’ est 
reversible dans H. 


THEOREME 6. Si h est un sous-hypergroupe d’un hypergroupe H tel que, pour 
tout c e H, 

(1) al existe un é € H tel que c € hé et & € he; 

(2) al existe un c’ ¢ H et unc” ¢€ H tels que che’ © het ehe Eh, 
h est reversible et infra-invariant strict dans H.” 


Démonstration. Soit c eH, et soient c’, c’’ éléments de H tels que che’ & h, 
c’he © h. 

On a hehe’ = c”/hch = h. Done, c”h = c”'hche’ = he’. Mais alors he = 
che'he = cc"hhe = cc"'he & ch et ch = che"he = chhe'c = che'c Che. Done 
ch = he = heh. 

On aéehé = th, he = ch he = ch. Alors, sié’, &”’ € H sont tels que cht’ Gh 
et &”hé | h, on a che’ © the’ Chet @’he | h. Done hé = th = thé”he = 
thhé'c = thée’c Ghe = ch. Donec ech = heet, sihe € hé, ona he = hé. 

Soient c; ,cz¢H. Supposons que he, M hee n’est pas vide, et soit c € he; M hee . 
On a he © h-he, = he, , done he = he,. De méme he © hee, done he = hee. 
Done, on voit que he; = heez , et h est reversible dans H. 

Soient ¢;, ce deux éléments quelconques de H. Soit cj un élément de H tel que 
che; & h. Et soit c* un élément de H tel que cic* 9c2. Ona heyh-hesh © 
heyh-heyh-he*h = h-he*h = he*h. Donec le composé de deux éléments quel- 
conques de H/h est l’ensemble d’un seul élément. H/h est, done, groupe. 

Remarque. La condition (1) de ce théoréme est certainement vérifiée si H a 
un nombre fini d’éléments. En effet formons pour un c ¢ H une suite d’éléments 
C = (, 1, C2,--+,¢:,--- par le procédé suivant. Supposons qu’on ait déja 
formé c; et supposons qu’il n’est pas un élément de hc;. Puisque hH = H, 
il existe des éléments c’ de H tels que he’ a c;. Un de ces c’ sera pris pour ¢i4: . 

Puisque H a un nombre fini d’éléments on doit arriver 4 un @ = cp tel que 
héaé. Or, sicehe;, on acehe; © h-hein, = heir. Comme c = mehc, 
onac €hcm = hé, et  satisfait ala condition (1)." 

On appelle une suite 
(S) H=H,DH,>H,>.-.>DH,=AA 

40 MM. Ore et Dresher avaient prouvé ce théoréme dans le cas ot H a des unités droites 
et gauches, mais en remplagant l’hypothése (1) par l’hypothése plus forte que h contient 
toutes les unités droites et gauches de H et en supposant, de plus, sur les éléments c’, c” 
de la condition (2) que c’c contient une unité gauche de H et que cc” contient une unité 
droite de H. Voir D.O., pp. 728-730. 

41 Tl est 4 remarquer que la condition (1) est verifiée si h (pouvant étre infini) contient 
une unité (droite centrale ou gauche) de H (ce qui n’est, d’ailleurs, possible que si H a de 
telles unités). En effet, on a vu que la condition (2) seule permet de démontrer que, pour 
toutc eH, onahe =ch. Sie ¢h est une unité gauche (resp. droite) de H, onac «ec Che 
(resp.c ece Gch = hc). Sie est une unité centrale de H, on ac «¢ ece C hch = he. 
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suite stricte entre H et H si, pour tout 7 = 1, 2, --- , s, H; est un sous-hypergroupe 
infra-invariant strict de H;_, . 

En particulier, s’il n’existe aucune suite stricte entre H et Hi contenant (S) 
comme suite partielle et autre que (S), (S) est dite une suite de composition 
stricte entre H et Hf. 

Si H a un nombre fini d’éléments, toute suite de composition stricte entre H et 
Af est une suite de composition entre A et A. En effet, si Hi./H{? est un 
groupe d’ordre fini, et s’il existe un sous-hypergroupe H’, H;., > H’ > Hj, de 
H;_, infra-invariant dans H;_, , H’/H$° est un sous-hypergroupe infra-invariant 
du groupe H;_,/H$° c’est-a-dire un sous-groupe invariant de ce groupe. Donec 

Hji4/H'° ~ (Hia/H{°)/(H'/H{°) est un groupe, et H’ est strict dans Hy... 
D’autre part, si A est infra-invariant strict et d’indice fini dans H, il existe une 
suite de composition stricte entre H et A. En effet, le veloonnement précédent 
montre que, si H’, H > H’ > A est un sous-hypergroupe infra-invariant de 77, 
A/H’® eH "/ H® sont des groupes. Donc, si (A:) est fini on peut intercaler 
entre H we HT des sous-hypergroupes de H de maniére & former une suite de 
composition stricte. 


THEOREME 7. S’il existe une suite de composition infra-invariante stricte entre 
Hi et H, toutes les suites de composition infra-invariantes entre H et H sont strictes; 
elles ont toutes, dans ce cas, la méme longueur et le méme ensemble de quotients. 


Démonstration. La suite de composition infra-invariante stricte entre H et 
Hf dont l’existence est supposée est, en particulier, une suite de composition 
invariante. 

Done toutes les suites de composition entre M et A sont invariantes et ont le 
méme ensemble de quotients formé de groupes. Done elles sont suites de 
composition stricte. 

Un hypergroupe H s’appelle métagroupe s’il existe un e e H et une suite stricte 


(S) H=H,>H, DH, >D.--- DH, = {e} 


entre H et {e}. Dans ce cas, si H est d’ordre fini il existe une suite de composition 
entre H et {e} dont l’ensemble de quotients est formé de groupes seuls et ceci est 
aussi suffisant pour que H soit un métagroupe. Et toutes les suites de composi- 
tion entre H et {e} sont suites de composition stricte. 

MM. Ore et Dresher appellent métagroupes possédant une unité ultra- 
groupes. — 

A étant un Ff ipnppig reversible de H, s’il existe une suite stricte entre H 
et H, A/H® (a =c, g, d) est un métagroupe et inversement, parce que si 


42 D.0., pp. 732-733. Je trouve, d’ailleurs, que ce nom n’est pas bien choici; en effet, 
étymologiquement, le préfixe ultra placé devant une notion signifié qu’il s’agit d’un cas 
particulier de cette notion ot ses propriétés se réalisent d’une maniére particuliérement 
forte. Ici, ils’agit, au contraire, d’un affaiblissement des propriétés de groupe. 

43 L’élément e e H est une unité du groupe H,_; , mais non obligatoirement de H. Donc, 
un métagroupe peut ne pas étre un ultragroupe au sens des MM. Dresher et Ore. 
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A > H' >H"” DAq, et siH” est reversible dans H’, on a (H’/A)/(H"/H®)@ 
~ H'/H"™, donc c’est un groupe si H’/H”” Vest. Si H est un métagroupe, 
toute suite stricte entre H et H 9 e est une suite partielle d’une suite stricte entre 
H et {e}. Et tout sous-hypergroupe clos Hse de H est un métagroupe. Si 
H est un hypergroupep, pour que h C H y soit strict, il faut qu’il y soit invariant. 
Mais, comme j’avais montré, s’il est invariant dans H, il y est strict. Donec, 
H/h® est dans ce cas un métagroupe (je Vappelle dans ce cas métagroupep) si, et 
seulement s'il existe une suite de composition invariante entre H et h. On a des 
résultats analogues pour les hypergronpesg. 


L’application de la théorie précédente a la théorie des corps de nombres 
$-adiques montre, en méme temps, qu’il existe dans les hypergroupesp de trés 
nombreux sous-hypergroupes semi-invariants (4 droite) qui ne sont pas invariants 
et qui y jouent un réle important. Corrélativement, on peut conclure qu’il existe 
dans les hypergroupesg des sous-hypergroupes semi-invariants 4 gauche, mais 
non invariants, importants. 

Ceci montre, d’ailleurs, que l’étude précédente a un intérét qui n’est pas 
seulement formel. 

D’autre part, comme je |’ai déjA mentionné, j’ai trouvé un exemple de 
sous-groupe infra-invariant, mais non invariant, d’un groupe. Et, un tel sous- 
groupe ne peut pas étre semi-invariant. 


Paris, FRANCE 
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INVARIANTS OF A SYSTEM OF LINEAR HOMOGENEOUS 
DIFFERENTIAL EQUATIONS OF THE SECOND ORDER 


By I. A. Barnett anp H. REINGOLD 


Introduction. E. J. Wilczynski, in his treatise Projective Differential Geom- 
etry of Curves and Ruled Surfaces (Leipzig, Teubner, 1906), Chapter IV, dis- 
cusses the invariants of a system of linear homogeneous differential equations 
under a projective transformation. He finds first the induced transformation 
of the coefficients of a system of n linear homogeneous differential equations 
(in n dependent variables) of the m-th order and then proceeds to calculate the 
invariants for the particular case of m = 2, n = 2. This calculation, as pre- 
sented there, requires the solution of a complete system, a process which is 
quite laborious even for the special case considered by Wilczynski. This method 
becomes more difficult if we try to calculate the invariants in the case m = 2, 
n = 3; and the calculations become more and more involved as the number of 
variables becomes larger. 

It is our purpose to present an easier and more elegant solution of the problem 
of finding the invariants of a system of n linear homogeneous differential equa- 
tions of the second order under a linear transformation. Consider the system 


yi + > Lis(x)yj + > Mi(z)yj= 0 ( =1,2,---,n), 
= ~~ 
where y; = dy;/dz, y; = d’y;/dz’, under the transformation 
¥%= nu + 2X Kis(2)n; (@ = 1,2,---,m). 
j= 


We find in this paper the invariants which are functions of the arguments L;; , 
Li; = dL;;/dx, M;; and also the invariants which are functions of the arguments 
Li; ’ Lis, Li. M;; and Mi; . 

Just as Wilczynski applied the theory for the case n = 2 to the study of 
ruled surfaces, we could also apply the results given in this paper to the study 
of a certain type of projective configuration represented by the system of 
differential equations here considered. However, this will be reserved for 
another work. 


1. Notation. For the sake of simplicity we shall find it convenient to intro- 
duce the following permanent notations. 

The small letters, for example y, 7, shall represent vectors, that is, they will 
stand respectively for y:, ni (¢ = 1, 2,---,m). The letters z and a shall 
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always stand for a single variable over the respective ranges x; S x S 2, 
—2 <a< oo. The capital letters L, M, G, U, &, etc., will denote the matrices 
with elements L;;, Mi; , Gi; , Ui; , Ri; (4,7 = 1, 2,---,n). The transpose of 
the matrix L will be denoted by L. 

It will be found convenient to introduce the notation LM — ML = [L, M}. 
The trace of a matrix L will be denoted by tr L. 

In general subscripts will be omitted in this paper. Only in the places where 
their presence will make for increased clarity in the expressions will subscripts 
be used. In these places the subscripts 7 and 7, unless otherwise specified, will 
have the range of values 1, 2,---,mn. All primed letters will denote differen- 
tiation with respect to the variable z. 


2. The equation and the transformation. Consider the system of linear 
homogeneous differential equations of the second order 


(2.1) y’ + Ly’ + My = 0, 


where we assume the elements of the matrices L and M to be continuous func- 
tions of x possessing derivatives of all orders on the interval 7; S$ z S mx. 
The most general point transformation affecting only the dependent variables, 
which converts the system (2.1) into another of the same form and order, is 
given’ by 


(2.2) y=n+ Kn, 


where the elements of the matrix K are arbitrary continuous functions having 
derivatives of all orders on 2; S x S 2, and such that the determinant 
| I + K_| is not identically zero. 

In order to obtain the infinitesimal transformations induced on L and M we 
now regard K as depending not only on the variable z but also on the single 
parameter a. We thus obtain from (2.1) and (2.2) the infinitesimal trans- 
formations 


(2.3) 2 _ow tia}, “9 +1941, QI, 
da da 


where the elements of the matrix & are arbitrary continuous functions of x 
having derivatives of all orders. We shall also need the infinitesimal trans- 


” 


formations of L’, L’’, M’ which are found to be given by 





(2.4) ¥ = 28” + [L’, R] + [L, #', 
aL” aut Ld , , M7 
(2.5) = 28” + [L”, R] + AL’, R) + (L, KI, 


da 


1 Wilczynski, loc. cit., Chapter I. 
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(2.6) = = 2" + L'R’ + LR” + [M’, 81+ [M, @'. 


We may now exhibit the invariants which are functions of L, L’, L’’, M 
and M’. To do this define G and U by 


(2.7) G=21'-4M+L?, U =2G' +[L,G, 


and consider the matrices G'U* (1, k = 0,1, --- ). We will prove now that the 
trace tr (G'U*) is an invariant. In order to do that we find the following 
infinitesimal transformations 


aq’ 
da 


which are derived by the use of the equations (2.3), (2.4), (2.5) and (2.6). 
From (2.8) it follows at once that @ tr (G'U*)/aa = 0, and this proves that 
tr (G'U*) is an invariant under the transformations induced on the coefficients 
L and M of (2.1) by the projective transformation (2.2). 


au" 


(2.8) = [G', 8], —* [U*, RI, 


3. The invariants depending upon L, L’ and M. If the scalar function f is 
an invariant depending only upon the arguments L;; , Lj; and Mj; , the expression 


a = tr (22 +¥% U4 met), 
where 

Ff _¢. f _g Ff _. 

aly; Si, ali; — Si, aM; Mi 
must vanish for all values of the arbitrary functions &;;, &:;, &i;. Substi- 
tuting the values from (2.3) and (2.4) and equating to zero the coefficients of 
these arbitrary functions, we obtain a system of 3n’ partial differential equa- 
tions for f. By the general theory of Lie we know that this set of equations 
will form a complete system, and that any solution of it is an invariant, and 


conversely every invariant depending upon L;;, Li; , Mj; is a solution of this 
complete system. This system is given by 


(a) 2 +M =0, 
(3.1) (b) 2% + [Z, @] + IM = 
(c) [Z, + (Z’, 2] + (M, M] = 0. 





This complete system contains 3n” equations with 3n” independent variables. 
We shall now show that at least 3n? — n equations of the equations (3.1) are 
independent. 

The n’ equations in (3.1a) tell us that Lj; and M,; can occur only in the 
combinations L;; — 2M;;. Hence the n’ equations of (3.1b) show that Li; , 








144 I. A. BARNETT AND H. REINGOLD 


Li; and M;; can occur only in the combinations defined by G; jin (2.7). Intro- 
ducing G;; as new variables into the equations (3.1c), we obtain the following 
complete system of n* partial differential equations 


Ff _ Fa_ 
(3.2) G ag a G=0. 
Any solution of (3.2) is an invariant, and conversely every invariant is a solu- 
tion of (3.2). 

Consider the n’ homogeneous linear equations (3.2) in the n? unknowns 
af/aG;;. Order these equations in the sequence 11, 12, --- , In, 21, 22,---, 
2n, 31, --- , mm and order the unknowns in these equations in the same way. 
Let the matrix of coefficients in the resulting set of equations be R. Now if 
G;; = 0 for i ¥ j, the matrix RF is such that every element out of the diagonal 
is zero, n of the elements in the diagonal are zero and the remaining n° — n 
are Gj; — Gj; (¢ # j). Hence the matrix R has the rank at least equal to 
n® — n, so that there are at most n independent invariants. 

From the preceding section it follows that the n expressions tr (G') (1 = 
1, 2, ---,m) are invariants. We shall now show that these n invariants are 
functionally independent in the n’ variables G;;. To do this it is sufficient to 
show that they are independent when considered as functions of the n variables 





Gy, Ge, ---,Gnn only. By direct differentiation we have 
é tr (G’) (1-1) 
= IG}; . 
aGi; , 
Making use of this formula, we see that after setting G;; = 0, when 7 # j, the 
Jacobian of the n expressions tr (G') (J = 1, 2, --- ,) with respect to the n 
variables Gy , Gee, --- , Gan is equal to n times the Vandermonde determinant 
in these n variables. This proves that the expressions tr (G’) (1 = 1, 2, --- , n) 


are n functionally independent invariants. Combining the results of this sec- 
tion, we have 


THEOREM 3.1. Let y” + Ly’ + My = 0 be a system of n linear homogeneous 
differential equations of the second order. Suppose that the variable y is trans- 
formed by means of the transformation 


(3.3) y=n+ Kn. 


Then if we define G = 2L' — 4M + L’, the first n successive traces of G are a 
system of n independent functions which remain unchanged by the transformation 
(3.3), and any invariant depending upon L;;, Li; , M;; may be expressed func- 
tionally in terms of these traces. 


4. The number of independent invariants depending upon L, L’, L’’, M 
and M’. In the remaining sections of this paper we shall find the invariants 
depending only upon the arguments L, L’, L’’, M and M’. Although the 
number of such invariants and the invariants themselves have been found in 
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§§2 and 4 for the general n, the independence of this system of invariants has so 
far been shown only for n = 2, 3, 4. 

Proceeding exactly in the same way as at the beginning of the preceding 
section, we obtain the following complete system of partial differential equations: 


(a) 20’ + M’ = 0, 
(b) 2@’ + M+ [L, 2’) + LM = 0, 

(c) 2& + [L, @] — 2e’L’ + Lm + [M, M’] = 0, 

(d) (Z, 2) + (L’, @) + (£”, 2) + (M, Ml + [M’, M’) = 0. 


This system contains 4n” equations in the 5n’ variables L, L’, L’’, M and M’. 
Every solution of (4.1) is an invariant and every invariant depending upon L, 
L’, L'", M and M’ is a solution of this complete system. Denoting the matrix 
of the left side of (4.1d) by X, we see that 


(4.2) tr X = 0. 


(4.1) 


In the sequel it will be shown that 4n’ — 1 equations of (4.1) are independent. 

From equations (4.1a) and (4.1b) it follows that the invariants are functions 
of the 3n” arguments L, G and G’. After some calculation it may be shown 
from (4.1c) that our invariants are functions of G and U as defined in (2.7). 
Now introducing G and U as new independent variables into (4.1d), we obtain 
the following complete system of n’ partial differential equations 


= of ena af af 
4.3 — — — —_—-—G= 
(4.3) US a0 U + FG age 0 
in the 2n” independent variables G and U. Any solution f(G@u , Gis, --- , Gan 3 
Un, Uw,---, Unn) of (4.3) is an invariant, and conversely every invariant 


depending upon L, L’, L’’, M and M’ is a solution of (4.3). 

We shall now show that ’? — 1 equations of (4.3) are independent, leaving 
(4.2) as the only relation among the equations (4.3). To do this it is sufficient 
to prove that the matrix of the coefficients of (4.3) is of rank n? — 1. This 
matrix may be described in the following manner. It consists of n® rows and 
2n* columns, n* columns of which have as their elements the same expressions in 
U;,; as the remaining n” columns have in G;;. The variables Un , Use, --- , Unn 
appear only in the binomial form U;; — U,;; in the column of the coefficients 
of af/aU;;. Out of this matrix pick a determinant of order n* — 1 in the 
following way: Omit the row of coefficients corresponding to i = n,j = n; 
out of the n® columns associated with the coefficients of af/aU;; take the n* — n 
columns when i # j, and out of the n’ columns associated with the coefficients 
of af/a+. cake the n — 1 columns of coefficients of af/8G,, (p = 2, 3, --- , n). 
We find that this determinant, except possibly for sign, is equal to 


GiGis --- Gin I] (Use — Ui)’ # 0. 


i,j=1 
i<j 
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Since the complete system (4.3) consists of n> — 1 independent equations, it 
follows that there are exactly n’ + 1 functionally independent invariants in- 
volving the arguments L, L’, L’’, M and M’. 


5. Several lemmas. It was shown in §2 that tr (G'U*) are invariants involving 
L, L’, L'", M and M’. In the preceding section it was shown that the number 
of all such functionally independent invariants is n> + 1. Our problem of 
finding the complete system of invariants involving the arguments L, L’, L”’, 
M and M’ will then be solved if we can exhibit n? + 1 functionally independent 
traces tr (G'U*). We consider then the following n* + 1 traces 
(5.1) tr(G@'U) (l=1,2,---,n;k =0,1,---,n—1);_ tr (U"), 
which we desire to prove to be functionally independent. 

For these considerations it will be found convenient to introduce in this section 
some preliminary matters concerning the derivatives of the traces of composite 
matrices as well as properties of certain determinants which arise here. 

We first have” 

lyryk n n k 
(5.2) oS Sy usra@uy~. 
aus; m=1 s=1 p=l 
Consider an arbitrary n by n square matrix M;; , the determinant of which is 


denoted by m. As usual M$* stands for the k-th power of the given matrix 
M;;. Consider now determinants of the form 


(5.3) | i, Me. -.-- ES 


where 7, 72, --- ,7n, 81, 8, +--+ , 8, are arbitrary integers on the range 1 to n, 
equal or unequal, and where we are denoting a determinant by writing its 7-th 
row. We call a determinant of the type (5.3) a generalized determinant of 
Vandermonde. 

The generalized determinants of Vandermonde have many interesting prop- 
erties, two of which will be stated here. We have 


Lemma 5.1. | M&2, M&, ... M@)| = m| MEY MEY ... MES |. 


Trin r28e Trin 


The proof of this result rests upon the fact that the matrix M satisfies its 
characteristic equation. From Lemma 5.1 follows 


Lemma 5.2. If r, ¥ 8, 12 ¥ 82, -+-,1n ¥ Sn simultaneously, then the value 
of the determinant (5.3) is zero. 


6. The independence of the invariants. In the present section we prove the 
independence of the invariants (5.1), for the cases n = 2, 3, 4. 

We first prove the independence of the invariants in the case n = 3. Set up 
the Jacobian of the ten invariants (5.1) with respect to the variables Gy , 
Gy, --- ,Gss3, Un, Ure, --- , Uss and make use of (5.2). In order to show 
that this ten by eighteen matrix is of rank ten, pick three out of the first nine 


2H. W. Turnbull, A matriz form of Taylor's theorem, Proceedings of the Edinburgh 
Mathematical Society, (2), vol. 2(1930-1931), p. 39, Theorem IV. 
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columns and seven out of the last nine columns. Setting U;; = 0 when t # j 


and Uy = —Us. = 1 and U3; = 0, we are thus led to 
° GP G? G2 a? a? ag 
(6.1) |G2 G& e@|.\242 0 GE o -268 -e8 0 |, 
ist &€ & *@ 3 0 oO. 


where we are employing the notation introduced in the preceding section for 
the representation of generalized determinants of Vandermonde. By the 
Laplace development (6.1) is equal to —6 | G3}? Gi? GIP {?[| G2? Gs? GS | + 
| Gi? G3? Gy |]. Denoting by g the determinant of the matrix G and applying 
Lemma 5.1, we see that (6.1) reduces finally to —12g*| Gis"? Gx” Gir” |’. 
\es°° os" » G32” |, which can be readily verified not to be identically zero. 

The proof of the functional independence of the five invariants (5.1) for the 
case n = 2, goes through in an exactly analogous fashion by taking the set of 
values U;; = 0,7 ¥ 7, Un = 1 and Ux = 0. 

Similarly we may prove the independence of the 17 invariants (5.1) in the 
case n = 4. The calculations are lengthy and will be omitted. We proceed 
as in the case n = 3: let Ui; = 0,7 4 7, Un = —Unx = 1, Us = 2, Uy = 0 
and make use of Lemmas 5.1 and 5.2. 

We have thus our final result: 


TuHeoreM 6.1. Let y’’ + Ly’ + My = 0 be a system of n linear homogeneous 
differential equations of the second order, forn = 2,3,4. Suppose that the variable 
y is transformed by means of 


Then if we define G = 2L’ — 4M + L’, U = 2G’ + [L, Gl, the traces tr (G'U") 
(l= 1,2,---,n;k =0,1,---,n — 1), tr (U"), for n = 2, 3, 4, are a system 
of n° + 1 independent functions of Gi; and Ui; which remain unchanged by the 
transformation (6.2), and any invariant depending upon L;; , Li;, Li; , Mi; and 
M;; may be expressed functionally in terms of these n® + 1 traces. 

As mentioned in the introduction to this paper, this theory has been worked 
out by Wilezynski (loc. cit., pp. 95-100), for the case n = 2. It will be of 
interest to compare the invariants obtained by Wilczynski with those obtained 
here for the case n = 2. The corresponding invariants of Wilczynski are in 
his notation 

I = Gu + Ge, J = GuGn — GyrGn , I’ = Gi + Gu, 
J’ = GirGoe + GuGre me GisGa - GuGn ’ K = UyU2 — Una. 
We may easily verify that 
tr (G) = TI, tr (G’) = I’ — 2J, tr (GU) = 2(II' — J’), 
tr (@U) = ar’l’ — IJ’ — I'J), tr (U®) = 41” — 2K. 


UNIVERSITY OF CINCINNATI. 








ENTIRE FUNCTIONS BOUNDED ON A LINE 
By R. P. Boas, Jr. 


In the first part of this paper I give a new proof of Miss Cartwright’s theorem 
that an entire function f(z), of exponential type k < 2, bounded at the integers, 
is bounded on the real axis.’ It resembles Macintyre’s proof in depending on an 
absolutely convergent interpolation series for f(z); my interpolation series is 
simpler in appearance than Macintyre’s, and is obtained in a different way. I 
use the principle that a function of exponential type with any pretensions to 
boundedness on the real axis is “‘nearly’’ a finite trigonometric integral; for such 
an integral, the interpolation series is easily obtained by a method’ which seems 
to have been introduced by J. M. Whittaker.’ 

I then use the Paley-Wiener theory of “non-harmonic Fourier series’* to 
obtain an interpolation series involving f(A,) instead of f(n), where the A, are 
real numbers satisfying |A, — n| S$ L < 1/(2n") (n = 0, +1, +2,---). 
This allows me to replace n by X, in Miss Cartwright’s theorem. 

The generalized theorem is less interesting for itself than for its applications. 
Suppose that f(z) is of exponential type k < z, that ¢(¢) is a non-negative, non- 
decreasing and unbounded function in ¢ = 0, and that for some 6 > 0 (with 
real x) 


nt+é6 


(1) sup o(\ f(x) |) dx < ow. 


—ocn<o 


Then it is obvious that there are numbers A, and A such that |A, — n| < 
gy < 1/(2m’) and | f(A.) | < A for n = 0, +1, +2,---. Consequently, (1) 
implies that f(x) is bounded for real x. In particular, then, a function of (any) 
exponential type satisfying such a condition as 


[ \f(x) |? dx < o, with p > 0, 


or 
z+l 
sup [  log* lf) |dt < =, 
—wcrcwo Yz 


Received August 17, 1939. The author is a National Research Fellow. 

1 Cartwright [1], Pfluger [14], Macintyre [12]. Numbers in brackets refer to the list of 
references at the end of the paper. 

2 Cf. Pélya and Szegé [16], vol. 1, p. VI, line 35. 

3 See [20], p. 67. Cf. also Gelfond [6]. 

4 Paley and Wiener [13], Chapter 7. I have not been able to use the more refined results 
of Levinson [10, 11]. 
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is bounded on the real axis.° A further consequence is that if f(z) is of order 
one and minimum type, and satisfies (1), it is a constant. This includes results 
of several authors’ in which the hypothesis is of the form 


() [_ ets@) paz < @, 


with various special functions g. (The same result follows also from Levinson’s 
theorem [9] that the boundedness of f(A,) implies that f(z) = O(|2|*), |z| > @, 
for some A, provided that | A, — n| < a, and |A, — Aw | 2 6 > Oforn ¥ m.) 
The gain in generality from replacing (2) by (1) is considerable, since (1) fails 
only if f(z) has too many large values, while (2) may fail merely because f(x) 
has too many values bounded from zero. 

I also apply my interpolation formulas to obtain and generalize some of the 
results of Plancherel and Pélya [15] of the types 


[se rae s 46») & sor, 


ZX lied? s AG, p) f° |ple) Pax 


(see Theorems 3 and 7). 

As an extra application of a uniqueness theorem which I have to prove, I 
give (in §9) a new proof of a theorem of Levinson [11] on the closure of {e"*}, 
and a discussion of the analogue for such sets of functions of the Weierstrass 
approximation theorem. 

I use throughout the convention that A, A(p), etc., denote numbers de- 
pending only on the indicated parameters, but in general varying from one 
occurrence to another. Numbers denoted by other letters preserve their iden- 
tities until explicitly redefined. 


1. THeorEM 1. Jf 
(1.1) fie) = [ e** da(t) 0 <k<n), 


5 For the first condition, see Plancherel and Pélya [15], p. 124. Added in proof: A. C. 
Schaeffer has communicated to me a very simple proof, obtained independently, of the 
boundedness of a function of exponential type satisfying (2) with any non-negative ¢(z) 
whose inferior limit as z —~ © is positive. His method of proof does not appear to be 
available under more general hypotheses such as (1). 

6 Paley and Wiener [13], p. 13; Siegel [17], p. 323; Iyer [8], p. 296; Plancherel and Pélya 
[15], p. 125; Boas [2], p. 278. To prove S. Bernstein’s theorem that an entire function of 
order one and minimum type, bounded on the real axis, is a constant, one may (for example) 
apply Bernstein’s inequality for the derivative of a function of exponential type (see 
Pélya and Szegé [16], problem IV 201, vol. 2, p. 35). 
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where a(t) is a function of bounded variation on (—k, k), then 


(1.2) fle) = Sine FH (—D"S(n) sin {(n — bY — n)} 


a(x — k) n=—w (z — n)? 
We define Q(t, z) by 





eitt (-k <t<h), 


Qt, z) = izt izt( —2wriz t—k 
eo + e'(e — 1) Wr — hb 


If B(t) = a(t) on (—k, k), and B(t) = a(k) on (k, 2x — k), we then have 


(k StS 2r—k). 


2x—k 


(1.8) f(z) = , Wb 2) aB0. 


We now form the Fourier series of Q(¢, z), as a function of 4. We find that the 
coefficient of e'"’ in this Fourier series is 


ain (—1)" sin wz sin {(# — k)(z — m)} 


a(x — k)(z — n)? 


Since the Fourier series is uniformly convergent, we may substitute it for its 
sum in (1.3) and integrate term by term. Noting that 


. e™* ag(t) = fin) (n = 0, +1, 42, ..-), 


we obtain (1.2). 
We now extend Theorem | to more general functions. 


THEOREM 2. If f(z) is an entire function of exponential type k < x, and if 
(1.4) |f(n)| <K (n = 0, +1, +2, ---), 
then (1.2) holds. 

We define numbers b, by 


w=7O, 6, =f =10. 
Then by the Riesz-Fischer theorem there is a function A(t) « L?(—-2, ) such that 


b= [ e™* h(t) dt (n = 0, +1, 42 «..). 


Let H(z) = [ e**h(t) dt. Simple calculation shows that 


(1.5) | H(re®) | < e(r)e™, 


where ¢(r) = o(r) asr— ©. The function H,(z) = H(z) — z‘{f(z) — f(0)} 
also satisfies (1.5); and Hi(n) = O for n = 0, +1, +2,---. By a theorem of 
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Valiron,’ H,(z) = c sin xz. It is clear that ¢ = 0 since, as | y| > ©, H,(ty) = 
o(e'”') and sin riy = Q(e"!"'). Thus H(z) = z“{f(z) — f(0)}. H(z) is there- 
fore of type k, and consequently h(¢) is almost everywhere zero on (—x, —k) 
and on (k, 7). That is, we have 
k 
m fiz) =f) +2 [. eh) dt, h(t) eL*(—k, k). 
k) There are functions h,(t), each of bounded variation on (—k, k), such that 
hk) = h,(—k) = 0, and® A(t) = Lim. A,(t). If 
; a 
fz) =f) +2 [, eth, (t) dt, 
we have 
the Pos 
(1.6) fle) — fue) = 2 [ e*{h() — hi} dt 0 
k 
asv— ©, foreach z. We note that 
, y(n) — f(0) ? 
its KO) f+ Y [LO -SO| 
n x0 | n | 
(1.7) . ‘ 
= 2 [ \h(o Patan [ |h(t) 'dt (vy &). 
e k 
Now 
k - k , e 
felz) = fO) +3 [ e' dh, (t) = ¢ e** ahi (1), 
k 
where h; (t) = ih,(t) + f(0) sgn t. By Theorem 1, 
), ° 2 ° 
_ sin wz (—1)"f,(n) sin {(r — k)(z — n)} 
f(z) = a(x — k) 2 (ga = nn)? ; 
Write 
_ sin xz = (—1)"f(n) sin {(r — k)(z — n)} 
am Tt ' 
" Then if z is fixed and N > 2|z|, 
N ° ° pan k = 
) a(x — k) | g(z) — f,(z) | < 2 | f(n) — f,(n) | | sin mz “in i oe n)}| 
4 pone | f.(n) | | f(n) } 
vo Pn n? 7 zy n? 
= S, + 4e°'"!(g, + 3), 
say. 
} 7 Valiron [19], p. 204. Lemma 7, below, contains Valiron’s theorem as a special case. 
of 8“) i.m.’’ means “‘limit in the mean of order 2’’. 
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Evidently S; — 0 as N — . The same is true of S:, uniformly with 
respect to v, since 


{ 5 Ineol gy Ineo 52 2, 
jnjay |njay a 


n? n= injenn 


the first sum on the right is uniformly bounded, by (1.7), and the second ap- 
proaches zero. For fixed N, 8S; — 0 as vy > &, by (1.6). 
Since f,(z) — f(z) and | g(z) — f(z) | +0, g(z) = f(z); that is, f(z) satisfies (1.2). 
Miss Cartwright’s theorem is an immediate consequence. For, if | f(n) | < K, 
f(z) is represented by (1.2), and we obtain 


K {z]—1 = 1 
If@)|s aw. * a} np t 7M 


B(k)K, 


IIA 


with’ 


vs 
2. We can use Theorem 2 to establish a theorem which includes some results 


of Plancherel and Pélya connecting > | f(n) |? and / | f(x) |? dx. 


THEOREM 3. Let B(x) be a non-decreasing function defined on (— ©, ©) such 
that B(x + 1) — B(x) S$ B < ~. Let y(t) be a non-decreasing function defined 
on (—6, 6),6 > 0. If f(z) is an entire function of exponential type k < x, and 
p = 1, then 


‘ P BiC(k, 8)\” $f f° p 
(2.1) 8 | f(x) | dp(x) Ss (6) — y(—8) 2 [ \f(n + t) | dy(t). 


We may take 


C(k, 8) = a(—— +5+3). 


Before proving Theorem 3, we notice two of its interesting special cases. 
(i) Let B(x) = 2, y(t) = sgn t. The result is” 


A 


(22) [. \9@) Paz = (00, 01D igen? 


* Cf. Macintyre [12], p. 5, where a rather more elaborate B(k) is obtained. 
10 Plancherel and Pélya [15], p. 120. 
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(ii) Let y(t) = t, 6 = 4; let B(x) be a step function with unit jumps at points 
x, such that no interval of unit length contains more than B of the z,’s. Then 


i) 


bed i 
DX lao? s Bick, yy? Lf ism+olrae 


(2.3) r 
< BIC, Dy [ se) Pac. 


The restriction to functions of type less than + can be removed. For, if f(z) 

is of type c, g(z) = f(}2z/c) is of type 37, and we can apply (2.3) to g(z) with 
. * 7 ° 

points z, = 2czr,/r. We obtain 


(2.4) Isle)? s K(B,e,p) [ |sla) Pras, 


n=—o 


xaen =" (5) +sG+af. 


A similar result has been established by Plancherel and Pélya," under the condi- 
tion | 2, — tn| 2 d > 0 (n ¥ m); they obtain 


8 
K(B, c, p) —_ xd? pe 


with 


(oP? — 1). 


We now prove Theorem 3. We suppose that the right side of (2.1) is finite. 
This implies that >> |f(n + #) |? converges, except perhaps for a set of 
measure zero with respect to y(t). Consequently, for ¢ not in this set, the 
numbers f(n + ¢) are bounded with respect to n, and we can apply Theorem 2 
to the function f(z + n + #) for any integer n. Writing (2.1) with z = z — é, 
|2| < 3, and |t| S 4, we have 


et mr std Tio +ntolh 


p 
’ 


where 7, = 1 for [} — 6] — 2 S » S [§ + 4] + 2, and 


1 
~ ele = BIG + sen = oF 


¥ 


for other values of v. Integrating this inequality over (—é, 6) with respect to 
y(t), and applying Minkowski’s inequality,” we obtain 


C2 6 I/p) P 
n® vd etmrs{d 7 (f iso+ntorao) 


1 Plancherel and Pélya [15], p. 126. 
2 Hardy, Littlewood, and Pélya [7], p. 148. 
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Write 

MeL = {gay [se + oreo} 
Then 
(2.5) lffa+n)|? s = T,Mrf(v + ml}. 


} 
Since [ dB(x + n) < B, we have from (2.5) 


4 20 P 
@0) fife +m Pape +m) 5 BLE Templo + ml}, 
Now 


oo 


n+} 2 
S [ine + mirage +m = Sf ise rage) = [ise (rasce) 


n=—o n=—eo 


If we sum both sides of (2.6) with respect to n and apply Minkowski’s inequality, 
we therefore have 


2 cs CJ 1/p\ p 
|f(z) |? dB(x) = Bi > 7, ( De MPLfy + ml) \ 


(2.7) , ergs 
<B i= r.} DL Melsn)]. 


A simple computation shows that 


. 2" >. 
2 Ss 5G tp t B+ 
substituting this in (2.7), we have the result of Theorem 3. All the formal 
inversions of limit operations are justified by Fubini’s theorem. 

Slight modification of the proof gives us (2.1) for p > 3, but with an A(k, 6, p) 
instead of {C(k, 6)}”. It would be possible, by altering (1.2) to make it converge 
more rapidly, to obtain a similar result for any positive p; in the special cases 
(i) and (ii) this result has been obtained (by a different method) by Plancherel 
and Pélya. Both Theorem 3 and its generalization to all p > 0 are contained, 
in a rather less exact form, in Theorem 7. 


3. To discuss functions bounded at points A, , we shall need several lemmas on 
the entire function 


(3.1) (2) = (2 — do) I (1 _ 2) - 2), 


An 
We suppose that 
(3.2) |A, —-n| 35 (n = 0, +1, +2, ---), 
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where 0 < 6 S 3. If 6 = 4, we suppose that no two X,’s are equal; this con- 
vention is adhered to throughout this section. It is convenient to write u, = 
—d_, (n > 0) and ¥(z) = (z — Ao) ¢(z), so that 


0-04) 


It is possible to estimate the product in (3.1) directly; however, we shall 
estimate it only for special values of z, and extend our estimate to general z 
by using Phragmén-Lindeléf theorems. This procedure is less straightforward, 
but avoids some unpleasant elementary calculations. 


Lemma 1. For|y| = 1,|¥(iy)| s Aly |*e"™™. 
We have 


(0D heGeye(+ eta) 
| . 7” * J Rade © tae (n — 52) 


Hence 


| p(y) | < IT(: + ina) 








If|y|2 1 
y 2 
log | e(iy) | — log seb s ,s {log (1 + ¥)- log (1 + v’)} 
my n=l (n — 6)? n? 
2 <- 1 ae 1 n* 
st 2 (Gly mere 
< 1 
2 2 
= 2's Le ry +y) +9" & (n — 6)?(n? + y’) 
s44+0> 1 40> = 
? 7n—1 wwe (n + | y|)(m — 1) 
< A+ 2 log |y|.” 
Thus 


|oliy) |S Aly Pe", 

| W(iy) |S Aly Per. 
Lemma 2. For — ~ <2 < ~and|y| 31,|\¥(x2+%y)|< 
We first consider points z = x + 7, with 2 S z S$ 3. 


13 y/(n? + y?) S$ 1/(n+y)if0 Sy <n. We recall our convention about A’s, stated at 
the end of the introduction. 
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Then 

(33) Ive) | = |2 — 26 IT |1 - 

When n 2 4,A, 2 x + 3, and 

taf =(1-2)+55|1-221) 
n n 


since (1 — 2/d)* + \°’ is an increasing function of \ if z > 2 and \ = x + 3. 
The inequality 





(3.4) 











(3.5) 1+ 


' Mn 


n—1| 





#\eli4 221] 


is evident. Using (3.4) and (3.5) in (3.3), we have 














=r | 
wel s4 T+ Fal) 555] 
. z’| _ , |sin xz| 1 
sll i-3 ™ oe apicier 
(3.6) ly@ + ‘se =A (2523). 


When m is an integer, the functions ¥»(z) = ¥(z + m) are products like (3.1) 
with zeros XS” = Angm — m satisfying |S” — n| < 6. Hence the pm(z) 
satisfy (3.6). But (3.6) for pm—2(z) states that | ¥(z + m — 2 + i)| S A for 
2< 2 53,orthat|¥(x+7)| S$ Aform S24 Sm+1. Since this is true for 
every m, | ¥(x + i) | S A for all z; since ¥(z) is of order one, | (x + iy) | < A 
for | y| < 1, by the Phragmén-Lindeléf theorem for a strip.” 


Lema 3." For all x and y, | (x + iy) | < A(L+|y |)"e7!"!. 
We apply Lemma 1 to the functions ¥»(z) defined above, and deduce that 


(3.7) | v(m + iy)| < Aly |"e™™, ly|2 


Now consider the functions 


¥(z) 
(z — m + 1)” exp [—iz sgn y] 


in the strips m S$ x S m+ 1,|y|{ 2 1, taking the branch of (¢ — m + 1)” 
which is + latz = m. For|y| =1,|om(z)| S$ A,byLemma2. For|y| 21 
and z = morz = m + 1, |wn(z) | S A by (3.7). By the same Phragmén- 
Lindeléf theorem as before, | wm(z) | S A for|y| 21,mS2S5m-+1. Con- 
sequently | ¥(z) | < A|y|"e"'”! for|y| = 1; this, combined with Lemma 2, 
gives the result of Lemma 3. 





wm(z) = 


“4 Titchmarsh [18], p. 180. 
16 Levinson ({10], p. 925) proves that |y(z)| < A(1 + |z|)e”!!, if 6 < }. This is not 
quite enough for our purposes. 
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Lemma 4. For|x|< 1 and|y| = 3,| (x + ty)| = Aly|7e™!™. 
This will be used in the proof of Lemma 6, which will supersede it. 
When |z| < 1 and|/y| ={z]| + 6, 


2 2 2 2X2 2 2 

zZ z e= el te) ( r—*) 

1——|/1 >(1 =(1 . 
+= = ( + = > + asi 


Consequently, when | y| = 3, 


iy = 3) 


iv(x + iy)| = Aly| IT (1 - (n+ 1)? 


si — 2)} 
jal . sin {xi(| y | , | 
lvl yl — 31+ dyl— DF 
= Aly|*e"!"!, 
Lemma 5. For|y|2= 3,|¥(iy)| => Aly|™e7!”!. 


We have 


° . 2 
_ - Wis ee 2% 
i An 7 Kn 2t+ (n + 6)?’ 
riyeiy)| . ¥ ( y ) bg ( vy} 
log sin riy | = > {log hd (n + 6)? log \ a: J 
2 ~ 2n + 6 
= — dy aa 9 9 
n=l n?{(n + 5)? + y*} 
< 1 


a 2 
2 A aE 


= —A — Blog |y|, ly| 23. 


Hence 


|eCy) | = Aly [| SEY | 
ree | wy | 


| v(iy) | = Aly | Pe"™™!, ly| = 3. 
Lemma 6. For|y| = 3,|¥(z)| = Aly| er". 
Consider again the functions ¥,(z) = ¥(z + m) (m = 0, +1, +2, ---). 
By Lemma 5, applied to ¥»(z), 
(3.8) |y(m + iy)| 2A ly | mer! (|y| 2 3; m = O, +1, +2, ---). 


16 Levinson (loc. cit.) proves that lv¥(z)| >Aly|a+ |z|)~te™I™l, if6 $3. Wecould 
get along with this weaker inequality at the expense of additional complications in the 
proof of Lemma 9. 
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By Lemma 4, 


(3.9) | ¥(2 + 3i)| > 3 Ao™ = ADO (-—2 <2 < o); 
and, by Lemma 4 applied to ¥»(z), 
(3.10) | v(m + 2+ iy)| > Alylre™™, |z| <1. 


The functions 


where we take the branch of ( — m + 1)” which is +1 at z = m, are regular 
in the strips m S x S m+ 1,| y| 2 3; are bounded by an A on the boundaries 
of the strips, because of (3.8) and (3.9); and are O(| y |? ”) as | y|—> @ in each 
strip. Hence, by the Phragmén-Lindeléf theorem for a strip, |w(z)| < A 
throughout each strip, and the conclusion of Lemma 6 follows. 

4. We use Lemma 6 to generalize Valiron’s uniqueness theorem (which we 
used in §2); our proof follows the same lines as Valiron’s. 

Lemma 7. If H(z) is an entire function such that 


(4.1) | H(z) | S Ke™""(1 + | y|)™ 0 <8 <}), 


and if H(X,) = 0 for n = 0, +1, +2, --- , where |’, — n| S 6 and, when 6 
= 3, no two X,’s are equal, then H(z) is a constant multiple of p(z). 


Because of Lemma 5, we obviously have the following corollary. 


Coro.uary. If the K in (4.1) is replaced by an e(y) which is 0(1) as|y|— ~, 
then H(z) = 0. 


To prove Lemma 7, we consider the entire function #(z) = H(z)/¥(z). We 
have 


| d(re”) | < B| ese @| exp {xr(1 — | sin 0 |)} 


< 
(4.2) : , . 
< 2B exp {zr(1 — | sin @})}, $n = |0| = 31, 


where B depends on K (and on y and H) but not on r and @. This is a con- 
sequence of Lemma 6 and (4.1) for large r, and trivial for small r. We write, 
for 34 < B < 32, 


Ws(z) = &(z) exp {—7z(1 — sin 8) sec 8}. 
When arg z = +8, (4.2) shows that 
(4.3) | Wa(z) | S 28. 


Hence, by the Phragmén-Lindeléf theorem for an angle,” (4.3) holds for | arg z | 
<= B, so that 


(4.4) | d(re”) | < 2B exp {xr(1 — sin B) sec B cos 6} 


17 Titchmarsh [18], p. 177. 








); 
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for|@| <8. Since (1 — sin B) secB | OasB 71 4x, (4.2) implies (4.4) also for 
tn >02=8. Since B is independent of 8, we may let 8 — $7 in (4.4); it follows 
that 


| b(re”) | < 2B, 0 <|0| < 4, 


and hence, since similar reasoning applies to &(—z), that (z) is a constant. 


5. We now collect the results which we shall need from the theory of non- 
harmonic Fourier series. 


Lemma 8. Suppose that the numbers i, are real, and that|>, — n| SL < 


1/x° (n = 0, 1, +2, ---). 
(i) If f(t) « L?(—x, x), there are numbers b, such that 


(5.1) S@ = Lim. > b,e™, 
(5.2) d |b. s BL) [Iso Far, 


with B(L) = (24) (1 — x1). 
(ii) If >> | b, |? < @, there is a function h(t) ¢ L?(—x, x) such that 


(5.3) , = [ e™* h(t) dt (n = 0, +1, +2, «--). 
(iii) If 
(5.4) ba = [eh at (n = 0, +1, +2, -.-), 


with h(t) ¢ L?(—-, 2), then 


Iba? ACL) [ [aC fee 


n=— 


We apply Lemma 8 (ii) to show that a function of exponential type less than 7, 
bounded at points A, , is as nearly as possible a finite trigonometric integral. 


Lemma 9. If f(z) is an entire function of exponential type k < x, and if the 
numbers f(\,) are bounded, where d, is real, » = 0,| An — n| S L < 1/z’, then 


(5.5) fie) =f) +2 [ eh(t) dt, h(t) e L*(—k, b). 


18 Paley and Wiener [13], pp. 108, 100. 
19 Boas [3]. 
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We define numbers b, by 


m=O); b= AIIM @ = 41, 42,...). 


n 


Let h(t) be the function, whose existence is assured by Lemma 8 (ii), such that 


— [ ono dt, h(@eLX(—z,n), 


and let 
(5.6) H(z) = [ e** h(t) dl. 


Then, for a suitable number c, the entire function 


F(z) = : (He) _ Fle) — FO) _ ute} 


Zz 


has a zero at each A, (¥(z) is the function defined by (3.1)). By Lemma 3, we 
have, for some C, 


| F(re®) | < Ce" (1 + oro. 
Since 2(1 — x *) >  ’, F(z) satisfies the hypotheses of the corollary of Lemma 7, 
and hence vanishes identically, so that 


6.7) H(z) — £192) — $(0)} = ev(2). 


But c must be zero, since 


r r a ® 4 
| H(iy)| < [ e™ | h(t) |dt < ( [ eat) ( [ | h(t) Pat) 


= O(ly Pe"), ly|— @; 
while, by Lemma 5, 
Wi) = Ay "Pe", ly|> , 
and 24” < }. 
Since c = 0, (5.5) follows from (5.7) and (5.6). 
6. We can now prove 


THEOREM 4. Let the numbers X,, be real, \)» = 0, and 


(6.1) Terr ppc (n = +1, +2, .-.). 


T 





fe 
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For each non-negative integer r there exist functions c,(z) and R,(z) such that if 
f(z) is an entire function of exponential type k < mw and the numbers f(d,) are 
bounded, then” 


(6.2) fe) = DO ele)fra) + 2 RiledfO), 
(6.3) Pod | n™**¢,(z) |? < a erivl(y + |z re, 


The functions R ;(z) are independent of f(z) (but depend on the dx). 
Suppose first that f(z) is of the form 


(6.4) fi) = [. e'** dalt), [laa | <o. 


Let F(z, t) = e**‘g(t), where g(t) = 1 on (—k, k), 9°” (0) is the integral of a function 
of L?(—x, x), and g(x) = g(—x) = Ofors = 1,2,---,r+1. Then 


at F(z, t) _ oe’ 3 # alc z)g (340g), 


and belongs to L*(—7, x). By Lemma §8 (i), 











a”? iat 
a F(z, t) = Lim. Das (ze 
with 
C) . a” 
D ine? s Ba [7 re, of ae 
(6.5) . 
s Ate a + Leh 
Hence 
Fz,)= > ° = 43 (t — u)"e™* du 
(6.6) a, of ' 
_ (t+ por ba(zver™ |S, ita Yo Ail’ 
(r+t bole) + x @ye * ZX means » Nn 


By (6.5) and Cauchy’s inequality, the series on the right converge absolutely 
and uniformly (for fixed z). We may therefore replace F(z, t) by the right side 
of (6.6), and integrate term by term with respect to a(t). Since f(z) = 


[ F(z, t) da(t), we obtain (6.2) with c,(z) = ba(z)(iAn)” ; and (6.3) follows 
from (6.5). 


20 ry omits the term for which n = 0. The c,(z) and R;(z) depend, of course, on r. 
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We now consider the general case. By Lemma 9, f(z) has the representation 
(5.5). Take functions h,(t), each of bounded variation on (—k, k), such that 
h,(k) = h,(—k) = 0, and h(t) = Lim. h,(é). If we set 


| eed) 


k 
k 


fAz) = fO) +2 [ e*h,(t) dt, 


then f(z) — f(z) > 0 and f” (0) — f?(0) -0 asy— ~, forj = 1,2,---. Now 


$2) = $0) +i [ e*ah@ = [ e*ant0o, 
he(t) = $(0) sgn t + th,(0). 


Consequently, as we have just shown, f,(z) satisfies (6.2). Since the numbers 
f(An) are bounded, we can form 


ca 


r+l1 
g(z) = Py en(z)f(An) + > R,(z)f (0). 
Then 


r+1 


lo) — $2) S DIR |1F?O) - FO) | 
+ 7 | en(z)f(rn) | + en | en(z)f,(An) | 
+ De, Lente) | 1F 0) — F40n) | 


= & +8: + 8& + 83. 
For fixed z, 8S; ~O0asN— ©. By Lemma §&8 (iii), 


 ¥ | Xn Cn(2) |? . F.(rn) P 


|n|>N jnj>v| An 


A(L) XS |rncate) ? [|Add 
|n|>N k 


S3 


IIA 











IIA 


Since h(t) = L.i.m. h,(é), there is a number B such that 
k k 
[inoras Bf \nopa © =1,2,.-92 
k k 


hence, by (6.3), Ss — 0 as N — , uniformly with respect to v. For fixed N, 
So— Oand 8; ~Oasvy— «. Hence 


g(z) = lim f,(z) = f(z); 
that is, (6.2) holds. 


21 Unless h(t) = 0 almost everywhere, when there is nothing to prove. 
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7. We can now establish our generalization of Miss Cartwright’s theorem. 


TuHeoreM 5. If f(z) is an entire function of exponential type k < x, and if 


(7.1) | f(An) | 2 K (n - 0, +1, +2, vn -) 
where the d, are real and |, — n| S L <1/(2r°), then 

= A(k)K 

(7.2) | f(x) | Ss 1 — x(2L)! (— o<r<c oc), 


For any integer m, set AX”? = Angm — Am. Then 
[ag — n| =| Anim — (1 +m) — (Am — m)| SQL < ho” = 0. 
We take the \},”’ as the A, of Theorem 4, and apply Theorem 4, with r = 0, to” 
fm(z) =fle+Am) sin’, €=}(4—h). 
We obtain, using Cauchy’s inequality and (6.5), 


A(k)K 


\f(@ +it+ rn) sin’ {ee +i)}| SK = lea +t)| S i— QD" 


n=— 


for |x| < 2. Since | ese” {e(x + i)} | = A(e) > 0, we have 


, A(k)K 
OF cncmanaseae 2 ° 
or 
‘ A(k)K me 
lf +91 S > api (-x~ <2 < ~). 
By a Phragmén-Lindeléf theorem,” 
A(k)K a 
| f(z) | < 1 — x(2L)) ( eo <2z< ©), 


and this is the desired result. 


8. Theorem 5 implies the following apparently more general theorem. 
THEOREM 6. Let g(t) be a non-negative, non-decreasing, unbounded function 
int=0. If f(z) is an entire function of exponential type k < mr, and 


n+é 
(8.1) sup o(|f(z) |)dx = K < aw, 
—wocn<eo n—€ 


with 6 = 0, « = 0,6 + € > O, then f(z) is bounded on the real azis. 


22 The device is Pfluger’s ([14], p. 313). 
2% Titchmarsh [18], p. 180. 
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More generally, if |» — n| < L < (2n°)"', and a(x) isa non-decreasing func- 
tion having a point of increase in | x | < 6 < (2n°)~' — L, then 


5 
(8.2) sup J, o(|f(z + d,.) |)da(z) = K < & 
—oOcn<o 
implies 
A(k) ~] K 
s s : 
(8.3) _Sup S01 8 poe + epi? = = a} 
(where the largest value of g *{---} is taken if g does not have a single-valued inverse). 


When g(t) = tand a(x) = sgn x, we have Theorem 5 again. 
A special case is that f(z) is bounded on the real axis if it is of (any) exponential 
type, and if for some 6 > 0 


x+é6 
_ [ e(|f(a) |) dx < «; 


—wcX< 


and a still more special case is that a function of exponential type is bounded on 
+ sp24 
the real axis if 


fF e(|f(a) |)dx < a, 


If (8.2) is true, there are necessarily points yu, such that | uw, — A, | S 4, and so 
| Mn —n|S6+L< (2x°)*, and 


K 
olla) DS pe 9. 
Then 
—] K 
hoo) |S aay ata) 


and (8.3) follows from Theorem 5. 
In particular, if (8.1) is satisfied, and 6 < 35, €« < »'5 (which involves no real 
loss of generality), we have L = 0, and 


sup i) 540) _ sup ost. [” otiso dah. 


—a<c reo 


We may express this by saying that f(z) is bounded on the real axis if it has an 
average which is bounded near the integers. 


We now establish a generalization of Theorem 3 in which n is replaced by 
An, and p > 0 instead of p = 1. 

THEOREM 7. Let B(x) be a non-decreasing function defined on (— 2%, ~), 
such that B(x + 1) — B(x) S$ B < ~. Let y(t) be a non-decreasing function 


* For g(t) = ?, p > 0, this was proved in another way by Plancherel and Pélya ((15], 
p. 124). See also footnote 5. 
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defined on (—6, 5),6 > 0. Let Xx be real, and |>, — n| SL < (2°). If f(z) 
is an entire function of exponential type k < x, and p > 0, then 


a 1/p 
{iste rasta} 


8.4 
_ - Ak, J <A emt , 
= 1 — x(2L)! n=—0 ¥(6) — = ~6) 


If p = 1, the functions A(k, p) and A(p) may be taken to be independent of p. 


[110.40 ravo}” 


The special case B(x) = 2, y(t) = sgn ¢ (corresponding to (i) of Theorem 3) is 
particularly interesting. The analogue of (ii) of Theorem 3, however, gives us 
nothing new. 


If the right side of (8.4) converges, = \f(A, + t) |? converges for almost all ¢ 


on (—é, 4) (i.e., almost all with respect to y(t)). We confine our attention to 
values of ¢t for which the series converges. 

We write A” = Angm — Am (m, n = 0, £1, +2, ---), and fn(w) = f(w + 
Am + ¢)(sin fw)’, where r = 2 + [1/p], and ¢ = (# — k)/(2r). We apply 
Theorem 4 to f»(w), taking the \{”’ for the , of Theorem 4, and then putting 
w = z — t, where |t| S$ 6, |x| S$ 14+ 46,/y| <1. If cs” (w) is the function 
c,(w) associated with \;””, we have, using (6.5), 


\fm(w) | S 2 le (w) [I fm(ri”) | 
(5 leo" YZ AO 


A(k, r)(1 + | wl)” sr |fn(as”) | 
1 — x(2L)! vs > a zs 


IA 


(8.5) 





IlA 


When z is on the boundaries of the rectangles defined by 


ly| £1, e-t-"s (n=0,+1,+2,---), 


we have | sin ¢(z — t)|"" < A(r, k) = A(p, k). For such z, we may drop the 
factor | sin ¢(z — @) |’ from the left side of (8.5); the resulting inequality, by the 
maximum principle, holds inside the rectangles as well. Consequently we have, 
for|zx| < 1, 

A(k, p)(3 + 6)’ >'| kee? + 


(8.6) |f(@ + Am) | = — 1 — x(Q2L) , I" 





If p = 1 (when r = 2), the rest of the proof is almost identical with that of 
Theorem 3, and is omitted. We now complete the proof in the case 0 < p < 1. 
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We take the p-th power of both sides of (8.6), apply Jensen’s inequality to the 
series on the right, and integrate over (—6, 6) with respect to y(t). The result is 


ty 
[f(z + rm) |? S Alk, p)C? Do’ |» |”? i |fQram + 0 |’ dy), 


where 


(lle 
{1 — w(2L)*} {y(6) — y(—4)} 
Then 


[ee ate) sf gle + rn) [PaBle + 2) 


m=—oo 


IIA 


2 . 1 é 
A (k, p)BC* p> > | y |(r+De [ | fr+m + t) |’ dy(t) 


m=—2o 


lA 


C 6 
A(k, p)BC? >> / |f(Am + t) |? dy(2). 


m=—o 


This completes the proof. 


9. As an additional application of Lemma 7, we prove a theorem of Levinson’s 
iAyt 
on the completeness of {e""’}. 


TueoreM 8.” Jf|d, — n| < (p — 1)/(2p), the functions {e*'} (n = 0, 
+1, +2, ---) forma complete set in L’(—1, x) (1 < p < «).” 


The set {e""} is, by definition, complete in L’ if any f(t) ¢ L’ such that 
(9.1) [ eso a = 0 (n = 0, 1, +2, ---) 


is zero almost everywhere. Suppose that (9.1) is satisfied, and set 


r 


H(z) = [ e** F(t) dt, 


so that H(A,) = 0. We have, for | y| = 1, 


\H@ + iis [eso lat 


< ( [ FLO) rat)” ( a mat) (0 ~ Dp : :) 


< Bl y we 


28 Levinson [11] proves a still more precise theorem. 

*6 The theorem remains true when p = , and the same proof establishes it if expressions 
involving p are interpreted according to the usual conventions; we must, however, assume 
not only that | An — n| S } but also that A, ¥ Any (n = 0, +1, +2, ---). 
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with B independent of z and y. Lemma 7 shows that H(z) = ef(z), where 
y(z) is defined by (3.1), with the given A,’s. By Lemma 6, | ¥(x + 37)| > A>0 
(-2e <2<o), Hence, ifc #0, 


| H(x# + 31)| > Ale|>0 (-2x <2 < ~), 
But, by the Riemann-Lebesgue theorem, 


H(z + 3i) = [ ee *"* F(t) dt > 0, |a|— ow. 


Consequently ¢c = 0, H(z) = 0, and so f(t) = 0 almost everywhere. 

Another way of expressing Theorem 8 is to say that the set {e”"‘} is closed in 
L’ if |\, — n| S (2p)" (1 < p < &). That is, any function of L?(—7, x) 
can be approximated, in the metric of L’, by linear combinations of elements of 
the set. This leads one to ask whether the set {e”"‘} possesses a ““Weierstrass’s 
theorem”: that is, whether every continuous function can be uniformly approx- 
imated by linear combinations of the e®*‘. Since, as Levinson has proved [10], 
the formal development of (in particular) a continuous function in terms of the 
e*' is equisummable with its Fourier series, if |’, — n| < 6 < }, it follows 
that on any interval (—7 + ¢«,  — ¢), « > 0, a continuous function can be 
approximated uniformly by linear combinations of the e®™ (if|A, — n| < 
5 < }). However, a little more than this is true. We shall prove 


THEOREM 9. If|A, — n| S { and e > O, any function continuous in —x S 
t < x — ecan be uniformly approximated by linear combinations of thee”. 


This rather curious result of course neither implies nor is implied by Levinson’s 
equiconvergence theorem. 

Any function continuous in (—, * — e€) can be uniformly approximated by 
linear combinations of the e”"’ provided that 


(9.2) . ec da(t) = 0 (n = 0, +1, +2, ---), 


_- 


with a(t) of bounded variation on (—z,  — e), implies that a(t) differs from a 
constant at most on a countable set.” 
Suppose that (9.2) is satisfied, and set 


H@)=[ edad. 
Then H(z) is an entire function vanishing at z = A, , and 
|H@+iy)|se™ [ — |dalt)| s ce™, 


say. Consider the entire function 
_ H(z) — hy) 
G(z) = . kh ’ 


27 See Banach [1], p. 73, where the result is stated in a different (but equivalent) form. 
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where h = H’(Xo)/¥’(Ao) is chosen so that G(Ao) = 0. Then G(d,) = 0 for 
n = 0, +1, +2, --- , and 





C+Ah\|(1 + Ly pata 


Y 2 < 
|G + iy)| s =k) 
= O(ly te"), ly|— @. 
Consequently, by Lemma 7, G(z) = By(z) for some B, and 
(9.3) H(z) = (Biz + B2)p(2) 
for some B, and B, . 
Now if y < 0, 
(9.4) \H@y)|s [  &*"|da()| s [ \aa(t) |. 


But by Lemma 5, y(iy) = 2(| y [*e""'), | y | > &, and so H(iy) = 2(| y |*e"™), 
by (9.3), unless B, = Bz = 0. But (9.4) shows that H(iy) = o(| y |e") as 
y— — «;therefore B, = B, = 0, and H(z) = 0. Consequently a(t) is constant 
except at most on a countable set,” and the theorem is proved. 
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FUNCTIONS OF SEVERAL VARIABLES AND ABSOLUTE 
CONTINUITY, I 


By J. W. CALKIN 


Introduction. We are concerned in this paper with certain properties of real- 
and complex-valued functions of n real variables which are “potential functions 
of their generalized derivatives”—a concept introduced by G. C. Evans [2, 3]' 
for functions of two variables and readily extended to the case of n variables, 
nm = 2. We shall call these functions merely functions of class 8, sacrificing 
in the interests of brevity the descriptiveness of Evans’ terminology. 

While the results which are described here are not without intrinsic interest, 
their chief importance for us lies in the uses to which they are put in researches 
to be described in subsequent papers: the author of the present paper has found 
them necessary for the study of partial differential equations by means of the 
theory of transformations in Hilbert space and the author of the following 
paper, Functions of several variables and absolute continuity, II (C. B. Mor- 
rey, Jr.) has found them necessary for certain investigations in the calculus of 
variations. From the point of view of both of these branches of research, 
the importance of functions of class $ lies in the fact that they arise in the 


following way: Let {fi(x1 , --- , 2x} be a sequence of functions (real- or complex- 
valued) of class C’ on an open set G in n-dimensional space, and let the sequences 
{fe}, {Ofz/dx;} (j = 1, 2, --- , n) converge in the mean of order p (p 2 1) on G. 


Then the limit (in the mean) f of the sequence {f,} is of class $ and the limits 
of the sequences of partial derivatives are the generalized derivatives of f in 
the sense of Evans. This result gives rise to several interesting questions. 
Most important, while the function f described above can evidently be arbi- 
trarily defined on any set of measure zero, and thus cannot be expected to have 
partial derivatives in the ordinary sense, it is natural to seek to use this very 
freedom to redefine the function on a set of measure zero so as to obtain a 
function in some sense differentiable. It is shown below that the problem 
which arises in this connection has an entirely satisfactory solution; any func- 
tion of class $ is equal almost everywhere to a function fo which has the following 
property: on almost all lines parallel to the 2z;-axis and intersecting G, fo is 
absolutely continuous on every closed interval interior to G (j = 1, --- ,n). 
Functions of class $ which have this property are introduced below as func- 
tions of class $B’. 

We may also mention here that the convergence theorem stated above remains 
valid if the functions f;, are required merely to be of class $8, and the sequences 
of derivatives are replaced by sequences of generalized derivatives. This im- 

Received September 12, 1939. 

1 Numbers in brackets refer to the bibliography at the end of the paper. 
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portant “closure” property of the class $ together with related “compactness” 
properties is fundamental for the application of certain topological methods in 
the calculus of variations for multiple integrals and for the use of the theory 
of Hilbert space in the study of elliptic partial differential equations. Further- 
more, coupled with the result mentioned concerning the differentiability prop- 
erties of functions of class %, it suggests that the class 8’ may, in many branches 
of analysis, properly be regarded as the analogue, for functions of n variables, 
of the class of absolutely continuous functions of a single variable. It is to be 
emphasized, however, that a function of class $’ is in general neither absolutely 
continuous in the sense of Tonelli nor equivalent to such a function. 

Apart from the introduction, the present paper is divided into five sections. 
In the first, various notational and terminological conventions are introduced, 
and in the second a few facts are summarized which play an important aux- 
iliary réle, but which lie outside the central train of thought of the paper. In 
§3, we prepare the way for the introduction of functions of class 8 which are 
characterized by identical conditions with respect to each of the coérdinate vari- 
ables, by studying in detail the implications of this condition for a single co- 
ordinate variable. In §4, functions of class 2 and YP’ are introduced and the 
relation of this notion to absolute continuity in the sense of Tonelli is discussed 
along lines essentially laid down by Evans. In §5 the imposition of certain 
integrability conditions on functions of class $ is considered and a variant 
of the closure theorem mentioned above is proved. 


1. Notation and terminology. In order to keep our exposition reasonably 
concise, we now introduce certain conventions for use in the sequel. 

In the first place, we shall be dealing throughout the paper with functions 
defined on an open set in n-dimensional Euclidean space; accordingly the letter 
G always denotes an open set which may be either bounded or not, and may, in 
particular, be the entire space. 

Secondly, whenever possible we use the single letter x to denote the Cartesian 
coérdinates (2; , %2, --- , Zn) of a point in n-dimensional space. In accordance 
with this convention, the n-dimensional closed cell, a, S x; S bh}, @2 S mS 


be, +--+ ,@n S Xn S b, is denoted by [a, b] and the integral of a function 
b 

S(t, 2, -++,2%n) over [a, b] by / fdzx. Thus, in general, we write merely 

f(x) for a function f(x, , x2, --- ,2,) defined on G. However, since we some- 


times find it necessary to consider a single coérdinate variable 2; , or one of the 
coérdinate hyperplanes, we supplement this convention with further ones as 
follows: If x = (a, 42, --- ,2n) is a point in n-space, we denote by ay the set 
of codrdinates (21, 22, --- , Ye-1, Tea, *** » Xn), the value of 2, being fixed or 
variable as the purposes of our argument require. Thus if [a, b] has the meaning 


. Uj Ul . . 
described above, [az , by] denotes the (n — 1)-dimensional cell a, S 2; S hi, --- , 
by 
’ 
Qis uss bea, On S Meu S Diz - &® &% & b,, and : Sf dx, 


aE 
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denotes the integral of f over [a; , bi]. Furthermore, if it is desired to consider 
the behavior of a function f(x) with reference to a particular coérdinate 2; , 
or on the hyperplanes orthogonal to the 2,-axis, we write (x; , 2) for x and 
f(xi , tx) for f(z). In particular, if the codrdinates 2; are fixed x, = a; , then 
f(az , %,) denotes the function f(a; , --- , ax » Te, M41, +++ , Gn) Of the single 
variable zx, ; similarly, if x, is fixed, 2, = a, , f(xz, a.) denotes a function of 
the n — 1 variables x; . 

In the preceding discussion and throughout the paper, except where the two 
cases are explicitly differentiated, the functions f(x) considered may be taken 
as either real- or complex-valued. 

Finally, we point out that we use the words measurable, integrable, and related 
terms, to refer to ordinary Lebesgue integration. 


2. Average functions. If f(x) is measurable on the open set G, and if his a 
small positive constant, the function 


zyth Inth 

(an) | em S(&i, «++ , En) dé «++ dén, 
zh In—h 

defined at every point x of G for which the integral exists, provides an extremely 

useful approximation to f(z). We call this function the h-average of f(x) and 

denote it by f(z). For brevity, we write f,(x) in the form 


ath 
(ony | se) ae; 


in further accord with the conventions previously introduced, we replace this 
integral by 


zith pr_th 
/ H(i, Ee) di dé 
zp—h ~2p—h 
or by the similar iterated integral with the order of integration reversed, when- 
ever the occasion makes it convenient. 

The following theorems concerning h-averages find frequent application in 
the following pages. 


THEOREM 2.1. Let f(x) be measurable on G and integrable on every closed cell 
interior to G. Then the function fi(x) is continuous in x on the set where it is 
defined. 


THEOREM 2.2. Let f(x) be asin Theorem 2.1. Then almost everywhere on G, 
lim f,(x) exists and is equal to f(z). 
h—-0 


THEOREM 2.3. Let f(x) be measurable on G and let the integral / | f(x) |? dx 
G 


exist for some p = 1. Let G, denote the set of points x of G such that the closed 
cell [x — h, x + hj is interior toG. Then f, is defined on G, and 


(2.1) [ ine rar s fife) ae. 
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If F is an arbitrary bounded closed set interior to G, there exists a positive constant 
ho such that F © Gy forh < ho , and 


(2.2) tim f [f(e) — fale) [rae = 0. 


Theorem 2.1 is obvious and Theorem 2.2 follows at once from the familiar 
theorem of Lebesgue on absolutely continuous set-functions [8]. Theorem 2.3 
is known; C. B. Morrey has given a proof of essentially the same proposition for 
the case of a real-valued function of two variables [5]. A proof for the more 
general case considered here can be modeled on the latter. 

For further properties of the h-average of an integrable function, we refer the 
reader to a paper of H. E. Bray [1]. 


3. Essentially absolutely continuous functions. For convenience we now 
introduce the formal definition: 

DeriniTIon 3.1. Let G be an open set in n-space and let @ be the 2n- 
dimensional set of points (c, d), c; < d; (¢ = 1, 2, --- , m) such that the closed 
cell [c, d] belongs to G. A class € of cells [a, b] is said to constitute almost all 
cells of G if the set of points (a, b) of G for which [a, b] is not in @ has meas- 
ure zero in G. 

We can now introduce our first fundamental concept. 

DeFiniTIon 3.2. <A function f(x) defined on an open set G@ is said to be es- 
sentially absolutely continuous (abbreviated E.A.C.) in x, on G if the following 
conditions are satisfied: 

(1) f(x) is measurable on G and integrable on each closed cell interior to G; 

(2) there exists a function g,(x) satisfying the condition (1) above such that 
the equation 


(3.1) .: [f(ak , be) — flat, as)) dx = [ ge(x) dx 


holds for almost all cells [a, b] of G. 

If n = 1, we interpret the left member of equation (3.1) to mean f(b) — f(a). 
Thus if n = 1, it is not difficult to see that f(z) is equal almost everywhere to an 
absolutely continuous function and, indeed, the obvious generalization of this 
statement is true for arbitrary n. In order to state this generalization precisely, 
it is convenient to introduce the following definition: 

DeFIniTION 3.3. A function f, which on every closed cell [a, b] interior to G 
is absolutely continuous in z; for almost all fixed values of zy in [ax, by] and 
which is integrable on every such cell together with af/dz;, , is said to be linearly 
absolutely continuous (L.A.C.) in x; on G. 

We shall prove later that any function f which is E.A.C. in z, on G is equal 
almost everywhere on G to a function which is L.A.C. in 2, on G. For the 
present, we confine ourselves to the following result: 
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THEOREM 3.1. Let f be E.A.C. in x, on G and let [A, B] be any cell interior 
to G. Then there exists a function fo which coincides with f almost everywhere on 
[A, B] and is L.A.C. in x, on [A, B]. Moreover, if g.(x) is the function associated 
with f by Definition 3.2, afo/dx. = gx(x) almost everywhere on [A, B). If f is 
L.A.C. on G, it is also E.A.C. on G. 


We first recall that, by Definition 3.2, formula (3.1) holds for all cells [a, 5] 
in [A, B] such that the point (a, b) (a; < b;) does not lie in a set EF of 2n-dimen- 
sional measure zero. Thus if (a; , bg) is not in a certain set E: of 2-dimensional 
measure zero (with A, S a, < bh < B,), we conclude from Fubini’s theorem 
that the set E(a, , b,) of points (az , by), such that (a, b) is in E, is of (2n — 2)- 
dimensional measure zero. Let Z be the set of values of x, for which f(xz , x») 
is not integrable in 2% over [A;, By]; Z is of linear measure zero by Fubini’s 
theorem. Let E2 be the set E3 plus the set of points (a, , b,) such that either 
a, or b, belongs to Z; then Ez is still of 2-dimensional measure zero. Moreover, 
if (a, , bk) is not in E,, the integrals on both sides of (3.1) are continuous in 
(a; , b:) on [Az, Bi]. Thus we conclude that (3.1) holds for every cell [a, 5] 
in [A, B] for which (a, , b,) is not in BE, . 

Now, let @ be a number between A; and B, such that the set of values of b, 
for which (d , 6.) is in Ez is of linear measure zero. Such a choice is possible 
by Fubini’s theorem. Clearly a is not in Z. We now define 


folk, a) = fel, a) + | gulat, Bd dé 


for each az for which g;(xg, 2») is integrable in 2, (this being almost all 2;); 
and define fo = 0 elsewhere. Clearly fo is measurable on [A, B] and A.C. in 2, 
for almost all 2; on [Az, By]. Also afo/dx, exists and is equal to g;(x) almost 
everywhere and is therefore integrable. By integrating the right side of the 
above equation with respect to 2; and using Fubini’s theorem, we conclude 
that fo(az , zx) is integrable with respect to x; for each 2; and that 


lA 


B; Bi B 
[. | fork, rx) | daz S i | f(x, de) jdt + | | ge(x) | dx 
AL Ak A 
independently of z,. Thus it follows that fo is integrable over [A, B] and 
hence that it is L.A.C. on the interior of [A, B]. Also, formula (3.1), with f re- 
placed by fo, holds for every cell [a, b] in [A, B]. Thus if by is not in a set of 
measure zero, fo(xi , b.) and f(xz , bx) are both integrable in xj and 


bi / , bi / / 
/ f(x, bx) dx, = / fo(xe, bx) day 
ai. aj 


for every cell [ax , by] in [Ax, Bi]. Therefore f(xk, b,) = fo(zk , bx) for almost 
every x; in [Az , Bi]. Hence, as f and fy are both integrable on [A, B], it follows 
that they coincide on [A, B] except on a set of measure zero. 

The final statement of the theorem is obvious. 
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Coroutuary. If f is E.A.C. in 2% on G and I denotes the set of values of x 
such that, for some xj, (xk ; tx) is in G, then except possibly for a, or b, in a set 
of measure zero in I, equation (3.1) ts valid for all closed cells [a, b| interior to G. 


The straightforward proof of the corollary is left to the reader. 

It is of course evident that the requirements of Definition 3.1 could be 
strengthened so as to render Theorem 3.1 and the above corollary almost ob- 
vious; and for the purposes immediately at hand this procedure would be 
entirely satisfactory. However, in several applications of the present work to 
be described in later publications of Morrey, functions occur which clearly satisfy 
the conditions of Definition 3.1, while it is not at all obvious that they satisfy 
any stronger ones. 

We may point out in connection with Theorem 3.1 that it is one of the objects 
of the present section to establish that a function which is E.A.C. in each of 
several variables is equal almost everywhere to a single function which is L.A.C. 
on G with respect to each of the variables in question. 

Before turning to that aspect of our discussion, we observe that a “derivative 
with respect to z;’’ can be assigned to a function f which is E.A.C. in 2, , without 
taking account of the function fo described in Theorem 3.1. Here our procedure 
follows closely that of Evans in a similar discussion ((2], pp. 275-277). 

We first note that, by virtue of the corollary to Theorem 3.1, f determines 


b 
uniquely the function i gx dx of closed cells [a, b] interior to G. Thus, by 


extension, f determines uniquely the absolutely continuous function 
(3.2) 1(E;5,k) = [ gaz 
E 


of sets E, this function being defined at least for all bounded measurable sets E 
interior to G and at positive distance from its complement. Furthermore this 
absolutely continuous set-function has a derivative—in the sense of a well- 
known definition of Lebesgue (see, for example, [8])—which is a point function 
defined almost everywhere on G and equal almost everywhere to g,. Hence, 
since this derivative is uniquely determined by f, we can introduce 

DEFINITION 3.4. Let f be E.A.C. in 2, and let g, be the function associated 
with f by Definition 3.2, (2). Then the derivative of the set-function /(E; f, k) 
defined by equation (3.2) is called the generalized derivative of f with respect io 
a, and is denoted by D.,f. 

In view of the argument preceding Definition 3.4, we can also state 


THEOREM 3.2. Let f be a function E.A.C. ina. Then any function g, which 
with reference to f satisfies the final condition of Definition 3.2, satisfies the equation 
gx = D.,f almost everywhere on G. 


We now proceed to an examination of the properties of the average functions 
fx of a function absolutely continuous in one of the codrdinate variables. The 
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two simple lemmas which we prove concerning the average functions have 
several important implications, not only for functions E.A.C. in one coérdinate 
variable, but for functions which have that property with respect to several 
variables and thus, in particular, for “potential functions of their generalized 
derivatives”’. 


Lemma 3.1. Let f(x) be E.A.C. in x; on G and let G, have the same meaning 
as in Theorem 2.3. Then the h-average function f, of f is continuous on G,, 
afn/ dz, exists and is continuous at every point of G, and is given there by the formula 


(3.3) Dr _ (ony [ Dafde. 
Ox; z—h ‘ 
That f, is continuous on G; has already been noted in Theorem 2.1. Further- 
more, by the same theorem, the right member of formula (3.2) is continuous. 
Hence, to complete the proof, we begin by forming the difference quotient 


Af, _ frlak, ax +) — frlan, ax) _ aah)" f 


Qa a 


+h 
(f(a, re + a) — flak, xx)] dx 


a—h 





at an arbitrary point a of G,. Then, making use of the corollary to Theorem 
3.1, we have 


Afr - ie ath a,ta ath a ‘ 
— =a (2h) ” / | / Dz, f (zx, &,) dz, as dz, . 
Qa ap—h 2k ajy—h 


By introducing a change in the variable of integration and then employing the 
theorem of Fubini to change the order of integration, we obtain from the pre- 
ceding equation 


fn - __ fa apth pagth . ' 
— =a (2h) . / lf Df (re, Xk + ne) dz; dz. | dn . 
a 0 ap—h “ai—h 
Finally, setting s, = 2, + mm , we have 
Afr - a » agtht+ng ayt+h ‘ » 
~~ se i (2h)” | / / Dz, f (re, 8) dre, ass dnx 
Qa 0 ap—h+n ay—h 


and it is now necessary only to allow a to approach zero as limit to obtain the 
formula of the lemma, the existence of df,/d2, being established in the process. 


Lemma 3.2. Let f(x) be E.A.C.ina,onG. Then, if f, denotes the h-average of f, 
f(z) = lim fi(z) 


ts L.A.C. in 2% on G and 


almost everywhere on G. 
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We know already, from Theorem 2.2, that f,(x) converges almost everywhere 
to f(z). From Theorem 3.1, we know that if [A, B] is any cell interior to G, 
f(x) is equal almost everywhere on [A, B] to a function which is L.A.C. on the 
interior of [A, B]. Thus we know that f,(x) converges almost everywhere on 
each such cell [A, B] to a function f(x) which is L.A.C. on [A, B] and is such that 
af/dx, = D.,f almost everywhere. 

We now choose an arbitrary cell [a, b] interior toG. We shall show that there 
exists a set Z of (n — 1)-dimensional measure zero in the cell [aj , bg] such that 
frlxk , Z,) converges uniformly in 2, to f(xz , xx) for a, S ze S by , provided that 
zi is in [ax , bg] and not in Z. It is clear that the lemma will follow from this as 
G may be covered by a denumerable number of such cells [a, b]. 

Let us suppose first that D.,f 2 0 on a cell [A, B] interior to G which con- 
tains [a, b] in its interior, and let f(x) be L.A.C. on [A, B] with af/ax, = D.,f 
almost everywhere on [A, B] and f equivalent to f. Such a function f exists 
by virtue of Theorems 3.1 and 3.2. Then f(zxi , x) is monotone non-decreasing 
in 2, for any x; in [Az , Bi] which does not belong to a certain set Z; of (n — 1)- 
dimensional measure zero. From the theorem of Fubini, it follows that, if 
c, is not in a certain set of (linear) measure zero on [A, , By], then fr(xi , cx) tends 
to f(xk , cx) for all 2% in [Az, Bz] which are not in a set Z(c,) of (n — 1)-dimen- 
sional measure zero; this set may depend on c,. We may then choose from these 
c, a denumerable set S which contains a; and 6, and is everywhere dense on the 
interval a4 < x S b,, where Ay < & <a, << <b < By. We let Z consist 
of the set Z, and all the sets Z(c,) for c, in S; Z is evidently of (n — 1)-dimen- 
sional measure zero. Moreover, if x; is in [ax , bg] and not in Z, then from Lemma 
3.1 it follows that fa(xz, 2.) and fizi., tx) are all monotone non-decreasing in 
a, for d < ae < & if h is sufficiently small, and from the above, we may 
conclude that frlxk , %,) tends to f(x , xx) for every 2, in S. From a well-known 
theorem on convergent sequences of continuous monotone functions, it follows 
that this convergence is uniform in 2, for each such 2 . 

If f(x) does not have the property assumed in the above paragraph, we proceed 
as follows: Let [A, B] be any cell interior to G which contains [a, b] in its interior 
and let f be L.A.C. on the interior of [A, B] with af/ax, = D.,f almost every- 
where on [A, B], and f equivalent to fon [A,B]. Let c,, Ax S cx S By, be chosen 
so that f(z , cx) is integrable in x; over [Az , By]. For each 2% for which f(xi , zx) 
is A.C. in 2 , we define 





filak, Ex) = Hak, on) + [3] | 4. FY an, 
r.,_ f*1f| a|_ af ; 
So(xe, Z) = [ I Z| - | acs 





we define f; = f, fe = O elsewhere. Evidently f = f, — fe on [A, B], and it can 
be shown, as in the last part of the proof of Theorem 3.1, that f; and fz are L.A.C. 
on the interior of [A, B] and are monotone non-decreasing in 2; for almost all 
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a. Asf, = frand fi, = fir — for for every h, the theorem follows in the present 
case from the preceding paragraph. 

From the two preceding lemmas we have almost at once the two following 
theorems. 


THEOREM 3.3. A necessary and sufficient condition that a function f(x) be 
essentially absolutely continuous in the variables xy, , Ley, +--+ , Xk, On G ts that 
f(x) be equal almost everywhere to a function fy linearly absolutely continuous in 
each of those variables on G. 


The sufficiency of the condition follows from the converse part of Theo- 
rem 3.1. On the other hand, the necessity is a consequence of Lemma 3.2; 
if f(x) is E.A.C. in each of several variables, the function fo(x) of that lemma is 
evidently L.A.C. in each of those variables. 


THEOREM 3.4. A necessary and sufficient condition that a function f(x) be 
E.A.C. on G in each of the variables xz, , Tez, «++ , Xx, 18 that there exist functions 
Jk, » Jez» *** » Gk,» measurable on G and integrable on each closed cell interior to G, 
and for each such cell a sequence {f,}, each member of class C’ on [a, bj, such that 


b p \ 
tim [ (is- fel + Elon - 2 |) ar =o. 
qe “a i=1 | axe; | 


When this condition is satisfied, we have D.,,f = gx; (¢ = 1, --- , p) almost every- 
where. 


The necessity of the condition follows at once from Lemma 3.1 and Theorems 
2.1 and 2.3. 

To prove the sufficiency, we consider an arbitrary value k of k; and an arbitrary 
cell [a, b] in G. We then make use of a familiar theorem on mean convergence 
to choose a subsequence {f,,} of {f,} so that 


bb 
tim [| f,,(cb, 22) — flak, 20) | det = 0 
ro aj 
for almost all 2, on a, S a S b,. Thus we obtain 
Bk . . Bi : ; 
lim / Sa,(xe, rk) dx, = / S (xk, Xx) Ar 
rT—0 a a} 
for [ax , Bx] in [ag , bg] and almost all 2, on a, S$ 2 Sh. But 


Bh ’ ’ ’ ® af. 
|, Weak, Bi) — folak, aad) az = [Fe de, ax San < Ar S bn, 
a, a 


and 


B B 
fag. 
[ Per ay = / 
——~ a Ox: ds a > ds 
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Thus 
Bi . . , 8 
l (f(ze, Bx) — f(xz, ax)] dx, = | gk dz 
e, a 


for [az , Bx] in [az , bg] and almost all 8; , ax in [a, , b;]. From this it is evident 
that f is E.A.C. in 2; on [a, b] and since k is an arbitrary value of k; and [a, b] 
arbitrary in G, it is easily shown that f is E.A.C. in a, (¢ = 1, 2, --- , p) on G. 
The concluding assertion of the theorem is obvious. 
For use later, we now note a possible modification of Theorem 3.4. 


THEOREM 3.5. Theorem 3.4 remains valid if the condition that the terms of the 
sequence |f,} be of class C’ on |a, b| is replaced by the following: f, is L.A.C. in 
Tk, » Teg, +++ Te, On the interior of |a, b| and integrable, together with its partial 
derivatives with respect to those variables, on that cell. 


The necessity of the condition thus modified follows at once from the necessity 
of the original condition, and the sufficiency can be proved exactly as before. 


4. Functions of class . We pass now to the consideration of functions 
which are E.A.C. in all of the coérdinate variables. 

DEFINITION 4.1. A function f(z) is of class 8 on G if it is E.A.C. in each of 
the variables 2, , 72, --- , 2, on G. 

DeFiniTion 4.2. A function f(x) is of class 8’ on G if it is L.A.C. in each of 
the variables x; , x2, --- , 2, onG. 

As our introductory remarks indicated, our notion of a function of class $ 
is the same as Evans’ concept of a potential function of its generalized deriva- 
tives. To be entirely precise, we may say that, for the case of a real-valued 
function of two variables, a function f(z) is of class $ on G if and only if it is a 
potential function of its generalized derivatives on G. 

In view of Theorem 3.3, we can state at once the following generalization of a 
theorem of Evans ((2], pp. 277-279). 


THEOREM 4.1. A function f(x) is of class $ on G if and only tf it is equal almost 
everywhere on G to a function of class $’. 


Similarly, Theorem 3.4 leads to a necessary and sufficient condition that a 
function be of class 8. Actually, however, the following modification of that 
condition turns out to be more useful. 


THEOREM 4.2. A necessary and sufficient condition that a function f(x) be of 
class B on G is that there exist functions g , gz, --- , gn measurable on G and 
absolutely integrable on every closed cell {a, b| interior to G, and for each such cell a 
sequence {f,}, each member satisfying a uniform Lipschitz condition on |a, b), 
such that 
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The necessity of the condition follows at once from Lemma 3.1 and Theorems 
2.1 and 2.3. The sufficiency of the condition, on the other hand, can be deduced 
immediately from Theorem 3.5, when we note that the Lipschitz condition on 
fa (q = 1, 2, ---) implies that it satisfies the condition of that theorem. 

The following theorem is almost obvious but because of its fundamental 
importance, deserves formal statement. 


THEOREM 4.3. Let fi(x) and fo(x) be of class % on G and suppose that D,,f; = 
D,,f2 almost everywhere on G (i = 1, ---,n). Then 


fil) = frolz) + f*@@) + 


on G, where f*(x) = 0 almost everywhere on G and C is a constant. In other words 
two functions of class Y with essentially the same generalized derivatives differ at 
most by a constant plus a null function. 


This theorem is a consequence of Theorem 2.2 and Lemma 3.1. For, from 
Theorem 2.2, we have 


him Suz) = fi(z), lim Son(x) = So(x) 


almost everywhere on G. From Lemma 3.1, it follows that fi, and fo, are of 
class C’ on G, and that their partial derivatives all coincide on G,. Thus, we 
have 


Sin(x) = forn(z) + cr 


onG,. Since f; and f2 are integrable on each cell in G and since, by Theorem 2.3, 
lim [ | fle) — filx) | dx = lim [ | fon(x) — fo(x) | dx = 0 
for each cell interior to G, it follows that c, tends to a limit ¢c as h — 0 and that 
[ [fi(z) — fo(x)] dz = c-meas (a, b]) 


for each cell in G. This establishes the theorem. 

Some time after the introduction by Evans of the notion of a potential function 
of its generalized derivatives, Tonelli introduced the concept of an absolutely 
continuous function of two variables [6, 7]; and subsequently Evans discussed in 
some detail the relationship between his work and that of Tonelli [4]. It is 
worth while for us here to set down in our own terminology the salient points of 
that relationship. 

We have first to introduce the natural generalization to the case of n variables 
of Tonelli’s definition for the case of two variables. 

Dertnition 4.3. Let f(x) be a real-valued function defined on a closed cell 
[a,b]. Then f(x) is absolutely continuous in the sense of Tonelli (A.C.T.) on [a, b] 
if it is continuous there, is absolutely continuous in 2, on a, S x, S b, for almost 
all fixed values of 2% on [az, bs] (k = 1,2, ---, m) and if it has the following 
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ee - - a ‘ 
property: the variation V,} [f(xz, z,)] of f(z) as a function of 2, on the interval 
. . . , , , . 
a, S x S by, is integrable with respect to 2; over [a;, by]; that is to say, the 


integral 
bk b , , 
/ VotlS(te, e)] dre 
a 


exists (k = 1, 2, ---, mn). 

A real-valued function defined on G is said to be absolutely continuous in the 
sense of Tonelli (A.C.T.) on G if it is A.C.T. on every closed cell interior to G. 
A complex-valued function is said to be A.C.T. on G if its real and imaginary 
parts have that property. 

To facilitate the comparison which we wish to make, we introduce also 

DeFINITION 4.4. A function f(z) defined on G is of class 8” on G if itis a 
continuous function of class $ on G. 

In view of Theorem 4.1, it is evident that we have $’’ CB’ C$. Moreover, 
it is easily shown that each of these relations subsists in the strict sense, provided 
we exclude the case n = 1; in that case, the only reasonable interpretation of 
Definition 3.3 leads to the relation $8” = Q’. 

The relationship between the ideas developed in the preceding section and the 
concept of absolute continuity in the sense of Tonelli can now be adequately 
indicated in a formal statement. 


THroreM 4.4. A function f(x) is A.C.T. on G if and only if it is of class 3" 
there. Thus every continuous function of class % on G is A.C.T., and conversely. 


For the proof, we refer the reader to a previously cited memoir of Evans [4]; 
although the argument there deals only with functions of two variables, the 
demonstration for the general case can be carried through in entirely analogous 
fashion. 

Before we proceed, it is convenient to state for later use the following obvious 
theorem, omitting proof. 


TuHeoreM 4.5. Let f(x, y) be of class B (Y’ or $B’) in the n + m variables 
Ty, Fe, +++, Xn, Yr, Y2,+** 5 Ym onan open set G in (n + m)-dimensional space. 
Let G(x) denote the set of values of y for which the point (x, y) is in G. Then, for 
almost all values of x for which G(x) is not empty f(x, y) is of class $ (B’ or B’’) 
on G(x). 


To conclude this section, we observe that each of the classes $B, B’, and B”’, 
in both the real and complex cases, is a module. That is to say, in both cases, 
each class is closed with respect to ordinary addition; in the case of real-valued 
functions, each is closed with respect to scalar multiplication by real numbers, 
and in the complex case, each is closed with respect to multiplication by complex 
numbers. In addition, we may note that in the complex case, the complex 
conjugate of a function of class $ (B’ or $’’) belongs to the same class. 

Finally, we point out that the class obtained by reducing $ modulo the class 
of functions equal almost everywhere to zero on G is also a module, and that 
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each residue class so obtained contains a function of class 8’. We emphasize, 
however, that the latter function is not unique; if n = 2, and f is of class $’, 
any function obtained from f by changing its value at a finite number of points 
is also of class $B’. 


5. Functions of class $.. In Theorems 3.4, 3.5, and 4.2, we have discussed 
the matter of approximating to functions E.A.C. in each of several variables 
and to functions of class $, making use of mean convergence of order 1 on closed 
cells interior to G. We turn now to similar and related considerations, dealing, 
however, with mean convergence of arbitrary order a 2 1. 

To begin, we introduce 

DEFINITION 5.1. Let f(x) be of class $ on G. Let R be an arbitrary meas- 
urable set interior to G. We define D.(f, R), a = 1, by the equation 


Dai, R) = [ (SiDaslt) ae 


if the integral involved is finite; otherwise, we write D.(f, R) = ©. Similarly, 
we define D.(f, R), a = 1, by the equation 


Dalf, R) = DAS, R) + [Is lae, 


if the integrals involved are finite; otherwise, we write D.(f, R) = . 

DeFINITION 5.2. Let f be of class $ (P’ or $B’) on G. If D.(f, G) is finite, 
f is said to be of class B. (Bi or Bu) on G. 

We note in passing that Theorem 4.5 remains true, if we substitute for $ 
(B’ or P”) the class Pa (Pi or Ba). 

In addition, it is readily verified that the remarks of the two concluding 
paragraphs of §4 apply equally well to functions of class B. (4 or B) as to 
functions of class % (f’ or B’’). Thus the class obtained by identifying equiva- 
lent functions in the class §, is a linear metric space, since it is readily verified 
that in this class the function || f || = [D.(f, @)]'’* has the requisite properties 
ofanorm. Later, we shall see that this space is even complete and is therefore a 
Banach space, which is a Hilbert space in the case a = 2. 

We proceed now to an elementary discussion of the relation between the 
quantities D.(f, R) and D.(f, R). 


THEOREM 5.1. If f(x) is of class $ (¥’ or B’’) on the open cell R with edges 
parallel to the coérdinate axes and D,(f, R) is finite, then D.(f, R) is finite and thus f 
ts of class Ba (Bi or PB.) on R. 


We observe first that the interpolatory statement concerning functions of 
class 2” is true if that concerning functions of class ’ is true, since a function of 
class B’ (B4) is of class ®” (B.) if and only if it is continuous. Thus, since 
every function of class $ is equivalent to a function of class $’, we can prove the 
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theorem in its entirety, by showing merely that | | f |* dx exists when f is of 
R 


class $’ on R and D.(f, R) is finite. 
The assertion in question is obviously true for n = 1, and we prove it for the 

general case by induction. Taking n = k, we assume then that the theorem is 
b; 

true forn = k — 1. Hence, if D.(f, R) is finite, we have / | f(xk, cx) |" axe 
% 

finite for almost all values of c, on the interval a, S x Sb. But, for almost 

all values of xj in [az , by] we have 


Zk , 
S(xi, te) = f(a, cx) + | WS, 2 on, a Sc S bk. 
Ck k 


af |* 
KA dx, 


Thus, we have 
' . _ , a4 Le a 
ined, 20 |" s 2] iptat, oo t+ | [” 2 a 


since (|a| + |b|)* S$ 2° "(| a|* + |b |%, and hence 





\f(ai, Tr) \* Ss 2°" | flak, Ck) r + 277. (be = a,)""* i ‘ 


ak 





for almost all 2% in [az , bi]. Hence, since the right member of the last inequality 
b 
is clearly integrable over [a, b] for suitably chosen c; , it follows that / |f \* dx 


exists, and the proof is complete. 

In the following paper, C. B. Morrey will establish Theorem 5.1 for a more 
general open set than a cell. For the present we confine ourselves to the preced- 
ing theorem and the one following. 


THEOREM 5.2. Let f(x) be of class $ (Y’ or B’’) on the open set G and let D.(f, G) 
be finite. Then D,(f, R) is finite for every bounded measurable set R whose closure 
belongs to G. 


The proof is immediate, since we can cover the closure of R by a finite number 
of cells [a, b] each interior to G and then apply Theorem 5.1. 


Lemma 5.1. Let f(x) be of class $ on G and of class $. on each bounded open 
set R whose closure belongs toG. Let f(x) be the h-average of f(x). Then 


n | ta 
lim Du(f — fh, R) = tim f | if — ni + (Z| Das — B Jax =0 


for each such set R. 
The lemma follows at once from Theorem 2.3 and Lemma 3.1. 


THEOREM 5.3. For f(x) to be of class 8, on G, it is necessary and sufficient that 
the following conditions be satisfied: 


G) | Isltae is finite; 
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(ii) there exist functions g,, --- , gn with / | gx |“ dx finite (k = 1, 2, --- , n) 
G 


and for each closed cell {a, b| interior to G a sequence {f,}, each member satisfying a 
uniform Lipschitz condition on that cell, such that 


UV) nm | \@ 
, af, | 
[( —f,\°+ 3 - Ue! \ ar = 0. 
tim J, (ISS + elo ger] Jee 
The necessity of (i) is obvious, as is the necessity of the condition that 
J \oeltae (k = 1, 2, ---,n) 
G 


be finite, while the necessity of the remaining provisions of (ii) follows at once 
from Lemma 5.1. 

With regard to the sufficiency, we note first that the equation with which the 
theorem concludes implies that 


. Be ’ Bh ’ 
lim / So, da, = / Sf dx; 
ro ay ay 

for all [az , Bx] in [az , bg] and almost all 2, on a, < x, S by (k = 1, 2, --- ,n) 
and that 


B 8 
lim [ eds - | gx dx (k = 1,2, ---,n) 


for all [a, 8] in [a, b], for a suitably chosen subsequence {f,,} of {f,}. Thus an 
argument exactly like that used in the proof of Theorem 3.4 implies that f is of 
class $ on G and that D.,f = g, almost everywhere on G. Thus, from the 
integrability conditions on f and g; (k = 1, 2, --- , n) it follows that f is of class 
$. on G. 

Paralleling Theorem 3.5, we note the following possible modification of 
Theorem 5.3: 


THEOREM 5.4. Theorem 5.3 remains valid if the condition that each term of the 
sequence {f,} satisfy a uniform Lipschitz condition on |a, b| is replaced by the 
condition that f, be of class 81, on the interior of (a, b}. 


The proof requires scarcely any modification, as the reader will readily perceive. 

It is now of some importance to observe that when f is of class $’’, we can 
approximate to f interior to G in a much stricter sense than is indicated by 
Theorem 5.3. 


TuEoreM 5.5. For f(z) to be of class 8, on G, it is necessary and sufficient that 
the condition (i) of Theorem 5.3 be satisfied and that there exist functions 9, 92, ---, 


gn with / | gx |“ dx (k = 1, 2, --- , n) finite, and for each closed cell [a, b| interior 
G 
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to G a sequence {f,}, each member satisfying a uniform Lipschitz condition on that 
cell, converging uniformly to f there, with 


To establish the necessity of the condition, we need only supplement the proof 


of Theorem 5.3 with the observation that when f is continuous on G, f, = 
zt+h 


(2h) ” f dx converges to it at every point of G, the convergence being uni- 
z—h 


form on cells interior toG. The sufficiency of the condition is quite evident. 


THeoREM 5.6. Let {f,} be a sequence of functions of class %, on G such that 


lim Da(fp — fo, @) = 0. 


P.q->a 
Then there exists a function f of class 8%, on G such that 


lim Da(f — fo, G) = 0. 
qu 
We note first that Theorem 4.1 permits us to assume that the functions 
fa (q = 1, 2, ---) are of class $i. , since every function of class B, is equivalent 
to such a function. Next we observe that the hypothesis of the theorem implies 
that the sequences {f,}, {af,/dx.} (kK = 1, 2, --- ,) converge in the mean of 
order a on G. Hence the respective limits f, g: , gz, --- ,@n, in that sense, of 
these sequences exist. Furthermore, if f, g: , ge, ---,9n, {fo} have the same 
meanings as in Theorem 5.3, it is clear that the conditions of that theorem, with 
the modification noted in Theorem 5.4, are satisfied. Thus f is of class $,. on G, 
D.,f = g, almost everywhere (k = 1, 2, --- , m) and 
lim D.(f — f,,@) = 0. 
qn 
Consequently, with the observation that f is equivalent to a function of class 
B. , the proof is complete. 
Thus, recalling the remarks following Definition 5.2, we perceive that $. , 
with equivalent functions identified, constitutes a Banach space which is a 
Hilbert space if a = 2. 


Corouiary. Let {f,} be a sequence of functions of class $,, on G such that 


lim DAS» — fe; la, b)) = 0 


pP.q-e 


for every closed cell {a, b] interior to G. Then there exists a function f of class $’ 
on G and of class ¥, on every open set R with closure in G such that 


lim Da(f — fe, R) = 0. 
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It is natural now to consider possible restrictions on the sequence {f,} of the 
preceding corollary, or on the sequence {f,} of Theorem 5.6, which would serve 
to insure the existence of a continuous limit f. 

We conclude by considering one condition of this sort which is especially useful. 


THEOREM 5.7. Let the terms of the sequence |f,} of the preceding corollary be of 
class 3’’ and equicontinuous on each cell [a, b] in G. Then {f,} converges uni- 
formly on each such cell to a function of class B”’. 


We consider an arbitrary closed cell [a, b] in G and choose a subsequence 
{f,,} of {f,}, converging almost everywhere on [a, 6]. Invoking the equicon- 
tinuity, we can then conclude first that the subsequence converges uniformly on 
[a, b], and secondly that the entire sequence does. Since the limit in the sense of 
this convergence is clearly equal almost everywhere on G to the limit described 
in the corollary, it follows that it is of class B”’ on G. 


BIBLIOGRAPHY 


. E. Bray, Proof of a formula for an area, Bulletin of the American Mathematical So- 
ciety, vol. 29(1923), pp. 264-270. 

. C. Evans, Fundamental Points of Potential Theory, Rice Institute Pamphlets, vol. 
7(1920), no. 4, pp. 252-329, especially pp. 274-285. 

. C. Evans, Note on a theorem of Bécher, American Journal of Mathematics, vol. 
50(1928), pp. 123-126. 

. C. Evans, Complements of potential theory, Part II, American Journal of Mathe- 
matics, vol. 55(1933), pp. 29-49, especially pp. 42-46. 

. B. Morrey, Jr., A class of representations of manifolds, Part I, American Journal 
of Mathematics, vol. 55(1933), pp. 683-707, especially p. 687. 

. Tone, Sulla quadratura delle superficie, Atti della Reale Accademia dei Lincei, 
ser. 6, vol. 3(1926), pp. 633-638. ; 

. TONELLI, Comptes Rendus Hebd. des Séances de 1’Académie des Sciences, vol. 
182(1926), pp. 1198-1200. 

. J. DE LA VALLEE Poussin, Intégrales de Lebesgue, Fonctions d’Ensembles, Classes de 
Baire, Paris, 1916, pp. 59-61. 


OQ 


ad 
Q 


- 
oO ff Ff 8 ® 


ARMOUR INSTITUTE OF TECHNOLOGY. 





d 


0" 





FUNCTIONS OF SEVERAL VARIABLES AND ABSOLUTE 
CONTINUITY, II 


By C. B. Morrey, Jr. 


In Part I of this paper, by J. W. Calkin [2],’ functions of class B, 8’, B’, Ba , 
¥., , and 8. were defined and various theorems were proved concerning these 
functions. The object of this part is to carry forward the study of these func- 
tions to the point where they may be used in the study of standard problems of 
analysis, particularly those problems in which the authors are interested. Part I 
of this paper comprises §§1—5 and the present part contains §§6-9 inclusive. 
We shall not refer to Part I by name but will merely refer to certain theorems, 
lemmas, and definitions therein, such as Theorem 3.5, etc.; in other words we 
shall regard the two parts as a single unit. 

Certain notations were introduced in §1 which simplify the discussion con- 
siderably. We shall continue the use of these notations and shall present them 
before proceeding with the discussion. The n-tuples (7, --- , Xn), (&, --- , &n), 
etc., are denoted by the single letters z, &, ete. The closed cell a; S 2; S b; 
(¢ = 1, --- , n) is denoted by [a, b] and the open cell by (a, b). The functional 
notation f(z, ,---,2n) is abbreviated to f(x) and the Lebesgue integrals of 
f(x) over (a, b) and a set E are denoted respectively by 


[ f(x) dz, [s@ dz. 


It is frequently desirable to consider the behavior of f(x) with reference to a 
particular variable x, or the n — 1 variables (2, --- , e+, Lepr, -+* 5 Un). 
In such a case, we write xj for (21, --+ , Tea, Ler, «++ y Ln), (ai , tx) for x, and 
f(x , x) for f(z). Thus, if the codrdinates ay are fixed with x, = ax, f(ax, zx) 
denotes the function f(a, --- , Gi+, Zi, Ges1, +--+ ,@n) Of the single variable 
a. Similarly, if 2, is fixed with z, = ay, f(xk, ax) denotes the function f(z; , 
» Thay Mey Tita, °° , tn) of the n — 1 variables (2, --- , e-1, Lear, - 
,) =2,. Wedenote the projection of the closed cell {a, 6] on x, = 0 by [ax , bi] 
and that of (a, b) by (az, bz). The integral 


bi , ’ 
/ S (xe, ax) dx 
a 
denotes the (n — 1)-dimensional integral of f(xk , ax) over the cell (az, bg), ice., 


over the (n — 1)-cell a, < a < bh, +++, Gea < Gea < Dea, Gey < Tey < 
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Degt, +++ 5 Qn <2n <b,. We may also wish to write the n-dimensional integrals 
as iterated integrals 


b be py P ? be phe , : 
/ f(z) dx = / / ; S (xe, tx) drxdz, = / | S (xe, rx) dx, dx, 
a ay a). a; ak 


in either order as the occasion warrants. We usually consider our functions to 
be real but they may be taken to be complex valued if certain trivial modifica- 
tions are made. 

We now recall the fundamental definitions given in Part I. A function z(z) is 
said to be essentially absolutely continuous (E.A.C.) in x, on a region G if (1) 
z(2) is summable on each cell of G and (2) there exists a function v;(x) satisfying 
(1) such that the formula 


by b 
(A) [Welak, bo) - et, alaet = [ os(a) dz 

a; a 
holds for almost every cell [a, b] in G (i.e., for each cell [a, b] in G for which the 
point (a, --- ,@,, b), --- , b») does not lie in a 2n-dimensional set of measure 
zero). A function 2(x) is said to be linearly absolutely continuous (L.A.C.) in x, 
on G if (1) 2(x) is summable on each cell of G, (2) 2(#% , zx) is A.C. in x on each 
closed segment of the line zi = 2; which is in G provided that %; is not in a certain 
set of measure zero, and (3) d2/dz; (which exists almost everywhere from (1) 
and (2)) satisfies (1). Ifz(x) is E.A.C. in 2% , we define the generalized derivative 
((4], pp. 274-275) D.,z of z with respect to x, as the Lebesgue derivative ((11], 


pp. 59-61) of the set function / v,(x) dx; this exists and is equal to v(x) almost 


everywhere. A function z(z) is of class $ on G if it is E.A.C. in 2, for each k 
(1 Sk S n); it is of class P’ on G if it is L.A.C. in x on G for each k; and it is 
of class $” on G if it is of class 8 and continuous on G. The function z is of 
class Bq or Bz on G if it is of class B® or ¥” (respectively) on G with | z |* and 
| D.,z |“ summable on G (i = 1, --- , n); and z is of class 8%, on G if it is of class 
¥’ on G with | z |* and | 4z/dz; |“ summable on G (i = 1, ---, n). 

In §§4 and 5, the classes of functions of classes $ and $’’ were identified 
respectively with the class of “potential functions of their generalized derivatives” 
of G. C. Evans ([4], p. 274; [5]) and the class of functions absolutely continuous 
in the sense of Tonelli ({10]; [3], pp. 42-46). The following are the further 
essential facts proved in §§4 and 5: 

(1) any function equivalent to a function of class $ or $B, is also of class 
¥ or B. and possesses the same generalized derivatives defined at the same 
points; 

(2) any two functions of class $ which have the same generalized derivatives 
almost everywhere differ by a constant and a null function; 

(3) any function of class 8’ ($2) is of class ® (Bq), its partial and generalized 
derivatives coincide almost everywhere, and formulas (A) hold for each cell in G 
if we take v,(x) = 02/02, (k = 1, --- ,n); 
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(4) any function of class $ is equivalent to a function of class B’; 

(5) necessary and sufficient conditions that a function f(x) be of class $ on G 
are that f be summable on each cell in G, that there exist functions g; , --- , gn 
with this property and that, for each cell [a, b] in G, there exists a sequence 
\fn(x)}, each function of class C’ or satisfying a uniform Lipschitz condition on 
[a, b] such that f, and df,,/dx2; tend in the mean of order 1 to f and g; respectively 
(i = 1,--- ,n); if f is of class PB”, f, may be chosen to converge uniformly to f 
and, if f is of class B, , the mean convergence may be taken to be of order a; 
and 

(6) the space Ba (a 2 1) of classes of equivalent functions of class $B, is a 


Banach space if we define 


n ja 
lz ||* = D.(z, G) = / |z|“dx + D,(z, G), D(z, G) = [|= Die | dx. 
G i= 

In §6, we present a proof of a theorem of G. C. Evans ([4], p. 282) concerning 
the invariance of the classes $ and $” under certain transformations of co- 
ordinates. In §7, we define a rather general class of regions and discuss the 
behavior of functions of class 8, on the boundary of such regions. In §8, weak 
convergence in the space $%, is discussed and many important theorems are 
proved. Finally §9 gives a brief discussion of functions of class $8, defined on 
arbitrary bounded regions. The developments in §9 are closely related to those 
in volume 2, Chapter VII, §1 of Courant-Hilbert’s Methoden der mathematischen 
Physik (Berlin, 1937). 

By a region, we mean an open connected set. If G is a region, G* denotes its 
boundary and G its closure. We shall frequently use the notation C(P, r) or 
C(x, r) to denote the sphere with center at P or z and radius r. The codrdinates 
of points P or Py may be denoted by zp or % = (tw, --+ , Zno) OF (Lor, +++ , Lon); 
2, t, ete. shall stand for (21,1, --- , 2n,1), (1,2, --- 5 2n,2), ete. 


6. A theorem on change of variables. In this section, we wish to give a simple 
proof of a theorem of G. C. Evans ([4], p. 282) concerning changes of variable in 
functions of class $8. He has proved this theorem for transformations of class 
C’ in two variables. We shall extend his results to the somewhat more general 
transformations of class K, defined below, in n dimensions. 

We now give the following definitions. 

DEFINITION 6.1. A transformation x = 2(y) of a set 7 in the y-space into a 
set S in the x-space is said to be of class C’ if it is 1-1 and continuous and if the 
functions z;(y) and y,(x) (of the inverse) are of class C’ on T and S respectively.” 


2 A function ¢(z) is of class C’ on a set S if there exist functions a;(x), continuous on S, 
such that 


(x) + D> as(x)(& — 24) + r-e(z, ®, 


t=1 


0, §eS, eS, r= Do (& — x}, 


t=1 


¢(£) 


lim e(z, &) 
iz 


e(z, £) being continuous in £ on S for each z on S. 
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The transformation is also regular if the functions z;(y) and y;(x) all satisfy 
uniform Lipschitz conditions on T and S respectively. 

DEFINITION 6.2. The above transformation x = z(y) of 7 into S is said to 
be of class K if it is 1-1 and continuous and if the functions z;(y) and y;(x) satisfy 
uniform Lipschitz conditions on each bounded closed subset of 7 and S re- 
spectively. The transformation is also regular if the functions 2;(y) and y;(x) 
satisfy uniform Lipschitz conditions on the whole T and S respectively. 

Clearly a transformation of class C’ is also of class K and a regular transforma- 
tion of class C’ is a regular transformation of class K. It is also clear that the 
totality of transformations in any one of these four classes forms a group. 

Rademacher [8] has considered transformations of class K in two dimensions 
at great length and many other authors (including W. H. Young, H. E. Bray, 
T. Radé, E. J. McShane, and C. B. Morrey) have studied more general trans- 
formations. Rademacher has outlined a method of carrying over his results to 
n dimensions. Accordingly, we shall simply quote Rademacher’s results for 
n dimensions. The first result [8] is the following: 


Lemma 6.1. Jf f(x) satisfies a uniform Lipschitz condition on the open set G, 
it possesses a total differential almost everywhere on G; 7.e., if % is not in a certain 
set of measure zero in G, the partial derivatives (Af/Ax;)2, all exist and 


fla) = flea) + & (2 ). (aaa) tree), P= De 20)" 


where ¢(x) is continuous in G and vanishes at x = 2. 


Before stating further results, we wish to introduce a simplified notation for 
certain Jacobians which is in line with our previous notations. Let z = 2z(y) 
be a transformation of a set in the y-space into a set in the z-space. If all the 
partial derivatives dz;/dy; exist at some point we define 








(6 1) dx = a(x, tty En) az; = a(x "ata » Vi-1, Ti+1 , oe a. ’ 2.) 
dy a(m, 2255 Yn). ay; a(ym, 29+) Yi-ty Yin, 138) 
where the symbols on the right have their classical significance. Clearly we have 
(6.2) F ¢~ yn Oi _ yr (yt 0% Om _ de 
st yi Oye i= dy: Oy; dy 


where 6;,x has its usual significance as the Kronecker delta. 
We now sum up the known [8] or easily deducible results concerning regular 
transformations of class K in the following lemma: 


Lemma 6.2. Let x = x(y) be a regular transformation of class K of an open set 
T' in the y-space into an open set S in the x-space. Then 

(1) measurable subsets of S and T correspond; 

(2) ifs C Sandt CT are corresponding measurable sets, then 


| 
m(s) = [ 5 |e 








dy, m(t) = dz; 
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(3) dz/dy has the same sign at any two points y where all the x;(y) have total 
differentials (i.e., dx/dy > 0 almost everywhere or dx/dy < 0 almost everywhere); 

(4) af f(x) is summable on S and if g(y) = flx(y)], then g(y) and g(y)-| dx/dy | 
are both summable on T and if s C S and t C T are corresponding measurable sets, 
then 


[s@) a = [ oc-| Ea, [ow \dy s K- f (702) az, 


where K depends only on the transformation; and 
(5) af x and yo correspond, then regular families (in the sense of Lebesgue; see 
[11], pp. 59-61) of sets about x» and yo correspond. 
If all of the functions x;(y) possess total differentials at yo and if x» = x(yo), then 
(6) the same is true of the inverse functions y;(x) at x9 and 


G)G).-» GG). - "Gs 


(7) of f(x) possesses a total differential at x , then g(y) possesses a total differ- 


ential at y = yo and 
ag ) : ( ~/ (==) k 
= —. of = =1,---, . 
(2 vo > Ox; zo OY vo ( < 
and 


(8) af f(y) ts summable on T and the Lebesgue derivative ({11], pp. 59-61) of 
the set function / f(y) dy exists at yo and is equal to f(yo), and if {t} is a regular 
t 


family of sets at yo and s corresponds to t ({s} then forming a regular family by (5)), 
we have 


im ™(8) _ FE 
t-ryo m(t) dy v0 


tm co L-*L ay ov 90-*| (FS), Tai 


where R{dx;/dy;| is any rational function in the indicated partial derivatives which 
is defined at y = Yo. 


We can now prove Evans’ theorem on change of variable for transformations 
of class K. 


THEOREM 6.1. Let f(x) be of class $ (Y’") on the open set S and let x = x(y) 
be a transformation of class K of the open set T into S. Then the function g(y) = 
f{x(y)] is of class B (B") on T. Moreover, if all of the x;(y) possess total differen- 
tials at yo , if x» = x(yo), and if all the generalized derivatives of f exist ai x , then 
all the generalized derivatives of g exist at yo and are given by the usual formulas 





(6.3) (Dy.9)vo = > (Dz.f) 2° =) (k = 1, «++, n). 
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If f(z) is of class Ba (Pz) and the transformation is regular, then g(y) is of class 
Ba (Pa) on 7. 


First, let [c, d] be a cell of T which is small enough so that the closed set = 
corresponding to it lies in a cell [a, b] of G; evidently our transformation is 
regular from [c, d] to =. From Theorem 4.2, it follows that we may choose a 
sequence {f,(x)} of functions, each of which satisfies a uniform Lipschitz condi- 
tion on [a, b] such that 


b b | 
im [ \f,-f\laz=0, tim ih - p, fide = 0 ee oe) 
qa da qe va A 


Clearly the functions g,(y) = f,[x(y)] each satisfy a uniform Lipschitz condition 
on [c, d], and it follows from (4) of Lemma 6.2 that 


(6.4) lim [ lgg —g|dy = 0. 
qe ve 
It also follows from (4) and (7) of Lemma 6.2 that 


(6.5) lim 


q7w ve 


d | 
29¢ G F 
— _ | => 0, 
ays ly) | y 





if we define G,(y) (summable by (4) of Lemma 6.2, dz;/dy, being bounded) by 
Ox; 
(6.6) Gly) = > D:,flr(y)}-; = 


Thus, by Theorem 4.2, it follows that g(y) is of class $ on T. If f is of class B”’ 
on S, we may choose (on account of Theorem 5.5) the {f,} to converge uni- 
formly on [a, b] to f, in which case, the {g,} converge uniformly to g and g is 
of class $” on T. 

From the approximation (6.4) and (6.5), the definition (6.6), and the fact 
that G.(y) = Dy, g almost everywhere on [c, d], we see (using (4) of Lemma 6.2) 
that if s C 2 and ¢t C [e, d], then 


[ Pnody = [ OD. ay = fH D.t)-(%).| Uae. 


| dz | 


Moreover, if yo € (c, d), 2» = x(yo), {t} is a regular family at yo , s corresponds 
to t, and the z;(y) all have total differentials at y , we see that {s} forms a 
regular family about 2. Hence, if (D.,f),, exists (¢ = 1, ---,n), we have 


; 1 m(s) 1 ip oe: |. dy ‘dy | 
im / lim * D, de 
lim Fa J, Pao) dy = im mca) J, Lx Ped g 
and the limit on the right exists and is equal to the right side of (6.3) (using (8) 
of Lemma 6.2). But the limit on the left was defined to be (D,,g),,. Thus the 
formulas (6.3) are established. 

If the transformation is also regular, it is clear from (6) of Lemma 6.2 that 
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all the partials d2;/dy; and dy;/dx; are uniformly bounded on T' and S respec- 
tively and the Jacobians dx/dy and dy/dz are uniformly bounded and bounded 
away from zero on T and S respectively. In this case, it is clear, if we use the 
formulas (6.3) and also (4) of Lemma 6.2, that g(y) is of class B. (BZ) on T 
if f(x) is of class Ba (Bz) on S. 

It is to be noted that no statement has been made concerning the functions 
of class ¥’ or $4. In this connection, we may point out that if f(x) is of 
class %, the spherical h-average function is of class C’ and Lemma 3.2 holds 
if f, is replaced by the spherical average. It is therefore clear that a function 
of class $ is equivalent to a function of class 8’ which remains of class 8’ under 
any rotation of axes and hence under any linear transformation. A much 
stronger statement is contained in Theorem 6.3 below. Before proving this, 
we prove a theorem considerably stronger than Lemma 3.2. This result is 
stated in Theorem 6.2. 


THEOREM 6.2. Let z(x) be E.A.C. in x, on the region G. Let ®(e) be a set 
function defined on G by the formula 


(6.7) w(e) = | o(2) de, 0 <7 ol) 


lA 


r, 


g(x) being measurable on G. Then there exists a subset Z, of G, , the projection 
of G on the hyperplane x, = 0, Z; being of (n — 1)-dimensional measure zero, 
such that if %% is not in Z, we have 


(6.8) lim [6(e)}7 / 2(z)p(x) dx = 2(2) 


exists for each %, such that = = (# , %&) is in G, {e} being any regular family of 
sets at % (see (6.11) below) ; furthermore, the limit 2(%) is independent of the family 
of sets and the set function ®(e) and 2(#%, 2.) is A.C. in x, on any closed segment 
of the line x, = % which is interior to G. 


In Lemma 3.2 we have proved the above for the case that @(e) = m/(e) 
(¢ = 1), the sets e in (6.8) being restricted to be hypercubes with center at Z. 
We let 2(x) denote the limiting function defined by (6.8) under these condi- 
tions; it is L.A.C. in 2, if we define it to be zero, say, where the limit fails to exist. 

Now, for each pair (p, q) of integers, -2» < p < «,q 2 1, we define the 
functions z},,(x) and z>,9(x) as follows: 


‘ a(x) — p/q, 2x) 2 p/9, 
paced le e(z) < p/ 
x ; 
69) ' p/q 
0, 2(x) = p/q, 


Z>,q(2) sas 
p/q — 2x), 2x) < p/g. 
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It is easy to see that all the z},,(x) and z>,.(x) are L.A.C. in 2, on G and are 
non-negative. Hence for each (p, qg) there exists a set Z:,»,¢ of measure zero 
such that if 2% is not in Z;,»,. we have 


E+h 
lim (2h) [ h(x) de = 25,02), 

(6.10) = ost 
lim (2h) [ a5q(2) dx = 25,<(2) 

h-0 z—h 


for any Z such that @ = (%, %) isinG. Let Z, = > 7 Zx.p.q and Z, is 
p=—o g=l 
of measure zero and if % is not in Z; , (6.9) holds for every pair (p, q) (@ being 
in G as above). ‘ 
Now, suppose Z is not in Z; and (#, %) is in G. Let {e} be any regular 
family of sets at . Then, by definition, each e is in a cell [ — h, + h] in G 
such that 


(6.11) mlz — h,= +h] S K-m(e), 


where K depends only on the family and not on the individual set e, and each 
such cell with h > 0 contains one of the sets e. For each g, choose p, so that 
Po/d S 2%) < (pg + 1)/q. Then, for each e of {e}, we have 


0 < fe" [# zt a(x)o(a) de < ani [ [ Bet) de, 
(6.12) rs 
0 s [#(6)]" [ Z5_.a(t)o(x) dx S oi ie Z5q.q(%) dx, 


using (6.7) and (6.11). Thus, from (6.12) and (6.10) and our choice of p,, it 
follows that 


0 < lim inf [#(e)]* [B.e@e@) dz = lim sup [é(e)] [.c@elo) dx < =, 


lim [#(e)]~ / Zp,.at) o(x) dx = 0, e€ {e}. 


ez 
From this and (6.9) we see that, for each q, 
Ps lim inf (0(0)"* [ e@ole) dz < lim sup [@@1" | e(a)o(a) dz s Pe 4 Kr 
ez e ez e 
From this and the choice of p, , it follows immediately that 


lim [@(e)]7 | 2(x)(x) dx = 2(2), 


and the theorem is proved. 
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THEOREM 6.3. Any function of class ¥ on a region G is equivalent to a function 
which is of class B’ on G and is also of class 3’ in any other codrdinate system 
related to the original by a transformation of class K; 7.e., if 2(x) ts such a function 
and x = x(y) is a transformation of class K of a region H into G, and if W(y) = 
2[x(y)], then W(y) is of class B’ on H. For 2(x), we may take the function defined 
by (6.8). 

For, let 2(x) be this function and let x = z(y) be such a transformation. 
Then if G’ and H’ are corresponding regions in which G’ C G and H’ C H, the 
above transformation is also regular from H’ to G’; and if we define ¥(f) = ®(e) 
whenever f and e are corresponding sets in H’ and G’, we see from Lemma 6.2 
that regular families {f} and {e} correspond, and that 


d. / 


Wf) = [eter] & a, 0<6 5 ola) 2) = 


v(y) SA, 


lim [V(A)T* | WO)V) dy = lim (oe) f 2(2)o(2) de 
fs f ez e 


whenever = = x(g). Thus @(y) is of class B’ on each such H’ and hence on H, 
since @(y) is certainly of class $ by Theorem 6.1. 


7. Boundary values for regions of class K. (See [4], pp. 311-329.) As the 
functions of class %, and $4 are not continuous, the sense in which these func- 
tions take on boundary values is of great importance. In this section we shall 
study this question for functions of these classes which are defined on certain 
sufficiently regular regions which we shall now proceed to define. If @ is a 
region and G is its closure, neighborhoods on G are merely sets open in G (i.e., 
products of G with open sets). 

DEFINITION 7.1. A region G is said to be of class K if G may be covered by a 
finite number 7; , --- , yw of neighborhoods on G, each of which is the image 
under a regular transformation z = z,(y) (j = 1, --- , N), of class K, of either 
the unit hypercube RR, :| y;| < 1 (@¢ = 1, ---,) or the part (half cube) R, 
of R, for which y, < 0, n being the dimensionality. In the latter case we 
assume that the transformation T' ; establishes a 1-1 correspondence between the 
points of G*.y; and the points of R: for which y, = 0. If all the transforma- 
tions above are also of class C’, we say that G is of class C’. 

It thus appears that if G is of class K, then G is a compact manifold (with 
boundary) of “class K”’ in the sense of differential geometry ({12], Chapters II 
and III) (the class K referring, as is customary, to the class of the transforma- 
tions set up between overlapping coérdinate systems), and that if G is of class C’, 
G is a compact manifold (with boundary) of class C’ and G* consists of a finite 
number of (regular) manifolds of class C’. 

In Lemma 6.2, we observed that if x = 2(y) is a regular transformation of 
class K, then dx/dy is of one sign almost everywhere. If dx/dy > 0 almost 
everywhere, we shall say that the transformation is positive. We shall state a 
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theorem concerning positive transformations which is obvious if the transforma- 
tion is of class C’ and is easily verified in general. The theorem is as follows: 


Lema 7.1. Let x = x(y) be a positive regular transformation of class K of a 
cell T: 0; < yi < di (¢ Fk), ce < yx S O into a subset S of the cell a; < x; < b; 
(¢ # k), a, < x, S O which sets up a 1-1 correspondence between the points T* 
of T for which y, = 0 and the points S* of S for which x, = 0. Then the trans- 
formation x, = xx(yx, 0) is a positive regular transformation of the set T* (as a 
set in the yx-space) into S* (as a set in the x4-space). 


We next define certain completely additive set functions x;(e) and s(e) for 
certain sets e on the boundary G* of a region G of class K. Their significance 
will become clear in the sequel. 


Lemma 7.2. If G is of class K, there exist unique completely additive set func- 
tions x,(e) and s(e), defined for certain sets e on G*, which have the following 
properties: 

(i) s(e) = 0 and x,(e) and V,;(e) are both defined whenever s(e) is defined and 
they satisfy the relation | xi(e) | S V.;(e) < s(e), Vzz(e) denoting the variation of 
Ih over e; 

(ii) if s(e) = O and e, is the projection of e on the hyperplane x, = 0, then ex 
is of measure zero; 

(iii) of x = x(y) ts a positive regular transformation, of class K, of a cell R: 
a; < x; <b; (i # k), ay < ye S O into a portion y of G as in Definition 7.1, 
and if the set e on y-G* corresponds to a measurable set E on the part of R where 
y. = 0, then x;(e), V.,(e), and s(e) are defined and we have 


ax, Oxy 
aye) = / * dy:., Vile) = / | dyk, 
E OY« E | OYx | 


vo ~ [[E i) Taw 


Moreover, if e is normal ({11], pp. 83-86) with respect to s(e), then E is measurable. 

If X = X(z) is a regular transformation of class K of G into H, then sets meas- 
urable with respect to s(e) and S(E) (on H*) correspond and there exists a constant 
K 2 1, depending only on the transformation, such that 


K''s(e) = S(E) = Ks(e), 


(7.1) 


whenever e and E are corresponding measurable sets. 


To prove this, let y:, --- , yw be a covering of G as in Definition 7.1. If j 
is an integer such that y; corresponds to the half cube R: , then y;-G* is open 
on G*. We may define the completely additive set function zz, ;(e) on y;-G* 
by first remapping y; on Ry, (R2 with k replacing n) as above but assuring that 
x = 2,;(y) is a positive transformation and then defining 2;, ;(e) by (7.1). 

Now, let x = 2x(z) be a positive regular transformation as in the statement 
of the lemma, where y-G* is contained in y;-G* for some j. Then the trans- 
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formation y = yx,;(z) is positive and regular and of class K so that the trans- 
formation y; = y.,;\(ze, 0) is positive, regular, and of class K. Thus, from 
Lemma 6.2, it follows that measurable sets Z and E;,,; correspond and that 


axy, ax; 
/ * dy. = / ) dz, = xp,;4(e), 
Ex,j OY: Eg 02% 


E and E,,; both corresponding to e. It is clear that the set functions 2x, ;(e) 
join up to form completely additive set functions over the whole of G*. The 
formulas (7.1) for any representation follow by addition. Statement (i) is now 
obvious. 

To demonstrate (ii) it is sufficient to observe that any set e measurable (i.e., 
normal; see [11], pp. 83-86) with respect to s(e) on one of the sets y;-G* corre- 
sponds, under x = 2;,;(y), to a measurable set EZ on y, = 0 and E is carried 
into e, by the transformation rt = 2,;(yr, 0) which satisfies a uniform Lipschitz 
condition for | yz | < 1 (but is not necessarily 1-1). Such a transformation 
clearly carries sets EK of measure zero into sets e, of measure zero; (ii) then 
follows by addition. 

To demonstrate the last statement, we observe that ify: , --- , yw is a covering 
of G as in Definition 7.1, X = X(x) sets up a corresponding covering T',, --- , 'w 
of H. If y; and T; have corresponding representations on Ry, then corre- 
sponding sets e and E on y;-G* and I[';-H* correspond, by (iii), to the same 
set f on y, = 0; and if either e or E is measurable (i.e., normal with respect 
to s(e) or S(E)), f is and the other one of e or £ is likewise. The last statement 
follows from the formulas (7.1). 

It is clear that s(e) is the hyperarea function on G*. Also, if G is of class K 
and also of the form xx € G , gi(zk) < te < go(xx), then 24(e) = mer.) — m(e,x), 
where e; is the part of e for which 2, = ¢;(z;) and e;, is the projection of e; on 
the hyperplane x, = 0 (¢ = 1, 2). 

We now recall the definition of strong convergence suggested in §5. 

DEFINITION 7.2. We say that a sequence {z,(x)} converges strongly in $, onG 
to z(x) if all the z,(x) and z(z) are of class B, on G and if D,(z, — z, G@) > 0, ice., 


lim / E —s|* + iz Di (zp — a} ] dx = 0. 


Before proving the first fundamental theorem of this section, we prove the 
following important lemma: 

Lemma 7.3. Let 2z(x) be of class B,. on a cell R: (a, b) and let Z(x) be the equiva- 
lent function defined by (6.8). Then 

(i) for almost every & in (ax, bi), 2(€4, te) tends to a limit as x, tends to either 
a, or by, , and if 2(% , ax) and 2(%% , bk) are defined by these limits, then 2(En, tx) 
is A.C. for ax S re S by with | 82/dx, |“ summable (k = 1, --- , n); 

(ii) z(2) may be extended to be of class % over the whole space and of class Bq 
over any bounded region; 
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(iii) there exists a sequence {z,(x)}, each of class C’ on R, which converges 
strongly in $B. on R to 2(x); 

(iv) af {z,(x)} is any sequence, each satisfying a uniform Lipschitz condition 
on R, which converges strongly in Bq on R to z(x), then z,(xz , ax) and z,(arz , by) 
converge strongly in La (in xy) to 2(xy, ax) and 2(2xz , by), i.e., 

bk 
lim |, [|zp(xk, ax) — 2(ak, ax) |* + | zp(ae, be) — 2(xe, bi) |“]dxr = 0; 
pe “a, 

(v) af Z vanishes (almost everywhere) on R* and z(x) is defined to be zero on and 
outside R*, then z is of class Bq over the whole space and the functions z,(x) may 
be chosen so that each vanishes on and near R*, and hence may also be taken to be 
of class C™ on R. 


The first statement is obvious and the extension in (ii) may be carried out 
as follows: (1) define z(z) = 2(x) on R* (being zero where Z is not defined), 
(2) define z(z) on [a, 2b — a] by repeated application of the formulas 
2(xe, 2b, — 2x) = 2(tk, Te) (Qe S te S be; k = 1,---,n), and (3) define 
z(t, Te + 2by — 2ax) = 2(ay, a) (k = 1,---,2n). (iii) follows from (ii) and 
Theorem 3.4 and the first part of (v) is obvious. 

To prove (iv), let {z,(z)} be any subsequence of {z,(z)}. There exists a 
subsequence {z,-(x)} of {z,(x)} such that z,(x; , %) converges strongly in L, on 
(az, by) to 2(zz, %,) for almost all & (a, < %& < bj k =1,---,n). Nowfixk 
and choose e > 0. We may evidently choose %, so near a, (for example) that 


bi P . / l/a 
iW | 2(ae, Ze) — 2(a%, ax) "dat 
ak 
bk zk l/a 
= (Z 7 "ined {J / | Dz,z ax} < fe, 
ay Yaz 


b , , , -™ 
if, | 2-(a%., Ex) _ Zr(re, ax) \* ass} 


k 


(7.2) 


by 7% l/a 
s (Z — a) i, [ | Di, 2r ar} < he (r = 1, 2, oe -), 
a, Yaz 


and so that z-(az , %,) converges strongly in L, on (ai, by) to 2(z,, %). Then 
we may choose P so that 


/ 


bs l/a 
(7.3) { | _ lee(ae, Be) — 2(ae, Be) de} < fe 


for allr > P. From (7.2), (7.3), and Minkowski’s inequality, it follows that 


vy , , , oe 
{ |  [er(re, Qe) — 2(re, ax) "de <e 
a 
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forallr > P. Thus {z,(ai , a,)} converges strongly in L, on (az , by) to 2(ay , ay). 
From a well-known theorem* on mean convergence, it follows that the whole 
, . , Ul a , 
sequence {z,(z, , a,.)} tends strongly in L. on (ax, by) to 2(x% , ax). 
To prove the last part of (v), we define z(x) = 0, for x not interior to R and 


define 
. | a+b, p+l1 a+ ’) | 
2,(x) =z 9 + (z ne ‘ 


It is clear that each 2,(x) is of class %, over the whole space and zero outside 
the cell (3(a + b) — p/(p + 1)-3(6 — a), 3(a + 6) + p/(p + 1)-3(b — a)) 
and that 2,(x) tends strongly in $, on R to z(x). For each p, we may choose 
h, so small that the h,-average function 2,,, of 2, is zero on and near R* and 
so that Da(2p.2, — 2p, R) < 1/p. Evidently the sequence {z,(x)} = {2p,n,(2)} 
satisfies the desired conditions. 

The following lemma is obvious but useful in the sequel. 


Lemma 7.4. Let 2(x) be of class B (¥’, B®’, Ba, Ba, Ba) and let h(x) satisfy 
a uniform Lipschitz condition on the bounded region G. Then h(x)-2(x) is of 
class $ (B’, B’, Ba, Ba, Ba, respectively) on G and its generalized derivatives 
are given by the usual formulas. 


As the following procedure will be used frequently in the sequel, we shall 
describe it here and refer to it later by name. It follows easily, from the Heine- 
Borel theorem and Definition 7.1, that if @ is of class K, there exist sets 
T,,---,Iw andy, --- , yw such that (1) each I; is the image, under a regular 
transformation T;: x = 2z,(y) of class K, of either R, or R, with restrictions 
as in Definition 7.1; (2) 7; establishes a correspondence between 7; and the part 
of R, or Rz, respectively, for which | y;| < 3 (¢@ = 1,---,n); and (3) G is 
covered by the sets y1, --- ,yw- 

DeFINITION 7.3. We call such a covering of G a canonical covering, and 
designate it by (T, y, N, 7). 

Suppose, now, that G is of class K and that (1, y, N, 7) is a canonical covering 
of G. In R,, define h(y) as follows: 


1, d(y) = 3, 
h(y) =< 1+ 4[d(y) — 4], 3 = d(y) = }, 
0, ; = dy), 


where d(y) is the distance of y from RI . For each i (1 S i S N), we then 
define h;(x) on T; as the transform of A(y) under 7; and define it to be zero 
elsewhere in G. Evidently each h;(x) then satisfies a uniform Lipschitz condi- 


3 The reader can verify the following theorem: Let xo and x, (n = 1, 2, ---) be elements of 
a metric space E and suppose that each subsequence of \x,} contains a further subsequence which 
converges to Xo ; then the whole sequence |x,} tends to 2 . 
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tion on G. Now, suppose z(z) is of class B, on G. We define functions 
ai(x), --- , 2w(x) as follows: 


i-—l 
a(x) = hi(x)z(z), z(x) = hta)-| ea) -2 za) | (i = 2,---,N). 
j=1 
Then each z,(x) is of class 8, on G and is zero on and near G — T; and also 


N 

(7.4) 2(x) = > 2(z). 
That (7.4) holds is easily seen, since z;(r) = 2(x) on y; so that z — z; = Oony,. 
Also 2e(x) = 2(x) — a(x) on y2 so 2(x) — 2,(x) — 2e(x) is zero ony, + y2. In 
general z(r) — 2(r) — --- — 2,(x) is zero ony, + --- + ¥%. 

DEFINITION 7.4. The particular representation of z(x) given by (7.4) is called 
the canonical resolution of z(x) determined by (T, y, N, T). 

We are now in a position to prove the first fundamental theorem of the 
section. 


THEOREM 7.1. Let z(x) be of class B, on a region G of class K. Then 

(i) there exists a sequence {z,(x)} of functions, each satisfying a uniform 
Lipschitz condition on G, which converges strongly in Bq to 2(x) on G; 

(ii) there exists a function g(x) of class L_ on G* (with respect to s(e)) to which 
any sequence \z,(x)} in (i) converges strongly in L. on G*; 

(iii) if x’ = x'(x) is a regular transformation, of class K, of G into G’ and if 
2'(x’) = z[x(x’)] and g(x’) = ¢[x(zx’)], then ¢’ bears the same relation to z’ on G'* 
as ¢ does to z on G*; 

(iv) if g(x) = O (almost everywhere) on G*, then the functions z,(x) may be 
chosen so that each vanishes on and near G*, and hence if z(x) is defined to be 
zero for x not in G, then z(x), as extended, is of class B. over the whole space. 


N 
To prove (i), let (T, y, N, 7) be a canonical covering of G, let z(x) = > z:(z) 
i=l 


be the corresponding canonical resolution of z(x), and let w;(y) be the transform 
of z;(z) under T; (¢ = 1, ---,N). In case w,(y) is defined only in R, , extend 
it to the whole R, by the equation wi(Yn, Yn) = wilyn, —Yn). Then each 
wi(y) is of class %, on R, and vanishes near Ri and hence Dy) = Oon Rr. 
From Lemma 7.3, it follows that there exists a sequence {w,;,,(x)}, for each 7, 
each satisfying a uniform Lipschitz condition on R, and vanishing on and 
near Ry , which converges strongly in ®, on Ri to w;(y) (i = 1,---,N). If 
we define z;,,(z) on I; as the transform, under 7’; , of w;,,(y), defining z;,,(2) = 0 
m 


elsewhere on G, and if we then define z,(z) = > 2i,p(x), we see that {z,(x)} 
i=1 


is a sequence of the desired type. 

Now, let us define ¢;(x) on T';-G* as the transform under 7’; of Di(yn , 0) for 
those 7 for which T;-G* # 0 and corresponds under 7’; to the points of R for 
which y, = 0; let us define g;(x) = 0 elsewhere on G*; and let us define g(x) = 
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N N 
; gi(x). Let {z,(x)} be any sequence as in (i); for each p, let z,(x) = > 2i,p(Z) 
i=l i=l 


be the canonical resolution of z,(x) determined by (I, y, N, T), and let w;,,(y) be 
the transform under 77; of z;,,(x) (as defined on T;). Then, from Lemma 7.3, it 
follows that Wi, p(Yn , 0) converges strongly in L, to @(y, ,0). From Lemma 7.2 
and the fact that each z;,,(x) is zero on and near G — T;, it follows that 2;,,(x) 
converges strongly in L, on G* to g(x) (¢ = 1, ,N). This demonstrates (ii). 

The third statement is now obvious by virtue ‘al Lemma 7.2. Moreover, if 
g(x) = 0 on G’%, it is now clear that each ¢;(z) is also zero on G*, and hence 
each @,(y) is zero on Ri or R? as the case may be. From Lemma 7.3, we may 
find sequences {w;,,(y)}, each function satisfying a uniform Lipschitz condition 
on R, or Rz and zero near Rj or Re (respectively), which converge strongly in 
$B. to Bly) (¢ 1, ,N). The corresponding functions z;,,(x) (zero except 

- 


on T;) and hence the functions z,(z) = - 2:,p(2) satisfy the conditions in (iv). 
i=1 


DeFIniTIon 7.5. Let 2(x) be of class 8, on G and let g(x) be the function 
of Theorem 7.1 defined on G*. We say that z(x) takes on the boundary values 
g(x) on G*. 

The following two theorems give further interpretations of this boundary 
value function g(x). The first is an immediate consequence of Theorem 6.3 
and of Theorem 7.1 and its proof. 


THEOREM 7.2. Let z(x) be of class Y%, on the region G of class K, let g(x) be 
its boundary values on G*, and let 2(x) be the function defined by (6.8). Let y bea 
portion of G which is the image, under the regular transformation T: x = x(y) of 
class K, of the half cube Rz in which T sets up a correspondence between the points 
of y-G* and the points of Rz for which y, = 0. Let @(y) = 2{x(y)] and Wy.) = 
giz(yn , 0). 

Then Dy’, , 0) (as defined in (i) of Lemma 7.3) = Wy) for almost all Yn : 

THEOREM 7.3. Let z(x) be of class %, on a region G of class K, let g(x) be its 
boundary values on G*, and let 2(x) be the equivalent function of (6.8). Let B be 
any direction, Ig be the (n — 1)-dimensional hyperplane through the origin and 
perpendicular to 8, and Gg be the projection of G on Tg. 

Then, if l is any line in the direction 8 whose intersection with Ig does not lie 
in a certain subset Zs of Gg which is of (n — 1)-dimensional measure zero, 2(x) 
is A.C. on any segment (xi , 22) of Lin G, where a; and x3 are on G* and Xz) 
tends to g(x;) as x tends along this segment to a; (i = 1, 2). 


On account of Theorems 6.3 and 7.1, we may take 6 as the direction of the 
x-axis. Let {z,(x)} be a sequence of functions as in (i) of Theorem 7.1. From 
a well-known theorem on mean convergence it follows that a subsequence 
{z,(x)} exists such that {z,(x)} tends to g(x) for almost every (with respect to 
s(e)) x on G* and such that 


(7.5) lim a 


} ro = 0, 
qe 41; | Ox, =| 
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l, being the product of | with G, this convergence holding for all lines 1: z} = 2; 
for which 2; does not lie in a set Z;, of measure zero. From Lemma 7.2, it 
follows that the projection of the set e, of points x of G* where {z,(x)} fails to 
converge to g(x), on 2; = 0 is a set Z;,2 of (n — 1)-dimensional measure zero. 

Now, let Z; = Zi, + Z:,2; Z; is of (n — 1)-dimensional measure zero. Let 
# be in G (the projection of G on x, = 0) but not in Z, , and suppose the points 
(#1, 21) and (#, 22) are on G* and that all the points (# , 2) with n < 
x, < 2. areinG. From (7.5), it follows that the functions Zo(E1 , 4) converge 
uniformly on z; < 2 S 22 to some continuous function which coincides with 
2(# , 21) on the open segment, and, since #; is not in Z;2, zo(#1, z;) converges 
to o(%:, a) (¢ = 1, 2). This proves the theorem. 

We now prove an exceedingly important “substitution theorem”. This result 
is stated in Theorem 7.4. 


region of G with H C G and suppose that H is of class K. Let u(x) be of class Ba 
in H with D.(u, H) finite, and suppose that u(x) and z(x) have the same (essen- 
tially) boundary values (with respect to H) on H*. Let w(x) coincide with u(x) 
on H and with z(x) onG — H. Then w(x) is of class B, on G. 


Proof. Evidently the function v(x), defined on H by v(x) = u(x) — 2(z), 
is of class $8, on H and vanishes on H*. Now, by Theorem 7.1, the function 
V(x) which coincides with v(x) on H and is zero on G — H is of class $, over G. 
Then we see that w(x) = z(x) + V(x) on G and hence w(z) is of class $, on G. 

In this section, we have seen that any function of class $B. (a 2 1) ona 
region G of class K tends in the mean of order a to boundary values of class La . 
Clearly, if G is the unit sphere in which spherical coérdinates (P, r) are chosen, 
P being on G*, and if u(r, P) is of class f, on G, then (s(e) being the function 
of Lemma 7.2) 


THEOREM 7.4. Let 2(x) be of class $8. (a 2 1) onaregionG. Let H be a sub- 


(7.6) lim / u(r, P) — a1, P) |*ds(e) = 0, 


a(r, P) being the usual function. Of course (7.6) may hold without wu being of 
class B, on G. In fact, if u(1, 6) is summable with its square for 0 < 6 S 2z, 
then (7.6) holds with a = 2 if ar, 6) is the harmonic function given in terms 
of a(1, 6) by Poisson’s integral. However, the Dirichlet integral of this har- 
monic function need not be finite as 


n=l 


oo 2r co) 
Dalu,C(0, Dl=* Zonta +04), [tats oda = x[ dod + (or + 04) | 
n=l 0 
the a, and b, being the Fourier coefficients for u(1, 8). 
8. Weak convergence; Rellich’s theorem. In this section, we consider families 


and sequences of functions of class $, and of class ®. It is assumed throughout 
the section that a 2 1. Weak convergence (as contrasted with strong con- 
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vergence or convergence \,ith respect to the norm suggested in §7) in $B, on a 
region G is defined and it is shown that any family of functions {z(x)} with 
D.(z, G) uniformly bounded is compact with respect to the above weak converg- 
ence except that, for a = 1, we must impose a condition of “uniform absolute con- 
tinuity’’ on the functions of the family. If G is of class K, it is shown that the 
weak convergence of z,(x) to z(z) in $. on G implies the strong convergence 
in L, of z, to z on G and the strong convergence in L, of the boundary values 
¢, of z, on G* to the boundary values ¢ of z. Various sufficient conditions for 
the compactness in $, of families of functions are developed. 

We begin by recalling the definition of weak convergence of elements in a 
Banach space ({1], Chapters IV, IX). 

DEFINITION 8.1. Let X, and X be elements of a Banach space E. We say 
that X, tends weakly to X in E if F(X,) — F(X) for each linear functional 
({1], p. 23) F(X) defined on E. 

It is well known that the spaces L_ (a 2 1) ({1], Chapter IV) of functions f 
with | f |“ summable on a region G and the space M of functions measurable 
and essentially bounded on G are Banach spaces if the norms are defined in the 
usual way, and we have seen in §5 that the spaces 2. (a 2 1) are also Banach 
spaces. The following ({1], Chapter IV) is a well-known criterion for weak 
convergence in the spaces L.. 


Lemma 8.1. The most general linear functional F(f) defined on L. is of the form 
Fy) = | AG@s(e) ae, 


where A(x) is essentialiy bounded (i.e., A(x) «M) if a = 1 and A(x) € Lg with 
a'+6'=lifa>l. 

If G is bounded, necessary and sufficient conditions that f,(x) converge weakly 
in La on G to f(x) are 


0 [ te) ae = N, 
i tim f f(z) dr = f f(x) ax 


for each cell R in G, N being independent of p; in the case a = 1, we must replace 
(i) by the condition that the set functions 


(8.1) ex(e) = f fy(z) ae 


be uniformly absolutely continuous (this is implied by (i) if a > 1). 


The following facts concerning weak convergence are well known ({1], Chap- 
ter LX) or easily deducible from known results. 


Set eer Tene 
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Lemma 8.2. Suppose that {f,(x)} converges weakly in L, to f(x) on the bounded 
region G. Then 

(1) the convergence holds on any subregion of G; 

(2) f(x) is unique (except for a possible additive null function) ; 

(3) we have 


tim [ A(xfy(z) dx = [ A(af(z) dz 
pee “e € 
for any (bounded) measurable subset e of G, A(x) being in Lg (a ' + 8 = 1) 
or M on G according as a > 1 ora = 1; and 

(4) we have 


/ | f(x) |*dx < lim int [ \fp(x) |* dx. 


Finally, if |f,(x)} ts any sequence of functions in L which satisfies (i) of Lemma 
8.1 and in which the set functions of (8.1) are uniformly absolutely continuous, 
then a subsequence of \f,(x)} converges weakly in L, on G to some function f(x) 
in La. 


We now prove the analogues of Lemmas 8.1 and 8.2 for the spaces $B, . 


THEOREM 8.1. The most general linear functional F(z) defined for all z of 
class fon a bounded region G is of the form 


F(z) = / | A@ete) + 3 Ada)Dz2 |, 


where A(x) and A,(x) are all in M if « = 1 and are all in Ls with a’ +B = 1 
ifa>l. 

A necessary and sufficient condition that z,(x) converge weakly in B%, on G to 
the function z is that z, and z are all in %, and that z, and D,,z, tend weakly in La 
on G to z and D,,z, respectively (t = 1, --- ,n). 


To prove this, consider the Banach space E of sets ¢ = (go, ¢1,--+ , Gn) 
of functions, each in L, on G with 


elit = f fie + (Let) bar 


Evidently the n + 1 functions z, D,,z, --- , D.,z form a certain linear subspace 
H of E with the same norm, since we have defined (in §7) 


n ha 
lz ||* = fier + [> Di | \ ae = D(z, G). 


Now, if we are given F(z), we may extend it ({1], Chapter II, Theorem 1) to 
the whole space E. Now, by holding all the g; = 0 but one, letting 7 run 
from 0 to n, and using Lemma 8.1 and the linearity of F, we see that F(z) has 
the form indicated on E and hence on H. 





ounded 


Lemma 
NuUOUSs, 


om f(z) 


ll z of 





bspace 


1 1) to 
run 
(z) has 





FUNCTIONS OF VARIABLES AND ABSOLUTE CONTINUITY 205 


It is clear in the above theorem that the A(x) and A,(z) are not uniquely 
determined by the functional F(z). The following theorem is an immediate 
consequence of Theorem 8.1 and Lemmas 8.1 and 8.2. 


THEOREM 8.2. Suppose |z,(x)} converges weakly to z(x) in $B, on G. Then 
(1) the convergence holds on any subregion of G; 

(2) z(x) ts unique (except for a possible additive null function) ; 

(3) we have 


lim [ [ A@en(a + > Adz)Day2» | = [ [ Atwdeta + > Ada)Da2 dx 
G i=l G 


pe i=l 


if all the functions A(x) and A(x) are in M if a = lorinLlgwitha'+ 8° =1 
fia>1; 
(4) we have 


/ | z(x) |“dx < lim int [ | z,(x) |* dz, / | D.,2|*dx <= lim int [ | Dz, 2p |“dz, 
G p72 G G pro G 


n ta 
/ [> Di: | dz = D,{z,G) = lim inf D,(z,, G) (i= 1,---,n); 
G i=l p72 


and 

(5) of x = x(y) ts a regular transformation of class K of a region H in the 
y-space into G, and if w,(y) = z,[x(y)], w(y) = 2[x(y)], then the sequence {w,(y)} 
converges weakly in Bq on H to w(y). 


Before proceeding to a further discussion of weak convergence, we shall prove 
an important inequality which has been proved for n = 2, a = 2 by K. Fried- 
richs ({6], pp. 230-232) for somewhat more general regions. 


THEOREM 8.3. Let z(x) be of class $8. on a hypercube R: |a, b] of sideh. Then 


b b 
(i) [ [ \e@ - -@ lraedg s(n — 1)-nI-W- Date, RB); 


(ii) [ |2(x) — ze |“dx S [(2n — 1)-h]*D.(z, R), 


where zp denotes the average of z over R. 


As we can approximate to z(x) on R strongly in %, by functions of class C’ 
on R, it follows that it is sufficient to prove the inequality for such functions. 
The proof for n = 2 is typical, so we shall take z, = 2,72 = y,8 = §,& = 7 
and R: (a, b} a + h, b + Ah). 

Now, there exists a value 7 (6 S 9 S b + h) such that 


ath az \@ 
(8.2) [ |Zlasmp@R, y=3. 
a ' | 
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Then 


v7] z 7] 
jae ~ a0 = | a2(§, t) + |[ da(s, Das + | d2(x, t) 
n OY t ax Fy oy 


Hence 


i [ [ Fe |2(a, y) — 2(&, n) |“ da dy dt an] 
3 LI J] [ = Dat, dedy adn |” 


i Sf [| | [ at u) ds I dz dy dean |” 


+ | SLL sas D at “de dy adn |” < 3[h"*D,(z, RI", 
R R . 


and (i) follows immediately; the Hélder inequality was applied to the interior 
integrals; (ii) is an immediate consequence of (i) as is easily seen by using 
the definition of zz and the Hélder inequality. 

Before proceeding to the proof of Rellich’s theorem [9] in the general case, 
we shall prove it for a cell. 


Lemma 8.3. Let the functions z,(x) (p = 1, 2, --- ) be of class B. on a cell 
R: (a, b) with D,(z,, R) < M, M being independent of p. Then there exists a 
subsequence |z,(x)} which converges strongly in L_ to some function z(x). 


We may extend each z, by successive reflections to be of class $ over the 
whole space. It is clear that the hypotheses above will be fulfilled on some 
hypercube which contains R. Hence we may assume that R is a hypercube of 
side K, say. 

For each r, we divide R into 2"” congruent hypercubes R,,; (j = 1, --- , 2”) 
each of side K-2”” by means of hyperplanes perpendicular to the axes. For 
each p and r, we define the step function z,,,(x) to be equal in R,,; to the average 
of z, over R,,;. From the above theorem, it follows that, for each p, we have 


[ \2o(2) — 2pela) [Pde $ [Qn — 1)-K-2°7-M, 
(8.3) - an ° 
i lzpe(x) [dx = > [ | fm(R dT" / 2,0) dx) dr / |zp(x) |"dx < M. 


Now, for each fixed r, all the functions z,,,(x) are uniformly bounded and each 
constant on each R,,;. Hence a subsequence {pi} of {p} may be chosen so 
that the functions z,, :(7) converge to a function 2:(x) which is a step function 
of the above type. We may find subsequences {p,} in succession, each being 
a subsequence of the preceding so that the functions z,,,,(x7) converge to a 
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function 2,(x). If we let {q} be the diagonal sequence, we see that {z,,-(2)} — 
z,(r) for each r. 
Now, from (8.3) we see that 


l/a 
(8.4) | i | Za.r,(2) — 2g,r,(x) |* az | < 2M"*.(2n — 1)-K-2”, 
_IR 
where 7 is the smaller of r; and re. From our above limiting process, we see that 
l/a 
(8.5) | | Z,,(x) — 2,,(x) ae < 2M"*.(2n — 1)-K-2™. 
R 


Hence the functions 2,(z) converge in L, to some function z(x). Using (8.3) 
(8.4), and (8.5), we easily see that the subsequence {z,(x)} converges strongly 
in L, to this function 2(z). 

We are now able to prove the compactness of bounded subsets of the space 
¥. with respect to weak convergence if Gis bounded. This fact is stated in the 
following theorem: 


THEoreM 8.4. Let {z,(x)} be a sequence of functions of class B, on G with 
D.(z», G) uniformly bounded, G being bounded. Then a subsequence \z,(x)| con- 
verges weakly in B, on G to some function z(x) (of class $.),a > 1. Ifa = 1, 
the theorem holds if the functions z,(x) are uniformly of class $B, , 7.e., if the set 
functions ¢,(e) and y;,,(e) are uniformly A.C., where 


odti-w i 2,(z)dz,  visl) = [ Da,tpde. 


It is clear from Lemma 8.2 that we may choose a subsequence {z,(x)} such 
that {z,(2)} converges weakly in L, to some function z(z) and {D,,z,} converges 
weakly in L. on G to some function v;(x) (¢ = 1, --- , n). 

Now, let [a, 6] be any cell of G. From Lemma 8.3 and the uniqueness of 
z(x), it follows that a subsequence {z,(x)} tends strongly in L, to z(x). Hence 
if {z.(x)} is a properly chosen subsequence, we see that, on almost every cell R 
of [a, 6], 


lim | 2e(z) — 2(z) |“ds(e) = 0 


(s(e) and x;(e) being the set functions of Lemma 7.2 for R*). Thus, for almost 
every R, we have 


[ 2@ azi(o = tim fe) azxi(e) = tim f Dayzede = [ ov(2) de, 


so that z(xr) is of class $. on (a, b) and the functions »;,(z) are equivalent respec- 
tively to D.,z (k = 1,---,m). Hence {z,(x)} converges weakly in our sense 
to z(x). 

We now prove an important theorem which, together with Theorem 8.4, 
includes Rellich’s theorem for regions of class K. 












































208 C. B. MORREY, JR. 


THeoreM 8.5. If {z,(x)} converges weakly in Y. on a bounded region G to 
the function z(x), then {z,(x)} tends strongly in L, to z(x) on each closed cell interior 
to G. If G is of class K, then {z,(x)} tends strongly in L, to z(x) on G, and the 
boundary values of z, tend strongly in La on G* to those for z. 


To prove the first statement, let (a, b) be any cell in G and let {z,(x)} be 
any subsequence of {z,(x)}. By Lemma 8.3, a subsequence {z,(x)} of {z,(zx)} 
exists which converges strongly in L. on (a, b) to some function which must 
be z(x) since z(x) is unique by Lemma 8.2. Thus, by a well-known theorem 
on mean convergence (see footnote 3), it follows that the whole sequence 
{z,p(x)} tends strongly in L, to z(x) on (a, b). 

Now, suppose that G is of class K. Let (I, y, N, 7) be a canonical covering 

N N 


of G, let z,(z) = ps 2i,p(@) and 2(x) = > z:(z) be the corresponding canonical 
i=l i=1 


resolutions of z,(x) and z(x), respectively, and let w;,,(y) and w,(y) be the 
transforms, under 7; , of z;,,(z) and z,(x) respectively as defined on I; ; let 
Z;,» , ete., be the corresponding functions (6.8). From Lemma 7.4 and Theorem 
8.2 it follows that z;,,(2) converges weakly in B, on G to z;(x) and w;,,,(y) 
converges weakly in $, on R, or R, to wi(y) (¢ = 1,---,N). From the first 
paragraph, it follows that w;,,(y) converges strongly in L. on R, and R2 to 
wi(y) so that z;,,(x) and z,(x) tend strongly in L. on G to z;(x) and z(x), respec- 
tively. The proof of (iv) of Lemma 7.3 carries over verbatim to prove that 
@;,,(y) converges strongly in L, on Ri or R? to @Wi(y); the step (7.2) being 
possible in the present case on account of the weak convergence. From this 
the last statement follows easily (as in the proof of Theorem 7.1). 

The remainder of this section is devoted to the study of simple conditions 
under which families of functions in $, are compact with respect to weak con- 
vergence in $,.. If a@ > 1, a necessary and sufficient condition for this is that 
the families be uniformly bounded in %,. Accordingly, Theorems 8.6 and 8.7 
give conditions that a family be uniformly bounded in %,. The principles 
used in the proofs of these theorems are given in Lemma 8.4. 


Lemma 8.4. Let {z(x)} be a family of functions, each of class % on the cell 
R: (a, b), with D.(z, R) uniformly bounded (a = 1); let ¢ denote the boundary 
values of z. Then all the functions z are of class $, on R; and 

(a) if D(z, r) is uniformly bounded for some cell r in R, Da(z, R) is uniformly 
bounded ; 


(b) i f | ¢ |“ ds(e) (Lemma 7.2) is uniformly bounded for some face F;, 
Fk 
a, = a or hy, of R*, then D,(z, R) is uniformly bounded; and 
(c) of D(z, R) is uniformly bounded, / |e |*ds(e) is uniformly bounded. 
R* 


To prove (a), let 7 be the cell (c, d) with a, S c¢, < d; S b, (l= 1, --- ,n). 


We define the cells 7,, --- , 7, = R as follows: 7 is the cell ay S m S by, 
cS xz, Sd, (l = 2,---,n); 72 is the cella, Sm Sb, a2 S te Ske, S 





—_ewemw =m «& & «& 


n G to 
nterior 
nd the 


r)} be 
|Zq(x)} 
| must 
eorem 
juence 


vering 
onical 


re the 
": 3 let 
eorem 
Vi,p(y) 
e first 
Rs to 
espec- 
e that 
being 
n this 


litions 
< con- 
s that 
nd 8.7 
ciples 


he cell 
ndary 


ormly 


4 Fy, 





FUNCTIONS OF VARIABLES AND ABSOLUTE CONTINUITY 209 


z, < d, (l = 3, ---,m); and, in general, 7, is the cella, S um S h& (k = 
l,---,m),c SxSda,(l=m+1,---,n). 
Now, if q S m1, Sq ord; S m4, S bh andc, S x42 S d, we see that 


dy a 
/ | 2(xt, a2) — 2(r1, a1) ("dai S jae — tia | — | dx 
eC) R | O24 | 
which is uniformly bounded for all z;,, in the above range and all z in the family. 
Thus D,(z, 7:) is uniformly bounded. In a similar way, one sees in succession 
that D.(z, 72), --- , Dalz, ta) = D(z, R) are uniformly bounded. 
The proofs of (b) and (ec) follow at once from 


bk 
| | 2(ark, Xea) — 2x, veo) “dre S |ae2 — tea |” Dalz, R) 


k 


(a. S 2a, Lee Ses k = 1, ---, n), 


where 2(r; , bk) = o(xe, be) and 2(xy, ax) = o(xi, a) and 2 is of class B, and 
equivalent to z. 


THEOREM 8.6. Let {z(x)} be a family of functions of class % on G with D,(z, G) 
uniformly bounded. Suppose that there exists a cell R interior to G on which 
D.(z, R) is uniformly bounded. Then each z is of class Bq on any region H with 
H C Gand D(z, H) is uniformly bounded. If G is of class K, each z is of class 


B. on G and D,(z, G) and i |¢|*ds(e) are uniformly bounded, ¢ being the 
G* 
boundary function for z. 


To prove the first statement, it is sufficient to prove it for cells H. Let 
PeRandQeH. It is clear that we may find a finite sequence, R,, --- , Ry, 
of open cells such that R; contains P, Ry contains Q, and R;-Ri. ¥ 0 (i = 
1,---,N + 1; Ro = R, Rvw. = H). That D,(z, H) is uniformly bounded 
follows from repeated application of (a) of Lemma 8.4. 

Now, suppose G is of class K, let y: , --- , yw be a covering of G as in Defini- 
tion 7.1, let 7, ,--- , Ty be the corresponding transformations of y; onto R,; 
or R, , and let w;(y) be the transform under 7’;; of z(z) as defined on y;. Since 
those y; with y;-G* # 0 cover all the points on and near G*, there exists a 
region H with H C G such that y;-H is open for each 7. Since D.(z, H) is 
uniformly bounded, and since the transform of y;-H under 7; contains a cell, 
it follows from Lemma 8.4 (a) that D.(R,, ws) and D.(R2, w;) are uni- 
formly bounded so that, by addition, D.(z, G) is uniformly bounded. That 


| |¢ |“ ds(e) is uniformly bounded follows from (c) of Lemma 8.4. 
G* 


THEOREM 8.7. Let {z(x)} be a family of functions of class $8. (a 2 1) ona 
region G, of class K, with D,(z, G) uniformly bounded. Suppose that there exists 


Se ae oe 
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a set E, open on G*, such that / | ¢ |“ ds(e) is uniformly bounded. Then D,(z, G) 
E 
is uniformly bounded. 


From Definition 7.1 it follows that there exists a subset y of G, with y-G* ¥ 0 
and y-G* C E, which is the image, under the regular transformation 7: x = x(y), 
of the cell R, , the points of y-G* and those of R2 w here yn = 0 corresponding 
under 7. Let w(y) be the transform of z(x) and y¥(y',) = ¢g[zr(y', , 0)]. Then 


@(y,, 0) = ¥(y,) almost everywhere and [i \w(y) |“ dy), is uniformly 


bounded. From (b) of Lemma 8.4, it follows that D.(w, Rz) and hence D,(z, y) 
is uniformly bounded. Since y contains a cell H with H C G, the theorem 
follows from Theorem 8.6. 

If a = 1, the mere uniform boundedness of D,(z, G) is not sufficient for {z} 
to be compact with respect to weak convergence. The following theorem gives 
an interesting condition for compactness in this case. (Cf. [7].) 


THEOREM 8.8. A necessary and sufficient condition that the family \z(x)} of 
functions of class $, on the bounded region G be compact with respect to weak 
convergence in J, on G is that the following two conditions hold: 

(i) D,(z, G) is uniformly bounded; 


(ii) there exists a non-negative convex‘ function g(r; , --+ , x) with the property 
that 
(8.6) lim Ir lor, «++, tn) = +2, lrP=rit+.--.. +r, 
|r| +20 
and such that 
(8.7) / ¢(D.z,2, --- , Dz,z)dz 
G 


is untformly bounded. 


From Theorems 8.2 and 8.4, it follows that a necessary and sufficient condi- 
tion for this compactness is that (i) should hold and that the set functions 


[E> :] dz = D,(z, e) 


should be uniformly absolutely continuous. 
Hence, let us assume that these conditions are satisfied in our family and 
let M be a uniform bound for D,(z, G). For each p and z, let E,(z) be the set 


n 4 20 
of x where p — 1 < [> Di | < pand let &,(z) = p> E,(z) + Z(z), Z(z) 
i=l p+l1 


being the set of measure zero where one of the D,,z fails to exist; then &,(z) 


4 A function f(x) is convex if f[(1 — A)ai + Axe] = (1 — A)f(x1) + Af (ze) for each A, 0 SA 
S 1, and each pair of points (2; , 22). 
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n 4 ” 
is the set where |= Di: | > por is not defined. Clearly m[&,(z)] < M/p 


i=1 


so that 


Dilz, &,(2)] S$ Do k-m[Ex(z)] S Dalz, &,(2)] + m[S,@)] Se, lime, = 0, 


k=pt+l1 p72 


¢, being independent of z on account of the uniform absolute continuity. Now 
let p: be the first integer such that «, < } for p 2 p,, let pe be the first in- 


teger > p, such that e, < (4)° for all p = pe, and, in general, let pxy: be the 


first integer > p, such that e, < 2°" for all p = pry. Define (| r |) by 


Ir|, O<s\ir|lsn, 

2\r| — nn, ~i S |r| S pr, 

3irl-nm-— < < 

eee SS eee 
k—-1 

k|r|— 2p, Pra S |r| S me, 





Then (| 7 |) is convex in | r| and we have 


PV 4(1-P) 4... 4(1 -™)]. 
wird 2 [r+(1-B)4(2-B 4. 4-2) J irl, irl ee. 


We define g(71, ---, 7) = Wi(ri +--+ ry} = ¥(|r|) and ¢ is convex and 
satisfies (8.6). Also 


/ elDz2, «++, Deed S$ Dile, G) +L k-Dile, &u(e)] SM + ke 
G 1 1 


independently of z. 

Next, we assume that the conditions of the theorem are satisfied and take M 
as a uniform bound for the integral (8.7). For each p, let a, be the greatest 
lower bound of (rj + --- + ry -e(n ees, Pa) for (ri es + ry 2p-1; 
then lim a, = +. Then, for each p, 


p-o0 


wo 


DD ax-(k — 1)m[E,(z)] S [ eDe2, ---,Dz,z)dz = M 
k= p+1 @ 
for each zin {z}. Hence 
D,(z, &,(z)] s 2 k.m[E,(z)] S M(p + 1)/pap4, lim M(p + 1)/pa, = 0, 
pt+l p72 
the bound being independent of z. Now choose e > 0. Let p be so large that 


M(p + 1)/pa, < 3e. For that p, choose 6 = ¢/2p. Then if m(e) < 6, we 
see that D,(z, e) < ¢ for each z in the family. 


—-* 


woe 
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It is an obvious but convenient remark that Theorem 8.8 holds if a > 1; 
we need only to take g = (ri + --- + r2)'*. 


9. Boundary values on general regions. In this section, we discuss functions 
of class B, , defined on an arbitrary bounded region G, particularly with respect 
to their boundary values. It is clear that we will ordinarily have no boundary 
value function ¢ as in §7. However, (iv) of Theorem 7.1 suggests the definition 
given below for the vanishing of a function of class 8, on G*. This definition 
has been given for a = 2 in volume 2, Chapter VII, $1 of Courant-Hilbert, 
Methoden der mathematischen Physik. 

DEFINITION 9.1. We say that a function z of class $,. vanishes (or = 0) 
on G* if there exists a sequence {z,(x)} which converges strongly in $B. on G 
to z, each z, satisfying a uniform Lipschitz condition on G and vanishing for z 
not in a subregion G, of G with G, C G, where any closed (bounded) subset F 
of G is in all of the G, for p > Pr. 

If G is of class K, this definition is equivalent (in view of Theorem 7.1) to 
the condition that the boundary function vanish. We first prove a theorem 
analogous to Theorem 7.3 for the case that z(z) vanishes on G*. It can be 
proved that the necessary condition mentioned in the theorem is sufficient as 
well as necessary. This proof requires a great deal more analysis than the 
degree of interest of the result warrants. For simplicity of statement, we inter- 
pose the following definition. 

DEFINITION 9.2. A function z(2) is of class $’” on a region G if it is of class ’ 
there and if z[x(y)] is of class B’ in y on H if x = z(y) is any regular transforma- 
tion of class K of H into G (H being variable with the transformation); z(x) is 
of class QB. if it is also of class Ba. 

If 2(x) is of class $B, on G, then the function 2(x) of (6.8) is of class $Y’ on G. 

THEOREM 9.1. Suppose that z(x) is of class B. on G. Then a necessary 
condition that z(x) vanish on G* is that the function Z(x) = 2(x) on G and zero 
elsewhere be of class By’ on any bounded region of space. If z(x) vanishes on G* 
and x = x(y) is a regular transformation, of class K, of a region H into G and if 
w(y) = 2[x(y)], then w(y) vanishes on H*. 


The second statement is an immediate consequence of §6 and Definition 9.1. 
To prove the first statement, let H be any region of class K such that H DG. 
Let {z,(x)} be a sequence as in Definition 9.1 and extend each z,(x) and 2(zx) 
to H by defining each to be zero on H — G. Then 2(z) is of class $, on H 
and z,(x) is a sequence for z on H as in Definition 9.1. As in the proof of 
Theorem 7.3, we show that, for each k (1 S k S n), there exists a subset Z, 
of (n — 1)-dimensional measure zero such that if #; is not in Z;, , then a subse- 
quence {z,(#; , t,)} converges uniformly in 2, on each closed segment of x; = 
the interior of which is in H to 2(%;, x,), the function of (6.8) for 2(z) on H. 
Since z,(x) = 0 for each p and each z in H — G, it follows that the above func- 
tion Z(x) is of class $4 on H. It is easily seen, by making a regular transforma- 
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tion x’ = 2’(x) of H into H’, that Z(z) is of class ®2’ on H. This proves the 
theorem. 

Definition 9.1 suggests the following definition. 

DEFINITION 9.3. Let 2, and 2 be of class 8, on G. We say that 2 and 2, 
coincide (or 2; = 22) on G* if z; — ze vanishes on G* in the sense of Definition 9.1. 

We now prove a fundamental theorem involving weak convergence in $, and 
the above concepts of boundary values. 


THEOREM 9.2. Let |z,(x)} converge weakly in %, on G to 2(x) and suppose 
that z,(x) = 2*(x) on G* (p = 1, 2, ---), 2*(x) being of class B,. on G. Then 
2(x) = 2*(x) on G*. 

Clearly there is no loss of generality in assuming that z*(z) = 0. For each 
z,(x), let Z,(x) satisfy a uniform Lipschitz condition on G, vanish on and near G*, 
and satisfy 


Diep — Z,G) < - 


Then it is clear (since strong convergence implies weak convergence) that {Z,(x)} 
tends weakly in $, to z(z) onG. From a well-known theorem ({1], Chapter [X) 
on weak convergence, it follows that there exists a sequence {(¢,,Z; + --- + 
Cp,»Z,)| which converges strongly in $, to z(z) on G. This sequence is evidently 
a sequence for z(x) as in Definition 9.1, so that z(z) = 0 on G*. 

We now develop a convenient representation and an important inequality for 
functions of class $8. which vanish on G*, G being bounded. We state these 
results in Theorem 9.3 below. In the following, we define y, and T, by the 
formulas 


m(C(P,r)] = yar", — m[C*(P, r)] = Tar", 
the second being the (n — 1)-dimensional hyperarea. It is clear that T, = n-y,. 
We first prove a simple lemma which, however, is important for the sequel. 
Lemma 9.1. If E is any set of finite measure and 2 is any point, then 


n —}(n—1) n —}(n—1) 
| b (2; ” ni) | dx = / b (x; = ns) | dz rar 
E C(2mr) 


i=] i=1 


= T,[m(E)/yn]"", 
yar" = mE). 


The first inequality is immediate, since the integrand is smaller for any z not 
in C(x , r) than for any zx in C(2 , r) so the integral is increased by substituting 
C(Po, r) — C(Po, r)-E for the part, which is of equal measure, of E not in 
C(Po,r). The remaining steps follow by integration and substitution. 


THEOREM 9.3. Let z be of class B on the bounded region G and vanish on G*. 
If we define z = 0 for x not in G, then 


n —}n n 
(9.1) 22) = —r7z [ [> (& — x | > (& — np) la, pi = D,,z, 


i- i- 








214 C. B. MORREY, JR. 


for almost all x in space, 2(x) denoting the function (6.8) where the sets e are re- 
stricted to be spheres C(x, r). In fact 2(x) is defined for each point x for which the 
integral on the right exists as a Lebesgue integral, this being almost everywhere. 
Also 


(9.2) [ |e(x) “dx < yz*!".[m(G)|"?"™. [m(E)|!"- Dale, G) 


for any measurable set E of finite measure. 


We first observe that the integrand on the right in (9.1) is measurable in the 
2n-dimensional (zx, £)-space as are the integrands in (9.3) below. Also the 
iterated integrals 


a [ [= rio] { [ [= (&- a aha 


< Ta-[m(E)/ynl""-De(z,G) (1 S$ B S @; py = Dz, 2) 


all exist if Z is any measurable set of finite measure. Thus the integral in (9.1) 
exists as a Lebesgue integral for almost every z. 

Now, let z be a point where this integral converges and let (r, ¢) be polar 
coérdinates with pole at x and let @(r, c) be the transform of 2(€) (see (6.8)), ¢ 
denoting a point on the unit sphere C*(0, 1). Then @ is of class $2’ in any 
bounded region of (r, ¢)-space in which r = 7 > O and the usual differentiation 
formulas hold and 


n -inft on 
. R)—C (z, p) [= (§ = x | [> G- zp) |at 


(9.4) 
R si 
= / [ PF ade = i [W(R, 0) — Wp, c)|do (p; = Dz,2z). 
p 4c*(0,1) OF c*(0, 1) 


Since the above integral is absolutely convergent as p — 0, we see that there 
exists a summable function @(0, ) such that 


lim | @(r, ¢) — B(0, «) |do = 0. 
1) 


r—0 “c*(0, 


From this, it follows easily, by choosing R so large that C(z, R) contains G, that 


R _— 
a(x) = TT, @(0, ¢)do = —T7 [ 00 ards 
c*(0, 1) 0 %c%0,1) Or 


from which the existence of 2(x) and formula (9.1) follows. 
Now, from the above it follows that, for almost all z, 


n —}(n—1)/a 
|e(z)| < 13" p> (§& — x | wy 





D2) 
(9.1) 


polar 
8)), o 
1 any 
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Bry { [ b (& — wtf 
{% so | ax)" [ [= (& - “| ax 


5 1s tPelm(@) /vat'P4 [TE 20] |S ato Jae” 


i=l] t=1 


(pi = Dz,2). 


(9.2) then follows by integrating with respect to z, changing the order of integra- 
tion, and then using (9.3) with B= a. 

We conclude this section with a result for general regions, corresponding 
roughly to Theorem 8.7. This theorem, together with Theorem 8.8, gives a 
condition that a family of functions in $, on G be compact with respect to weak 
convergence. This theorem is an immediate consequence of Theorems 9.2 
and 9.3. 


THEOREM 9.4. Let {z*} be any family of functions uniformly bounded in Ba 
onG. Let {z} be any family of functions of class 8, on G with D.(z, G) uniformly 
bounded, each z coinciding on G* with some 2* in {2*}. 

Then D,(z, G) is uniformly bounded. 
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EXTENDING MAPS OF PLANE PEANO CONTINUA 
By V. W. ADKISsON AND SAUNDERS Mac LANE 


1. Introduction. When can a homeomorphism 7 of a Peano continuum M 
on a sphere S to a set M’ on a sphere S’ be extended to a homeomorphism 7” 
which carries the whole sphere S into S’? Gehman has solved this problem for 
the extension of 7 to a map of a plane containing such a space M.’_ His condi- 
tion can easily be modified to include the case of M and M’ on spheres.” But 
this condition, which requires that certain “‘sides’’ of M be preserved by 77, is 
extrinsic to the given M, and requires in fact that one establish the existence of 
certain ares of S and S’ which may cut through M and its complement S — M 
in a complicated fashion. We establish here another necessary and sufficient 
condition for the extendibility of 7. This condition is intrinsic, and applies 
only to the triods of M, where by a triod in M we mean a set r = [a, 8, y] of 
three arcs of M with a common end point, the vertex of the triod, such that 
any two of these ares intersect only in this vertex. 


THEeorEM 1. If M and M'’ are topologically equivalent Peano continua lying 
respectively on spheres S and S’, then a homeomorphism T of M to M’ can be 
extended to a homeomorphism T’ of S to S’ if and only if T preserves the relative 
sense of every pair of triods of M. 


To say that 7 preserves the relative sense of triods here means that 7’ carries 
any two triods 7; and 72 of M which have the same sense on S into two triods 
7, and 72 which have the same sense (i.e., both are clockwise or both are counter- 
clockwise) on S’. The precise method for treating this concept of “‘sense” is 
sketched in §2. 

This theorem implies that when 7’ preserves sense on triods, it necessarily 
carries each complementary domain boundary (c.d.b.) of M into a e.d.b. of M’. 
An extendibility condition for planes may thus be found by projecting the 
sphere from a point in a suitable complementary domain. 


THEOREM 2. A homeomorphism T(M) = M’ between two plane Peano con- 
tinua M and M’ can be extended to the whole planes if and only if T preserves the 


Received September 25, 1939; presented to the American Mathematical Society, October 
28, 1939. 

1H. M. Gehman, On extending a continuous (1-1) correspondence of two plane continuous 
curves to a correspondence of their planes, Transactions of the American Mathematical 
Society, vol. 28(1926), pp. 252-265. 

2V. W. Adkisson, On extending a continuous (1-1) correspondence of continuous curves 
on a sphere, Comptes Rendus des Séances de la Société des Sciences et des Lettres de 
Varsovie, vol. 27(1934), pp. 5-9. 

H. M. Gehman, On extending a homeomorphism between two subsets of spheres, Bulletin 
of the American Mathematical Society, vol. 42(1936), pp. 79-81. 
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relative sense of every pair of triods of M, and also if for the boundary k of the 
unbounded complementary domain of M the complementary domain boundary T (k) 
of M’ bounds the unbounded complementary domain of M’. 


The structure of the set M may be used to obtain more refined conditions for 
extendibility. For a cyclically connected M one may easily prove, by the 
Schoenflies Theorem, that 7(M) = M’ can be extended to the spheres if and 
only if T carries each c.d.b. of M into a c.d.b. of M’. If M is triply connected, 
then any homeomorphism 7’ whatever can be extended to the spheres.’ 

Definition. A continuum M is triply connected‘ if M contains no split pair 
of points p and q. 

Definition. Two points p and q of a continuum M constitute a split pair 
of M if M — (p + q) is the sum of two mutually separated sets H, and H;, 
neither of which is an are from p to q. 

The behavior of 7 inside triply connected subsets of M does not interfere 
with the extendibility of T as is stated in 


THEOREM 3. The sufficient condition for the extendibility of T(M) = M’, as 
given in Theorems 1 and 2, remains valid if it is required not for all triods in M, 
but only for the triods of any list which includes 

(a) at each cut point P of M, all triods with vertex P, 

(b) for each split pair p, q of a proper cyclic element of M, all triods with vertex 
at one of these two points (say at p), 

(ce) for each triply connected proper cyclic element N of M, any one triod in N. 


The proof of this theorem involves a process of imbedding a @-graph contained 
in M in a maximal triply connected subcontinuum of M. The structure of M 
relative to such maximal elements suggests further generalizations of Whyburn’s 
cyclic element theory.’ The efficiency of our triod condition for further investi- 
gations of extendibility may be observed by noting the simplicity with which 
it could have been applied to investigations of continua with unique maps.° 


2. Sense on triods. The sense of a triod + = [a, 8, y] on a sphere S can be 
defined because S is an orientable manifold. Any topological map 7'(S) of the 
sphere on itself either preserves the orientation, and then has the degree (Abbil- 
dungsgrad) +1, or inverts the orientation of the sphere, and then has degree —1. 
The maps of degree +1 can also be characterized as the maps which can be 
homotopically deformed into the identity. 


3 V. W. Adkisson, Plane peanian continua with unique maps on the sphere and in the plane, 
Transactions of the American Mathematical Society, vol. 44(1938), p. 59, Theorem II. 

4 Triply connected graphs are discussed by Whitney, Congruent graphs and the connec- 
tivity of graphs, American Journal of Mathematics, vol. 54(1932), p. 158. See also Mac Lane 
and Adkisson, Fixed points and the extension of the homeomorphisms of a planar graph, 
American Journal of Mathematics, vol. 60(1938), pp. 611-639. 

5G. T. Whyburn, Concerning the structure of a continuous curve, American Journal of 
Mathematics, vol. 50(1928), pp. 167-194. 

6 V. W. Adkisson, Plane peanian continua, loc. cit. 
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Definition. Two triods 7, = [a , 8:1, y:] and tz = [ae , Be, y2] on a sphere S 
have the same sense on S if and only if there is a topological map 7(S) of 
degree 1 of S into itself, which takes 7; into 72, a into a2, 6; into B., and 
into yz. Two triods which do not have the same sense are said to have 
opposite sense. 

We need to compare this definition with Kline’s definition of sense on simple 
closed curves.’ In proving properties of sense it is convenient to observe that S 
can be topologically mapped onto another sphere S’ so that a given triod r+ 
goes into a triod r’ in some standard position,” such as the position with vertex 
at the north pole and legs a’, 6’, y’ ares of great circles. Using this standard 
position, one observes at once that the triods [a, 8, y], [8, y, a] and [y, a, 6] 
have the same sense, and that “equivalent” triods have the same sense. 

Definition. Two triods 7, = [a , 8:1, yi] and tz = [az , Be, v2] with the same 
vertex are equivalent if there exists a triod rs; = [a3 , Bs , ys] with the same vertex, 
such that a3 C a-a2, Bs C Bi-B2, vs Cv1-72 - 


TuHeorEM 4. The triods [a, B, y| and [a, y, B] have opposite sense. 


One need only prove that any map 7 taking the first triod into the second 
must have degree —1. To show this, add enough ares to the triod [a, 8, y] 
to make it part of a simplicial subdivision K of the sphere. The map 7 takes K 
into another simplicial subdivision K’. But T interchanges 8 and y and leaves a 
fixed, hence 7’ maps K on K’ with inversion of orientation. 

By suitable deformations of S one may prove 


TuHeoreM 5. The triods [a , Bi , yi] and [ae , Be , y2] have opposite senses if and 
only if [a; , Bi , yi] and [az , v2, Be] have the same sense. 


From this it follows that when 7; and 72 have opposite sense, while rz and 73 
also have opposite sense, then 7, and 73; have the same sense. 


THEOREM 6. Two non-intersecting triods 7, = [a , By , yi] and t2 = [ae , Be , ¥2] 
have opposite sense on a sphere S if and only if there exists on S a 6-graph whose 
vertices are the vertices of 7, and tz and whose three (non-intersecting) arcs contain 
respectively the legs a, and ae , B,; and Be , y: and y2. 


Proof. If there exist three such independent arcs constituting a 6-graph, 
this graph may be topologically distorted into standard position (say arcs of 
great circles). In this standard position one may readily construct a map of 
degree +1 which takes a , 8; , y1 into az, Y2, Be respectively. Hence 7; and 72 
have opposite sense by Theorem 5. Conversely, given 7; and 72, one may 


7J. R. Kline, A definition of sense on closed curves in non-metrical plane analysis situs, 
Annals of Mathematics, vol. 19(1918), pp. 185-200. See also J. R. Kline, Concerning sense 
on closed curves in non-metrical plane analysis situs, Annals of Mathematics, vol. 21(1919), 
pp. 113-119. 

8 The existence of the map of S on S’ which carries r in specified fashion into r’ is a 
special instance of an extension of a homeomorphism. In each case the existence of such 
an extension can readily be proved by drawing additional arcs on S and S’ (so as to make + 
and r’ parts of a simplicial subdivision), then applying the Schoenflies Theorem. 
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construct a simple closed curve J on S containing a , a2, 6; and B2, but not 
otherwise intersecting y; and y2. If y; and y2 lie on opposite sides of J, one 
may distort J into standard position and then construct a map of degree +1 
which takes 7; into 72. This makes 7; and 7: have the same sense, contrary to 
hypothesis. Therefore y; and y2 must lie on the same side of J, so that they 
can be joined by an are which, together with J, constitutes the desired 6-graph. 
This argument also proves 


THEOREM 7. Let 7; = [a1 , Bi , ¥:] and t2 = [az , Be , v2] be two non-intersecting 
triods on S, and let J be a simple closed curve of S containing a, , a2, Be, By , in 
this order, but not meeting y; and 2 (except at the vertices of 7, and t2). Then 1 
and rz have the same sense if and only if 7; and y2 lie on opposite sides of J. 


These two criteria will be used repeatedly. They state the essence of Kline’s 
original definition of sense on closed curves in the plane.’ His definition implies 
that two triples of points A;, B;, C; on the non-intersecting (simple) closed 
curves J; (¢ = 1, 2) have opposite sense (with respect to the common exterior 
of J; and J2) if and only if this exterior contains three non-intersecting arcs 
A,Az2, B,Bz, and C,C;. These three arcs, added to suitable triods within J; 
and J:, give a 6-graph. This proves 


THEOREM 8. Let 7; = [a , Bi , yi] and tr. = [az , Be, y2] be two disjoint triods, 
while J, and J» are disjoint closed curves such that J; separates the vertex of 7; 
from that of ris, (¢ + 1 reduced mod 2), and such that J; meets a; , 8; and y;. 
Let A; , B; and C; denote respectively the first points of a; , Bi, yi on J;. Then 
7, and r2 have the same sense if and only if the triple A,B,C, on J, has the same 
sense (with respect to the common exterior of J; and J) as the triple A2zB2C, on Je. 


Such a reduction of sense on triods to sense of triples of points on closed 
curves is valid whether the sense of these triples is defined by Kline’s analysis 
situs method or by combinatorial methods. 

As an analogue to Theorems 6 and 7 for intersecting triods we have 


THEOREM 9. Let 7 = [a , Bi, yi] and te = [ae, Be, Yo] be two triods with 
the same verter V, and let J be an oriented simple closed curve with interior a 
neighborhood of V, such that J intersects all six arcs of r, and t2. Let A;, B;, C; 
be respectively the first points of a; , B; and y; (from V) which lie on J. Then 1 
and t2 have the same sense if and only if A,B,C, and A2B2C2 have the same sense 
on J, in the given orientation of J. 


3. First main theorem (Theorem 1). Throughout this section let M and M’ 
denote homeomorphic Peano continua on spheres S and S’ respectively, and 
let T denote a homeomorphism 7(M) = M’. 

Definition. Let J be any simple closed curve of M. If for any two points 
P, and P; of M — J that lie in one of the regions of S bounded by J the points 


® Kline, loc. cit. 
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T(P;) and T(Pz2) lie in one of the regions of S’ bounded by T(J), then T is 
said to preserve regions in M. 


TuHeorEM 10. If T preserves relative sense on every pair of triods in M, then T 
preserves regions in M. 


Proof. Let J be any closed curve of M and J’ = T(J). (Primes will indicate 
the corresponding image under 7.) Let P; and P2 represent any two points of 
M — J that lie in R, a complementary domain of J. Then P; and P; must 
lie in the same complementary domain of J’. Suppose the contrary; i.e., P; 
and P3 are separated by J’. Then obviously P; and P: cannot belong to the 
same component of M — J, and there exists an are P;Q; = a of M lying in R 
except for its end point Q; on J and an are P2Q2 = az of M lying in R except for 
Q. on J and independent of a. If Q; = Qe, let 8; and B:, denote two subares 
of J meeting only at their common end point Q,;. Then it follows from the 
definition of sense on triod pairs and the fact that a and az are in the same 
complementary domain of J that sense 6,82a; is the same as sense §,S2a2. But 
in the second map a; and az are separated by J’ so that sense B;82a; is opposite 
to the sense 6;B2a2 , as one may see by applying Theorem 9. If Q; + Qz, each 
of the two arcs of J joining Q; to Q: may be cut into two subares 6; + 6: and 
v1 + ¥2 so that B;-y; = Q; (¢ = 1, 2). Then from Theorem 7 we have the sense 
@Bry1 opposite to the sense acBxyz. In the second map a; and ay are separated 
by J’ so that the sense aiBiy1 is the same as the sense asBzy2 (Theorem 7). 
This contradiction proves the theorem. 


THEOREM 11. If k is a complementary domain boundary of M, then T(k) is a 
complementary domain boundary of M’ if T and T™ preserve regions in M. 


Proof. Let k represent a c.d.b. of M. If P; and Pz, are two points of k, 
then P; and P2 lie on a common c.d.b. of M’. For if not, then there must 
exist a closed curve of M’ separating P; and P;." Since regions are preserved, 
the corresponding closed curve in M must then separate the original points 
P, and P: , contrary to the assumption that P; and P; lie on one k. 

The demonstration that any two points of k’ lie on a e.d.b. of M’ does not 
of itself insure that all points of k’ lie on the same c.d.b. of M’. To prove the 
latter statement, pick any closed curve J in k (if k contains no closed curve, 
then M = k). The set k — J must lie in one of the complementary domains 
R of J. Since regions are preserved, k’ — J’ then lies in a complementary 
domain R’ of J’. Choose two points A’ and B’ on J’. There must exist an are 
(A’X’B’) in R’ which has no points in common with M’. For, if every are in R’ 
joining A’ to B’ intersects M’, there exists a subcontinuum of M’ that lies in R’ 
and intersects both ares of J’ which join A’ to B’." But this is impossible 
since T”* preserves regions and since no such subcontinuum of M exists in R. 


10C, M. Cleveland, Concerning points of a continuous curve that are not accessible from 
each other, Proceedings of the National Academy of Sciences, vol. 13(1927), pp. 275-276. 

1 C,. Kuratowski, Sur les courbes gauches, Fundamenta Mathematicae, vol. 15(1930), 
p. 274, Lemma III’. 
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The are (A’X’B’) lies in a complementary domain D’ of M’. We assert that 
T(k) is contained in the boundary of D’. First, consider any point P on J. 
If Q is another point of J such that P, Q separate A, B on J, the are in R’ 
which joins P’ to Q’ in the complement of M’ must meet (A’X’B’). Hence P’ 
lies on the boundary of D’. Secondly, consider any point Po of k not on J. 
Since the pairs Po and PF’, Pi and Q’ are known each to lie on a common comple- 
mentary domain boundary of M’, there are ares in R’ and in the complement 
of M’ joining P; to P’ and Ps to Q’. Since P’Q’ separate A’B’, at least one of 
these arcs must meet (A’X’B’). Hence Po is in the boundary of D’. Since 
T* also preserves regions, it can be similarly shown that if P’ is any point in 
the boundary of D’, then T-'(P’) is in k. This proves the theorem. 


Lemma 1. Assume that T preserves sense on the pairs of triods of M. Let 
U and V, represent two non-cut points of the boundary k of a complementary domain 
D of M, and D’ the complementary domain of M’ whose boundary is T(k). (Theo- 
rems 10 and 11.) There exists an arc (a) in D with end points U and V, , and 
an are (a1) in D’ with ends U' and V;. Under the above conditions if T is defined 
for a, and ai so that T(M + a) = M’ + a, is a homeomorphism of M + a, 
then T and T* preserve regions in M + am. 


Proof. It is sufficient to show that 7 preserves sense on triod pairs in M + a, 
(Theorem 10). If U and V, are end points in k (i.e., each eseparable from 
any point in k by a single point), they are also end points in M and no new 
triods have been introduced by adding a to M. This disposes of the case in 
which M is acyclic. Hence assume at least one of U, V;, say V;, is not an 
end point of k. Since V, is not a cut point of k, it must lie on some closed 
curve J, of k. Assume that U is not on J;. Choose an are a in k joining U 
to Vi. Since k is a c.d.b. of M, every maximal cyclic element of k is a closed 
curve.” But since V; is not a cut point, it is a point of Menger order 2 in k. 
Therefore there exists a subare a2 of a with ends U and V2, where az. J; = Ve. 
The two ares of J; joining V; to Vz may each be cut into 6; + B. and y, + yz, 
where 8;-y; = Vi (¢ = 1,2). At Vi and V2 we then have two triods [a; , 8; , 7:1] 
and [ae , Be, y2] which are subsets of a 6-graph, and the sense a:$yy; is opposite 
to the sense aeBsy2 (Theorem 6). But in like manner in M’ the sense aiBry1 
must be opposite to aes , where primed letters correspond under 7 to the 
respective unprimed letters. There may exist other triods in M + q with 
vertex at V; and including a, but not equivalent to 7,. Suppose such a triod 
Tt; = [a,, Bs, y2] exists. It can be shown that relative sense on 72 and 7; is 
preserved in M’ + a; by means of a 6-graph containing both 72 and 7; as follows. 
Since V, is not a cut point of k, it can be shown that 83 and ys; (or equivalent 
portions) must lie in R, where R is the complementary domain of k whose 
boundary is J;. Since 7; is not equivalent to 7; , there is a point P; of 73 in R. 
Suppose P, lies on B;. Let ¢ = (P:V2) denote an are lying except for V2 in R. 


2 W. L. Ayres, Continuous curves homeomorphic with the boundary of a plane domain, 
Fundamenta Mathematicae, vol. 14(1929), Theorem, p. 92. 
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Let V; denote the first point of 8; on J; from P; to V;. The arc V3P,V2 then 
divides R into two regions r; and r,. Either ys , or some subare y, of y3 with V; 
as end point, must lie in 7, or 7, , say 7; , where 7; is in the boundary of r;. We 
then obtain a 6-graph containing 7; and 72, or their equivalents, by joining P; 
to Be by an arc in rz, and joining a point P, of ys to yz by an are in7r,;. The 
three ares comprising the 6-graph then contain a; , a2; 83, Be; and ys, 2, 
respectively. 

In S’ an analogous construction can be made where the arc V;P1V2 divides R’ 
into two regions r; and r:, and 7; is in the boundary of r;. Furthermore, a 
subare y; of y; with Vi as an end point must lie in 7,. This is obvious if v1: 
has points in common with v1 different from V;. If not, one can show that 
v4 lies in rj from the fact that sense must be preserved on triod pairs in M. 
It is possible then in the manner above to obtain a 6-graph such that the three 
ares comprising this 6-graph contain ay, a ; Bs, Bs; and y4 , 7% respectively. 
This demonstrates that 7. and 7; have opposite sense and in like manner 72 
and 73, as required. 

If U is on J,, then J; plus the are a is a 6-graph, which can be used as 
before to show that the relative sense of any pair of new triods, with vertices 
at V, and U, is preserved. To complete this case, one then must show that 
sense is also preserved for some one pair of triods involving one new and one 
old triod. But if M contains any old triods, there is one such old triod 74 with 
vertex on J; and two legs which are subares of J;. If we use the simple closed 
curve J; and a suitable one of the triods 7; , rz , Theorem 7 and the construction 
of a, then show that sense is preserved. 

Hence T' preserves sense on all triod pairs in M + a , and therefore 7 pre- 
serves regions in M + a. In like manner it follows that T™’ preserves regions 
in M + q. 

Proof of Theorem 1. It is possible to carry out this proof by adjoining suffi- 
ciently many arcs in the manner of Lemma 1 to extend M to a cyclic curve. 
The details could be made identical with those used by Gehman (loc. cit., 
footnote 1). However, we can show that our conditions are equivalent to 
Gehman’s “‘sides are preserved” as used in the restricted sense. We do not 
prove our condition of sense preserved on triod pairs equivalent to his “sides 
are preserved under 7”’ in the general form which occurs in his definition, but 
rather in the more specific and weaker form actually used in the subsequent 
course of his proof. (See Gehman, loc. cit., p. 263.) 

In Lemma 1 let J; denote a closed curve composed of the arc a; and an are ¢ 
in k. Let N; denote the subset of M in one complementary domain of J;, 
and N- the subset of M in the other complementary domain of J;. Then the 
result in Lemma 1 shows that T(N;) lies in one complementary domain of 
Ji = a + T(t) while T(N2) lies in the other complementary domain of J; . 
This is sufficient to show that if 7 preserves sense on triod pairs of M, then T 
“preserves sides” in the restricted and weaker form. Therefore T is extendible 
to Sand S’. This completes the proof of Theorem 1. 
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4. Triods in a Peano space. 


TuHEeorEM 12. If P is a point of Menger order 2 of a triply connected con- 
tinuum M, then M is locally an arc at P; 1.e., there exists a neighborhood of P in 
which M consists of a simple arc. 


Proof. If M isa closed curve, the theorem is trivial. Hence assume that M 
is not a closed curve. Let Q represent a point of M that is not of order 2. 
Such a point Q must exist, otherwise M would be a closed curve.” Since P 
is of order 2, there exists a domain R of M containing P but not Q and such 
that F(R) consists of two points pand qin M. Since Q is not of order 2, M — R 
is not an arc. Therefore R must be an arc, for otherwise M is not triply con- 
nected. This proves the theorem. 


THEOREM 13. The set of all points of order different from 2 in a triply connected 
continuum M is a closed set. 


This theorem follows directly from Theorem 12. 


Corotiary 1. If P is a point of order 2 in a triply connected Peano continuum 
M which is not a simple closed curve, there exists an arc (APB) of M such that 
the end points A and B are not of order 2 while every point of (APB) is of order 2. 


This corollary follows from Theorems 12 and 13. 


THEOREM 14. A point P of a triply connected Peano continuum M is the 
vertex of a triod in M if and only if P is not of order 2. 


This is an immediate consequence of the “n-Bein” theorem, which states 


that every point of order at least n is the vertex of an ‘‘n-Bein’’.”* 


Lemma 2. If P is an interior point of an arc t in a cyclically connected Peano 
continuum M, there exists a subarc t’ of t which contains P as interior point and 
which is contained in a simple closed curve J of M. 


Proof. Let A and B represent the end points of ¢. Since P is not a cut 
point of M, there exists an are (AB) of M that does not contain P." The are 
t’ and the closed curve J may then be obtained as subsets of ¢ + (AB). 


Coro.uary 2. Every triod in a cyclically connected Peano continuum M is 
equivalent to a subtriod of a 0-graph in M. 


5. Maximal triply connected curves of M. The study of triply connected 
subcontinua of a given space M has some resemblances to the cyclic element 
theory of Whyburn. 


Definition. A triply connected Peano continuum N which is a subset of a 


1G. T. Whyburn, On regular points of continua and regular curves of at most order n, 
Bulletin of the American Mathematical Society, vol. 35(1929), p. 221, Corollary 2c. 

4K. Menger, Kurventheorie, Leipzig and Berlin, 1932, p. 214. 

1% R. L. Moore, Concerning continuous curves in the plane, Mathematische Zeitschrift, 
vol. 15(1922), p. 255, Theorem 1. 
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Peano continuum M will be called a maximal triply connected curve of M if N 
is not a proper subset of any other triply connected Peano continuum which is a 
subset of M. 


THEeoreM 15. Every triod in a cyclically connected Peano continuum M is 
equivalent to a subtriod of a maximal triply connected curve of M. 


The following preliminary definitions and lemma are necessary for the proof 
of Theorem 15. 

The topological configuration given by a circle with three radii we shall call 
a A-graph. It is triply connected. Hence if M contains a subset \ which isa 
\-graph, then in any split of M at p, q one component A, of M — (p + q) 
must contain all of \ except perhaps an arc. We shall use the notation 
M — (p + q) = Ay + H, where H then denotes the sum of the remaining 
components. 

Definition. If M — (p + q) = Ay + His a split at (p, q), this split will 
be called minimal with respect to d if there is no other split, M — (p’ + q’) = 
Ax + H’, in which Aj is a proper subset of A) . 


Lemma 3. If M is a cyclically connected Peano continuum containing a 
-graph, and if M — (p’ + q’) = Ax + H’ is a split, there exists a split 
M — (p+ q) = Ay + H which is minimal with respect to \ and has Ay C Aj. 


Proof. We first study the locus of possible split points pand gq. Let U’ denote 
any point in H’ notin A. Since M has no cut point, there exists an are (GUK) 
of M having its ends G and K on \. No matter what the position of G and K 
on A we can join them by an arc of \ passing through at least three vertices 
V, Vi, V2of A. This are added to (GUK) gives a closed curve J = UV, VV2U. 
Then any point pair of M which separates U from V must lie on J. In fact 
one of the points must lie on that subare (UV,) of J which does not contain 
V while the other lies on that subare (UV2) which does not contain V. 

Let W represent the set composed of all split pairs of M that separate U 
andV. ThenW CJ. Let pobe the last point of W on the are (UV;) from U 
to V, and q@ the last point of W on (UV:2) from U to V2. We shall show that 
Po, % is a split pair. Suppose the contrary. There exists then an are ¢ of M 
from U to V containing neither po nor q@. Since po C W, there exists on 
(Upo) € (UV;) a point p, of a split pair p,q: such that p, lies in a neighborhood 
of po chosen so that (pipo) contains no points of t. Then q lies on the are 
(UV2). In like manner there exists on (Uqo) a point q2 of a split pair (peqe) 
such that the subare (q2qo) of (Uqo) contains no points of t, while pe lies on the 
are (UV,). If q@ lies between gz and g on the are (UV¢2), then p,q; is a split 
pair not on ¢, and this is impossible. In like manner p, cannot lie between 7, 
and po on (UV;). Hence we have the cyclic order UpepipoVqogeaU on J. 
But p; and q are not on ¢, and ¢ must then contain p, and q,. Suppose % 
precedes p, on t from V to U. Then the subare (Vq) of ¢ plus an are of J 
gives an arc of M from V to U that does not contain either of the points of the 
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split pair p2 , gz which were supposed to separate U from V. A similar contra- 
diction is reached if p, precedes gq, ont from V to U. Therefore po , go is a split 
pair, as asserted. 

This split at (po , go) is minimal with respect to \._ For suppose the contrary. 
Let M — (po + qo) = Ax + H° and M — (p’ + q’) = Ax + H’, where Aj is a 
proper subset of A. Since (p’, q’) ¥ (po, q), at least one of p’, 7’ must lie 
in Ay. Then p’, q’ must separate either V and pp or V and q, and hence p’, 
q’ must lie on J and separate V from U. But this violates the choice of po 
and q above. This proves the lemma, with (po , go) = (p, ¢). 


Coro.uary 3. Neither of the points of the split pair p, q of Lemma 3 is of 
order 2. 


Proof. Suppose p is of order 2. There exist then two points r and s of M 
that separate p from U and also p from V. Obviously r and s must lie on the 
subare (UpV) of J and one, say r, must lie between p and V on this are. But 
then clearly r, q is a split pair violating the choice of the split pair p, g. Hence 
neither p nor q is of order 2. 


Remark. A minimal split found by the above argument is uniquely de- 
termined by the point U. Therefore if M — (p + gq) = Ay + H and 
M — (p’ +’) = A, + H’ are any two minimal splits with respect to A, and if 
H.H’ # 0, the preceding argument applied to a point U in H-H’ shows that 
these splits are identical, i.e., H = H’ and A, = Aj. 

Proof of Theorem 15. Preliminary remark. We need a maximal triply con- 
nected subset containing a given @-graph of M. If M is not triply connected, 
it has a split M — (p + q) = Ae + H, where Ay contains at least two of the 
three independent arcs comprising 6. Since the desired subset cannot be so 
split, it must consist of a part of A» plus at most one arc in H. The first step 
in obtaining this desired maximal triply connected subset will then replace M 
by its subset Ag + ¢, where tis any one are of H withends pandg. This process 
must in general be applied an infinite number of times.” 

Any triod of M (M not acyclic) is a subset of a 6-graph @ in M (Corollary 2). 
Assume @ is not itself a maximal triply connected subset of M. Then it follows 
without difficulty that @ is a subset of a A-graph A of M. Let (pi, qi) (¢ = 
1, 2, 3, --- ) represent the split pairs of M which give minimal splits with 
respect to A. These splits are countable. For p; , qi; can be shown to be local 
separating points of M, and all save possibly a countable number of the local 
separating points of any continuum M are points of order 2 in M.” But the 
points p; , gi; are not of order 2 (Corollary 3). 

Let A, denote the connected component of M — (p; + q;) that contains all 
but perhaps an arc of A, and let M; = A; + ¢;, where ¢;isan are of Min M — A; 


16 For graphs a similar process appeared in S. Mac Lane, A structural characterization of 
planar combinatorial graphs, this Journal, vol. 3(1937), pp. 460-472. 

17G. T. Whyburn, Local separating points of continua, Monatshefte fiir Mathematik und 
Physik, vol. 36(1929), p. 309, Theorem 9. 
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with ends p; and qg;. If M does not contain all of \, we may choose ¢; as the 
remaining arc of A, so that each M; contains 4. Let M, = M-M,-M;2---. 
Then since every M; is closed, the set M) is closed. Since distinct minimal 
splits give non-intersecting components H; (see remark following proof of 
Lemma 3), no two of the ares ¢; intersect except perhaps at end points. 

We shall show that M) is a maximal triply connected curve of M. 

(a) The set M) is locally connected. Let A denote any point of M,. If A 
is an interior point of some ¢;, then locally M) is an are through A. Hence 
assume that A is not an interior point of any are ¢;. Since M is locally con- 
nected, there exists for any neighborhood R, of A a neighborhood R, of A such 
that if B is a point of M) in R2, there exists an are (BA) of M lying in R,. If 
(BA) contains no pair of (p; , gi), then (BA) isin M,. Assume then that B is not 
an interior point of any arc ¢; and that the pairs (pa, qa), (Po, Gv), (Pe, Ye), «°° 
lie on (BA). Let (BA)’ = (BA)-M, + ta + tb + te +--+, where é, is the 
are of M, with ends p,, qa, etc., for &, t-,---. At most a finite number of 
ta, & , t, --- ean be of diameter greater than any «. This follows from the 
fact that at most a finite number of the sets H; in M — (p; + qi) = Ai + Ai 
can be of diameter greater than ¢ since M has the Sierpinski property.” Hence 
it can be shown by well-known methods that (BA)’ is an are (of M,) from 
Bto A. If each t.,%, t.,--- lies in R,, then (BA)’ is the desired are. But 
we could have chosen FR, so that this is always the case. For there are but a 
finite number of arcs in the set {t;} of diameter greater than e, hence Rz can be 
chosen so that the original arc (BA) of M lies in a neighborhood R; of A so small 
that any ¢; with an end p; or q; in R; different from A lies entirely in the original 
R,. If B is an interior point of an arc ¢; not ending at A, let q; denote the 
first end point of t; on (AB) from A to B (there may be only one end point of 
t;on AB). The modified are (AB)’ in M) is then defined as above except that 
the subare Bq; of (BA) is replaced by the subare Bq; of t;. Then (AB)’ lies 
in R,. If B is an interior point of an arc ¢; ending at A, it is sufficient to note 
that, since at most a finite number of {t;} can have one end outside Rs while 
the other end is at A, the choice of R, could have been made so that a subare 
(BA) of t; always lies in R,. Therefore M, is a Peano continuum since it is 
closed and locally connected at any point.” 

(b) The set M) is triply connected. Suppose M) is not triply connected, and 
(p, q) is a split pair, M, — (p + q) = Ay + H, where Aj is connected (contains 
all of \ except perhaps an arc) and H is not an arc. We may assume that 
neither p nor q is an interior point of an arc ¢;. For if p (or g) were an interior 
point of t; , either end point of ¢; taken with g (or p) would yield a split of M). 
Let A denote a point of H, and B any point of H. If (p, q) is not a cut pair 


18 W. Sierpinski, Sur une condition pour qu’un continu soit une courbe jordanienne, 
Fundamenta Mathematicae, vol. 1(1920), pp. 44-60. 

19 Tt can also be proved that M), is a retract of M in the sense of Borsuk. It then follows 
that M, is a Peano continuum by Theorem 7 in Borsuk, Sur les rétractes, Fundamenta 
Mathematicae, vol. 17(1931), pp. 152-170. 
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of M, there exists an are (AB) of M that does not contain p or q.” Then the 
corresponding are (AB)’ of M, does not contain p or q since neither can be an 
interior point of an are of {t;}. Assume then that (p, q) is a cut pair of M, 
but not a split pair. Then M — (p + q) = G, + G, where G, is connected 
and G is an are which is a subset of H. Let B denote any point in H — G. 
There exists then an are (AB) of M which does not pass through p or q, and the 
corresponding are (AB)’ of M cannot pass through p or g. Hence every point 
of H — G can be connected to the point A through M, — (p + q) and (p, q) 
is not a split of M,. If (p, q) is a split pair of M, then H = ¢; (for some 7) 
since the minimal splits with respect to A are distinct and H) is connected. 
Hence (p, q) is not a split pair of M, , and M), must be triply connected. 

(c) The set M, is a maximal triply connected curve of M. Suppose M), is not 
maximal triply connected. There exists a triply connected Peano continuum 
N CM such that M, is a proper subset of N. Hence N is not in every M;. 
Assume N not a subset of some M;. There is a minimal split of M at (p;, q;) 
such that M — (p; + q;) = A; + H; and M; — (p; + ¢,;) = A; + t;, where 
A; is connected and t; isan arein H;. Then N — (p; + q;) = N-A;+N-H; 
gives a split of N. For N-A; contains all of M except ¢; , and N-H; contains 
more than ¢; since N is not a subset of M;. But N was assumed triply con- 
nected. Therefore M, is a maximal triply connected curve of M. 


THeoreM 16. If N is any maximal triply connected curve of a cyclically con- 
nected Peano continuum M, then N is either a simple closed curve, or a 6-graph, or 
one of the curves M, constructed above. 


Proof. Assume N is neither a closed curve nor a @-graph. Then N contains 
a A-graph A. If M is not triply connected, let M — (p + g) = Ay + H repre- 
sent a minimal split of M. Then since N — (p + q) = A,x-N + H-Nisnota 
split of N, the set H-N is at most an arc t. Hence N is a subset of one of the 
curves of M,. But N is maximal and must then be identical with M), . 


THEOREM 17. Jf N is a maximal triply connected curve of the cyclically con- 
nected Peano continuum M # N, there exists a split pair (p, q) of M such that 
p and q are the vertices of triods in N. 


Proof. Since N # M and N is a maximal triply connected subset of M, N is 
not a closed curve. If N is a 6-graph, the two vertices of 6 must constitute a 
split pair of M, and these points are vertices of triods in 6. Assume then that 
N=M,. Let M — (p+ q) = A, + H bea minimal split of M with respect 
tod. Let ¢ denote the are of M, in H with ends pand gq. There exists a closed 
curve J = UpV,VV2qU of M, , where U is an interior point of t, and V,, V, Ve 
are vertices of \. Assume that at least one of p, q, say p, is of order 2 in M,. 
Then M, is locally an are at p (Theorem 12). Let r denote the first point of 
order ~ 2 in M, (Theorem 13) along the subare (UpV;) of J, and s the first 
point of order ~ 2 in M, along the subare (UqV2) of J. Since p is of order 2, 


20R. L. Moore, loc. cit. 
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r#p. Now (r,s) isnot acut pairof M. For then (r, s) would be a split pair 
with respect to A. Hence r, s cannot separate U and V in M. There exists 
then an are (UV) of M containing neither r nor s. But the corresponding are 
(UV)’ of M, cannot contain either r or s. For if (U’V)’ contains r (or s), the 
point r is then an interior point of some are ¢;, since r is not on (UV), and 
hence is of order 2 in M, contrary to assumption. But (UV)’ must contain 
one of (r, s) since obviously (r, s) separate U from V in M,. Therefore p, 
and in like manner g, must be of order 2 in M,. Then by Theorem 14, 
p and q are vertices of triods in M, = N. 


6. Proof of Theorem 3, second main theorem. We shall show that if the 
conditions for the special list of triods in Theorem 3 are satisfied, then sense is 
preserved on every triod pair of M. 

Let +r = [a, 8, y] denote a triod of M with vertex V, where V is not a cut 
point of M. Since V is the vertex of a triod in M, it is not an end point and 
hence must be an internal point of some proper cyclic element N of M. Then r+ 
is equivalent to a triod that lies entirely in N. This may be shown as follows: 
Let ¢ be an are in M — V joining a point A of a to a point B of 8. Let A; 
denote the last point of ton a from A to B and B, the first point of ton 8. Then 
the closed curve VA,B,V is a subset of N since V is an interior point of N. 
Hence the subares VA, of a and VB, of B lie in N. In like manner a subare 
of y lies in N. These subares constitute a triod equivalent to 7 and lying in N. 
Therefore there exists a maximal triply connected curve M, of N containing + 
(or an equivalent triod), by Theorem 15. If N is not triply connected, then 
M, contains two triods 7; and 72 with vertices p and q at a split pair of N 
(Theorem 17) which is also a split pair of M. But every triply connected Peano 
continuum has a unique map; i.e., every homeomorphism is extendible in every 
map of the continuum. Therefore since the condition of Theorem 1 is necessary, 
sense must be preserved on every triod pair of M, , and hence sense is preserved 
on the triod pairs 7, 7; and 7, 72. Since the list of Theorem 3 includes either 
7 Or 72, it follows then that sense is preserved on every triod pair of N. 

If N is a proper subset of M and triply connected, we have our condition on 
one triod of N, and since N has a unique map, the condition is satisfied on 
every triod pair of N. Therefore sense is preserved on every triod pair of M 
and 7’ can be extended to S and S’ (Theorem 1). 

The conditions are obviously necessary since the condition in Theorem 1 is 
necessary. 


UNIVERSITY OF ARKANSAS AND HARVARD UNIVERSITY. 
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A GENERALIZATION OF POISSON’S SUMMATION FORMULA 
By S. BocHNER 


Poisson’s formula. The standard form of Poisson’s formula is’ 


2] 


(1) ¥ som) = D FQxn), 


F(a) = [. e ** f(x) dz. 


If f(z) is analytic in a strip 
(3) ly| < 


of the complex plane z = x + iy, >> f(m) is the sum of the residues of the 
function 


(4) f(z) > ** 

sin 4z 
and therefore it is the limit, as 7 — , of the Cauchy integral of the function 
(4) around the rectangle with the corners +7 + bi (b < yo). In order to 
transform the integral into }> F(29n) we have to replace —i cot z by the 
expansion 


(5) 1 +4 2 7 qu 


n=l 


for y < 0 and by 
(6) us (i re 2 p> , 


for y > 0.2 

In our generalizations we will take an unspecified meromorphic function ¢(z) 
in a strip (3) instead of the particular function cot #z. This will lead to a 
formula 


(7) or fan) = [ F(a) d®(a). 


The numbers @,, will be simple poles of g(z) and r,, their residues, and the weight 
function (a) will be taken from general expansions, analogous to (5) and (6), 
of the function ¢(z) in two strips in which it has no poles. 
Received October 18, 1939. 
1 Compare 8. Bochner, Fouriersche Integrale, p. 33; E. C. Titchmarsh, Fourier Integrals, 


p. 60. 
? Compare E. Lindeléf, Calcul des Résidus, Chapter III. 
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More general than (7) is the formula 
(8) [ f(a) dr(a) = [ F(a) d(a). 


It arises formally by using a function ¢g(z) which is not necessarily meromorphic 
but has a representation of the type 
oO 
dr(a 

9) o@ = [| 2, 
o2Z— a 
or which, more generally, in rectangles with the corners +7 + bi, for a sequence 
of increasing values 7’, differs from 

" dr(a) 

rz—a 
by functions which are analytic in the rectangles. Now, formula (8) has a 
very familiar appearance. It is Parseval’s formula for Fourier integrals, the 
“differential” d&(a) being the Fourier transform of the differential dr(a). As a 
matter of fact, formula (1) is a very particular case of (8) insofar as in (1) the 
differential dr(a) of (8) is essentially self-reciprocal. We will not investigate 
the validity of the more general formula (8) although our theorems could be 
easily extended to cover it in the main. 


The generalized formula. In our theorems the assumptions will be some- 
what elaborate. However, they will refer mostly to the underlying mero- 
morphic function ¢g(z) rather than to the function f(z) which is to be summed. 


THEOREM 1. Assumptions: (i) The function ¢g(z) ts defined and meromorphic 
in the strip (3). All poles of g(z) in (3) are simple and they are located in a closed 
interior strip 


(10) ly| <6 (0 < 5 < yw). 


The set of all poles will be denoted by {a,,}, the corresponding residues by {r»}\. 
(ii) There exists an unbounded set of positive abscissas x = T such that ¢(z) 
is bounded on the totality of segments 


(11) r= +T, ly| < yo. 
(iii) y(z) can be represented by an absolutely convergent Stieltjes-Laplace integral 
(12) ole) = Qi [ &** do(a) 


in the open border strip 6 < y < yo, and by a similar integral 


(13) o(z) = Qi 8 e ** dde(a) 








phic 


ence 


aS a 
the 
Asa 
the 
gate 
1 be 


me- 
ero- 
ned. 


phic 
osed 


Yo). 


}. 
o(z) 


gral 





GENERALIZATION OF POISSON’S SUMMATION FORMULA 231 


in the border strip —yo < y < —6. We shall write 
P(a) = O(a) — %,(a). 


(iv) f(z) ts analytic in (3), and tends to 0 as x — + and for each y in (8) 
the limit 


(14) e F(a) = lim f e "f(x + iy) dx (T > «) 


exists boundedly in all a and uniformly in every finite a-interval. 
Conclusion: 


(5) lim > rm fam) = [ Fla) d6(a), 


T-2© —T 


the sum extending over all zeros a», whose real part lies between —T and T. The 
integral converges absolutely. 


Remark about Theorem 1. Assumption (iii) implies that ¢(z) is bounded in every 
closed strip in the interior of the two border strips. We observe that bounded- 
ness alone’ would allow us to write down the integrals (12) and (13) with suffi- 
ciently general transforms %;(@) and #2(a) and as a matter of fact we might 
continue the discussion on that basis. However, we prefer to avoid complica- 
tions and so we explicitly assume that the transforms are of bounded variation, 
in every finite interval and that the integrals are absolutely convergent in 
their respective strips. 

As for f(z) we observe that assumption (iv) is certainly fulfilled if f(z) belongs 
to the Lebesgue class LZ, in the strip (3). 

Proof of Theorem 1. Applying Cauchy’s theorem to the function f(z) -¢(z) 
around the rectangle with the vertices + 7 + ib, we easily obtain 


lim {x Tm J (Gm) 


_ a: ‘. (f(x — ib)e(x — ib) — f(x + ib) o(x + %b)) az\ = 0. 
Now 


[3 (x + ib)e(x + ib) dx = Qni [ ( [ f(x + be az) d&,(a) 


and by assumptions (iii) and (iv) this tends to [ F(a) d®(a)asT—>o. A 


similar limit relation holds for —b instead of b, and this proves (15). 


3 Compare S. Bochner, Verallgemeinerte Fourier und Laplace-Integrale, Math. Annalen, 
vol. 97(1927), pp. 635-662. 
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Almost-periodic cases. If (a) is a pure jump function having jumps 7, at 
the points a = a, , we can write 


T ) 

(17) lim 20 tm fm) = 2 yn (an). 

T-0o —T 0 
To assume that $,(a@) and #2(a) are jump functions separately is equivalent to 
assuming that ¢(z) is almost periodic in each of the two border strips and that 
the corresponding Dirichlet expansions are absolutely convergent.’ In this 
connection it is interesting to write our formula replacing f(z) by f(z + @) in 
the seemingly more general form 

T+t 


(18) lim >> Tm} (am + t) = Dd ynF (ane, —-ox <t< o, 
T—0© —T+t —o 

This formula shows that the poles a,, if counted with their “multiplicities” r, 

are distributed in such a way that the expression on the left represents an almost- 

periodic function of the real variable ¢ for any admissible function f(z). Intro- 

ducing the function r(a) as in (8), we see that the left side of (18) is formally 


[Ha + dar(a) = [” f(a) dura - 0, 


and we may express our last conclusion by stating that the “differential” dr(a) 
is a weakly almost-periodic function of a. 

Moreover, we may drop the assumption that the two Dirichlet series of ¢(z) 
are absolutely convergent. Approximating to g(x + ib) and g(x — ib) by finite 
exponential sums, we easily conclude that the left side of (18) is an almost- 
periodic function in ¢ and that the right side is its formal Fourier expansion. A 
peculiar case arises if 


the function ¥(z) being almost periodic in (3) and + 0 in the border strips; the 
poles a,, of g(z) are the zeros of ¥(z) and the residues are all +1. In this case 
relation (13) illustrates known facts about the distribution of such zeros. 


Other cases. For typical classes of functions f(z) the limit (14) breaks down 
for a = 0. We are therefore going to formulate a theorem which will take 
care of that possibility. 


THEOREM 2. Assumptions: (i), (ii), (iii) as in Theorem 1. 

(iv) In some interval |a| < a the functions ,(a) and (a) and hence the 
function (a) itself are constants except for jumps ata = 0. The jump of ®(a) 
will be denoted by c, and the function resulting from ®(a) by omission of that jump 
will be denoted by V(a). 


* A. 8. Besicovitch, Almost Periodic Functions, Chapter III. 
5B. Jessen, Uber die Nullstellen einer analytischen fastperiodischen Funktion, Math. 
Annalen, vol. 108(1933), pp. 485-516. 
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(v) The function f(z) is analytic in (3) and tends to 0 as x + +, and for 
each y in (3) the limit (14) exists boundedly in the half-lines |a| = a for each 
ay > 0 and uniformly in every finite interval of the half-lines. 

Conclusion: 


(19) lim (= rm lam) — 6 f f(e) iz) = [Fe ave), 


—T 
the integral converging absolutely. 


Proof. Denoting the jumps of #;(a@) and 2(a) at the origin by —c and ¢2 
and putting 


dale + ib) = 2wilela + ib) +e) = [-e —tatsti®) gy, (a), 


Wo(x — ib) = 2ri(y(x — ib) — 2) = [ e "= dv.(a), 


we have c = ¢ + ¢2, V(a) = Ve(a) — V;(a) and relation (19) can be derived 
from (16). 

Finally we want to consider the case in which f(z) is defined only in the 
closed strip | y| < 6 and not in a larger strip. (We recall that in defining the 
quantity 6 we admitted the possibility 6 = 0.) 

THEOREM 3. Assumptions: (i), (ii), (iti) as in Theorem 1. 

(iv) The sum of the absolute values | rm | extending over those poles a», whose real 
part lies between t and t + 1 ts bounded in —~x <t < @. 

(v) The function f(z) is defined and measurable in | y| S 6 and for 6 > 0 itis 
analytic in |y| < 6. The function g(t) which is the least upper bound of 
| f(x + yt) | for|y| S dandt <x < t+ 1 belongs to class Lin -—-«~ <t< ~. 

Conclusion: 


|a| 


(20) E raflam) = tim [" (1 - !£!) re) aoe, 


the sum converging absolutely. 


Proof. By (v), f(z) has a transform F(a) as in previous cases, and for each 
finite A the approximating function 


fate) = A "(1 - 4!) cm (a) da 


belongs to class J, for all y. Thus, by Theorem 1, 
lim — = [ (1 le) F(a) d®(a). 
T-© —T A 


If we let A — , the assumptions (iv) and (v) justify an interchange of limits® 
and we finally obtain (20). 


6 N. Wiener, Tauberian theorems, Annals of Math., vol. 33(1932), in particular pp. 21-24. 
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Constructing f(z) in Theorem 3 appropriately, we obtain the following result. 


Corotiary. If a function ¢(z) satisfies all assumptions of Theorem 3, then 
the integrals 


[ e*Me@)ava), [eM (a) ae(-a) 

1 1 

converge (C, 1) for any decreasing convex multiplier M(a) for which 
i M(a) da < a. 
1 


For example, the standard functions a ”’, a‘ (log a)~”’, ete. (p > 0) are 
admissible multipliers. 


A remark on Dirichlet series. As an illustration of the last result consider a 
function g(z) which is meromorphic in the whole plane. All its poles {z,} are 
simple and lie in a strip —é6 S x S 6 and there exists a number 6, > 6 anda 
sequence Y, — © such that ¢(z) is bounded on the totality of segments 
—b Sxf6, y= +Y;. Also if r,, denotes the residue at z,, , then the sum 
of | r, | extending over those z,, whose imaginary part lies between y and y + 1 
is bounded in y. Furthermore, in each of the half-planes z > 6 and x < —é, 
¢(z) is an absolutely convergent Dirichlet series, and let the series in the right 
half-plane be denoted by 


> eet (an = 0). 


Then, as a consequence of the corollary, 


lim > ( - Lee) M(an)yne ™ 
Ae IlSanSA A 

exists for ¢ = 1 for every point of the line x = 6 itself. As a matter of fact, 

the result also holds if the Dirichlet series are not absolutely convergent but 

only bounded in every interior half-plane, and for any ¢ > 0. However, for 

Dirichlet series with positive coefficients 7, the theorem of Landau and Ikehara’ 

is a much stronger statement. 


PRINCETON UNIVERSITY. 


7S. Bochner, Ein Satz von Landau und Ikehara, Math. Zeitschrift, vol. 37(1933), pp. 1-9; 
E. Landau, Uber Dirichletsche Reihen, Géttinger Nachrichten, 1932, pp. 525-527. 
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BERTRAND CURVES AND HELICES 


By James K. WuHITTEMORE 


Introduction. Every student of classical differential geometry meets early 
in his course the subject of Bertrand curves, discovered in 1850 by J. Bertrand.’ 
A Bertrand curve is a curve such that its principal normals are the principal 
normals of a second curve. It is proved in most texts on the subject that the 
characteristic property of such a curve is the existence of a linear relation 
between the curvature and the torsion; the discussion appears as an application 
of the Frenet-Serret formulas.” The paper here presented originated in an 
attempt to specify exactly what Bertrand curves exist having a given linear 
relation between curvature and torsion, and how such curves may be found. 
It is certainly well known that a curve is determined by its curvature and torsion 
uniquely except as to its position in space, more precisely that a curve whose 
curvature and torsion are given functions of its arc is found by the integration 
of a Riccati equation.’ It is, however, impossible to integrate the equation for 
given curvature and torsion except in some simple cases, usually such that the 
required curve is a helix. The general thecrem of Lie is of interest and value, 
but it does not give very definite information about the Bertrand curves. 
J. A. Serret proved in 1850 that curves of given constant curvature and curves 
of given constant torsion can be found by quadratures. These two kinds of 
curves and helices are all in a sense Bertrand curves arising in exceptional 
cases of the linear relation between curvature and torsion, as will appear below. 
L. Bianchi proved‘ that Bertrand curves for a given linear relation can be found 
by quadratures, so that in these respects this paper has nothing to add. It is, 
however, here proved that we may find by quadratures a unique Bertrand 
curve for a given linear relation with an arbitrary spherical representation; that 
the codrdinates of any point of this curve are expressed in a simple way in terms 
of the codrdinates of certain curves of constant curvature and of constant 
torsion both of which have the same spherical representation as the Bertrand 
curve. The study and use of the spherical representation suggests the deter- 
mination of the spherical representation of the helices of a sphere. This discus- 
sion is carried out in the second section of this paper and the spherical helices 
found from their spherical representation. It is shown that the projection of 


Received October 27, 1939. 
1 For this and other historical references see Encyclopidie der Mathematischen Wissen- 
schaften, vol. 3, D1,2, p. 82ff. 
2E.g., Picard, Traité d’ Analyse, 2d ed., vol. 1, p. 394. 
’Sophus Lie, 1882. 
4Geometria Differenziale, p. 31. See also Darboux, Théorie Générale des Surfaces, vol. 1, 
pp. 42-45. 
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every spherical helix on a plane perpendicular to its axis is an epicycloid. The 
remainder of the paper is devoted to the study of helices on surfaces of revolution 
of the second degree, in each case a surface of revolution of a conic about one of 
its principal axes and, in all cases, the axis of the helix coinciding with that of 
the surface. In the third section it is shown that the helices on any surface of 
revolution, axes of curve and surface the same, are given by a quadrature, an 
integration which can be carried out for the surfaces of the second degree. The 
helices of the paraboloid and some of the helices of the hyperboloids are deter- 
mined by the method indicated. It is proved that the projections of the para- 
bolic helices on a plane perpendicular to the axis are involutes of circles. In the 
fourth and last section of the paper a method is found for determining surfaces 
of revolution carrying helices with a given projection on a plane perpendicular 
to the axis. By this method, some of the preceding results are verified, and the 
helices of the hyperboloids, not found in the third section, and those of the ellip- 
soid are obtained. It appears that the projections of all ellipsoidal helices are 
epicycloids, those of the hyperbolic helices of this section, hypocycloids. 


1. Spherical representation. Bertrand curves. We use the notation of 
Eisenhart’s Differential Geometry. The codrdinates of a point of a curve z, y, z 
are considered as functions of the are of the curve s and we assume that for the 
part of the curve discussed the third derivatives of the codrdinates with respect 
to the are exist. In general 


dx\* *) (“) ra 
(*) +(¥ + a = 1. 


The direction cosines of the positive direction of the tangent are a, 8, y; either 
direction of the tangent may be chosen as the positive direction and the are is 
measured in the direction of the positive tangent so that a = dx/ds with similar 
expressions for 8 and y. The direction cosines of the positive direction of the 
principal normal, the direction from the point of the curve to the corresponding 
center of curvature, are 1, m,n. The direction cosines of the positive binormal 
are A, uw, v; the positive direction of the binormal is chosen so that 


ee? * 
Lm n|=1; 
A pre 


that is, so that the positive tangent, principal normal and binormal have the 
disposition of the z-, y-, z-axes. The curvature is 1/p and is positive and the 
torsion is1/r. With this notation the Frenet-Serret formulas for the derivatives 
with respect to s of the nine direction cosines are 


with six others obtained from these by advancing the letters a, l, X. 





We 
the 


th: 


in 


er 

is 
lar 
he 
ng 
al 


he 
he 
es 


BERTRAND CURVES AND HELICES 237 


The spherical representation or indicatrix of a curve C is a curve C, on the 
unit sphere given by 


yi = B, 2 = ¥. 


% = a, 


We use for C; the same letters as for C with the subscript 1 so that, for example, 
the are of C, is denoted by s;. Then 


Squaring and adding the three similar equations, we get 


a 4(#). 
ds, 
if we agree to choose the positive direction of the tangent to C, to correspond to 
that of C; with this convention a = l. 


We express the determinants A and A’, given in terms of the elements of C; , 
in terms of the elements of C: 


pds, = ds, 











dz, dy, dz 
| zy Yi 21 | F 3 da. 
aa | 2 dy da) pp =, _ dtr dy, da) 46) da 
~ | de ds da) ~~ 7 ~ | dst dst dst | ~ Pas\r) ds 
dn dy ta! dn dy da 
‘dst ds; dsj | ds; ds; ds} | 


The values of A and A’ as given are easily found if we use the Frenet formulas 
with the value of the determinant |a mv|= 1. The value of A is important 
for the discussion following. It is interesting to note that for any curve the 
ratio p/r is expressed in terms of the elements of the spherical indicatrix. It is 
curious that A’ = dA/ds, although A’ as given is not the formal derivative of A 
with respect to s. 
The general linear relation of curvature and torsion for a curve is 
4.3 


+-—=(C, 
p T 


where A, B, C are constants not all zero. The exceptional cases, previously 
referred to, are 

1. A =0. The curve has constant torsion. 

2. B =0. The curve has constant curvature. 


3. C = 0. The ratio p/r is constant and the curve is a helix. 
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These three types of curves we shall not hereafter call Bertrand curves. For 
a Bertrand curve then no one of the constants A, B or C is zero and the relation 
can be written 


ee 
p 


where a and b are both constants different from zero. 
Since for any curve a = dz/ds, we have 


t= [ads = [aods, 


with similar expressions for y and z. If p is a given positive function of s, we 
may regard it as a function of s, for ds = p ds, , or if p is any positive function of 
s,, and if 2, y:, 2 are any three functions of x, such that z] + yj + zi = 1, 
then the three integrals give the codrdinates of a curve C having the spherical 
representation C;(x, , y: , 2,) and curvature 1/p. 

Any curve of constant curvature, p = a > 0, is given by x = a f x, ds, with 
similar equations for y and z, where C,(x, , y; , 21) is an arbitrary curve of the 
unit sphere. If we now think of C; as a given curve of the unit sphere, more 
precisely of 2 , y; , 2, as any three functions of s,; such that 


atyita Harty ter =1, 


then A is a known function of s;. For any curve of constant torsion, r = b 2 0, 
with the given spherical representation, p = —bA and x = —b f 2,A ds, with 
similar equations for y and z. For a Bertrand curve with the given spherical 
representation such that 


we have p = a — bA and 
r~= a [ mds _ b | made, 


with similar equations for y and z. The result is this: The codrdinates of a 
Bertrand curve with the linear relation above and an arbitrary spherical repre- 
sentation are, if a is positive, given by the sum of the corresponding coérdinates 
of the curves of constant curvature, p = a, and of constant torsion, r = b, which 
both have the same spherical representation. For negative a this statement 
requires a slight modification. 

As to arbitrary spherical representation, the question may be put in this form: 
how can 2 , Yi: , 2; be chosen as functions of s; so that 


tiityitad=1, ety ta =1? 
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The first of these equations may be replaced by 
XY) = COS U COS B, Yi = COs u sin », 2 = sin wu. 
Substituting in the second equation, we get 
u” + v” cos’ u = 1, 


where wu’ and v’ are the derivatives of u and », respectively, with respect to s; . 
Then u may be chosen arbitrarily as a function of s; and v is given by a quad- 
rature. 


2. The spherical helix. It is of interest to consider the helix from the point of 
view of its spherical representation. There are two definitions of a helix which 
are well known to be equivalent: first, a helix is a curve such that the ratio p/r is 
constant; secondly, a helix is a curve whose tangent makes a constant angle with 
a fixed direction. The equivalence of the definitions is clearly exhibited by the 


equation 
d *) 
A’ = — p—([-}. 
Pas (? 


It is, in fact, only for the purpose of showing this equivalence that this equation 
is given. 
Consider now a helix whose tangent makes a constant angle C # 4 with the 
z-axis; we may without restriction suppose C acute. We have 
dy _n 


vy = cosC, ee lari n= 0. 


Fromy’ + n*? + = 1followsy = +sinC. From 


dn Y v_ 

se 
follows 

P=-—7= F cotC 

T 


Assuming the torsion of the helix to be positive, we see that 


yv=—sinC, ?%= cot. 


4 


e ° ° e 5 
If now we consider a helix on a sphere of radius R, we have also the equation 


2 +7’ *) -_— R’ 
p ds ? 


5 Eisenhart, Differential Geometry, pp. 36, 37. 








240 JAMES K. WHITTEMORE 


an equation true for all curves on the sphere except the circles. If we take 
R = 1 for simplicity, and replace r by p tan C and ds by p ds,, the last equa- 


tion becomes 
x 2 =4) i 
p + tan’ C ( —. = 1 


and 


are sin p = +s, cot C + constant. 


We assume the helix to pass through the point (0, 1, 0) and suppose s measured 
from this point in the direction of increasing z. Since at this point the principal 
normal of the helix is normal to the sphere, it follows from Meusnier’s theorem® 
that there p = 1, and if we choose s; also zero for the point, the constant of the 
last equation is determined as $7; then p = cos (s,; cot C). To find the spherical 
representation of the helix we have 


atyta=1, a = cosC. 


We write z; = sin C cos u, y, = sin C sin u and substitute 2, , y: , 2: in the equa- 
tion A = —p/r obtaining u = —s, ese C, so that 


x, = sin C cos (s; ese C), Yi = — sin C sin (s; ese C), 2, = cos C. 


The equations of the helix are now given by 


| px, ds, = / cos (s; cot C) sin C cos (8; ese C) ds, 


t= 
y= - / cos (s; cot C) sin C’sin (8; ese C) ds, 
t= / cos (s, cot C) cos C ds, . 


Carrying out these integrations and determining the constants so that for 
8, = 0 the point of the helix is (0, 1, 0), we have 


. 8 e ° 
z = sin’ 4C sin (s, cot 3C) + cos’ 3C sin (s, tan 3C), 


sin’ 4C cos (s, cot $C’) + cos® $C cos (s, tan $C), 


y 


z = sin C sin (s, cot C). 


If we consider in its entirety the curve given by these equations, it appears that 
the maximum z is equal to sin C, given by s; = 3 tan C; for this point of the 
helix we have dx = dy = dz = 0; the point is actually acusp. The lengthof the 
helix from z = 0 to the cusp is tan C. Beyond the cusp the torsion becomes 
negative. 


* Eisenhart, loc. cit., p. 118. 
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The projection of the helix on the zy-plane, a plane perpendicular to the axis, 
is given by the first two of the preceding group of equations. Wewrite in these 


C .3C C 
cos" = =R+r, sin’ 5 =f, & tan 5 = 0. 


From this 


R = cos C, R + 2r = 1, R419 = wot S. 


Then the equations of the projection of the helix are 


r= (R +r) sino +rsin~*" ¢, 


y= (R + 1) cos 6+ reos™ +" ¢, 


These are the equations of an epicycloid though not quite the “standard” 
equations given in elementary texts, for @ = 0 gives the point (0, R + 2r) and 
the cusps are given by values of @ equal to odd multiples of rm/R. 


3. Helices on surfaces of revolution. It appears to be impossible to determine 
helices on other surfaces by finding their spherical representations; for on no 
surface other than the sphere is there a relation between curvature and torsion 
holding for all curves of the surface, but the problem of finding the helices on a 
surface may be stated directly and, in some cases, solved. We can immediately 
write a differential equation for the helices of any given surface having as axis 
the z-axis. 

If a surface is given in terms of parameters u, v, and if for the surface the 
linear element is ds’ = E du’ + 2F du dv + G dv’, the differential equation of 
helices making with the z-axis a fixed acute angle C is 


ds [E du? + 2F dudv + Gadv*}! 





cos C, 


where z, and z, are the partial derivatives of z with respect to the parameters. 
When the given surface is one of revolution, whose axis is also the z-axis, so that 
the surface and the helix have the same axis, the integration of the differential 
equation can be reduced to a quadrature, a quadrature which can be carried 
out for surfaces of the second degree. In this and the next sections are found the 
helices for all cases where the meridian of the surface is a conic and the common 
axis of the surface and the helix is a principal axis of the conic. In this section 
we find first the helices of the paraboloid and show that their projections on a 
plane perpendicular to the axis are involutes of circles; secondly, we find some 
of the helices of the hyperboloids. In the fourth and last section the other 
cases named above are discussed by a different method. 
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For a surface of revolution whose axis is the z-axis 
x = ucos »v, y = usin v, z= f(u), 
where z = f(u) is the equation of the meridian. For this case 
E=1+f", F=0 G=w. 
The integration of the differential equation above is given by 


v= | 7? tan’ c = yo + K. 
To simplify the discussion we choose K equal to zero, other values of K ob- 
viously giving the same helix revolved about the z-axis; also we use only the 
positive sign before the integral, change of sign obviously giving a helix sym- 
metrical to the first with respect to the yz-plane. 

We consider first the paraboloid, meridian u* = 2pz. Substituting f’ = u/p, 


we obtain 














— tan / [u? — p* cot? C} du 
p u 
= tance {i — p’ cot’ C}' — p cot C are cos (? at °y ‘ 
p u 
Setting 
¢ = arc cos (? ee ‘), = tan ¢, R = peotC, 
we find 


x = ucosv = R cos 6 + RO@ sin 8, y = usin» = R sin 0 — Ré cos 8; 


this shows that the projection of the helix on the zy-plane is an involute of a 
circle. 

Consider next helices on the hyperboloid of revolution of one sheet, meridian 
u’ — z’/b’ = 1, supposing b tanC > 1. We have 





— ee } © bu 
f(u) _— b [u 1} ? f [u? eg 1}!’ 
— (= tan’ C — 1) a 
uw—1 u- 
We write 
[b? tan? C — 1} = : = cot a; 
then 
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To carry out the integration we substitute a new letter for the radical and 
find 
sw ite [u* + a}! + [uw — 1p _ are tan E (“ - ) | 
2a cit ap — [u? — 1i}} a\w—1 F 


Replacing a by tan a@ and introducing ¢ for the are tangent of the preceding 
equation, we have 








sin @ _ cota, cos (a — ¢) 


u = a ’ 
[— cos (@ + ¢) cos (a — ¢)] 2 cos (a + ¢) 





The last equations are parametric equations for the polar coérdinates u, v of the 
projection of the helix on the zy-plane. This projection is a spiral, running 
from g = 3x7,u = 1,v = —}rtog = jr ta,u = ©,v = ~; the double sign 
in the last value of ¢ gives two spirals symmetrical with respect to the y-axis. 

We find that the angle 8 which the tangent to the spiral projection makes with 
the radius vector is equal to the parameter ¢, for 


tan B = o® = tan ¢. 
du 
Since for g = 8B = 3m we have u = 1, the spiral is tangent to this unit circle in the 
xy-plane, a fact which is evident geometrically. 

On the hyperboloid of revolution of two sheets, meridian u’ — 2’/b® = —1, 
there is no direction making with the z-axis an angle C such that 6 tanC S 1. 
We have only to consider the case b tan C > 1 as in the preceding case. The 
discussion and the resulting equations are similar to those for the hyperboloid 
of one sheet. For the hyperboloid of two sheets 


sin a cota, cos (a — ¢) 


= pn 8 eat 1 eeneeemane 
™ [cos (a + ¢) cos (2 — ¢)}*’ ’ 2 eos (a + ¢) 


= arc tan E (25971 
. a\w+l1 j 


For ¢ = 0, v = 0 and u = a, its smallest value; the whole extent of this spiral 
projection of the helix is given by ¢ increasing from 0 to 4 — a, the last-named 
value giving u = ~,v = ». As in the previous case 8B = ¢, giving, however, 
to this spiral a different appearance; for u = a, the angle 8 = 0, so that the spiral 
is tangent to the radius vector rather than perpendicular toit, as in the previous 
case, giving it a form resembling that of the involute of the circle—as seems 
geometrically plausible from the similarity in appearance of one sheet of the 
hyperboloid to that of the paraboloid. 


4. Surfaces determined from the projections of the helices. When the surface 
of revolution is given and the helices of the surface having the same axis as the 
surface are required, we can apparently approach the problem only by the 
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method of the preceding section. We have found in several of the cases con- 
sidered that the projections of the helices on a plane perpendicular to the common 
axis have an interest; we accordingly state our problem, so to speak, the other 
way round: given the projections of the helices on a surface of revolution with 
the same axis as the helices on a plane perpendicular to the common axis, we 
determine the surface. The solution of the problem so stated is very simple and 
in some cases advantageous as giving more easily than the method of the third 
section the helices on the ellipsoid and those not yet found on the hyperboloid 
of one sheet. 

Suppose the common axis of surface and helices is the z-axis and the equations 
of the helix 


t=2(), y=y, z= 2(t). 
The projection on the zy-plane is given by the first two of these equations and is 
known; z(t) is not known but 


dz 2’ 


de? $y? + amp 8% 





From this equation 
z = cot C / [a + y”} dt. 


Since u? = x’ + y’, we have parametric equations of the meridian of the required 
surface, u and z as functions of t. 

We apply this method first to a case of the last section, where the projection 
is an involute of a circle, as an illustration and as verification of the result there 
found. For the projection 

x = R(cost + ¢sin 2), y = R(sint — ¢ cos t) 


we find [z” + y”]' = Rt, so that 
2 
z= Root C5 +K, uw = R(1 +?) 


and the meridian is 
u’ = 2R (z — K) tan C + R® = 2pz 


if we choose 2K = R cot C and p = R tan C. 

Consider next the hypocycloid and the epicycloid as the projections of the 
helices. The standard equations of the hypocycloid, as usually given in the 
textbooks, are 


z=(R- r) cos t + r cos © — "1, y = (R —r)sint — rein © — 
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Suppose R, the radius of the “fixed” circle, not to change; these equations are 
those of the hypocycloid in the simplest case when 3R > r > 0;forR >r > 43R 
they are again the equations of a hypocycloid for which the radius of the “rolling 
circle” is R — r, which is positive and less than 3R; when r > R the equations 
are those of an epicycloid where the radius of the rolling circle is r — R; finally 
for negative r the equations become the standard equations of the epicycloid. 
We may then suppose for the hypocycloid }R > r > 0 without other restriction 
than the exclusion of the trivial straight line case R = 2r, while for the epicycloid 
we replace r by —r. 
From the equations 


Watt y= (R-+ PF + WR 7) cos ™, 


2 4(R-—r) .2Rt 4(R — r) Rt 
= —_— sin’ — z= —{— cot C cos—. 
led R * Or 
Eliminating ¢ from the equations for u and z, we have for the meridian of the 
required surface of revolution 


R? tan’ C 
2 2 2 
— ———. 2 = (R — 2r)’. 
*~ gece os ”) 
Without essential restriction we suppose R — 2r = 1 and write the equation of 
the meridian u” — z’/b* = 1, where 
4r(R — r) 1 
—,— = 1-,<1. 
R? R 

The hypocycloids are then the projections of the helices of the hyperboloids of 
one sheet not considered in §3, the case b tan C < 1. The two types of helices 
are separated by the case b tan C = 1, true only for the rulings of the hyper- 
boloid which do indeed satisfy the definition of a helix. 

Finally, when the projections of the helices are epicycloids, the meridian of 
the surface is 


b* tan’? C = 


R’ tan’ C , 
4r(R + r)* 
obtained by changing the sign of r in the equation above. Supposing R + 2r = 
1, we write the equation of the meridian u*’ + 2°/b? = 1, where b’ tan’ C = 
4r(R + r)/R® = 1/R? — 1. When b = 1, the surface is a sphere and R = cos C, 
a result in agreement with the result of §2. For all other values of b the surface 
is an ellipsoid. Since a value of R, less than one, is determined for all b, C by the 
equation 1/R? — 1 = b’ tan’ C, all helices of an ellipsoid of revolution are pro- 
jected on a plane perpendicular to the common axis as epicycloids. 


ue + = (R + 2r)’, 
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THE REPRESENTATION OF FUNCTIONS BY FOURIER INTEGRALS 
By ALBERTO GONZALEZ DomMiNGUEZ 


1. Introduction. Let f(t) be a complex-valued function of the real variable ¢, 
bounded in (—«, «). Cramér [2]' has recently established necessary and 
sufficient conditions in order that f(t) admit almost everywhere one of the 
following representations: 


(g) I 


[ e'* g(x) dx, 


(G) SO 


[ e dG(z). 


In these formulas g(x) is a complex-valued function belonging to the class 
L(—«, «), and G(x) is a complex-valued function of bounded variation in 
(—«, ©). Cramér also considered the case in which G(x) is real, bounded 
and non-decreasing. 

In this note we establish necessary and sufficient conditions for the repre- 
sentation almost everywhere of f(t) as a Fourier integral of the above types, 
G(x) and g(x) belonging to certain other special classes. We obtain also another 
characteristic condition for the representation of type (g) with g(x) e L(— ~, ~). 
We also make some applications of the developed method.’ 


2. The summation function s(/).° Let s(¢) be a function which satisfies the 
following conditions: 


(1) - | s(t) | at <M, 


(2) s(t) = [ e™ K(2) dz, 


(3) K(z) is real, non-negative, even and O(| 2 |” 


positive number; and 


(4) s(0) = [ K(x) dz = 1. 


“) as |x| — ©, a being a 


Received November 13, 1939. The author is a Guggenheim Fellow. 

1 Numbers in brackets refer to the bibliography at the end of the paper. 

2 The author wishes to express his indebtedness to Professor J. D. Tamarkin, who read 
the manuscript and suggested improvements. 

3 These functions were already considered, before Cramér, by Bochner for a related 
purpose; see [1], p. 47. Cramér does not assume that K(x) is even and O(| xz |-'~*) as 
| 2 | > ©; but there is no practical restriction in assuming this condition, which is indeed 
fulfilled by all the particular functions cited by Cramér as examples (namely, the summa- 
tion factors of Weierstrass, Poisson and Ceséro). 
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Since 
(5) K(z) = = f oe s(t) dt, 


we see that K(z) is also bounded and continuous. Furthermore, the Fourier 
transform F(—y) of 


is 
(6) F(-y) = = [ " Bee o(‘) e” dt = nK[n(zx — y)]; 


and, in virtue of the hypothesis we have made on K(z), it is readily seen that 
nK|n(x — y)] is a positive kernel of a singular integral, suitable for the repre- 
sentation almost everywhere of any integrable function in (— ©, ~), and of 
any bounded function at every point at which it has limits to the right and to the 
left (see [1], p. 20, and [8], p. 28). 

Let us now introduce the function (considered by Cramér) 


(7) gin, 2) © 5. f eit (*) 50 dt, 


which is bounded and continuous. 
We can now formulate our theorems. 


3. The case g(r) —«L(— ~, ~). As already stated, Cramér has given neces- 
sary and sufficient conditions for this type of representation. We shall give a 
short proof of an alternative set of conditions. In the new version, the close 
relationship of the theorem to certain special results of Young (see [10], p. 56) 
and of Fichtenholz ([4], p. 6) on Fourier series is clearly visible. 


THEOREM 1. The following conditions are necessary and sufficient for f(t) to 
admit almost everywhere a representation of type (g), with g(x) «L(—~, ~): 


(8a) [ \o(n, 2) |dz <M (n = 1,2,8, --»)5 


(8b) / | g(n, x) | dx < e€ whenever the measure of the set S is less than some 
s 
positive number 5(e). 


The conditions are necessary. Indeed, if we have the representation (g), 
with g(x) e L(— ~, «), we obtain, by an application of the Parseval formula 
to g(n, x), in view of (6) 


(9) g(n,x) =n [ K[n(z — y)] g(y) dy; 
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also 

(10) |g(n,x)|s n | K[n(x — y)] | gly) | dy, 
[ |o(n, 2) |de sn ax [ K [n(x — . 44 | gly) | dy 

(11) oo 2 ) 


so that condition (8a) is satisfied. Now g(y) = gi(y) + ige(y), so that (9) 
implies, because of the properties of the kernel nK[n(x — y)] already referred to, 


gi(n,z)—> g(x), gal, Z) — ga(x) 


almost everywhere. Now, the functions g;(y) and ge(y) being summable, we 
can suppose they are non-negative; we have then, in virtue of (11), 


[. gi(n, x) dx = , g(x) dz, 


and a similar equality for g2(z). But this equality, in conjunction with the 
previous ones, has as a consequence, in virtue of a well-known theorem of 
Vitali-de la Vallée Poussin (see [3], p. 13), that the integrals 


ie gi(n, x) dx 


are uniformly absolutely continuous; and so (8b) is also a necessary condition. 

The conditions are sufficient. Indeed, (8a) assures us, in virtue of a theorem 
of Cramér (see [2], p. 202), that f(t) admits almost everywhere a representation 
of type (G), with G(x) of bounded variation in [— ©, ©], and such that 


G(x) = lim g(n, x) dx = lim G(n, z). 

Now, the condition (8b) tells us that the absolute continuity of the func- 
tions G(n, x) is uniform, so that the limit function G(x) must also be absolutely 
continuous, and the theorem is proved. 

Remark 1. We have supposed that f(t) is bounded; but the theorem is also 
valid if we suppose only that f(t)s(t/n) is absolutely integrable for every n; and 
especially, as Cramér himself has remarked (see [2], pp. 199-200), if we take 


1—|¢| for |¢| < 1, 
s(t) = 
0 for |¢| = 1, 


(12) 


the theorem remains valid if we only suppose f(t) integrable in every finite 
range. In this amplified form, Theorem 1 contains as a special case a theorem 
of Offord (see [7], p. 256), which asserts that if f(¢), integrable in every finite 
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range, satisfies the conditions (8a), (8b) (s(t) being the function defined by (12)), 
then we have almost everywhere 


f(t) = lim (1 - isl) e** g(x) dz. 


A->o 


Offord’s result follows obviously from Theorem 1 by the consistency theorem 
for Ceséro summability. 

Remark 2. The equivalent condition found by Cramér for the case above 
discussed is 


(13) lim - | g(n’, x) — g(n”, x) | dx = 0. 


n'—0 
n"—0 


The proof of the sufficiency of (13), as given by Cramér, leaves nothing to be 
desired as regards simplicity. But his proof of the necessity is not quite so 
simple; therefore, it is perhaps not out of place to show that the present method 
allows us also to prove the necessity of (13) in a very simple manner. We 
have, indeed, 


g(n, xz) — g(x) =n [ K(nz) [g(x — z) — g(x)] dz, 
| g(n, xz) — g(x) | Sn [ K(nz) | g(x — z) — g(x) | dz, 


(14) [ New ~eed [ | [ | e(z — 2) — gf) | ae K(nz)dz. 
Now the function 
g(z) = [ | g(x — z) — g(x) | dz 


is bounded, continuous, and g(0) = 0. We see therefore (see [1], p. 20) that 
when n tends to infinity the last member of (14) tends to zero. Thus, g(n, x) 
tends in mean of order one to g(x), and also, as we wanted to prove, 


lim [ | g(n’, x) — g(n”, x) |dxz = 0. 


An immediate corollary of Theorem 1 is the following 


THEOREM 2. Necessary and sufficient conditions in order that f(t) admit almost 
everywhere a representation of type (g), with g(x) «L(—«, «) and essentially 
bounded, are the following: 


(15a) the same as (8a), 
(15b) \g(n,xz)| $C (n = 1, 2,3, --- ). 
* See, for a particular case, Hille and Tamarkin, [5], pp. 339-340. 








250 ALBERTO GONZALEZ DOMINGUEZ 


We have already seen that condition (15a) is necessary; and, if C is the 
essential upper bound of | g(x) |, we have in the present case 


lg(n, 2)| Cn | Kinz - y)ldy = ©. 


The conditions are sufficient. Indeed, (15b) implies (8b) and so f(t) admits, 
in virtue of Theorem 1, a representation of type (g), with g(x) integrable in 
(—«,«). Then we have also, as already stated, 


lim g(n, x) = g(z) 


almost everywhere; and, in virtue of (15b), the limit function g(x) is also bounded 
almost everywhere, and the theorem is proved. 

Remark. The result remains valid if f(t)s(¢/n) is absolutely integrable for 
every n; and condition (15b) alone is sufficient for f(t) to admit almost every- 
where the representation 

A 
f(t) = lim (1 _ ls!) e** g(x) dz, 
A->o A A 
with g(x) essentially bounded. This has been proved by Offord (loc. cit.) and 
by Verblunsky ({9], p. 19) with two special kernels; and Offord’s proof can be 
adapted to yield the general theorem. 


4. g(x) belongs to L and to L’. 


THEOREM 3. The following are necessary and sufficient conditions in order that 
S(t) admit almost everywhere a representation of type (g), with g(x) integrable and 
of p-th power integrable in (—~, ~): 


(16a) the same as (8a), 
(16b) [ | g(n, x) | dx < M” (n = 1, 2,3, ---). 
We have already proved that condition (16a) is necessary. Applying now 


the Hélder inequality to the second member of (10) (taking into account that 
K(z) is bounded and integrable, and so belongs to every L” class), we get 


ro) l/p cs) (p—-l)/p 
jon, 2)\s [nf Kine-wilow) dy] [nf Kine —wlay]” 
and it is immediately seen that the second factor is equal to 1. Raising both 


members to the p-th power and integrating between (— ©, ©), we obtain, in 
view of the absolute integrability, 


[[lovn, 2) Paz s [ax f° nk ine — wl | 9@) Pay 


= i | g(y) |? dy i nK [n(x — y)| dz = [ | g(y) |? dy = M”. 
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The condition (16b) is also necessary. Now as to the sufficiency, condition 
(16a) assures us again that f(t) admits almost everywhere a representation of 
type (G), with G(x) of bounded variation in (— ©, ©) and such that 


G(x) = lim g(n, x) dx = lim G(n, z). 
Now let us take a set S of non-overlapping intervals (z,, x, + h,) such that 


> h, = 6. We have then, in virtue of the Hélder inequality, 


v=1 


> |G(n, z, + h,) — G(n,2,)| S [ige, x) | dx 


I/p - up 
< If | g(n, x) |? az | ee < If | g(n, x) | as | ger ip < Mg-?!?. 
’ i <) 


Choosing | S| = 6 sufficiently small, and making n tend to infinity, we see 
that G(x) is absolutely continuous: 


G(z) = [ ebde. 


It remains to show that g(x) belongs to L®. Now, we know already that 
g(n, x) — g(x) almost everywhere; also | g(n, x) |” — | g(x) |” almost everywhere; 
and in virtue of Fatou’s lemma 


[. \o@) rae < tim [ \9(n, 2) Par, 


and the theorem is proved. 
Remark. Condition (16b) alone is sufficient for f(t) to admit almost every- 
where the representation 


A 

fi) = lim (1 — sl) e** g(x) dz, 
A-?*@ —A A 

with g(x) belonging to L’. This has been proved by Offord (loc. cit.) with a 

special s(t), and his proof can again be adapted to yield the general theorem. 


5. g(x) « L(— «, ~) and of bounded variation in (—~, ~). Let us now 
assume that the function K(z) satisfies not only the conditions (2), (3) and (4), 
but also the following: K(x) is everywhere differentiable and its derivative is 
everywhere bounded: 


| K’(z)| < C. 
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Then we have the following 


THEOREM 4. T'he following are necessary and sufficient conditions in order that 
f(t) admit almost everywhere a representation of type (g), with g(x) integrable and of 
bounded variation in (— «©, ~): 


(17a) the same as (8a), 
(17b) the same as (8b), 


(17e) [ lg’(n, x) |de <M (a= 4,%%, «.:), 


Proof. We have already seen that the two first conditions are necessary, and 
that we have 


g(n, xz) =n [ K [n(x — y)}g(y) dy. 


Now, because of the properties of K(x), the differentiation under the integral 
sign is justified by standard theorems, and we have 


x 


a'(n, 2) = J & tn Kin(e — who) dy = — [2 ink ine — whol) dv. 


If now we integrate the last integral by parts, we obtain (since g(y) is bounded 
and lim nK[n(zx — y)] = 0) 


lui 


g'(n,x) =n [ K [n(x — y)] dg(y), 


lg'(n,2)| Sn [Kine — yl ldoly) | 


lA 


[ \g’'(n,x)|dx s § dz e: nK [n(x — y)] | dg(y) | 


iy | dg(y) | [. nK [n(x — y)|dz = r \dg(y) | = ¢. 


So condition (17c) is also necessary. Conversely, the two first conditions have 
as a consequence that f(t) admits almost everywhere a representation of type 
(g), with g(x) integrable in [— #, ~]. It remains to show that in virtue of 
condition (17¢), g(x) is also of bounded variation in [—«, «]. In order to 
prove this, let us take an arbitrary set of non-overlapping intervals (x, , x, + h,); 
we have then 


m 


p> |g(n, 2, +h,) — g(n,2)| = DX 


v= 





zyth, 
/ g'(n, x) dx | 


’ 


< > | g’(n, 2) | dr | s [. 9’, 2) |e <M (n=1,2,---). 
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Now, gn(x) — g(x) almost everywhere; therefore, making n — © in the above 
inequality, we obtain 


. | g(a, + h,) a g (2p) | s M 


Therefore, g(x) is almost everywhere equa! to a function of bounded variation, 
and the theorem is proved. 


6. G(x) continuous and of bounded variation in[— ~, ~]. 


TueoreM 5. The following are necessary and sufficient conditions for f(t) to 
admit almost everywhere a representation of type (G), with G(x) continuous and of 
bounded variation in[— ~, ~]: 


(18a) the same as (8a), 


(18b) lim 2%) — 9, 


no n 


This is an immediate consequence of the theorem of Cramér that (8a) is 
necessary and sufficient for f(t) to be a Fourier-Stieltjes integral, with G(x) of 
bounded variation in [— ~, ], and of the following 


TuHeoreM 6. If we have 
i) = [ aac), 
with G(x) of bounded variation in[— ©, ©], then 


lim 2%) — tim _ Kintz ~ y)|dGly) = KO)[G(z + 0) — Ga — 0). 


n> n n+» 
In order to prove this, let us introduce the function 
{ 4) for —«o <y<z, 
hy) = 4 
|G(y) — G(x + 0) + G(x — 0) for rsy< oa. 


We have then 
a9) %®) = KOE +0) - Ge -O]+ [ Kine warty). 


Let us now split the interval of integration into three parts: (— », x — 4), 
(x — 6,2 + 6), (x +6, ©). The first and the third parts can then be made as 
small as we like for every 6 by taking n sufficiently great. As regards the second 
part, we have 


(20) [[, xtoe - mianw| s 0 [ aven, 








254 ALBERTO GONZALEZ DOMINGUEZ 


where V(y), the total variation of h(y), is continuous at the point y = x. There- 
fore, choosing 6 sufficiently small, we can make the second member of (20) 
arbitrarily small. Then, in view of (19), the theorem is proved. 

In exactly the same manner the following theorem is proved. 


TuHEeoreM 7. The following conditions are necessary and sufficient for f(t) to 


admit almost everywhere a representation of type (G), with G(x) bounded, real, 
non-decreasing and continuous in[— «©, «]: 


(21a) g(n, x) P 0 (n = 1, 2, 3, ah -), 
(21b) lim eas = 0. 


It is sufficient to remark that, according to Cramér, condition (21a) is neces- 
sary and sufficient for f(t) to admit a representation of type (G), with G(z) real, 
bounded, and non-decreasing in [— ©, ©], and then to apply Theorem 6. 


7. An application of Cramér’s function. 
THEOREM 8. If we have 


a 


i) = [ aac), 
with G(x) (in general complex) of bounded variation in[— «, ©], then the following 


inversion formula holds: 


G(x + 0) + Giz —0) | G0+) — GO-) 
2 2 F 





(22) lim [ gin, 2) ds = 
Proof. We have 
g(n, x) = n | K[n(x — y)] dG(y). 


Integrating between 0 and z, and inverting the order of integration by absolute 


convergence, we obtain (introducing the function M(x) = [ K(z) az) 
0 


[ g(n, x) dz = [ M[n(x — y)] dG(y) — [ M(—ny) dG(y). 


If we integrate by parts the integrals of the second member, the integrated parts 
cancel, and we obtain 


[ g(n, z)dx =n [ K{n(x — y)|G(y) dy —n [ K[—ny]G(y) dy. 
Taking limits in this equality for n — ©, we get (22), in view of the properties 


of the kernel nK[n(x — y)] already referred to. 
From this inversion formula it follows immediately that two Fourier-Stieltjes 
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integrals of the type considered are identical if and only if the corresponding 
functions G(x) differ by a constant. This last theorem is known (see [1], p. 68), 
but is usually proved only when the functions are bounded, real and non- 
decreasing. 

Another application of the inversion formula just derived is the following 
theorem, which is an alternative version of the famous theorem of Paul Lévy on 
characteristic functions. 


TuroreM 9.° Let G(x) be a distribution function, and let {G,(x)} be a sequence 
of distribution functions. Then the condition 


lim g,(n, x) = g(n, x) (-2o <2 < o3;n = 1, 2,3, ---) 


is necessary and sufficient in order that the sequence {G,(x)} converge essentially 
to G(z). 


The proof of this theorem is easily obtained by applying the above inversion 
formula and two well-known theorems of Helly, and can be omitted. 
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TWO-TO-ONE TRANSFORMATIONS 
By J. H. RoBerts 


1. An n-to-1 transformation is one for which every inverse image consists of 
exactly n points. This paper is concerned with continuous n-to-1 transforma- 
tions defined over separable metric spaces. Except in this introductory para- 
graph only the case n = 2 is considered. Now a continuous n-to-1 transforma- 
tion is in some respects like an at most n-to-1 interior transformation. In 
particular they are alike in not altering dimension, if n is finite.’ However, an 
n-to-1 continuous transformation with n = No can increase dimension at will, 
in contrast to the case of the at most No-to-1 interior transformation. Trans- 
formations which are both n-to-1 and interior have been considered by G. T. 
Whyburn.” 

Now O. G. Harrold has shown’ that no continuous 2-to-1 transformation 
can be defined on an are. The main object of the present paper is to prove the 
following 


PrincipAL THEOREM. There does not exist a continuous 2-to-1 transformation 
defined on a closed 2-cell. 


It seems probable that the same result holds for the closed n-cell, for every n. 
For this reason certain lemmas have been formulated as more general theorems, 
with the hope that they may be of use later on. 


2. Throughout this paper we use the following notation: 7’ is a continuous, 
2-to-1 transformation defined over a space M with differing topological proper- 
ties, as specified in the various theorems. In every case M is at least metric. 
No mention is made of the space into which M is mapped, but it can always be 
taken as a subset of Hilbert space. The set of inverse images is an upper semi- 
continuous collection G@ filling M, and every element of G is a pair of points. 
For each zx ¢ M let s(x) be the point such that xz, s(x) is a pair of the collection. 
Then 7(x) = T(s(z)). Let f(x) = p(x, s(x)), where p is the metric on M. The 


Received November 29, 1939; presented to the American Mathematical Society, October 
28, 1939. 

1 This result for the n-to-1 transformation, where n is finite, was noted by O. G. Harrold 
(see footnote 3), and follows from W. Hurewicz, Uber dimensionserhéhende stetige Abbil- 
dungen, Journal fiir die reine und angewandte Mathematik, vol. 169(1933), pp. 71-78. 
An at most No-to-1 interior transformation cannot increase the dimension. See P. 
Alexandroff, Comptes Rendus de |’Académie des Sciences de 1’URSS, new series, vol. 
13(1936), pp. 295-299. 

2 Interior surface transformations, this Journal, vol. 4(1938), p. 630. 

3 The non-existence of a certain type of continuous transformation, this Journal, vol. 
5(1939), pp. 789-793. 
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transformation z into s(x) takes M into itself, but is not necessarily continuous. 
The complicated part of the proof is concerned with showing that s(x) can only 
have discontinuities of a certain kind. 


3. Lemma 1. Jf aeM and « > 0, then there is an open set U such that (1) 
ae U, and (2) if x « U then either | f(x) — f(a) | < eorelse | f(x) | <«. 


Lemma 2. If x, — aand f(x,) — 71, then either r = f(a) orr = 0. 


Both lemmas are immediate consequences of the definition of f(x), in view of 
the fact that the collection G is upper semi-continuous. 


THEOREM 1. The functions s(x) and f(x) are continuous over precisely the same 
set. 

Proot. Nowf(x) = p(z, s(x)), and since p is always continuous, it follows that 
f(z) is continuous when s(x) is. Conversely, suppose s(x) is not continuous 


atz =a. Then there is a sequence 2, 22, --- such that z, — a but s(z,) does 

not approach s(a). Since G is upper semi-continuous, there is a subsequence 
, , , , ’ , . 

21, 2%, --- such that z, — a and s(z,) >a. Then f(z,) -0 as z, — a, while 


f(a) 0, so that f is not continuous at x = a. 


TuHEeorEM 2. Suppose M is complete. Then the subset K of M, where f(x) 
(and hence also s(x)) is continuous, is dense and open in M. 


Proof. Let U be any open set in M. The function f(x) is upper semi-con- 
tinuous and is bounded below (in fact f(z) > 0). Therefore f has a point of 
continuity in U,say ata. Choose V C U so that (1) a e V, and (2) if z e V, then 
| f(x) — f(a) | < $f(a). It will be shown that f is continuous over the open set 
V. Let b denote a point of V, and let a positive « be given. Choose ¢’ so that 
e < eand e’ < $f(a). Let W be an open set such that (1) be W and WC V, 
and (2) if x e W, then either | f(z) — f(b) |< ¢’ or else f(x) < «€’ (see Lemma 1). 
But if z « W, then z « V and f(x) > f(a) — 3f(a) > «’; hence for z in W, | f(x) — 
f(b) | < & < eand f is continuous at b. 


4. THEorEM 3. Suppose ab is an arc in K + b such that f(x) ~O0asxz—b 
onab. Then there exist two arcs axb and a'x'b each lying in K + 6, having only b 
in common, and such that s(axb — b) = a’x'b — b. 


Proof. Suppose ab — b is in a component R of K. Then if R-s(R) = 0, 
the result is trivial, as the given are ab has the properties of the desired are azb. 
If R-s(R) * 0, we proceed as follows. First write N = ab + s(ab — b). Then 
N has these properties: 

(1) it is a continuum containing a and b; and 

(2) if c ¥ b, and x €N, then s(x) e N. 

It can be shown that N contains a subcontinuum N, having properties (1) and 
(2) and being irreducible with respect to these properties. Now N, contains an 
are axb, and hence also contains s(azb — b) + b = a’z’b. Since azb + a’z’b 
has properties (1) and (2), this sum must be N,. Suppose now azb and a’z’b 
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have a common point distinct from b. Then let y be the first such point on 
axb in the order a to b. It follows that y’ (y’ = s(y)) is on both azb and a’z’b, 
and we have the orders ayy’b on azb and a’y'yb on a’z'b. Let Ne denote the sum 
of the subares ay and y’b of azb and the subares a’y’ and yb of a’zx’b. Then Ne 
is a subset of N, having properties (1) and (2) above, and since N, is irreducible, 
it follows that Ne = N,. But this is impossible. For it requires that the 
subare y’y of a’x’b be contained in ay + y’b (on azb). But then the connected 
set y’y is a subset of one of these ares, and that is clearly impossible, since neither 
contains both y and y’. This completes the proof of Theorem 3. 


5. THroreM 4. Let M be a complete metric space. Suppose there exists an 
arc pq such that 

(a) q is not in K, but pq — q isin K; and 

(b) f(x) — f(q) as x — q on the are pq. 
Then there exists an arc p'q’, and an open set V, such that 

(1) p’q’ isin V; 

(2) q’ is notin K, but p’q’ — q' isin K; 

(3) f(x) >f(q’) = 4€ as 2 — q’ on the arc p’q’; 

(4) af x « V, then either f(x) < cor f(x) > 3¢; 

(5) af pq” is any arc satisfying (1) and (2) above and f(p’’) < «, then f(x) +0 


as x — q" on the arc p’’q”’. 


Proof. Suppose the theorem is false. Let pig, be an are such that (1) q is 
not in K but pig: — @ is in K, and (2) f(x) — f(q) as x — qm on the are pq . 
Let 4e, = f(g) and let U denote any open set containing q,. Next let U; be an 
open set in M such that 0, C U, diameter of U, < 4, m1 ¢€Ui, and if re U,; 
then f(x) < « or else f(z) > 3«,, but in either case f(z) < 5e,. Let p; be a 
point on the are p,q, so that pig is a subare of p,q, lying in U,. Then there is 
an arc Pog2 in U; such that pode satisfies (1) and (2), f(pe) < « but f(x) does not 
approach zero as x — q2 on the are poge. Then f(x) — f(q2) as x — qe on this 
arc. Consequently f(q@) < «4. 

Now let 4¢. = f(q2), and let Uz be an open set such that U,C U, , diameter of 
Us < €, qe Us, and if x e Uz then f(z) < «& or else f(x) > 3e2, but in either 
case f(x) < 5e,. Continuing in this way we obtain an infinite sequence of open 


sets U,, U2,---, and positive numbers « , «2, --- , such that for every k (a) 
U; D> Uns, (b) diameter of Ux < e& , (€) 4€e41 < «& , and (d) forze U;,, f(x) < 
5e.. Let 2’ bea point common to U,, U2,---. Thenf(x’) < 5e, for every k, 


hence f(x’) = 0. This is a contradiction, and therefore the theorem has been 
proved. 


6. THrorEM 5. Suppose M is a closed 2-cell, R is a component of K, R-s(R) = 
0, and q is a boundary point of R which is accessible from R by an arc pq along which 
f(z) ~0asx—gq. Suppose furthermore that there is an open set W containing q 
such that if uv is any arc having these properties: 

(a) we R-W and, on pq, v is on the boundary of R; and 

(b) w isin W, and uw — visinR; 
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then f(x) ~0asx—vonthearc uv. Then if q is not on the boundary of M, there 
exists, for every positive €, a simple closed curve J such that 

(1) q ts in the interior of J; 

(2) the diameter of J plus its intertor < €; 

(3) J is the sum of two arcs axb and ayb, where a and b are in R and s(R), 
respectively, and s(axb — a — b) = ayb —a —b. 
If q is on the boundary of M, then there is an are J which separates M such that 

(1) the component of M — J containing q is of diameter less than ¢; 

(2) J is the sum of 2 arcs xa and ya, where a is on the boundary of R, xa — a 
and ya — aare in R and s(R), respectively, and s(xa — a) = ya — a. 


Proof. A detailed proof will be given only for the case where q is in the 
interior of M. Suppose pq is an are lying in R + q and such that f(x) — 0 as 
x—qonthisare. Then s(pqg — gq) + qisan arc p’q lying in s(R) + gq. Clearly 
there exist arcs rp and p’t such that rp + pq + qp’ + p’tis an are rt having its 
end-points, and only these points, on the boundary of M. Let U; and U2 
denote the 2 components of M — rt. For each positive integer n let 7,y,2z, be 
an are in U; + 2, + z, whose diameter < 1/n, and such that z, is on pg — ¢ 
and z, = s(z,). Let a, be the first point, in the order z,z, , of the boundary of 
R on this are. Then for n sufficiently large the are s(a%,@, — Gn) + Gn = ZnQn 
liesin U; + 2,. Then x,@,2, is an are in U, + a, + z, such that s(z,a, — a,) = 
ZnQn — 4,. Similarly, in U, + 2, + z, there is an are z,b,z, with similar proper- 
ties. The sum of the arcs 2,@n2, and 2,b,Z, is the desired curve J, where a, and 
b, are the points a and b. 


7. We come now to the proof of the principal theorem (see §1). The proof is 
indirect. In the remainder of the paper it is assumed that M is a closed 2-cell, 
T is a continuous 2-to-1 transformation defined on M, and f, s, and K are as 
defined in §§2, 3. 


8. Let R be a component of K and suppose that at least three boundary points of R 
are accessible from R by arcs along which f(x) — 0 as x approaches the boundary of 
R. Then R-s(R) = 0. 


We suppose the assertion is false. Then since s is continuous over R, the set 
R + s(R) is connected, hence is R. Since in addition s has period 2, it follows 
that s(R) = R. 

There is a simple closed curve J (J = prp’r’p) in R, where s(prp’) = p’r’p, 
and such that no point of J is on the boundary of M. For let aa’ be an are in R 
joining a and s(a) and containing no boundary point of M. Let z be a variable 
point on aa’, and consider the two arcs az and s(az). For z near enough to a 
these have no common point, but for z = a’ they do have a common point. 
Let p’ be the first point on aa’ such that ap’ and s(ap’) intersect. Then p’ 
and p (p = s(p’)) are the two common points, and if r is on aa’ between p and 
p’, the set prp’ + s(prp’) is the desired curve J. 
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Now M — J = C, + C2, where C; and C2 are connected. One of C; and C. 
contains at least two points on the boundary of R which are arc-wise accessible 
from R by ares along which f(x) — 0 as x approaches the boundary. Suppose 
C, has this property, and let e and g be two such points in C,. Let D; = R-C; 
(¢ = 1,2). Now D, and D, are connected. For let zy denote an are in R con- 
necting any two points z and yof D;. Then if zy is not in D; , it must intersect 
J. But since J is in the open set R, the are zy can be modified to run in R near 
J without crossing it, giving rise to a new are connecting z and y in D; . 

Let ae and a’e be arcs (see Theorem 3) such that (a) s(ae — e) = a’e — e, 
(b) ae-a’e = e, (ec) aand a’ are on J and are the only points of these ares on J, 
and (d) f(z) ~ 0 as z—e along ae. Then as x — ¢ along the are ae, we have 
s(x) — e along a’e, whence s(x) cannot be in Dz , and thus s(D,) = D,. Suppose 
(ease 1) that the are ae + a’e does not intersect the boundary of M. Then it 
separates C, into two components C;and C,. Let D; = R-C; (¢ = 3, 4), and as 
above the set D; is connected. Then s(D;) = D,, since s takes the boundary of 
C; into the boundary of C, (except for the point e). But this is impossible. 
For the point g is in C3; or C,. (For definiteness suppose it isin C;.) Then for 
some method of approach we will have z, ¢ Ds , tn > g, f(xn) — 0, whence s(x,)—> 
g and therefore s(z,) is in D; for some n. But then s(D;) = D; , and we have a 
contradiction. 

We now suppose (case 2) that the are ae + a’e intersects the boundary of M. 
Of the 2 ares on J with end-points a and a’ one of them, call it aua’, together 
with ae + a’e makes a simple closed curve J’ with J — aua’ in its exterior. Let 
C3 be the interior of J’ and let C, = C; — C,-C3. Let D3 = R-C;. As before, 
Ds; is connected. Let Ds = R-C,. We cannot at this stage prove that D, is 
connected. Now D; is bounded by aua’ + ae + a’e; therefore s(D;) is bounded 
by a’u’a + ae + ’e. Then s(D;) isin C; and D;-s(D;) = 0. But then s(D;) = 
D,and s(D,) = D;. But this is impossible as in case 1 (on account of the point 
g). This completes the proof. 


9. There does not exist an arc pq such that 

(1) pq — qisin K but q is not in K; and 

(2) f(x) >f(q) as x > g on the are pq. 

We suppose the contrary. Then by Theorem 4 there exists an open set V 
and an are pq such that properties (1)—(5) of Theorem 4 hold, where pq takes the 
place of p’q’ and f(q) = 4e. Since f is not continuous at q, there is a point c in K 
and an arc cq lying in V such that f(c) < «. Let R be the component of K con- 
taining c. We next prove that q is on the boundary of R and is accessible from R 
by an arc along which f(z) — 0 as x > q. 

We note first that it follows readily from the assertion in §8 that R-s(R) = 0. 
Now let E denote the set of all z in R + s(R) for which f(z) < «. Lett be the 
last point of E on the are cg. Suppose that ¢ is not accessible from R by an arc 
ct such that f(z) ~0asx—tonct. Then tis not accessible by any are dt lying 
in V and in R + s(R) + ¢ and containing a point of Z. It follows that there is 
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an infinite sequence c; , C2, ¢s, --- such that‘ (1) c,eR-V and f(e,) < «, (2) 
Cc, >~tasn— , and (3) there is a fixed positive 6 such that every arc joining c; 
and c; (¢ ¥ j) in R has diameter greater than 6. 

There exist® 3 circles P; , Pz , and P; with center ¢ and interiors W, , W:, and 
W;, and an integer N such that 

(1) VD Wy, and W; > Wis, (i = 1, 2); 

(2) if n > N there is an arc ¢nd,e, in R and in W, , where e, and d, are on the 
boundaries of W; and We, respectively, and c, is in W; , and 

(3) ifn > N,m > N, and n # m, then no component of R- W, contains both 
Cn and Cm. 

Suppose n > N. Let 2, and y, be the first points of the boundary of R on the 
circle P, starting from d, in the two senses, and let z,d,y, denote the indicated 
arc on Pz. Then s(2ndnY¥n — Ln — Yn) + In + Yn iS aN are FpdyYn in 8(R) + 
In + Yn. Since it does not intersect cndne, , there is a positive 6, independent of 
n such that the diameter of z,d,y, > 6,. But the diameter of z,dny, — 0 as 
n— ©. If we drop to a subsequence, we may suppose lim 2,d,y, is a point r. 
Then lim 2,d,,y, is contained in r + s(r). But this is clearly impossible, and 

no 
thus ¢ is accessible by an are ct lying in R + ¢ and such that f(x) ~ 0asz— 1 
on ct. 

Suppose now ¢t # q. Suppose ¢ is not on the boundary of M. Then by 
Theorem 5 there is a simple closed curve J, such that (1) ¢ is in the interior of J, 
(2) q is in the exterior of J, and (3) J = axb + ayb, where azb is in R + a + b, 
ayb is in s(R) + a + b, f(z) ~0asz—aoras z —> bon azb or on ayb. Then 
clearly some point of the are fq is on J, and such a point is in Z, contrary to the 
supposition that ¢ is the last point of EB on cq. If t is on the boundary of M, 
we get a contradiction in a similar way, again using Theorem 5. Thus ¢ = q. 
Then let J be a curve as above, inclosing q but leaving p outside. Then there isa 
point z of K on J - pq, for which f(z) > 3«. Butasw—aonJ we have f(w) — 0, 
and f(w) < ¢ or f(w) > 3. This contradiction completes the proof of the 
assertion in this section. 


10. There are at least 3 points in M — K. 

First of all K # M, for if so, then the transformation zx into s(x) defines a 
continuous mapping of the closed 2-cell M into itself without fixed point. If a 
is not in K, then s(a) is not in K (see Theorem 2), whence M — K contains at 
least two points, a and a’ = s(a). Suppose M — K = a +a’. Then 
lim f(x) = 0 and lim f(z) = 0. It follows (see Theorem 3) that there is a 


z~a 


simple closed curve J, which is the sum of two ares arya’ and az’y’a’, where 


4 Since f is not continuous at t, there is such a sequence of c,’s in E for which f(c,) — 0. 
Either infinitely many of these are in R, or in s(R), and we assume the first alternative. 
The other case is treated in exactly the same way, since s(s(R)) = R. 

5 This argument is similar to that by which one proves that a boundary point of a com- 
plementary domain of a plane continuous curve is arc-wise accessible from that domain. 
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s(azya’ — a — a’) = az’'y'a’ — a — a’. Let I be the interior of J. Then 
since s(J) = J, it follows that s(J) = I or else s(J) = M —T. But if s(J) = 
M — T, then s is a topological mapping over J, and this is impossible since 
M — Tis not an open 2-cell. Hence s(I) = IJ. Then (compare the description 
of J in §8 above) there is a simple closed curve L with interior Q such that 
L + Qisin/ and s(L) = L. Then as before s(Q) = Q. But then the trans- 
formation xz into s(x) is a continuous mapping of the closed 2-cell L + Q into 
itself without fixed point, and we have reached a contradiction. 


11. In this section we complete the proof of the principal theorem. 

Let R be a component of K. By §10 the boundary of R contains at least 3 
points. By §9 f(x) — 0 as z approaches the boundary of R on an are. Hence 
by §8 R-s(R) = 0. By an argument like that in §9 we can show that every 
boundary point of R is accessible from R. Suppose there exists a point p of M 
not in R + s(R), and let pq be an arc in M having only qin R + s(R). Then gq 
is accessible from R by an are cq. But we get a contradiction by applying 
Theorem 5. Thus R + s(R) = M. 

Let H denote the boundary of R. Suppose H = H; + Hz, mutually sepa- 
rated sets. Let a and b denote points of H,, Hz, respectively, and let azxb 
and ayb be ares in R + a + b and s(R) + a + J, respectively. Let J denote 
the interior of the simple closed curve axb + ayb. Neither of the closed sets 
H,-I and H;-T separates x from y in J. Hence their sum does not, and there 
is an are zy in J not intersecting H. But this is impossible, since x and y are 
in R and s(R), respectively. Therefore H is connected. 

Now if every pair a, b in H separates H, then H is a simple closed curve. 
Suppose some pair a, b does not, and let azb and ayb be arcs as above. Then 
if dis any point of H — a — b, there exist arcs rd in R + d and yd in s(R) + d, 
where 


(rd + yd)-(axb + ayb) = x+y. 


It follows that d separates H, whence H is an arc from a to b. 

Now s(H) = H. Hence H cannot be an arc (see §1), for the original trans- 
formation T is exactly 2-to-1 and continuous over H. Thus H is a simple 
closed curve. Now s is a topological transformation of R into s(R). One of R, 
s(R) is the interior of H, the other is the exterior of H with respect to M. But 
these sets are not homeomorphic. This final contradiction completes the proof 
of the principal theorem. 
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THE FIRST VARIATION IN MINIMAL SURFACE THEORY 


By Marston Morse 


Introduction. We are concerned with harmonic surfaces S bounded by n + 1 
non-intersecting simple closed curves’ y, in a Euclidean m-space (x). The 
codrdinates x’ on such surfaces, which are necessarily orientable and of genus 0, 
shall be harmonic functions of parameters (u, v) ranging over a connected 
region’ B in the (u, v)-plane bounded by n + 1 cireles Cy, ---,Cn. Let 
(r, , %) be polar coérdinates in the (u, v)-plane with pole at the center (ug , ve) 
of C,. Let gx(@) be a vector’ defined on C; giving an admissible representation 
of y, (k = 0, 1,---,n). Let A(u, v) be the vector defining S. We suppose 
that h(u, v) is continuous on the closure B of B and that its boundary values, 
represented in terms of the respective angular coérdinates 6, , determine ad- 
missible representations of the curves (y) of the form 


Conversely, each admissible representation (0.1) of the set (y) determines a 
harmonic surface S defined over B. We admit no other surfaces. 

Let h(u, v) represent the harmonic surface defined by an admissible repre- 
sentation (g) of the curves (y) and let D(g) be one-half the sum (finite or infinite) 
of the classical** Dirichlet integrals of the components h‘(u, v) of h(u, v). We 
term D(g) the Dirichlet sum. The radii o; of the circles C;, and the codrdinates 
(uz , vx) of their centers will be called the circle parameters of B. Set® 


(0, , U1, U1, °** 5 On, Uny Un) = (7m). 


Received April 10, 1940. 

1 We start with a 1-1 representation of y, on acireleC. We shall admit any other repre- 
sentation of y, which is obtained from the given representation by a monotone transforma- 
tion (not necessarily 1-1) of C into itself. 

2 Although we restrict ourselves to surfaces of the topological type of B, the methods 
introduced are of such general character as to admit extension to the most general type of 
representation. For such extensions it is sufficient that the boundaries yx of the type 
regions B be circles. It is even sufficient that there exist a conformal map of a neighbor- 
hood of yz on B into an annular region, yx going into a circle under this conformal map. 
The introduction of subregions of multiply-sheeted Riemann surfaces naturally makes no 
difficulty. 

3 Curves and surfaces in our Euclidean m-space will invariably be represented as vectors 
as will the various Fourier coefficients which will presently enter. 

4 Jesse Douglas I: Solution of the problem of Plateau, Transactions of the American 
Mathematical Society, vol. 33(1931), pp. 263-321. Douglas II: The problem of Plateau for 
two contours, Journal of Mathematics and Physics, vol. 10(1931), pp. 315-359. Douglas 
III: Minimal surfaces of higher topological structure, Transactions of the American Mathe- 
matical Society, vol. 39(1939), pp. 205-298. Various additional references are here given. 

5 T. Rad6é, On the problem of Plateau, Ergebnisse der Mathematik, vol. 2(1933). 

6 We do not include the parameters (oo , uo , Yo) in the set (n) because without changing 
the value of D(g), Co can be taken as the unit circle with center at the origin. 
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We shall regard D not only as a function of (g), but also as a function of (7). 
The representation (g) will be a representation on the respective circles defined 
by (nm). The fundamental theorem is as follows. 

A necessary and sufficient condition that a harmonic surface, for which D is 
finite, be minimal is that the first variation of D be identically zero. 

We understand thereby that the first variation vanishes for a class of varia- 
tions now to be defined. 

Let (g) be an admissible representation of the circles (y) in terms of the 


respective angles (0), --- , 6.) = (0). We shall admit transformations of 6, 
of the form 
(0.2) be = 0% oh €xeAx(O.), 


where \,(4,) is analytic and has a period 27, and e, is a constant restricted by a 
condition of the form 


(0.3) | ex | < €x (An) <1 
to be so small that for each value of 6; 
(0.4) 1 + erd(@) ¥ 0. 


Here e,(Ax) is a constant dependent on ,. Subject to (0.2) we obtain a new’ 
representation (p) of (y) such that 


(0.5) P(e, Ce) = ge( Ox). 


The boundary vectors [p(6, e)] define a new harmonic surface H(u, v, e). 
The corresponding Dirichlet sum D(p) will be written as a function 


(0.6) D(g,,r,¢), | ee | S ex(r), 


where 
(€o, +++ ,€n) = (e), (Ao, +++ An) = (A). 
The differential 
(0.7) V= 2 Dy dn + 2 Dades (§ =1,---,3n;k =0,---,n), 


evaluated® at e = 0, will be called the first variation of D at (g, 7), and the coeffi- 
cients in this differential will be called the variational coefficients. We shall say 
that the first variation of D at (g, ») is identically zero if these coefficients 
vanish for all admissible sets (A) and for the given set (g, 7). It is in this sense 
that the fundamental theorem is to be understood. 

This theorem has been completely proved only for the case of one boundary 


7 We term (p) the (A, e) ‘‘transform”’ of (g). 

8 Subscripts used to indicate partial differentiation shall always refer to the original 
arguments of the function. Thus if f(z, y) is given, f.(z, 2) means the z-derivative of 
S(z, y) evaluated for y = z. 
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curve. The only proof known to the author is that’ in Douglas I. When the 
class of admissible surfaces is enlarged to include surfaces which are no longer 
harmonic, Rad6 (loc. cit.), Courant” and others” have given proofs of the 
corresponding theorem. But the theorem here stated does not follow in any 
immediate way from the proofs by Radé and Courant. If one adds the hy- 
pothesis that the given surface is a minimizing surface, then connections can 
be easily made between the two types of proof, but the requirements of the 
theory in the large preclude such a hypothesis. This is not to say that it is 
impossible to proceed in the general theory except in the class of harmonic 
surfaces, but rather to say that in the present state of development, the class 
of harmonic surfaces forms the simplest and most elegant medium for the 
general theory. 

Our proof of the theorem may be briefly described as follows. The harmonic 
vector h(u, v) is the real part of a vector F(w), whose components are analytic 
functions of the complex variable w = u + iv, the imaginary part in general 
being multiple-valued. With Weierstrass we introduce the scalar product” 


(0.8) f(w) = F'(w)-F'(w), 


whose vanishing is the condition that h(u, v) be minimal. In case the boundary 
representation (g) is analytic, classical methods yield formulas for the varia- 
tional coefficients involving f(w) and (g, 7, A), and the theorem follows with 
ease. Our contribution is to show that when D(g) is finite the variational 
coefficients are continuous in (g, », 4) provided the metric for the sets (g, 7, A) 
is suitably defined. An obvious limiting process then enables us to infer the 
theorem in the general case as a consequence of the formulas in the special 
analytic case. 


1. Continuity of the variational coefficient when » = 0. When n = 0, 
there is just one boundary curve yo = y represented on the circle Cy) = C. With- 
out loss of generality we can suppose that C is the unit circle with center at the 
origin. For the Dirichlet sum D(g) is independent of the position of the circle C 
since any circle is obtainable from any other by conformal transformations of 
the plane. The circle parameters (7) do not enter in the case n = 0. 

Let (r, 6) be polar coérdinates with pole at the origin, and let g(@) be an admis- 


® In the case of two contours (Douglas II) there is a serious gap on page 328 in inferring 
the fundamental formula (2.18) from the preceding formula. A similar difficulty arises on 
page 248 of Douglas III. That this gap can be bridged by an extended use of the appro- 
priate theta functions seems most likely. Douglas is of like opinion. Our proofs make 
no use of theta functions. 

10R, Courant, Plateau’s problem and Dirichlet’s principle, Annals of Mathematics, vol. 
38(1937), pp. 679-724. 

11M. Shiffman, The Plateau problem for non-relative minima, Annals of Mathematics, 
vol. 40(1939), pp. 834-854. 

12 We term f(w) the Weierstrass modul belonging to the region B and the boundary 
values (g). 
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sible representation of y as an image of C. As shown in Douglas I the Dirichlet 
sum D(g) has the form 


_ 1 ff lo) - 9@F 
(1.0) AQ) = 56 J sin? [H(@ — 6))¢° 


where 7’ is the domain™ 


0 
B-—fr 


IIA 
IIA 


a 


2r, 
aSsep+r. 


(1.1) 


lA 


The integral A (g) has a singularity on T when a = 8. Let 7, be the subdomain 
of 7 on which 
1 
la B | > m’ 
and let A‘”’(g) be the value of the integral (1.0) when T is replaced by 7'n. 
By definition 


A(g) = lim A“ (g). 


m=c 


In the case n = 0 there is but one variational coefficient, namely D,. We 
shall obtain a formula for this coefficient. Let \(@) be real and analytic in @ 
with a period 27. Set 


(1.2) u=O0+ed(6), |e| S e(r), 


where e(A) is a positive constant so small that the 6-derivative of the right mem- 
ber of (1.2) never vanishes. Under (1.2) let 


p(u, e) = g(8), 


and let H(u, v, e) be the harmonic surface determined by (p) for each fixed e. 
We have 


H(cos yp, sin p, e) = pu, e). 


The corresponding integral A‘”(p) has the form 
(mn) — 1 If [p(u, e) — plv, el 
(1.3) A’ (p) ir sin? [1(u — »)] dp dv. 
Ta 


Upon setting 
(1.4) w=a+teX(a), v = B + ed(8), 


13 Douglas takes 7’ as the domain 0 S a S$ 27,058 S22. This yields the same value 
of D(g) because of the periodicity of the integrand. From the point of view of a treatment 
of the singularities of the integrand our choice of T seems simpler. 
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(1.3) takes the form 


a (g(a) — g(8)P[1 + ed’(a)][1 + ed’(8)] 
(1.5) A™(p) = T [| 


sin? [}(a — B) + }e(A(a) — (8))] “* 


We shall assume that A (q) is finite and obtain a formula for A(p) — A(g). To 
that end we shall analyze the denominator of the integrand in (1.5). 
Set 


w = 3[A(a) — A(8)], 
and note that on 7’, fora # Bande # 0, 
sin [}(a — 8) + ew] 
(1.6) = sin }(a — B) cos ew + e cos $(a — B) a 5; | 
Observe that 
(1.7) sin ew = sinew w a—B 
; e sin 3(a — B) ew a— 6B sin #(a— Bp) 
Recall that A(a) is analytic. The form of the right member of (1.7) shows that 


the function thereby defined is analytic in (a, 8, e) for (a, 8) on 7’, except for 
removable singularities when a = 8 ore = 0. Hence (1.6) yields the relation 


(1.8) sin [3(@ — 8) + ew] = sin 3(a — 8) [1 + ek(a, 8, e)], 


where k(a, 8, e) is analytic in its arguments. Upon differentiating the respective 
members of (1.8) with respect to e and setting e = 0, we find that 


(1.9) w cos (a — B) = k(a, 8B, 0) sin (a — 8B), 


a fact of use later. 
To continue, we need to know that on 7’, 


(1.10) 1 + ek(a, B, e) ¥ 0, |e | 


lA 


e(A). 
We can infer this from (1.8). For 


sin [4(a — B) + ew] = 0 


only if 

3(a — 8B) +ew = 0 (mod z), 
or only if 
(1.11) a + eX(a) = B + ed(B) (mod 2z). 


Since a + ed(a) is an increasing function of a@ for | e| S e(A), (1.11) holds only 
if a = B (mod 27). But (1.10) holds even when a = 8, as one infers from the 
first order vanishing of the left member of (1.8) when a = 8. 
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By virtue of the binomial theorem we can write 


[1 + ek(a, B, e)] * 


(1.12) ee 2ek(a, B, e) + 3e7k" (a, B, e) +:-: (| e| <= e(A)) 


1 — 2ek(a, 8, 0) + e*B(a, B, e), 


where B(a, 8, e) is analytic in its arguments. For brevity we set 


g(a) — g(a)}’ 
sin? [3(@ — 8)] 


Referring to (1.5), (1.8) and (1.12), we see that 


= K(a, 8). 


A™(p) = 1 | [ Ka, Bl — 2ek(a, 8,0) + &* Bla, 6, 6] 
(1.13) Te -[1 + ed’(a)][1 + ed’(8)] dadp 
= A™(g) + Sg, d) + erg, A, e), 
where 


m) 1 4 , ’ 
(1s) 8™G,r) = b | [ Ka, AW(@) + NG) — 2k(a, 8, O)] deeds, 


(1.15) r™(g, \, e) = a | / K(a, 8)W(a, B, e) da dB, 


and where W (a, 8, e) is analytic for | e | S e(A). 
The integral 


(1.16) A™(g) = i [[ x(a, 6) daas 


converges by hypothesis as m becomes infinite. The integrals S“”(g, \) and 
rg, \, €) also converge, as one sees by comparison with the integral A‘” (g), 
noting that the factors 


| N’(a@) + X’(B) — 2k(a, B,0)|, | Wa, B, e) | 
are bounded. Upon letting m become infinite in (1.13), we infer that A(p) is 
finite and that 
(1.17) A(p) = A(g) + eS, d) + e’r(g, A, @), 


where S(g, A) and r(g, A, e) are of the form (1.14) and (1.15) respectively with 
Tm replaced by T. 
We note that 


rg, 4, e) S LA(g), 
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where L is a bound for | W(a, b, e)|. Recalling that A(q) is finite, we see that 
A.(p) = S(g, d) (e = 0). 
Upon referring to (1.9) and (1.14), we obtain the following theorem. 


THEOREM 1.1. When A(g) is finite, the variational coefficient A.(p) has the 
form 


“qx < 1 [f eo oor 
S@,) = 16 J | Age Bo 0) daa, 


where 
E(a, B) = d’(a) + d’(B) — [A(a) — A(B)] cot [3(a — B)] (a # 8, mod 2r). 


We shall show that the integrand of S(g, \) has a removable singularity when 
a=f£8. OnT set 


(1.18) A(a, 8) = 3(a — B) cot [3(a — 8)] (a # B) 


with A(a, a) = 1. So defined A(a, 8) is analytic. Moreover, A(a, 8) is an 
even function of (a — 8) so that Ag(a, a) = 0. 
We have 


Na) — 28) = (a 8) [ ‘yla + (6 — a) Jat, 
and making use of (1.9) and (1.18) we see that 
(1.19) E(a, 8) = N(a) +2"@) — 24a, 6) [ Wa + UB — a)]at 
Using the relations A (a, a) = 1, Ag(a, a) = 0, we find that 


E(a, a) = 0, Es(a, a) = 0. 


We represent E(a, 8) by Taylor’s formula, regarding E(a, 8) as a function of 8, 
and expanding E(a, 8) about the point 8 = a with a remainder as a term of the 
second order. Thus 


E(a,8) = Ma—8)* [ Eypla, « + 8 ~ a) | 


Upon setting 
}(a — 8) {sin [3(@ — 8)]}* = M(a, 8) (a # 8) 
with M(a, a) = 1, we see that M(a, 8) is analytic on 7, and that 
SG, ») 


(1.20) = fis 1 is 
a II {la(a) — g(8)) M*(a, 8) [ Exssla, a + U8 a)| dt} da, 
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It appears from (1.19) that Eggs depends on X and its first three derivatives. 
To two admissible functions \, say \ and \*, we shall assign a distance \A* 
equal to the maximum value of 


| A(@) — *() | + | (8) — A*’(8) | + | NB) — A*(8) | 
+ | ’”"(8) = \*””"(8) |. 


To two boundary vectors g(@) and g*(@) we shall assign a distance gg* equal to 
the maximum of the vector length 


(1.21) 


(1.22) | g(@) — g*(@) |. 
In the space of the sets (g, A), distance will be defined by the sum 
gg* + da*. 


A function of the sets (g, 4) will be regarded as continuous if continuous with 
respect to the metric of the sets (g, A). Upon referring to (1.19), we see that Egg 
is continuous in (A). Making use of (1.20), we obtain the following basic 
theorem.” 


THEOREM 1.2. The functional S(g, d) is continuous in its arguments, and when 
A(qg) is finite, equals the derivative A,(p) evaluated when e = 0. 


The functional S(g, ) is thus well defined and continuous even when A (g) 
is infinite, and in many ways is more amenable to analysis than A(g). The 
implications of this fact are very significant, and do not seem to have been suffi- 
ciently exploited. 


2. The fundamental theorem when n = 0. We continue with the one- 
parameter family H(u, v, e) of harmonic surfaces of §1, defined as in §1 by the 
(A, e) “transform” p(6, e) of g(@). It will be convenient, however, to suppose 
that C is a circle with arbitrary radius a and center at the origin. Recall that 
p(@, 0) = g(@). We shall begin with the case where the components of g(@) 
are analytic in @. The vector H(u, v, e) will be analytic on B, and in particular 
will possess continuous partial derivatives on B of all orders. We have 


A(p) = AG, A, e) = ; / / (24) + (2) bau ao 


If we differentiate under the integral sign with respect to e, integrate by parts 
in the classical way, and finally make use of the fact that H is harmonic, we 


find that 


aH (aH. aH 
(2.1) po [ aS (2 i H au). 


14 Cf. M. Morse and C. B. Tompkins, The existence of minimal surfaces of general critical 
types, Annals of Mathematics, vol. 40(1939), pp. 443-472. 
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In terms of the polar coérdinates (r, @), (2.1) yields the formula 


Qe ; 

(2.2) A, = vo . r dé, (r=a,e= 0), 
0 oe Or 

where h(u, v) = H(u, v, 0). 

Recall that 

(2.3) P(u, e) = g(4), 

subject to the relation 

(2.4) uw = 6+ edr(8), le| S e(A). 


In (2.3) and (2.4) we regard e and yw as independent and @ as dependent, and 
differentiate with respect to e, holding u fast. We then sete = 0. Thus 


— (9) 99 
pe(p, 0) g (6) Be’ 


= % +20) (e = 0). 
de 
But 
H(a cos pu, a sin p, e) = plu, e), 
so that 
= -— pe(p, 0) = 0) = —g’(6)A(6) (r = a). 
Finally 


h(a cos 6, a sin 0) = g(@), 
so that when r = a 


ah, aH _ _ah te 
= a (0), — ae (0) (e = 0). 


Hence (2.2) takes the form 


ah dh 


ne (r = a,e = 0). 


(2.5) —< [ x @ oh 


In terms of the function F(w) of the introduction, h(u, v) = RF(w). Recall 
that 


(2.6) F’(w) =e” (2 - m) (r ¥ 0). 
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We introduce the “Weierstrass modul” f(w) = F’(w)-F’(w). Multiplying 
both sides of (2.6) by w = re” and taking the scalar product of the respective 
members by themselves, we find that 


7 2 _ (,ah _ .ah ' 
(2.6) w f(w) = (> 9 ) , 
The imaginary parts of the respective members take the form 


2 a a oh oh 
I(w'f(w)] = re 
Referring to (2.5), we have the following lemma. 

Lemma 2.1. When the boundary vector g(@) is analytic, the variational coefficient 
A.(g, d, 0) takes the form 

+ yer 

(2.7) A.(g, 4, 0) = ah, \(0)I [w* f(w)] do (r = a), 
where f(w) is the Weierstrass modul (0.8) belonging to the circular region bounded 
by C and te the boundary vector g(@). 


We turn to the case where g(@) is merely continuous. Let h*(u, v) be the vec- 
tor which is harmonic for r < 1, continuous for r S 1, and such that 


h*(cos 6, sin 6) = g(@). 
Set 
(2.8) ga(@) = h*(a cos 6, a sin 6) (0<aaZl). 
The vector go(@) is analytic fora < 1. Let z = pe™' be an arbitrary complex 


point with p <1. Hold z fast and set 


1 - 2 
(2.9) ra(6) = ra? — 2ap cos (6 — v) + p? & <4). 


We have in \,(@) the Poisson kernel for the circler = a. In Lemma 2.1 take C 
as a circler = a <1. From (2.7) and the properties of the Poisson integral we 
find that 


A.(Ga » Mes 0) - T{z*fa(z)], 


where f,(z) is the Weierstrass modul belonging to the region |z| < a and to 
the boundary vector g.(@). But fa(z) = fi(z), so that 


(2.10) Ac(Ga, da, 0) = Tlz‘file)]. 


For z fixed, the right member of (2.10) is independent of a, while the left 
member of (2.8) is continuous in its arguments by virtue of Theorem 1.2. Upon 
letting a tend to 1 as a limit, we obtain the following theorem. 
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THEOREM 2.1. Corresponding to an arbitrary choice of the complex point z 
with |z| < 1 and choice of \ as the Poisson kernel (2.9) for the unit circle with 
pole pe** = z, 


A.(g, , 0) = I[z'f(2)l, 


where f(z) is the Weierstrass modul belonging to the region |z| < 1 and to the 
boundary vector g(@). 


The fundamental theorem of the introduction can now be established. 

Suppose first that A.(g, A, 0) = O for every admissible \. In particular A 
can be chosen as in the preceding theorem. Hence J[z*f(z)] = 0 at each point 
|z| <1. It follows that z*f(z) is a constant. Upon setting z = 0, we see that 
this constant is null. Hence f(z) = 0, and the harmonic surface h*(u, v) defined 
by g for r <= 1 is minimal. 

Conversely, suppose that A*(u, v) is minimal. Then f(z) = 0. We shall 
make use of (2.7), taking g as the function g, of (2.8), a < 1, and recalling that 
fa(w) = f(w). We infer that 


Aga, , 0) = 0 


for each admissible A. Upon letting a tend to 1 and using Theorem 1.2, we 
infer that 


A.(g, 4, 0) = 0, 
as required. 
3. A series for D(g). We return to the notation of the introduction. We 
suppose that C> is the unit circle and contains B in its interior. Let 
(Jo, 91, +++ Gn) = (9) 


be the given boundary vectors, and h(u, v) the harmonic surface thereby defined 
over B. 

Let I, be a circle on B concentric with C;, , with a radius p,. Let R, be the 
annular region bounded by C; and T; (k = 0,---,n). Setw=u-+w. The 
harmonic vector h(u, v) is the real part of an analytic vector function F(w). 
The function F’(w) is single-valued and so admits a Laurent expansion on R, 
in powers of w — w,, where w; is the center of C;. From this expansion for 
F’(w) we find that F(w) has the form 


F(w) = cx log (w — we) + Do ye(m)(w — wi)” (m = 0, +1, +2, ---) 
on R,. Since RF(w) is single-valued, we infer that c, is real. We set” 
v(m) = A;(m) — 1B,(m) (k = 0, ---,m), 


18 Cf. Douglas II, p. 338 for a similar procedure. 
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where A,(m) and B,(m) are real. Then on R,; , 


h(u, v) = cx log r, + Ax(O) + > re [Ax(m) cos mé, + By(m) sin mé,] 
m=1 
(3.1) a 
+ > r"[Ax(—m) cos mb, — B,(—m) sin mé;]. 
m=1 


Let 7; be taken between p, and o;,, the radius of C;, and set 
(3.2) (70, me tPA Tn) - (r). 


Let B(r) be a subregion of B in which for each k the boundary circle C, of B is 
replaced by a concentric circle C;(r) of radius 7. Let 


(3.3) id : / / {() + (*) \ aude, 
B(r) 


so that 
(3.4) Dig) = lim d(r). 


(r)=(¢) 


Upon integrating the right member of (3.3) by parts in the usual way and mak- 
ing use of the fact that A(u, v) is harmonic, we find that 


1 ah oh 
d(r) = / h| — dv — — du}, 
(r) 2 2 Cpt) (2 . v u) 
where the sense of integration on Cp is counterclockwise, and along C;, --- , Cn, 
clockwise. We introduce the multipliers 
o = 1, q@=---=e= -—l, 


and write d(r) in the form 


lm f" .ah nth 
d(r) = - ; # [ ech — r, dO, (k = 0, --- , 2), 
2 °F Jo Or, 
ies 1 a 2x . Th=Tk 
(3.5) d(r) = 4 > area |, h’ de, 


To evaluate” the integrals in (3.5) we make use of Parseval’s theorem, regard- 
ing (3.1) as a Fourier development with fixed r,. For 7; between p; and o; , 


2r 
h dO, = 2m (cz log rx + Ax(0)]° 
0 


(3.6) + © D {ri™[A(m) + Bi(m)] + 2Ax(m)Au(—m) 


m=1 


— 2By(m)By(—m) + 7°" [Ai(—m) + Bi(—m)]}. 





_ 
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The right member of (3.6) will be shown to converge uniformly for r, on any 
closed subinterval J; of the values between p, and o; exclusive. For the sub- 
series of terms in (3.6) which involve positive powers of r;, converges for r; be- 
tween p; and o; since one can apply Parseval’s theorem to the sum of the corre- 
sponding terms in (3.1). Hence this subseries converges uniformly on J; . 
Similarly, the subseries of (3.6) involving negative powers of r, converges uni- 
formly on J; , and so (3.6) can be differentiated termwise with respect to r; . 
It follows from (3.5) and (3.6) that 


d(r) = > excklcx log tr» + Ax(0)] 
(37) +2) $m Daf lAi(m) + Bi(m)]xi" — [Ai(—m) + Bi(—m)] ri} 
(k = 0,1, ---,n;m=1,2,---). 
Consider the subseries 7'(r) of (3.7) whose m-th term is 
T(m, rt) = jm (ARC + Bi(m)| 70" + > [Ai(—m) + Bim In}, 
and the residual subseries, 


S(r) = 4 > excelcr log rx + Ax(0)] 


—  E im{S Atlin) + Bild lef" + (ARM) + BH—ml ve}, 


Let J; be a closed interval of values of 7; between o, and p, which includes 
o, as an end point but which excludes p;,. We wish to show that 7(r) converges 
uniformly for 7, on J;. Now S(r) converges uniformly on J; , as one sees upon 
comparison with the convergent series = of corresponding terms in (3.1), or 
better, with the series obtained by applying Parseval’s theorem to 2. Hence 


(3.8) | S(r)| S$ M (ron Jz, k = 0,1, ---, m), 


where M is a constant independent of (7). We note that T(m, 7) = 0, and 
conclude from (3.7) that 


(3.9)  T(m, zr) < d(r) +M < DQ) + M. 
m=1 
From the continuity of T'(m, 7) we infer that 
(3.10) DX T(m, «) < Dg) + M. 
m=1 


But for r, on J, , T(m, 7) S T(m, oc). Hence the series (3.9) is termwise domi- 
nated by the convergent series (3.10) and so converges uniformly. The right 
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member of (3.7) is accordingly continuous at (r) = (c), and we conclude that 
D(g) =f > €xCx [Cz log on + A,(0)] 


(3.11) +7 > 3m > ex{[Ai(m) + By(m)] 0%” — [Ai(—m) + Bi(—m)] on") 


(k = 0,1, ---,n;m=1,2,.--- ;qg=laz= coe = = —1). 


This formula is fundamental. 

The formula when n = 0. In this case Cy is the only circle. We take Cp 
as the unit circle and let (r, @) be polar coérdinates with pole at the center of Cy. 
As is well known, the harmonic function h(u, v) defined by the boundary vector 
g(@) on Cy has the form 


h(u, v) = 449 + >> r"(am cos m0 + bp, sin mé) (r < 1), 
m=1 


where (a;, b;) are Fourier vector coefficients of g(@). Upon comparing this 
representation of h(u, v) with the representation (3.1), we see that co = 0, and 
that for positive values of m, 


Ao(m) = an, Bo(m) = bn, Ay(— m) = By(— m) = 0. 
Hence (3.11) gives the formula 
(3.12) A(g) = 30 Do m(an, + bn) 


as is well known. 
4. A second representation of D(g). We shall evaluate the coefficients 


in (3.1) in terms of the Fourier vector coefficients a,(m), b.(m) of h(u, v) on C; , 
and of the Fourier vector coefficients a,(m), 8,(m) of h(u, v) onT;,. We multiply 


the respective members of (3.1) by cos m@, and sin m6, , and integrate between’ 


0 and 27 with r; fixed between o;, and p,. By virtue of the continuity of the 
resulting integrals as functions of r; , 7, can take on the values o; and px so that 


(4.1) “tea + cx log ox] = a,(0), 
; 2[Ax(0) + cx log px] = ax(0), 
Bee + Ax(—m)o,” = a,{m), 
(4.2) 
Ax(m) pe + Ax(—m) pe” = ax(m), 
eee — BA—m)o,” = bi(m), 
(4.3) 
By(m) pp. — Bu —m) pe.” = Bx(m), 
(k = 0, ---,n). 
Set 
b=, t=? (h = 1,-+-,n). 








at 


n). 
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From the preceding relations we see that 
2c, log th = an(0) — a,(0), 
2co log lb = ay(0) —_ ay(0). 


(4.4) 


In (3.10) we set 
Aj(—m)o,” = ax(m) — Ax(m)ox, 
Ao(m)as = ao(m) — Ao(—m)ao”, 
Bi(—m)ox™ = —ba(m) + Bi(m)ox', 
Bo(m)ot = bo(m) + Bo(—m)ao”, 


(4.5) 


(h = 1, -++,n), 


in accordance with (4.2) and (4.3). Making use of (4.1) and (4.4), we then 


reduce (3.11) to the form 


fax (O) — ax( 


Tv 
D(g) = 4 »» ax(0) log t, 


(4.6) 


0)] 4 5 > m Dd [ai(m) + b2(m)] 


—T > m > {an(m)A,(m) + ba(m)Bi(m) bor 
m h 


-—f >. m{ao(m)Ao(—m) — bo(m)Bo(—m)}ao” 


(h = 1,---,n;k=0,.--- 
From (4.2) and (4.3) we see that, forh = 1, --- ,n, 


{  Adlmer = Gs) — Sate) 


(4.7) ! ae 
atmos = glen) — om) 
| Bulmer = Ea) — Bake), 

(4.8) e 
| —Ba(—m)oi™ = 15 Balm) — 6 ofn)) 


Upon using (3.12), (4.6), (4.7), and (4.8), we find that 


(4.9) D(g) = A(go) + --» + A(Ggn) + Rg), 

where 

(4.10)’ R(g) = T(g) + Rog) + --- + Ralg), 
~ _@ [ax(0) — ax(0)] 

(4.10) T(g) = 42 a,(0) —~ =r 


,n;m = 1,2,.---). 
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Rig) = = ya | me a,(m) astm al 
—-& 
(4.10)’”’ 


1-7? 
(k = 0, cee »,nrnm = 2 wee), 


Let M and yu be constants such that M > 1, u < 1, and suppose that 


(4.11) | gx | < 3M, hb<p<l (k = 0,1, ---, n). 
Then 
(4.12) 1-@">1—4, 


and the Fourier coefficients a,(m), a,.(m), ete. have magnitudes at most M. 
Moreover, 


(4.13) t;a,(m) — ax(m) | < 2M, | te'by(m) — B.(m) | < 2M, 

so that the m-th term in R, is in magnitude at most 
2 m 

(4.14) = = (u < 1). 
—H 


The series of terms (4.14) is convergent so that the series R, converges absolutely. 
This fact justifies the regrouping of the terms of (3.11) in the form (4.9). 

We shall examine the dependence of R, on the boundary vectors (g) and the 
circles (C). The distance d(gg*) between two admissible sets (g) and (g*), both 
given in terms of the angles (6), will be defined as the sum 


gogo + 9g +--+ +990; 


where gigs has been defined in (1.22). The circles (C) depend on the cirele 
parameters () of the introduction. The distance d(nn*) between two admissible 
sets of circle parameters (7) and (n*) will be taken as the Euclidean distance 
between (7) and (n*), regarded as points in the space of their codrdinates. 
Finally the distance between two admissible sets (g, 7) and (g*, n*) will be taken 
as the sum 


d(gg*) + d(nn*). 


The sets (g, ») may then be regarded as points on an abstract metric space. The 
concept of continuity of a function g(g, 7) will be referred to the general notion | 
of continuity of a function on an abstract metric space. 

The coefficients a,(m), b,(m) are continuous in (g), but independent of (7). 
The coefficients a,(m) and 8;(m) are continuous in (g, 7) at least as long as the 
circles ([) remain fixed and interior to B. For under such circumstances 
h(u, v), evaluated on (I), depends continuously on (g, n). If (4.11) holds for a 
given set (g, 7), it will ‘hold for a sufficiently small neighborhood = of (g, 7) so 
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that the m-th term in R;, will still be dominated on = by the term (4.14). Thus 
R, will converge uniformly on 2. 

Hence R,(g) varies continuously with (g, n), (g, n) remaining admissible. The 
same ts clearly true of T(g), and hence of R(qg). 

Under circumstances to be described in the next section, the vectors (g), the 
circles (C), and the ratios ¢ will vary with a parameter e in such a way that 


da,(m) daxx(m) 


) 

(4.15) mn, |228)) < nn, < mN, |?P#™)) < mn, 
de de de | 

(4.16) Fa <N —. a . eos 


where N is a constant > 1, independent of e, k, and m. When (4.11), (4.15), 
and (4.16) hold, the e-derivative of the m-th term of Ry is in magnitude at 
most 

mp 


2 
32nNM 


as one sees upon first verifying that 


£( wf ) < 2mNu™ 

de\1 — @"/| ~ (1-4)? 

Hence the series of e-derivatives of the terms of R, converges uniformly, and 
we have the following fundamental lemma. 


LemMA 4.1. When (4.11), (4.15), and (4.16) hold, the remainder R in (4.9) 
has an e-derivative which is continuous in e and in any other arguments upon which 
the Fourier coefficients a,(m), a(m), elc., and the ratios t, depend continuously 
with their e-derivatives. 


The remainder R(g) is continuous in (g, 7). If we define D(g) as in (3.4) 
and use (4.9) to represent the approximation d(r), we arrive at the following 
theorem. 


THEOREM 4.1. A necessary and sufficient condition that D(g) be finite is that 
A (go), or A (gn) be finite. 

The case of two contours,n = 1. Formulas (4.10) can be considerably simpli- 
fied in case n = 1. In fact (4.10) remains valid if I) and T, are replaced by Cy 
and C, respectively. This amounts to letting p; tend to o» and pp tend to 
as a limit. The coefficients a;(m) and ao(m) will then tend to ao(m) and a;(m) 
respectively. Similarly, 8:(m) and 8o(m) tend to bo(m) and b:(m) respectively. 
The ratios f and ¢, will have a common limit ¢ given by o:/00. The series R,(g) 
given by (4.10)’” is dominated termwise at all stages of this limiting process 


16 The parameter e is not to be confused with the set of constants (e) appearing as argu- 
ments of the function D(g, n, 4, e). However, we shall have occasion to set e = e&. 
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by a series of constant terms of the form (4.14). We are accordingly justified 
in setting 


b=t =, 

ay(m) = ao(m),  — ao(m) = ai(m), 

Bi(m) = bo(m), Bo(m) = by(m) 
in (4.10). We thereby find (cf. Douglas II, loc. cit., p. 339) that 
(4.17) D(g) = A(go) + A(m) + T(g) + R*(Q), 


where 


9 


_" [a,(0) — ao(0)] 


T(g) = r “7 


C) 2 2 2 \ 2 
2m lao(m) + bo(m) + ay(m) + by(m)] 
R*(g) = x 2, mi i= 7 


— 2n > mt” [ao(m)ai(m) + bo(m)bi(mm)| 


m=1 1 —_ ~ 


5. The first variation of D. Recall that \,(6;) is an analytic function of & 
with a period 27. The set (Ao, --- , An) has been denoted by (A). The distance 
between two sets (A) and (A*) will be taken as the sum 


(5.1) d(dodo) + +++ + (And); 


where d(A,Ar) is defined in (1.21). The distance between sets (g, 7, A, ¢) and 
sets (g*, n*, A*, e*) will be taken as 


(5.2) d(gg*) + d(nn*) + d(rr*) + d(ee*), 


where d(ee*) = |e — e*|. The concept of continuity of functions of sets 
(g, », A, e) will then be referred to the general concept of continuity of a point 
on an abstract metric space. Continuity of functions of sets (g, 7, \) or (g, 7, e) 
will be similarly defined. 

We shall make a study of the function D(g, n, \, e) of (0.6) and of its derivatives 


DQ, n, A, e), D, (9, n, A, e), 


showing that these derivatives are continuous in their arguments at admissible 
sets (g, 7, A, e) at which D is finite. 

We shall begin with a study of the Fourier coefficients a,(m), b,(m) of the 
(Ax , ex) transform p(@; , ex) of g,. These coefficients will be functions of the 
sets (g, A, e) as well as of k and m, but will be independent of (n). In particular 
for m > 0, 


29 
(5.3) adm) = - | Pe(, Ck) COS mu dy. 
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Upon setting = 0+ ed;,(0) subject to the condition (0.3) on e, , we see that 
1 Qn 
(5.4) a.(m) = — [ gx(8) cos [mb + exmdx(6)][1 + exdz(0)] da. 
T J0 


We see from (5.4) that a,(m) and its e;-derivatives are continuous in (g, 4, e). 
A similar conclusion holds for b,(m). 

We turn to the Fourier coefficients a,(m) and 6,(m). Let G(a, y, u, v, ) 
be the Green’s function with pole at the point (u, v), set up for the region B" 
bounded by the respective circles CZ with circle parameters (yn). The point 
(x, y) shall vary near (C”) with (2, y) # (u,v). With respect to the variables 
(x, y), 9G/AN shall represent the inner normal derivative of G, evaluated near 
(C"). The partial derivatives 

aG aG ag 


(5.5) ax aN’ ay aN’ dn; ON 


(i = 1, -++, 3n) 
exist and are continuous in their arguments for (z, y) near (C"), and (u, v) in- 
terior to B", (x, y) ¥ (u,v). This can be established by an elementary analysis 
of the properties of G. The vector H(u, v, e) is given by the formula” 


(5.6) H(u,v,e) = => f Di( wr, Cx) : G(x, y, u,v, n)prdux (k =0,1,---,n), 
wk Jot aN 


where on Ci 


(5.7) x= Ue + o% COS mx, Y = % + ox Sin wy. 
We set 
(5.8) he = 6: + €xAx( Ox) 
in (5.6), subject to (0.3), so that H(u, v, e) takes the form 
; 1 ' 
(5.9) H(u, v,e) = — x | gx(O)[1 + exdrx(0)|Lx dbx, 
2a ke Jo 
where, subject to (5.7) and to (5.8), 
aG ” ” 
Pk aN = Lex, Ox, Uu, Vv; n) [(z, y) on Ck; (u, v) on B l. 


By virtue of the existence and continuity of the partial derivatives (5.5), Ly 
is continuously differentiable in the arguments e, and »;. We can accordingly 
obtain the e,-derivative or n;-derivative of H(u, v, e) by differentiating under the 
integral sign in (5.9). Recalling that a;,(m) and 8;,(m) are Fourier coefficients 
of H taken on the respective circles I’, , we conclude that the functions a;,(m) 
and §;(m) as well as their e;- and 7,-derivatives are continuous in (g, 9, A, é). 

We shall use Lemma 4.1 to prove a lemma concerning R;(p), where (p) is the 
(A, e) transform of (g). We write R;(p) as a function R,(g, 7, d, e). 


17 The sense of integration is such that uo varies from 0 to 27, and 4, , --- , #s vary from 
2x to 0. 
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Lemma 5.1. The e;-derivative of Ri(g, n, d, e) exists and is continuous at each 
admissible set (g°, n°, d°, e°). 


Corresponding to the given set (g’, 7’, d°, ce), there exists a neighborhood ¥ 
of (g’, n°, d°, e°) so small that on %, for each k, 


(5.10) |ge(@)| <3M, |ra%(@)| <A, |r(0)| <A, 


where M and A are constants independent of k and @. It will be convenient to 
suppose M and A at least 1. We see that | a,(m) | and | b,(m) | are less than M. 
From (5.4) and (5.10) we infer that 


(5.11) | a |< 4mM A’, ab,(m) | 


< 4mM A’, 
Ck Oe; 


making use of the fact that | e | < 1. 

We seek limitations similar to (5.11) on the e;-derivatives of a,(m) and 8;(m). 
To that end we shall differentiate under the integral sign in (5.9). If the circles 
(I) are fixed and the neighborhood = of (g’, 7’, d°, e°) is sufficiently small, the 
circles (C”) will be bounded from the circles ([), so that the point (u, v) on (I) 
will be bounded from the point (z, y) on (C"). Hence the e;-derivative of Ly 
will have an absolute value which is bounded on 2. Hence | H,, | will admit 
a bound A for (wu, v) on (I) independent of (g, n, 4, e) on =. Upon differentiating 
H under the integral sign in the Fourier integrals giving a,(m) and 6,(m), we 
infer that 


Bacx(m) | < 2A dBx(m) 


(5. 12) 0e; 0e; 


< 2A (k,j = 0,1, ---,n). 


We can apply Lemma 4.1. For we have seen that the coefficients 


a,(m), by(m), a,(m), Bx(m) 


and their e;-derivatives are continuous in (g, 7, A, e), the circles (I) remaining 
fixed, and (g, », A, e) admissible. In Lemma 4.1 set e = e;. Conditions (4.11) 
and (4.15) of Lemma 4.1 are satisfied for (g, 7, A, e) on 2, by virtue of (5.10), 
(5.11) and (5.12). Condition (4.16) of Lemma 4.1 holds since ¢; is independent 
of e;. Hence R,(p) has an e;-derivative which is continuous on 2, and the 
proof of the lemma is complete. 

We continue with a proof of Lemma 5.2 again using Lemma 4.1. 


Lemma 5.2. The n derivative of Ri(g, n, d, e) exists and is continuous at each 
admissible set (g°, n°, d°, e°). 


We choose a neighborhood = of (g’, 7’, \°, e’) as in the preceding lemma. 
Relations (5.10) then hold. The coefficients a,(m), b,(m) are independent of 
(n). The coefficients a,(m), 8.(m) and their ,-derivatives are the Fourier 
coefficients respectively of H(u, v, e) and H,,(u, v, e) evaluated on T,. The 
function H(u, v, e) is given by the integral (5.9), and H,,(u, v, e) can be obtained 
by differentiating (5.9) under the integral sign. For sets (g, , A, e) on = the 
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circles (C") are bounded from the circles ([), so that the point (u, v) on (1) will 
be bounded from the point (x, y) on (C"). With the variables so restricted, the 
n-derivative of Ly, in (5.9) will be bounded in absolute value so that 
| H,,(u, v, e) | will be bounded by a constant B. The derivatives 


dax(m) Bim) 


oni F On: (g, ; r, e) on >] 


will be bounded by 2B independently of k and i. Finally if = is sufficiently 
small, the ratios 


au. i = (h = 1,---,n) 
0 


will be bounded and will have bounded 7;-derivatives, since the denominators 
a) and pa, will be bounded from zero. 

We can thus apply Lemma 4.1, setting e in Lemma 4.1 equal to »; , and infer 
that the n;-derivative of R,(g, 7, \, e) exists and is continuous at each admissible 
set (g’, n°, d°, e’). 

We complete these results in the fundamental theorem. 


TuHeoreM 5.1. The variational coefficients D,, and D,, exist and are continuous 
in the arguments (g, , X, e) at each admissible set of these arguments for which 
D is finite. 

Let (p) be the (A, e) transform of (g), defined on the circles (C”). It follows 
from (4.9) and (4.10) that 


(5.13) D(p) = A(po) + --- + A(pn) + T(p) + Ro(p) + --- + Rap). 


We have seen in Theorem 1.2 that A,,(p,) is continuous in its arguments (gx , 
he, &e), and that A(p,) does not depend on (n). According to Lemmas 5.1 and 
5.2, R.(p) has continuous e,- and 7;-derivatives. The same is true of T(p), as 
follows at once from the continuity and differentiability of the coefficients a, , 
a, , ete., and the ratios 4; . 

The theorem follows from (5.13). 


6. The fundamental theorem. We begin this section with a lemma. 
Let ¥(r, @) be a sealar function which is harmonic on an annular region of 
the (u, v)-plane of the form ™m S r < 1. Let (p, ¢) be polar coérdinates of a 


point for which ro S p < 1, and suppose that p < r. Let P(r, @, p, ¢) be the 


Poisson kernel for the dise u’ + v’ < r° with pole at the point (p, ¢). Set 


2r 


(6.1) i P(r, 0, p, g(r, 0) dd = ¢°"(p, ¢). 


Regarded as a function of (p, ¢), ¢(p, ¢) is harmonic for p < r and, if extended 
by the definition 


g(r, g) = V(r, ¢), 


is continuous for p S r. 
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Lemma 6.1.” If for each fixed p < 1 
(6.2) lim ¢“"(p, ¢) = 0 
r=1 


uniformly in ¢, ¥(r, 0) tends to 0 uniformly with respect to 6 as r tends to 1. 
The difference 


(6.3) ¥(p, ¢) — €(p, ¢) = M“(p, ¢) (r7r <r <1) 


is harmonic in the variables (p, ¢) for r9 S p < rand vanishes for p = r._ Hence 
) . . . . 
M”(p, ¢) can be continued by reflection so as to be harmonic over the ring 


2(r), 


To. 
The maximum m, of | M“(p, g) | on 2(r) will be assumed when r = 7. It is 
the maximum of 


| ¥(ro, ¢) — €°(r0, ¢) | 


with respect to g and tends to the maximum of (7 , ¢) as r tends to 1, by virtue 
of (6.2). 

Let 7, be a constant such that 775 <7, <1. Forr, < r < 1, m, will admit a 
bound N independent of r. Suppose r; so near 1 that ri; > ro. Then (rn) 
will contain the unit circle in its interior. Let S be a ring interior to (7), 
concentric with =(r:), containing the unit circle in its interior. Let d be the 
distance of the boundary of S from that of Z(r;). Then on S 
(6.4) [Mi%, 9) < 2, 
in accordance with the theory of harmonic functions. 

It follows from (6.4) and from the fact that M“(r, ¢) = 0 that on S 


lv(o, ¢) — £(p, 9) | S = (r — p). 


We hold (p, ¢) fast and let r tend to 1. By virtue of (6.2), ¢“(p, ¢) tends to 0 
so that 


\v(o, #) | < =H | 


The proof of the lemma is complete. 

The lemma admits various extensions. It is clear that the unit circle can be 
replaced by an arbitrary circle C, and that the annular region adjoining C may 
be either interior or exterior to C. Further, under the hypothesis of the lemma, 
¥(p, ¢) can be harmonically continued over C so as to be zero on C. 


18 Cf. Courant, loc. cit., p. 712. 
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We return to a study of the Dirichlet sum D(g, n, \, ¢) of (0.6). Corresponding 
to the relation (2.5) we here have the relation 


Dlg, 1,, 0) = —f r.(0,) 
Ck 
When the boundary vectors (g) are analytic, D.,(g, 7, 4, 0) takes the form 


(6.5) Deslgs >, 0) = 5 f d«(Os)ET(w — ws)*fl00)] dO, 


where Cj is to be taken counterclockwise, and C7, --- , C?, clockwise, essentially 
as in Lemma 2.1. 
We can now prove the following theorem. 


THEOREM 6.1. Corresponding to the boundary vectors (g) and circle parameters 
(), let f(w) be the Weierstrass modul of the harmonic function h(u, v) determined 
by (g). A necessary and sufficient condition that D.,(g, n, 4, 0) = 0 for every ad- 
missible set () and for the given set (g, n) is that the function 


(6.6) I{(w — w,)*f(w)] (k = 0,1, ---,n) 
admit a harmonic continuation over CZ. , and in particular be null on C? . 


Let [C(r)] be a set of circles interior to B" of radii (7>, --- , tn) = (7), con- 
centric with the respective circles (C"), and so near (C") that they bound a con- 
nected region B(r). Let (g’) be the boundary vectors defined by h(u, v) on 
the respective circles [C(r)] in terms of the respective angles 4; . 

Let (n’) be the circle parameters determined by the circles [C(r)]. Referring 
to (6.1), let 


(6.7) Ne(Ox.) = P(e, Ox, pes Oe) (px < re S ox) 


holding (px, gx) fast. For rt, < ox, the vectors (g') are analytic in the pa- 
rameters (8) so that (6.5) is applicable. Hence for w — we = re" 


(6.8) D.,(g', 1°, X', 0) = ; a. i(O)I[(w — we)’ f(w)] dbx (ri < ox). 
"E(t 
Set (7) = (A). If (7) tends to (c), (g’, 7’, \’) tends to (g, 7, A). By virtue of 
Theorem 5.1 the left member of (6.8) then tends to D.,(g, , A, 0). Moreover, 
this approach is uniform with respect to the parameter g, of (6.7). For if 
p, is fixed, if (7) ranges on the closure of a sufficiently small neighborhood of 
(c) and y is arbitrary, the sets (g’, 7’, \’) form a compact ensemble on which 
the left member of (6.8) is continuous. 

Under the hypothesis that D.,(g, n, 4, 0) = 0, we conclude that, for each k, 


lim Az(Ox)I[(w — we)’ f(w)] da. = 0 


(r)=(¢) “CR(r) 
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uniformly with respect to the parameter g, of (6.7). It follows from Lemma 6.1 
and its extensions that the function (6.6), harmonically continued, is null on C? 
as stated, and we conclude that the condition of the theorem is necessary. 

To prove the condition of the theorem sufficient we start with relation (6.8), 
assuming that the function (6.6) on C,(r) tends to zero uniformly as (7) tends to 
(c). By virtue of the continuity of the left member of (6.8), we can conclude 
that D.,(g, 7, 4,0) = 0, and the proof of the theorem is complete. 

Formulas” for D,,(g, n, , 0). We shall hold (g) fast and begin by varying 
the radii 7, of the circles C; , denoting these circles as previously by C;(7) and 
holding the centers w, = ux + iv, fast. The initial value of (7) is denoted by 
(c). As previously let (r; , 6.) be polar coérdinates with pole at the point w, . 
Let” M(r,, %, 7) represent the harmonic surface determined by (g) on the 
region B(r) bounded by the circles [C(r)]. Let d(g, r) be the Dirichlet sum 
over B(r) determined by M(r;,, 6, 7). We shall begin by supposing the 
boundary vectors (g) analytic, and shall obtain a formula for d,,(g, ¢). 

The integral d(g, r) depends on 7; both in its limits and in its integrand, so 
that d,, consists of two principal terms. Indicating evaluation when (7) = 
(c) by a superscript 0, we have 


1 
2 Jex(o) 


1 
(69) d= hf [utiles — fo Meads = 1,2, ---5n) 
k Cx (o) 


Of these integrals the first arises from the fact that the limits depend on 7; , 
while the second arises upon differentiating d(g, 7) under the integral sign and 
integrating by parts in the usual way. 

Upon differentiating the relation 


M (re, %, 7) = gu(Ox) 

with respect to 7, , we find that 
M,, + M,, = 0 (rk = Tk); 
so that (6.9) takes the form 
02 
ae a oe 
The relation (2.6)’ is here replaced by the relation 
(w — w,)*f(w) = (rxM°, — iM%,)’, 


from which it follows that 


1 ds 
(6.10) da, = ‘ R[{(w — wx) f(w)] 3. 
Co) OK 
19 Cf. Courant, loc. cit., p. 714. 


20 M(r,, 0, 7) is a vector in the space (z!, ---,2™"). This function depends upon k, 
but we have omitted a subscript k for the sake of simplicity of notation. 





nd 
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We shall show that (6.10) holds even when the boundary vectors are merely 
continuous, whenever the Weierstrass modul f(w) is analytically continuable 
over the circles C,(o). ‘To establish this we use the boundary vectors (g') and 
circles [C(r)] of the proof of Theorem 6.1. For (7) # (e), the veetors (g’) are 
analytic in the angles (@) and (6.10) yields the relation 


‘ 1s 
(6.11) dlg,c) = [Rio — w)* fle] GS k=, +5 M0). 
k 


2 cr) 


When f(w) is analytically continuable over C;(c), the right member of (6.11) 
is continuous in (7), even when (7) = (¢c). The left member of (6.11) is like- 
wise continuous in (7) by virtue of Theorem 6.1. It follows that (6.11) holds 
when (7) = (c), that is, (6.10) holds when the vectors (g) are merely continuous 
in (6). 

We shall now vary the coérdinates (u, v) of the centers of the circles C7 (k = 
1, ---, m), denoting the variable coérdinates by (a; , b,) and the initial co- 
ordinates by (ux , v,) as previously. We hold the radii of the circles Ci fast as 
well as the boundary vectors (g). Let N(u, v, a, b) be the harmonic vector 
determined by (g) on the region B(a, b) bounded by the circles with centers 
(a, , by). Let 5(g, a, b) be the Dirichlet sum over B(a, b) determined by N(u, 
v, a,b). Evaluation when (a; , bd.) = (ux, ve) (k = 1, --- , m) will be indicated 
by adding the superscript 0. In the case where the vectors g,(@,) are analytic 
we find that 


0 0 aNn® 1 02 y02 
(6.12) o,=—],N dst+o] (Nu +Neldv (k= 1,2,---,n), 
CE CE 


™ Or, 


the first integral arising from differentiating 5(g, a, b) under the integral sign and 
integrating by parts, and the second integral arising from the way in which 
a, enters into the limits. The sense of integration on C7 is clockwise. 

From the identity 


N(a + o% COS A ’ be + OK sin 0;. » a, b) = gx( 9x), 
we infer, by differentiating with respect to a, , that on C7, 
M + N, = 0, 


so that (dropping 7 from C7 for simplicity of notation) 


0 0 aNn® 1 02 02 
(6.13) i, = / N, — ds — / [N. + N, ] cos & ds. 
Ck Ore 2 CE 

Upon recalling that 
aN 


= N, cos & + N, sin &, 
Or, . 
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we reduce (6.13) to the form 


se, = i] N°N® sin ds + ; [ [N° — N*] cos 6:48, 
CE Ck 


(6.14) é:, = . / R{(w — wx)f(w)] ds (k = 1,2, ---, mn). 
2o:. Ck 


Similarly one shows that when the vectors (g) are analytic in the variables 


(9), 
(6.15) = [rw — w)ftw)las 0 wih dis pats 
20% Ck 


When the Weierstrass modul f(w) is analytically continuable over the circles 
(C”), it follows, as in the proof of (6.10), that (6.14) and (6.15) hold even if (g) 
is merely continuous in the variables (@). We thus have the following lemma. 


Lemma 6.2. When the Weierstrass modul f(w) is analytically continuable over 
the circles (C"), the partial derivatives D,, are given by (6.10), (6.14) and (6.15) 
according as n; ts respectively the radius 7, of Ci, the coérdinate a, , or b, , of the 
center of Ci. 


THEOREM 6.2. When D is finite at (g, n), a set of necessary and sufficient 
conditions that the first variation V of D at (g, ») be “identically null” is as follows: 

(i) For each k, I[(w — wy)*f(w)] tend uniformly to 0 as the point on B tends to 
Ci (k = 0,1, ---, n). 


(ii) [ f(w) dw = 0 (k = 1, ---,n), 


(iii) / wf(w) dw = 0 (k = 1,---,n). 


We assume that V = 0. Then condition (i) holds as stated in Theorem 6.1. 
It follows that f(w) is analytically continuable over C;, so that (6.10), (6.14) 
and (6.15) hold in accordance with Lemma 6.2. We are assuming that these 
partial derivatives are all null, so that from (6.14) and (6.15) we infer that 


(6.16) i ~~ alti = 7 oe 


Condition (ii) follows. From the vanishing of the partial derivatives (6.10) 
and from condition (i) we infer that 


(6.17) [ (w — u,)’f(w) ds = 0 (k = 1, ---,n). 


Relation (iii) follows and the conditions of the theorem are necessary. 
Conversely, we assume that conditions (i), (ii) and (iii) hold. Then D,,(g, 2, 
A, 0) = O in (A) by virtue of Theorem 6.1. From (i) it also follows that f(w) 
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is analytically continuable over C; so that (6.10), (6.14) and (6.15) hold in ac- 

cordance with Lemma 6.2. Relation (6.16) follows from (ii), and (6.17) from 

(ii) and (iii). Relations (6.10), (6.14) and (6.15) then show that the derivatives 

D,,; vanish as stated. Thus the conditions of the theorem are proved sufficient. 
The proof of the following lemma is due to Hans Lewy.” 


Lemma 6.3. Under conditions (i), (ii) and (iii) of Theorem 6.2, f(w) = 0. 
Lemma 6.3 and Theorem 6.2 combine in the fundamental theorem. 


THEOREM 6.3. A necessary and sufficient condition that the first variation of 
a finite Dirichlet sum D be identically zero at (g, n) is that the harmonic surface 
determined by (g) on the region with circle parameters (n) be minimal. 


The case of two contours,n = 1. The fact that two non-intersecting circles 
can be carried by a conformal map of the plane into two concentric circles sug- 
gests that in case n = 1, Theorem 6.3 can be replaced by a simpler theorem with 
a simpler proof. One begins by establishing Theorem 6.1 and equation (6.10) 
as before, (6.10) holding when the Weierstrass modul f(w) is analytically con- 
tinuable over the boundary of B. No further calculations are needed. 

Take Cy as the unit circle with center at the origin. Take C; as a circle of 
radius ¢ < 1, concentric with Cy. The region B is a ring bounded by Cy and 
C,. Of the circle parameters (7) = (¢, uw: , v:), o alone shall vary. With this 
understood, set 


DG, n, A, e) = d(g, a, X, e). 
Theorem 6.3 is replaced by the following theorem. 


TuHroreM 6.4. The harmonic surface determined by (g) on B is minimal if, 
for each admissible (Xd), 


(6.18) d.,(g, 7, , 0) = da,(g, o, d, 0) = 0, 
(6.19) d.(g, ¢, d, 0) = 0. 


As previously, let f(w) be the Weierstrass modul of the harmonic function 
h(u, v) determined by (g) on B. If (6.18) holds, J[w*f(w)] admits a harmonic 
continuation over Cy and C, , and is null on Cy and C; in accordance with Theorem 
6.1. Hence w*f(w) equals a real constant K on B. If (6.19) also holds, it 
follows from (6.10) that K = 0. Hence f(w) = 0, and S is minimal. 


Tue INsTITUTE FOR ADVANCED Srupy. 


21 See Courant, loc. cit., p. 715. One notes that the conditions of Theorem 6.2 imply 
that (ii) and (iii) hold even when k = 0. This follows from Cauchy’s theorem upon in- 
tegrating f(w) or wf(w) around the boundary of B. 








THE LAW OF LARGE NUMBERS FOR CONTINUOUS STOCHASTIC 
PROCESSES 


By J. L. Doos 


The purpose of this paper is to discuss the law of large numbers as applied to 
stochastic processes depending on a continuous parameter. In order to treat 
the temporally homogeneous processes, which will be discussed first, a form of 
the ergodic theorem of Birkhoff is proved which seems the from best suited to 
probability applications. In studying differential processes, some theorems on 
infinite series whose terms are independent chance variables will be needed. 
These are new and have some independent interest. 


1. The ergodic theorem and temporally homogeneous processes. Let X be 
an abstract space, let §. be a Borel field of X-sets (including the space itself) 
and let M(W) be a non-negative measure function defined on this Borel field. 
If M(X) = +, we suppose that X is the sum of denumerably many sets of 
finite measure. Measurability of a numerically-valued function f(x), defined 
on X, and integration are then defined in the usual way. 

Let fo(x), fi(z), --- be a sequence of measurable functions. Let n be any 
positive integer; let EZ, , --- , EZ, be any Borel sets of numbers; let h, a1 , --+ , @n 
be integers with h > 0 and0 S a < --- < a, ; let W, be the X-set determined 
by the conditions 


(1) Saj+n(x) € E; (j = 1,---,m). 


Then if M(W,) is independent of h, the sequence {f,(x)} will be said to have 
the property H. 

Let f(x) (0 S t < ~) be a one-parameter family of measurable functions. 
This family will be said to have the property H if the following condition is 
satisfied. Letn,#,,---,E,,h, {a;},W,beas above, except that h,a:,--- , an 
need not be integers. Then M(W,) is to be independent of h. If in either of 
the above two definitions, f; (or f,) is defined for 7 = 0, +1, +2, --- (or -—*% < 
t < ) the definition of the property H remains as above, except that h need 
no longer be 2 0. It is evident that the integrability of any f;(x) in the above 
implies that of any other, and the value of the integral will be independent of 
the subscript. 

The ergodic theorem of Birkhoff' is a theorem about a sequence of functions 
f(x), f(Tx), f(T’x), --- , where f(x) is z-measurable, and 7' is a measure-pre- 
serving point transformation. Such a sequence of functions has the property H. 

Received January 14, 1939. 


1 A detailed discussion of the ergodic theorem and related theorems has been given by 
E. Hopf in his Ergodentheorie, Ergebnisse der Mathematik, vol. 5(1937), no. 2. 
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The following theorem then includes the corresponding form of the ergodic 
theorem. 


TuHEroreM 1. Let {f,(x)} be a sequence of measurable X-functions with the 
- 


property H, and let fo(x) be integrable. Then lim Ld > fa(x) exists almost every- 


N-ow 1 
where on X. 


If, in the sequence {f,(x)}, n ranges through all integers, Theorem 1 can be 
proved by finding a measure-preserving set transformation T of the X-sets 
such that, in a sense easily made precise, f;,(Tx) = fjsi(x) (j = 0, +1, --- ) 
and the proof of the ergodic theorem needs no change to be applicable.’ It is 
just the other case, however, in which n 2 0, which is the one most frequently 
met in probability. 

Let @ be the space of all sequences w: (--- , £1, &, &, ---) of real numbers. 


Let m be any positive integer, let a; , --- , am be integers, with a; < --- < am, 
and let EZ, , --- , Zn be Borel sets of numbers. The conditions 

(2) ba; €£; (j = 1,---,m) 
determine an Q-set. Let §. be the Borel field of Q-sets determined by such 
Q-sets, and let (ai, --- , @m) be the Borel field of Q-sets determined by such 
Q-sets for given a; , --- ,@m. Weshall define a measure function on the sets of 
%.- In order to do this we first define a measure on the sets of F.(ai, --- , @m) 
for given a, ---,@m. Choose h so that a, + h 2 0. Let U be the trans- 
formation (depending on a, --- , am, h), taking the point z of X into every 


point w:(---,&1, &,&,--- ) for which £4; = faj4a(x). The Q-set A defined 
by conditions (2) corresponds through the transformation U to an X-measurable 
set U~'A: that defined by the conditions 


(3) Saj+n(2) e E; (j = 1,---,m). 
Then each set A of §u(ai, +--+ ,@m) corresponds under U to a measurable 
X-set U~'A, and we define P(A) = M(U™'A). Defined in this way, P(A) is a 
non-negative completely additive function of the sets of §.(a:, --- , am), with 
P(Q) S «. Let Ay (N 2 1) be defined by the conditions 
1 
4 , | & ae 
(4) men la; 12 5 


Then since each f;,(z) is integrable, P(Ay) < ©, and if Ao is the Q-set defined 
by the conditions &.; = 0 (j = 1, --- , m), we have Q = pas A,. The space Q2 
0 


2 Cf. N. Wiener; American Journal of Mathematics, vol. 60(1938), pp. 901-902. The 
ergodic theorem is usually stated under the hypothesis that the given space has finite 
measure, but is true in the other case also. Khintchine’s proof (Mathematische Annalen, 
vol. 107(1933), pp. 485-488) holds in the case of infinite measure, with a slight modification 
at the end. 
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is thus the sum of denumerably many sets of finite measure, and of a set Ag 
which may have infinite measure, but no subset of which is in the field 
Bw(a1, --- , am) Of definition. Evidently the definition of P(A) is independent 
of the integer h used in defining the transformation U. It is readily verified 
that if A occurs both in the field §.(a:, --- ,a@m) and in §.(6:, --- , Bn), the 
P-measure assigned to A will be the same in each representation. In particular, 
Q appears in each representation (and P(Q) = M(X)). Then by a theorem 
of Kolmogoroff® (proved under the assumption that P(Q) = 1, but the proof 
is valid here) the definition of P(A) can be extended to all the sets of §. , giving 
a completely additive non-negative set function. Consider the Q-sets deter- 
mined by the conditions (4), for all N = 1, m 2 1, and all sets of integers 


a <--- < am. These Q-sets form a denumerable collection of sets, say Mi , 
M2, --- when enumerated in some order, each of finite P-measure. Let Mo 
be the set containing the single point (--- ,0, 0,0,---). Then @ = >. M; 
0 
and 2 — Mbp is the sum of denumerably many sets of finite measure. The 


theory of measurable functions on 2 goes over in the usual way. A function 
f(x) which is integrable on 2 must vanish on My if P(Myp) = +o. If 7. is the 
transformation defined by the equations & = &. (jf = 0, +£1,--- eg 
takes measurable Q-sets into measurable Q-sets of the same measure. If 
g(Ea, ,--* » €a,) iS a measurable Q-function, depending only on £a, , --- , Ean; 
¢ has the same distribution as the measurable X-function ¢[fo,4:(x), --- , 
Sam+n(x)], if h is chosen so that a; + h 2 0(j = 1,---,m), ie., 


(5) Pie(éa ete » San) < k} = M {el fa,+n(2), rs ar > San+n(Z)] < kj. 


In particular, the measurable Q-function £; = §&;(@) which takes on the value 
&; at the point w: (---,&4 1, &, &,---) has the same distribution as f;(z), 
so that £;(w) is integrable on © since f;(x), with fo(x), is integrable on X. Then 
by the ergodic theorem of Birkhoff, 


_ 1S . I< 
(6) lim — >> &(T’w) = lim — >> &(w) 
nao tl 0 no Ml 1 
exists almost everywhere on Q, or, in terms of X-measure, 
_ 1 
(6’) lim |X fila) 


exists almost everywhere on X, as was to be proved. 

In the following theorem we shall be discussing a function f(t, x) of the real 
variable ¢ and the variable x in X-space. Measure in (t, x)-space is supposed 
to have been defined in the usual way, so that the (t, x)-measure of the direct 


3 Grundbegriffe der Wahrscheinlichkeitsrechnung, Ergebnisse der Mathematik, vol. 
2(1933), no. 3, pp. 27-30. 

‘ Throughout this paper, if a point set is determined by some set of conditions C, the 
set will be denoted by {C}. 
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Mo product of a Lebesgue measurable ¢-set with a measurable X-set is the product 
eld of their measures. 
ent 


THEOREM 2. Let f(t, x) be a measurable (t, x)-function which is X-measurable 





i for each fixed value of t = 0 and such that the one-parameter family of X-functions 
"8 (f(t, x)} (0 S t < @) has the property H. Then if f(0, x) is X-integrable, 
or lim . [ S(t, x) dt 
oof T7320 T Jo 
ing , A 
exists almost everywhere on X. 
er- 
ers This theorem is reduced to Theorem 1 just as in the usual proof of the ergodic 
f, , theorem.” 
M, Let {z,} be a one-parameter family of chance variables, —2 < t < «.° 
It is supposed that if a, --- ,@, are any distinct values of (, and if Ay, --- , An 
M; are real numbers, the probability of the simultaneous truth of the inequalities 
a (7) La; <i (j = 1,---,n) 
the is given. We shall frequently suppose that this probability is independent of 
T translations of the (-axis, i.e., that the stochastic process is temporally homoge- 
If neous. Since the chance variable zx; is not given a priori as a function of ¢ 
bi and a probability parameter, temporal homogeneity and the existence of’ Ez» 
” T 
do not of themselves imply, if we use the ergodic theorem, that lim 7” i x, dt , 
T+ 2 0 : 
exists with probability 1.° The justification and meaning of this application 
of the ergodic theorem will now be discussed. The author has discussed in 
lue detail the reduction of probability relations on a continuous stochastic process 
2) to measure relations on an abstract space.” The appropriate space is a suitably 
’ ° t 
en chosen subspace 2 of the space Q* of real-valued functions x(t), defined for all ¢. f 
The Q-measure is determined by assigning as the measure of the Q-set 
(8) {z(aj) <A; (fj = 1,--- ,n)} 
(i.e., the set of functions x(t) determined by the conditions between the braces) 
the probability that (7) is true. If almost all functions z(t) have some prop- 
erty, it is said to be true of the x,, with probability 1. Measurability of a 
process is defined as follows. Let f[r, x(t)] be the function, defined on the 
product space 7 X © of the t-axis with 2, which takes on the value zo(f) at the 
5 E. Hopf, ibid., pp. 53-54. 
eal ® We allow ¢ to range through all values, to simplify the notation somewhat, but the 
ed following discussion will remain valid if ¢ is restricted to be non-negative. 
2¢t 7 Throughout this paper, if z is a chance variable, Ez will denote its expectation. 
8 Cf., however, Wiener, American Journal of Mathematics, vol. 60(1938), pp. 899-901, 
‘ol. who, in discussing a similar problem from another point of view, supposes just the explicit 


definition of 2; as a measurable function of two variables (¢ and a probability parameter) 
-he which we do not. 
® Transactions of the American Mathematical Society, vol. 42(1937), pp. 107-140. 
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point [f , to(2)] of 77 X Q, so that we shall sometimes write f = x(r). Then 
the process is called measurable if, when measure is defined on 7 X @ in the 
usual way, as the product of Lebesgue measure on f-space and P-measure on Q, 
x(r) becomes a measurable 7 X Q-function. In the temporally homogeneous 
case, there is a space 2 C Q* which is that of a measurable process, if and only if 


(9) lim P{| tun — a | > €} =0 
h—-0 


for all ¢, and every « > 0. In the general case, according to a letter from 
Kolmogoroff, a necessary and sufficient condition is that, except for an excep- 
tional t-set of measure 0, (9) holds, for every «€ > 0, when h — 0 on an h-set 
(which may depend on ¢t but not on e) having metric density 1 at h = 0." If 
the process with space Q is measurable, almost all functions x(t) in 2 are Lebesgue 
measurable,” i.e., in the usual terminology, «; is Lebesgue measurable in t, 
with probability 1. 


2 


TueoreM 3. If the chance variables \x,} are those of a measurable temporally 
T 
homogeneous process, and if Ex» exists, then lim T' 


To 


x, dt exists, with probability 


T 
1, i.e., lim 7 | x(t) dt exists for almost all functions x(t) on the space Q of the 
0 


T-2 


measurable process. 


The first statement of the theorem is in the usual convenient and suggestive 


T 
terminology, but has no meaning a priori, because i x,dt is an undefined 
0 


T 
symbol. As appears below, i x(t) dt is a P-measurable Q-function, i.e., a 
0 


T 
chance variable, and [ x, dt is to be interpreted as this chance variable. It 
0 


T 
may also be possible, in some cases, to define [ x, dt in other ways, in which 
0 


the integral sign is no longer interpreted literally. As formulated here, the 
proof is an immediate corollary of Theorem 2. The function z(r) = f{r, x(d] 
is a measurable function of the two variables r, x(t), which, as r varies, generates 
a one-parameter family of functions with the property H, and the function 
flO, x()] is integrable on Q: Exp exists. 


2. Differential processes. A stochastic process determined by the chance 
variables {2z,} is called a differential process if whenever  < k <--- <4 


10 Doob, ibid., p. 117. 

1 Cf. also Warren Ambrose, Transactions of the American Mathematical Society, vol. 
47(1940), p. 71. 

12 Doob, Transactions of the American Mathematical Society, vol. 42(1937), p. 113. 

18 Doeblin, Thesis, University of Paris, 1938, pp. 109-115; Cramér, Annals of Mathe- 
matics, vol. 41(1940), p. 219. 
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(v > 1),%, — fy, -** 52s, — Xe,-, form an independent set of chance variables. 
In this case, we shall call the process temporally homogeneous if the probability 
of an inequality of the form x,, — x,, < k is independent of translations of the 
t-axis. The only relations of interest are relations between differences x, — 2; 
and it is unnecessary even to define probabilities of relations such as x, < k. 
If such probabilities are not defined, x, is not a chance variable at all, and 
the chance variables which determine the probability relations are {z, — 2}. 
However, it is usually convenient to define the probabilities of events such as 
(7) above. This can be done by giving 2» some distribution, and prescribing 
that the chance variable x9 thus defined is to be independent of every chance 
variable x, — x, with O < ¢ < sor0 2 ¢t > s, or any P-measurable function 
of such chance variables. For instance, we can set 2» = 0 with probability 1. 
Since the conditions for measurability of a process depend only on differences 
zr, — «,, the specific distribution given to 2» will be irrelevant to measurability. 

By a theorem of Lévy," if a process is differential, there is a function a(t) 
such that if the chance variable y, = x2, — a(t) is substituted for x, , then if ¢ 
is not in some exceptional denumerable set (which will be denoted by Sp through- 
out the remainder of this paper) t, — ¢ implies that y(t.) — y(, with proba- 
bility 1, and even if ¢ € Sy , the limit exists, for monotone approach: 
(10) lim yz, = Yto, lim yr, = Yeso 

tntt tnlt 

with probability 1. The limits y:40, ys defined by (10) are independent of 
the sequences {/,}, neglecting 0 probabilities. Moreover if t ¢€ So, neither yo 
— y, nor y¥: — Yr is constant (#0) with probability 1. A differential process 
for which we can take a(t) = 0 is called centered. The set Sp is independent 
of the centering function a(t), which is not uniquely determined. Several 
results will now be proved about sums of independent chance variables, which 
will be useful in studying differential processes. 

If E(x, — 2) exists for some value ft of t, the following lemma shows that 
E(x, — 2) exists for every value of t between 0 and & . 


Lemma 1. If x, y are independent chance variables, and if E(x + y) erisis, 
then Ex, Ey exist also. 


If x, y have distribution functions F(x), G(y), E(a + y) becomes 


[ [@+nar@macy 


which is by hypothesis an absolutely convergent integral. The double integral 
can then be evaluated in terms of the iterated integrals. The evaluation implies 
the existence of Ex, Ey, and gives the formula E(x + y) = Ex + Ey. 


14 Annali della Scuola Normale Superiore di Pisa, (2), vol. 3(1934), pp. 342-343. Cf. 
also Doob, Transactions of the American Mathematical Society, vol. 42(1937), pp. 126-129. 
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Lemma 2. If x, y are independent chance variables, whose expectations exist, 
and if Ey = 0, thn E\x|S E\xt+y\. 

Let E, denote expectation for z given. Then since x = (x + y) — y, 
(ll) Eewe=2=E(xe+y) — Ey = E(x + y) — Ey = E(x + y), 


so that 


(12) |r| SE.|xr+y|. 
Taking expectations on both sides, we have 
(13) E\x|SE\xr+y\|, 


as was to be proved. 


Lemma 3. Let x, --- , 2, be an independent set of chance variables. Suppose 
that Xn, Xn + nr, +++» Xn +--+ +2, have median0. Let Q,(1) be the function 
of concentration of 8, = % +--+ + 2,: 


(14) Q,(l) = L.U.B. Pla < s, Sat}. 
—e2<a<c@ 
Then® 
(15) P{max | a+ --- + a;| > 21} < 2[1 — Q, (0). 
isn 
Lemma 4. Let 2, %2,--- be mutually independent chance variables, and 


suppose that Zz. x; = x with probability 1. Let x, + --- + x, have median 0 
1 

for all n’ > n. Then if Q(I) is the function of concentration of x, 

(16) P{L.U.B. | a + --- + 2,| > 21} < 2{1 — QD}. 


n21 


If Ex exists, then E(L.U.B. | a, + --- + 2, |) also exists. 
n21 


Let Q,() be the function of concentration of 4, + --- + 2,. Since adding 
independent chance variables cannot increase the function of concentration,” 
Q,(1) 2 Q(l). Then the inequality (15) above is true, and implies (16), when 
n— «©. Now suppose that Ex exists. Consider the following sum: 


Y PULUB. | t+ +2)|>n) $20 1 - QGn) 


n=1 7 


(17) 


IIA 


2> {1 — P{|z| < 3n}] 


<2>> P{4|z|> n}. 
n=1 


% Paul Lévy, Théorie de l’ Addition des Variables Aléatoires, Paris, 1937, pp. 137-138. 
(Lévy’s notation is somewhat different from ours.) 
16 Lévy, ibid., pp. 89-90. 
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oO 

‘ ° - e e ° 17 

If z is any chance variable, Ez exists if and only if > Pilz| > n} < @. 
1 


Then the above sums converge (since E(4zr) exists), so that H(L.U.B. 


iz! 
|a + --- + 2; |) exists. 

Lemma 5. Let 2, %2,--+ be a sequence of chance variables, and let x be any 
chance variable dependent upon them. Suppose that Ex exists, and let E,x (a 
function of x, , --- ,2n) be the conditional expectation of x for given 1, +++ ,2n- 
Then lim E,x2 = x with probability 1. 


no 
If x takes on only the values 0, 1, so that it can be considered to characterize 
an event, the event z = 1, this lemma becomes a well-known result due to 
: . . . . ’ 1 ° 
Lévy, and a suitable modification of Lévy’s proof’ gives the general case. 


co) 
TuEeoreM 4. Let 2 , 22, --- be independent chance variables, and let ) r;= 2, 
1 


with probability 1. Then if Ex exists, it follows that Ex, exists for all n, that 
(18) Ex = >> Ex, 
1 


and that E(L.U.B. | x, + --- + 2; }) exists.” 
j21 


This theorem provides a converse to Lebesgue’s theorem on term by term 
integration of a convergent series of functions. According to Lebesgue’s 
oo 


“ 


theorem, if fi, fe, --- are measurable functions, if >> f; = s almost every- 
1 


where, and if the partial sums {s,} are bounded by an integrable function g 2 0: 
(S| Sy, n = 1, then the series can be integrated term by term. Lebesgue’s 
condition, the existence of ¢, is not necessary, in general, but Theorem 4 shows 
that if the functions fi , fe, --- are independent, then Lebesgue’s condition is 
necessary. In fact, if the sum s is integrable, then the partial sums are bounded 
by the integrable function L.U.B. | s; |. 

iz 


Proof of Theorem 4. Since x = x, + > x;, where z, and the sum are inde- 
ifn 


pendent, it follows from Lemma 1 that Zz, exists. Using the notation of 
Lemma 4, we have 


(19) E,x2 = E,(a. + --» + an) + En(tayr + --- +) 
=at+---+a,+ Eni + ---). 
17 In fact it is easily verified that 
> Pile! >nj SElz|s = P{|z| > n}. 
18 Tbid., p. 129. , 


19 This theorem, with Ex, = Ex. = --+ = 0, is contained in a theorem of J. Marcin- 
kiewiez and A. Zygmund, Studia Mathematica, vol. 7(1938), p. 113. 
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Then 
(20) E,t — (4 + --- + 2,) = Ex — (Ex, + --- + Ean), 
so that, if we let n — ~, the left approaches 0, according to Lemma 5, with 
probability 1. Thus Ex — > Ex; — 0, and (18) is proved. Moreover, from 
(20), 
lart+---+2,| S| Enx| + | Bx — (Ex, + --- + Ex,) | 
< E,\x|+| Ex — (Bx, +--- + Ex,) |, 





(21) 


so that 
(22) Elat+---+2,|SE\x|+|Ex —(Ex+.---+E2,)|SK, n21, 


for suitably chosen K. Now let & , &, --- be chance variables independent of 
each other, and of the 2’s, and such that for each j, £; has the same distribution 


as xz;. Let & = 3 &;, and let y = 2; — &;. Then the chance variables 
1 


Yi, Y2,--- are mutually independent and any sum of y’s has a symmetric 
distribution with median 0. By Lemma 4, if z = L.U.B. lyr +--+ + yj|, 
J<= 


Ez exists. We have 


(23) lat--- tal sSetlat--- + &l. 

If we take the conditional expectation of both sides for x; , x2, - -- fixed, we find 
(if w is the conditional expectation of z for 2 , x2, - -- fixed), 

(24) lm+---+2,|Swt+E\|it+---+&|Swt+K. 


Now Ew exists (Ew = Ez), so that E[L.U.B.| 2+ --- +2;|]} 5S Ew+ K < @, 
iz1 
as was to be proved. 


THeoreM 5. Let {x,} be the chance variables of a differential process, and 
suppose that E(x, — 29) exists for arbitrarily large values of t and —t. Then 
E(x, — 2%) = e(t) exists for all t, and the process with variables ly, = 
X, — % — e(t)} is centered. 


The fact that e(¢) exists for all ¢ is a trivial consequence of Lemma 1. In 
proving the second part of the theorem we can suppose that e(t) = 0 (replacing 
x, by rz, — 2% — e(t) unless e(t) = O already) and prove that the process is 
centered. If a(t) is a function which is known to center the process (so that 
the process with variables {z, — a(t)} is centered), we shall show that (a) a(0) 
is continuous if t €’ So ; and (b) if > t/ monotonely, lim a(t) exists (t’ arbitrary). 

tt’ 
Since (a) and (b) imply that if ¢ &’ So , lim 2, = 2, with probability 1, and that 


tnt 


for any ¢, if t, — ¢ monotonely, lim z,, exists with probability 1, only a third 


no 











, With 


, from 


IV 


ent of 
ution 


iables 


netric 
— Yi L 


e find 








LAW OF LARGE NUMBERS FOR STOCHASTIC PROCESSES 299 


fact need be proved: (c) if t, — ¢ monotonely, and if lim a, = 2, + ¢ with 


probability 1 (where c is a constant), then c = 0. 

Proof of (a). It is sufficient to show that if t, — ¢ e’ So , and if the sequence 
{t,} is monotone, then a(t,) — a(t). Suppose for definiteness that the sequence 
{t,} is monotone increasing. Then since ¢ e’ So, 2, — a(tn) > 2 — a(t) with 
probability 1, so that 


(25) no oo [a(t) — a(t,)] = > eres wor Baas oc(tj41) + a(t;)] 
1 


with probability 1. By Theorem 4, since Ela; — 2, — a(t) + a(h)| = 
—a(t) + a(t) exists, we can sum the expectations in (25) term by term: 


(26) ee > [— alts) + a(t), 


i.e., a(t,) — a(t), as was to be proved. 
Proof of (b). Suppose that t, — t, and that the sequence {t,} is monotone, 


say monotone increasing. Since 2, — 2, = (a1 — 2) + (a, — 2) with 
E(x: — 2.) = 0, Lemma 2 implies that 

(27) E|\z. — %,| S E| 2 — 24, |, n= 1. 

Then there is a number K so large that 

(28) P{| 2, — 2, | < K} > 3, n2=1. 

Now lim [x;, — a(t,)] is supposed to exist, with probability 1, so that we can 
heenenne K , if necessary, so that (28) will be true, and also 

(29) P{| 22, — 2, — a(tn) + a(t) | < K} > 3, n21. 

Equations (28) and (29) imply that 

(30) | a(tn) — a(t) | < 2K, es @ 1. 


Since x1 — 2%, — a(tn) + a(t) = (te — 21,) + [t,, — 2 — a(tr) + a(h)], 
with E(x, — x,,) = 0, Lemma 2 implies that 


E\2., — %, — a(t,) + a(h) | S E| 2. — 2 — a(t) + a(t) | 
S E|\a, — x, | + 2K, n21. 
The fact that the left side of (31) is bounded uniformly for all n implies, by a 


theorem of Fatou,” that 


E | lim [x:,, i. a(tn) + a(t,)] =E > re i oe(tn1) + a(tn)] | 


no 


(31) 


exists. Then by Theorem 4, 
lim a(tn) = a(t) — D0 Elaiy, — ty — altnys) + a(tn)] 


no 1 
exists, as was to be proved. 
20 FE. C. Titchmarsh, The Theory of Functions, Oxford, 1932, p. 346. 
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Proof of (c). Suppose that ¢,, — ¢ monotonely, and that x,, —> x, + ¢, with 
probability 1. Suppose for definiteness that the sequence {t,} is monotone 
increasing. Then 


n—l 
(32) tu — ty = 2S (21354, — %;) > Xe — ty +60, 
1 


so, by Theorem 4, 0 = E(x, — 2) — E(ai — 21, + c) = c: ¢ = 0, as was 
to be proved. 
In the following discussion, we shall frequently use the concept L.U.B. 


astsb 

| 2, — ao |, where the variables {x,} are those of a centered differential process. 
This symbol does not represent a chance variable a priori, i.e., P{L.U.B. 
ast<sb 

|, — 29 | > k} cannot be defined directly in terms of the given probabilities 
of the process. There have been two ways suggested for handling this problem. 


The first method, that of Khintchine,” defines P{L.U.B. | 2, — 2 | > k} as 


ast<b 

L.U.B. P{max|2:; — 2 | > k} for every possible finite set of numbers 4, 
i 

t2,--- in the interval a < ¢t S b. Thus Khintchine does not actually define 


L.U.B. | x, — | as a chance variable, but the latter can be defined, in the 
ast<b 


spirit of his definition as follows. If 4, 2, --- is amy sequence of numbers in 
the interval a < ¢t S b, — = L.U.B.| 2,; — ao | is a chance variable depending 
i 


on t,, 2, ---. It is readily shown that there is a choice of t , fg, --- maxi- 
mizing EF (are tan £). Such a choice is not unique, but determines & uniquely, 
neglecting 0 probabilities, and « = L.U.B. | a:; — a» | ean be defined as one of 
r 
these maximal ¢’s. Then P{L.U.B.| 2; — 2 | > k} as defined above becomes 
astsb ° 


simply P{z > k}. Thesecond method of handling the symbol L.U.B. | x, — 29 | 


astsb 
uses the literal interpretation of L.U.B. Probability relations are reduced to 
measure relations on a space 2 of functions w: z(t), as discussed above. For 
each function x(t), f@) = L.U.B.| x(t) — 2x(0)| has its usual meaning, and 
ast<b 


all that need be shown is that fw) is a measurable Q-function. In many cases, 
as in those below, the functions x(¢) in 2 can be assumed to have the property 
that there is a denumerable sequence of points {t;} in any given ¢-interval I 
such that 
(33) L.U.B. x(t) = L.U.B. z(t), G.L.B. x(t) = G.L.B. x(t). 

tel i tel i 
If this is true, the space © is called quasi-separable. A chance variable is a 
measurable Q-function, and evidently if Q is quasi-separable, since for given 
t = to , x(t) is a chance variable, L.U.B. | x(t) — (0) | = L.U.B. | x(t;) — x(0) | 

b 2 


asts 


21 Ergebnisse der Mathematik, vol. 2(1933), no. 4, Asymplotische Gesetze der Wahrschein- 
lichkeitsrechnung, pp. 68-69. 
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is also a chance variable—and this chance variable will be written L.U.B. 
asts<b 


|a, — a |. Evidently the two interpretations of L.U.B. | x, — 20 | are essen- 
astsb 


tially the same, where the second is applicable, i.e., in the quasi-separable case. 
It has been shown” that if a differential process is centered, a quasi-separable 
space 2 can always be found for the process, and that the process will then be 
measurable. 


TuHeoreM 6. Let {2x,} be the chance variables of a centered differential process, 
and suppose that E(x, — 2%) exists for arbitrarily large values of tand —t. Then 
if I is any finite t-interval, L.U.B. | x, — 2 | is a chance variable whose expectation 

tel 


exists. 


Theorems 5 and 6 provide the complete analogue of Theorem 4, for continuous 
processes. The proof of Theorem 6 is parallel to that of Theorem 4, so the 
steps will only be sketched. It will be sufficient to prove the theorem for J an 
interval having the origin as endpoint—say as left endpoint, so that J is the 
intervalO < t < T. We note first that according to Theorem 5 the function 
e(t) = E(x_ — 2) can be used to center the process, so that e(t) is continuous 
for t e’ Sp and if t > t’ monotonely, lim e(#) exists, for any t’. Then e(t) must 


tt’ 


be a bounded function for ¢ in J, | e(f)| S Ki. Since 
tr — wm — e(T) + e(t) = 21 — to + [er — a — e(T) + e(d)], 
it follows from Lemma 2 that 
E\z.—%|SE\rzr—m\|+\e(T)-—e)| OstsT) 


(34) 
Ss E|\2xr — | + 2K, = K. 


Let {&} be the chance variables of a differential process independent of the 
z-process but with the same distribution. Let y, = a, — & — %+&. By 


an easy extension of Lemma 4 to continuous processes, if z = L.U.B. | y, |, Ez 
tel 


exists. We have then | x; — x | S z + | & — &| corresponding to (23), and 
can then go on as in the proof of Theorem 4 to find that E(L.U.B. | x; — x |) S 
tel 





Ez + K, completing the proof. 

In the case of a temporally homogeneous differential process, some of the 
preceding results are considerably simpler. In this case, if E(x, — 2) is sup- 
posed to exist, E(z, — 2) = nE(x, — 2) also exists (n = +1, +2, --- ). 
Then e(t) exists for all ¢, and in fact E(a, — 2,) exists for all s, t, and is e(t) — e(s). 
The function e(t) satisfies the functional equation 


(35) e(s + t) = e(s) + e(t). 


22 Doob, Transactions of the American Mathematical Society, vol. 42(1937), pp. 134-135. 
In an article to appear in the Transactions of the American Mathematical Society (1940), 
it is shown that no matter what the given probability relations, there is always a quasi- 
separable process. 
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If the process is centered, e(t) is continuous,” and the only solution of (35) is 
e(t) = at, where a = e(1) = E(x, — 2%). The following theorem shows what a 
small restriction it is to suppose that a temporally homogeneous process is 
centered. 


THEOREM 7. A measurable temporally homogeneous differential process is 
centered. 


Let ¢:(z) be the characteristic function of x, — 2x : 
(36) gz) = Efe" }, 


Then since the characteristic function of the sum of independent chance vari- 
ables is the product of their characteristic functions, the equation 


(x. — Xo) + (Le4t bans Zs) = Le4t — XM 


implies that 


(37) $s(2Z)-ge(Z) = Go4e(Z) 


for all z. Since ¢,(0) = 1, there is a positive number K such that ¢:(z) ¥ 0, 
if|z|< K. Then let s be any positive number, and let v be a positive integer 
larger than s. We have ¢,(z) = ¢i(z)’, so that ¢,(z) ¥ 0, if |z| < K, and 
since ¢,(z) = ¢s(z)-¢-s(z), ¢.(z) ¥ 0, if |z| = K. Then for each ¢, the function 
¥i(z) = log ¢(z) can be defined to be single valued and continuous in 
z(\|z| < K), with ¥,(0) = 0. The functional equation becomes 


(38) We(z) + Welz) = Port(Z). 


Since the process is measurable, exp {iz[z(r) — x(0)]} (with 2(7) = fir, x(d] 
as defined above), for fixed z, is a measurable function of [7, x(¢)] in the product 
space 7’ X Q, so that by Fubini’s theorem, ¢,(z), and therefore y;,(z), is a 
Lebesgue measurable function of t. The only measurable solutions of (38) are 
known to be of the form y:(z) = A(z)t.* Then ¢,(z) = e*®' for |z| < K, 
where A(z) = ¥:(z) is continuous for |z| < K. Thus the characteristic func- 
tion of z14, — 2, e“””, converges uniformly for | z| < K, when h — 0, to the 
function 1. Then a4. — x: — 0 in probability, when h — 0,” and this evi- 
dently implies that the process is centered. 


23 Evidently So is empty if the given differential process is centered and temporally 
homogeneous. The continuity of e(t) then follows from the fact that e() is a centering 
function, or the continuity can be deduced directly if we use Theorem 4. 

24W. Sierpinski, Fundamenta Mathematicae, vol. 1(1920), pp. 116-122. 

2% Lévy, Théorie de l’ Addition des Variables Aléatoires, Paris, 1937, pp. 48-50, shows 
that if a sequence of chance variables has the property that the corresponding character- 
istic functions converge, and converge uniformly in some neighborhood of z = 0, then 
the distribution functions of the given chance variables converge to a distribution function 
with characteristic function the limit of the given characteristic function. His proof 
applies to the present case, in which the characteristic functions {g,(z)} are not known to 
converge for all z (when h — 0), but in which the limit function is known to be identically 1 
near z = 0. The limiting distribution function must be that of a chance variable which 
is 0 with probability 1. The asserted convergence in probability follows from this. 
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LemMA 6. Let {uc}, {ve} be chance variables defined for t in some set E un- 
bounded on the right. Suppose that the \u,} are independent of the {v,}. Then 
(i) if ue — ve + 0 (t— @) tn probability, there is a numerically-valued function 
e, such that u, — e, > 0,4 — e, ~ 0 (t—> &) in probability; 
(ii) of E ts denumerable, then (i) holds when “convergence in probability’’ is 
replaced in hypothesis and conclusion by ‘‘convergence with probability 1”’. 


Proof of (i). Let Q,(l) be the function of concentration of u;, and let Q,(1) 
be that of wu, — v,. Since u,, v are independent, Q,(l) = Q,(I).” Since 
u; — ¥ — 0 in probability, Q,(l) > 1, for alll > 0. Then Q,(1) > 1 for all 
1 > 0, so that if e, is a median of u, , and if e > 0, P{| u.— e.| < e} ~1. Thus 
uy — €: > O in probability, and therefore v, — e, = —(u; — vs) + (ur — ed)  O 
in probability also. 

Proof of (ii). If u; — v, + 0 with probability 1, u, — v, — 0 in probability, 
so by (i), we — e: > 0, v»¢ — e, > 0, in probability, if e, is suitably chosen. Let « 
be a positive number, and let / be so large that if t > 7, P{| vu, — e:| < de} > 4. 
Let t) , tg, --- be the values of > fin FE. Then 


P{L.U.B. | uw — | > de} 


t>t 


IV 


i) 
Zz P{\m; —e;| S65 <k;|uy —ey| >; |vq—ey | < de} 
k=l 


< €,J . k; | uy ow C1, | > e} -P{ |v, - Ct, | < 3} 


(39) = By Piluy — eu 


>4D Pll wm; —e;|S6j< kj lun —en| > 


$ P{L.U.B. | uw — e | > €}. 


t>t 


ll 


The quantity on the left approaches 0 with 1/t by hypothesis, so that on 
the right also approaches 0, i.e., wu, — e, > 0 (and also v, — e, = —(ue — ve) + 
(us — e:) > 0) with probability 1, as was to be proved. 

THEeoreM 8. Let {2,} be the variables of a centered differential process. Then 
there is a numerically-valued function f(t) such that 





(40) lim E > = Ko) | =0 

t—r0 4 
with probability 1, if and only if there is a sequence of constants \f,} such that 
(41) lim |: ™ = fe = 0 


with probability 1. 


*° Lévy, ibid., pp. 89-90. 
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Evidently if (40) is true, (41) is also, with f, = f(n). Conversely, suppose 
that (41) is true. Let {&} be chance variables of a stochastic process inde 
pendent of the z,-process, but with exactly the same probability distribution. 
Then if y. = a — &, the y, determine a differential process. Evidently (41) 
implies that 


(42) lim %—¥ 9 
n 


with probability 1. Since y, — y, has a symmetric distribution with median 0) 
for every 8, t, if Q,(l) is the function of concentration of yn4:1 — Yn , the generali- 
zation of Lemma 4 to continuous processes gives 


(43) P{L.U.B. | Unge — Yn| > Zen} S 21 — Qn(en)] S 2P{| yaar — yn| > Fen}. 
sts 
Now because of (42), | Ynia — Yn| < den for sufficiently large n, with proba- 


bility 1. Then, by a lemma of Borel, the terms of (43) are those of a convergent 
series,” so that 


(44) >> P{L.U.B. | ynge — yr | > Ben} < @, 
s<t<l 


n=0 0: 


° 28 
i.e., by the converse of Borel’s lemma, 


(45) L.U.B, (Yate — Yn | < 2, 


O<t<1 n 


for sufficiently large n, with probability 1. Thus 


nao 


(46) lim sup : L.U.B. | yn4t — yn | S 2e, 
0<t<1 
with probability 1. Since e can be made arbitrarily small, 


(47) sk) ee er 


nao MN O0<t<1 


with probability 1. Equations (42) and (47) imply together that 
(48) lim “— # — tim k ews a8] = 


too to t t 


with probability 1. Then by Lemma 6, if E consists of the rational values of t, 
plus the set Sp , there is a numerically-valued function f(t), defined on E, such 
that 


(49) lim ES — ro | = (te E) 


27 Lévy, ibid., p. 126. 
28 Lévy, ibid., p. 127. 
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with probability 1. As in the proof of Lemma 6, we can suppose that f(t) 

(te E) isa median value of f ‘(x, — xo). It follows from the continuity properties 

of a centered differential process that f(t) is bounded in every finite interval, 

so that if f& «’ E, we can define f(t) as lim f(t) (t¢ Z), and f(é) will then be a 
tto 


finite-valued function. We can assume that the space 2 of the process consists 
of functions x(t) continuous except possibly for jumps (i.e., lim 2x(é), lim z(t) 
tT to tl to 
° 29 ° ° 
exist for all &).~ If z(é) is such a function, 


(50) L.U.B. x(t) — 2(0) — f(t)| = L.U.B. x(t) — x(0) 
t>r t &>r t 
tek 


— fit) 


so that (49) holds with no restriction on ¢, with probability 1. 


THreoreM 9. The preceding theorem remains true if the convergence in (40) 
and (41) is in probability, instead of with probability 1. 


The proof is essentially the same, except that (43) now can not be summed 
over n. By hypothesis, however, the right side of (43) approaches 0, asn — ~, 
so the left side does also, i.e., 


(51) 1 L.UB. | yess — yn | 0 

nm O<st<l 
in probability. Then proceeding as before, we find that t "(ye — yo) > 0 in 
probability so that, by Lemma 6, f(£) ean be chosen so that t '(a, — %)— f(t) +0 
in probability. 

It is natural to ask when E(x, — x) = e(t) exists for all t > 0, if f(t) can be 
taken as te(t) in Theorems 8 and 9. The following theorem answers this ques- 
tion partially. 

TuEeoreM 10. Let {x} be the variables of a centered differential process, and 
suppose that the chance variables {x, — t+» — E(t, — %n-1)}, n > 1, are uni- 
formly integrable. Let E(x, — 2) = e(t). Then 


In — —eln) _ 9 


(52) 
n 
and 
(53) Lt — Lo — e(t) wat 


t 
in probability. If (52) is true with probability 1, (53) is also. 
29 Doob, Transactions of the American Mathematical Society, vol. 42(1937), pp. 134-135. 


Cf. also Lévy, Annali della Scuola Normale Superiore di Pisa, (2), vol. 3(1934), pp. 359-364, 
and vol. 4(1935), pp. 217-218. 
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It will be no restriction, because of Theorem 5, to assume that e(t) = 0. 
The independent chance variables {z, — 2n-1} with 0 expectations are uni- 
formly integrable, so 


1 


(54) > (fn — In) = ¥ (zw — 2%) > 0 


=| 


in probability, by a theorem of Persidskij.. Because of the uniform inte- 
grability, term by term integration is permissible: N'E | zy — 2 |— 0." Now 
according to Lemma 2, E|z, — %| S E|ay — m| if 0 S t S N, so 
t°E |x, — 20| — 0, which implies that ('(2, — 2) — 0 in probability. If 
(52) is true with probability 1, there is a function e:(t), according to Theorem 9, 
such that f'[z, — 2 — e(t)] — 0 with probability 1. But since (53) is 
still true (with convergence in probability), f“[e(t) — e(t)] — 0 so that 
t"[x, — 2» — e(t)] — 0 with probability 1. 

It is sufficient for uniform integrability in the above, if there is a positive 
number 6 such that the expectations E{| 2, — %n-1 — E(an — 2n-1) |'**},n = 1, 
exist and are uniformly bounded. In the temporally homogeneous case, 6 can 
be taken = 0: integrability implies uniform integrability. 





THEOREM 11. Let {x,} be the variables of a centered temporally homogeneous 
differential process, and suppose that E(x, — 2x) = e exists. Then 


(55) lim ad =¢ 


with probability 1. 


The hypotheses of Theorem 10 are satisfied, and moreover the convergence 
in (52) is with probability 1, since a set of independent chance variables 
U1, Ue,--+ With identical distributions, whose expectations exist, obeys the 
strong law of large numbers.” 


UNIVERSITY OF ILLINOIs. 


30 Comptes Rendus de |’Académie des Sciences de 1’URSS, vol. 18(1938), p. 83. 

31 C, de la Vallée Poussin, Transactions of the American Mathematical Society, vol. 
16(1915), pp. 445-447. We are using here the fact that uniform integrability of a sequence 
implies the uniform integrability of the corresponding sequence of averages. 

32 This fact is the analogue of Theorem 3 for a process depending on the parameter n 
instead of t, and has been proved by essentially the same method by Hopf (Journal of 
Mathematics and Physics of the Massachusetts Institute of Technology, vol. 13(1934), 
p. 92) and Doob (Transactions of the American Mathematical Society, vol. 36(1934), p. 
764). Kolmogoroff (cf. M. Fréchet, Recherches Théoriques Modernes sur la Théorie des 
Probabilités, 1: Généralités sur les Probabilités. Variables Aléatoires, pp. 257-259) has 
given an entirely different proof. 
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SUPERPOSITION ON MONOTONIC FUNCTIONS 
By Estuer McCormick TorraNcB 


The object of this paper is the study of the superposition of a function on a 
general monotonic function y = g(x) or on an inverse of such a function, 
x = g ‘(y), and the associated problem of what properties the set A can have 
when A’ has a stipulated property and g(A’) = A org (A’) = A. The first 
part of the paper deals with the functions h(x) = flg(x)] and k(x) = fig™'(2)] 
when restrictions are put on f(y), and g(x) is any monotonic function. The 
results obtained are contrasted with the results for superposition on continuous 
functions, and are used to determine relations between classes of sets. The 
second part of the paper deals with the function h(x) = f{g(x)] when restrictions 
are put on g(x). The results obtained include a generalization of a well-known 
theorem concerning such superposition and give a good example of the Baire- 
measure duality. The paper closes with an application of the results to the 
Stieltjes integral. 

The functions studied in this paper have as their domain of definition and 
range of values the interval [0,1]. The terminology is that of Kuratowski [3].’ 


1. A monotonic function considered as a transformation consists of a homeo- 
morphism between two G;’s, H and H’, the relation g(K) = K’, and the relation 
g (K’) = K, where K’ is a denumerable set of points and K is the sum of a 
denumerable set of points and a denumerable set of closed intervals (see [11]). 
To every point of K’ corresponds one point or one interval of K, but the interval 
can be open, semi-closed, or closed. 

A property P of sets is said to be a restricted intrinsic invariant property if 
any set homeomorphic to a set having property P also has property P, and if 
whenever a set X has property P, G;X + F, also has property P. 


THEOREM 1. A general monotonic transformation and its inverse carry sets 
having a restricted intrinsic invariant property P into sets having the same 
property P. 

Let X have a restricted intrinsic invariant property P. Then 

g(X) = g(XH + XK) = g(XH) + g(XK) = X'H’ + g(XK). 
Since X has a restricted intrinsic invariant property P and H isa G; , XH hasa 
restricted intrinsic invariant property P. Since the monotonic function g(x) 
is a homeomorphism between H and H’, it transforms XH into a set X’H’ 
Received June 13, 1939; presented in part to the American Mathematical Society, Sep- 


tember 7, 1938. 
1 Numbers in brackets refer to the bibliography at the end of the paper. 
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homeomorphic to XH, and thus into a set with property P. Since g(X K) must 
be a subset of K’, it is at most a denumerable set of points, and so it is an F, . 
Hence X’H’ + g(XH) is the sum of a set having property P and an F, ; thus 
it is a set having property P, so that g(x) has property P. 

Let X’ have a restricted intrinsic invariant property P. Then 


g '(X’) = g '(X'H’ + X’K’) _ g '(X'H’) 4 g '(X’ r), 


The set X’H’ is the product of a set having the property P and a G; , and hence 
is a set with property P. Since g ‘(X’H’) is a homeomorph of X’H’, it must 
have property P. The set g-'(X’K’) is a subset of K, so it is at most the sum 
of a denumerable set of points and a denumerable set of intervals, and hence 
isan F,. Theng ‘(X’) is the sum of a set having property P and an F, ; hence 
it is a set having property P. 

A linear set E is perfectly measurable if it is non-denumerable and if every 
set homeomorphic to EZ is measurable [4]. 

Let E, , E,, --- be a denumerable sequence of sets on the z-axis. Let 1, 
re, --- be the rational points on the y-axis ordered in some arbitrary but fixed 
manner. In the XOY-plane erect perpendiculars to the y-axis through every 
point r, and mark off on this line the points whose abscissas belong to E, ; 
call this set e,. The crible C is the set >> e,. Let P, be the line perpendicular 
to the z-axis at x, and R, the set of points in P.(>> en). Consider the set ¢ of 
points v such that R, has a subset of points p,, pe, --- with pri S py for 
every k. Call this set the positively cribled set by means of crible C. Call its 
complement the negatively cribled set. 

An operation which permits us to pass from sets E; , E2, --- to the positively 
and negatively cribled sets will be called the crible operation. 

The crible sets C are the sets formed by the crible operation operating on 
intervals [5]. 

A family F. or G, of Borel sets is called a multiplicative family of class a if the 
product of a denumerable number of members of this family is still a member 
of this family. 

A function y = f(x) is a Baire function of class a if every closed set F in the 
space 9) of the range of values of the function is transformed by f(y) = 2 
into a multiplicative Borel set of class a;i.e., for every closed set F,f '(F) = Ar, 
where A, is a multiplicative Borel set of class a@ [3]. 


THEorEM 2. The following classes of sets have a restricted intrinsic invariant 
property P as their defining property: (1) additive Borel sets of class a, a > 1; 
(2) multiplicative Borel sets of class a, a > 1; (3) sets having the Batre property 
in the restricted sense; (4) perfectly measurable sets; (5) projective sets of class n. 


The property distinguishing these classes is a property invariant under 
homeomorphisms (see [3], pp. 217 and 243, and [4]). Furthermore, sets G; 
and F, have each of these properties (1)—(5), and the class of sets having each 
of these properties is closed with respect to finite addition and multiplication, 
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so if X has any one of these properties, G;X + F, has it also. Hence each of 
these classes of sets has a restricted intrinsic invariant property P as its defining 
property. 

In like manner it can be shown that crible sets C (see [5]) have a restricted 
intrinsic invariant property. 

From Theorems 1 and 2 we can deduce the fact that all classes of sets listed 
in Theorem 2 are such that every monotonic transformation transforms a set 
of this class into a set of the same class. From this result we can sharpen for 
monotonic functions the well-known theorem which says that if f(y) is a Baire 
function of class a and g(x) is a Baire function of class 1, then h(x) = f{g(x)| 
is a Baire function of class a + 1. 


THEOREM 3. If f(y) is a Baire function of class a, a > 1, then f\g(x)| is a 
Baire function of class a. 


Let h(x) = fig(x)|. Then h'(F) = g ‘If '(F)] = g '(X), where X is a 
multiplicative Borel set of class a, a > 1, and F is an arbitrary closed set. 
Since multiplicative Borel sets of class a, a > 1, are transformed by the inverse 
monotonic function into sets of the same class, g ‘(X) is a set of this class, so 
h(z) must be a Baire function of class a. 

A non-denumerable set of points E is said to be concentrated in the neighborhood 
of a denumerable set H if any open set containing the set H contains also the 
set E with the exception of at most a denumerable set of points [1]. 

If we confine ourselves to spaces in the interval (0, 1], we can give an equiva- 
lent definition of concentrated sets: a non-denumerable set C is a concentrated 
set if there exists a denumerable set {A(j)} of increasing or decreasing sequences 
of points A(j) = {a,(j)} such that if for every 7 an open set G contains an 
interval J; which contaiys an infinite number of points of the sequence A(j), 
then the open set G contains all but a denumerable set of points of C [12]. If 
we use this definition, it is easy to show that the property of being a concentrated 
set is hereditary and invariant under monotonic homeomorphisms, and we 
have the following 


Lemma 1. A monotonic transformation from space X to space 9) transforms 
concentrated sets into concentrated sets or denumerable sets. A monotonic trans- 
formation from space 9) to space ¥ transforms concentrated sets into concentrated 
sels, or denumerable sets, plus open sets. 


Lemma 2. Every set having property L is a concentrated set. 


Let E be a set which has property L. Let >> x, be a denumerable subset of E 
which is dense in E. Let G be any open set containing >> z,. Consider the 
set of points A = (1 — G)E. Set A is non-dense in E because in every set 
G, open in E with G, E ¥ 0 there exists a point of the set >> x, which is contained 
in the set G, so GG, is a set open in E and lying in the set G, and containing no 
point of A. Then set A is non-dense in the entire space, and so also is the closure 
of A. The closure of A is either a denumerable set of points B or the sum 
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of a perfect non-dense set P and a denumerable set of points B, A = P + B. 
From the definition of A, A is the product of a closed set (1 — @) and the 
set E. Then A = AE. If A is the sum of a perfect non-dense set P and a 
denumerable set of points B, then A = (P + B)E. Since E has property L, 
it can have at most a denumerable number of points in common with the 
perfect non-dense set P, so that A is at most a denumerable set of points. Then 
E is a concentrated set. 

A totally imperfect set is a set containing no perfect subset. 

Lemma 3. The property of being a totally imperfect set is an invariant of the 
monotonic transformation from the space X to the space 9), and the monotonic 
transformation from the space ¥) to the space X carries a totally imperfect set into 
the sum of a totally imperfect set and an open set. 


Consider a totally imperfect set X. It is transformed into H’'X’ by the 
homeomorphism associated with the monotonic function. If H’X’ contains 
any perfect subset, HX must contain a non-denumerable Borel set and hence 
a perfect subset. By definition, X does not contain any perfect subset. The set 
(1 — H’)X’ consists of some of the points of K’, >> pn ,so X’ = H’X'’ + > Pn 
is totally imperfect since it contains no perfect subset. 

In like manner consider a totally imperfect set X’. It is transformed into 
HX + AK, where HX is totally imperfect, and AK is at most the sum of a 
denumerable set of points and an open set. 

From Lemma 2 we deduce the fact that monotonic functions transform sets 
having property L into concentrated sets or denumerable sets. It is easy to 
give an example of a monotonic function which does not transform a set having 
property L into a set having property L. 

Sierpinski [7] has defined and proved the existence of a class of sets of power ® 
whose homeomorphs are of measure zero and always of the first category. Let 
us call the class of all non-denumerable subsets of sets having this property 
the class of sets having property 8. It can be shown very easily that a 
monotonic function transforms sets having property 8 into sets having this 
property, and an inverse monotonic function transforms any set having property 
S into the sum of a set of this type and an open set. 

A set always of the first category is a set which is totally imperfect and which 
has the restricted Baire property ((3], p. 269). 


Lemma 4. The monotonic transformation from the space X to the space 9) takes 
sets always of the first category into sets always of the first category, and the mono- 
tonic transformation from the space Y) to the space X takes any set always of the 
first category into the sum of a set always of the first category and an open set. 


A totally imperfect set is transformed into a totally imperfect set by the 
monotonic transformation from the space X to the space ¥), and a totally im- 
perfect set is transformed into the sum of a totally imperfect set and an open 
set by the monotonic transformation from the space ¥) to the space X by Lemma 
3. A set having the restricted Baire property is transformed into a set with 
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the restricted Baire property by Theorems | and 2. It follows that a set 
having both these properties, that is, a set always of the first category, is trans- 
formed into a set always of the first category by the monotonic transformation 
from the space X to the space ¥), and a set always of the first category in the 
space ¥) is transformed into the sum of a set always of the first category and 
an open set. 

Collecting together these results, and noting that Theorems 1 and 2 imply 
that all the classes of sets mentioned in Theorem 2 are invariant under mono- 
tonic functions and their inverses, we obtain 


THeoreM 4. The following classes of sets have as their defining property a 
property invariant under every monotonic transformation from the space X to the 
space 9) and from the space ¥) to the space X: (1) projective sets of class n; (2) multi- 
plicative Borel sets of class a, a > 1; (3) additive Borel sets of class a, a > 1; 
(4) sets having the restricted Baire property; (5) crible sets C; (6) perfectly measur- 
able sets. 

The following classes of sets have as their defining property a property invariant 
under every monotonic transformation from the space X to the space Y), and a 
monotonic transformation from the space 9) to the space X transforms a set of one 
of these classes into the sum of a set of the same class and an open set: (1) con- 
centrated sets and denumerable sets, (2) totally imperfect sets, (3) sets with prop- 
erty S and denumerable sets, (4) sets always of the first category. 


For a large number of classes of sets we can find examples of members A and B 
of these classes and monotonic functions g:(z) and go(x) for which gi(A) = A’ 
does not give a member of the same class and g2'(B) = B’ does not give a 
member of the same class or the sum of a member of such a class and an open 
set [12]. The classes for which such examples exist are listed in Theorem 5. 


TuroreM 5. The following classes of sets are classes which are not invariant 
under every monotonic transformation, whether the monotonic transformation is 
considered as a transformation from the space X to the space ¥) or as a transforma- 
tion from the space 9) to the space X: (1) open sets, (2) closed sets, (3) Gs , (4) F. , 
(5) dense sets, (6) frontier sets, (7) non-dense sets, (8) sets dense in themselves, 
(9) sets of the first category, (10) Batre sets, (11) sets with property L and denu- 
merable sets. 


Let us compare these results with the results for continuous functions. 

There exists a continuous function c(x) and a projective set A of class n, 
where n is even, such that c(A) is a projective set of class n + 1 ((3], p. 239). 
By Theorem 4 every monotonic function g(x) transforms A into a projective 
set of class n. 

Sierpinski [8] has shown that there exists a totally imperfect set A and there 
exists a continuous function e(z) such that c(A) is not totally imperfect. By 
Theorem 4, every monotonic function is such that g(A) is totally imperfect 
when A is totally imperfect. 

Sierpinski [9] has shown that there exists a continuous function c(z) and a func- 
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tion f(y) having the restricted Baire property which is such that h(x) = fle(x)} 
does not have the restricted Baire property. Suppose f(y) has the restricted 
Baire property and consider h(x) = f{g(x)], where g(x) is a monotonic function. 
For every closed set F,h-'(F) = g '[f '(F)] = g '(A), where A has the restricted 
Baire property; so by Theorem 4, g ‘(A) has the restricted Baire property and 
the function A(x) has the restricted Baire property. 


2. Let us consider the function h(x) = f[g(x)| when restrictions are put on g(2). 


Lemma 5. If a homeomorphism between H and H’ is not absolutely continuous 
from H to H'’, it takes a point set of measure zero in H into a point set of positive 
measure in H’. 


Suppose a homeomorphism is not absolutely continuous from H to H’. Then 
given an arbitrary small positive quantity ¢ there is no 6 such that u(X) < 6 
implies u[f(X)] < ¢€; that is, for every 6 there exists a set X such that u(X) < 6 
and yu[f(X)] > «. Call the class of all the sets X such that u(X) < 6 and 
ulf(X)] > € the class X;. Every set in this class has measure less than 6. 
Then for any € consider the ensemble {X;} of these classes X;. Consider some 
sequence {6,| of 6’s which is such that >> 6, is finite. Take one set X, from 
each of the classes X;,. The measure of X,, is less than 6,. Then the set 


co co} 
Gm = >> X, has a measure which is less than }>6,, and the measure of the 
m m 


i) 
set lim G,, is zero since lim )> 4, is zero and the G,, form a decreasing sequence 


m-? oc mo m 
ce) 
. roe , . 
G,; > G; > ---. Corresponding to the set G,, = > X,, is a set G, which con- 
m 


. yi r . /‘u r rf 
tains X,,. Recall that X,, was a set with p(X) < dand ul[f(X»)] > € so X, 
. ? ’ . . 
has a measure greater than «. Then G; D> G; > --- is a decreasing sequence 
. . , 
of sets each having measure greater than e¢, so lim G,, has measure greater than 


mo 
or equal to ¢«; hence it is a set of positive measure. Then a non-absolutely 
continuous transformation from H to H’ takes a set of measure zero into a set 
of positive measure in H’. 


THEOREM 6. A necessary and sufficient condition thal h(x) = f(g(x)| be measur- 
able for every measurable function f(y) ts thal the inverse monotonic function 
xz = g ‘(y) be absolutely continuous on H’, the Gs associated with the monotonic 
function y = g(x). 


The function y = g(x) sets up a homeomorphism between H’ in the space ¥) 
and H in the space ¥. If g ‘(y) is absolutely continuous as far as the homeo- 
morphism set up by y = g(x) is concerned on H’, then given an arbitrary small 
positive quantity ¢, there exists a 6 such that if u(Y) < 6 and Y C H’, then 
ulg ‘(Y)] < «, where g '(Y) is a set in H since Y is in H’. Suppose we have a 
point set Z of measure zero in H’. Consider its transform f(Z) in H. Since 
u(Z) < 4, where 6 is any positive number, then for every ¢, u|f(Z)] < «, so the 
set f(Z) is a point set of measure zero. Any measurable set A in the space ¥) 
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is composed of a Borel set B and a set of measure zero Z. Then A = B + Z 
and AH’ = (B + Z)H' = BH'+ ZH’. The product of two Borel sets being a 
Borel set, BH’ is a Borel set. The property of being a set of measure zero being 
hereditary, ZH’ is of measure zero. Since the homeomorphism between H’ 
and H takes every Borel set into a Borel set, BH’ has as correspondent a Borel 
set B, in H. Since a set which is a Borel set with respect to a Borel set in a 
metric separable compact space is a Borel set in this space, B, is a Borel set in 
the space in question. The homeomorphism between H’ and H carries point 
sets of measure zero in H’ into point sets of measure zero, so ZH’ is carried into a 
point set of measure zero, Z’. Then the part of A lying in H’ is transformed into — 
the sum of a Borel set and a set of measure zero in the space ¥ which is a meas- 
urable set in the space %. 

Any point of A not lying in H’ will either have no corresponding point in the 
space ¥ or will correspond to a point in the space ¥ or will correspond to an inter- 
val in the space ¥. There will be at most a denumerable number of such points 
and intervals and since the sum of a denumerable number of points and intervals 
is measurable, the part of A lying outside of H’ is transformed into a measurable 
set in the space %. 

Since A = AH’ + A(1 — H’) is the sum of two sets both of which are trans- 
formed into measurable sets in the space X, A is transformed into a measurable 
set in the space ¥. Then if a set is measurable, it is transformed into a measur- 
able set by any inverse monotonic function x = g‘(y) which is absolutely con- 
tinuous on the G; associated with the monotonic function y = g(x). Consider 
any measurable function f(y). The condition that h(x) = f[g(x)] be measurable 
is that h-’(F) be measurable for every closed set F. Thenh'(F) = 9 ‘[f'(F)] = 
g (A), where A is a measurable set. For functions y = g(x) satisfying our 
conditions we have just proved that g '(A) is measurable, so our conditions are 
sufficient that f[g(z)] be measurable. 

Now to prove that the conditions are necessary. If the homeomorphism 
between H’ and H associated with y = g(x) is not absolutely continuous from 
H’ to H, then it takes a point set of measure zero, X’, in H’ into a point set of 
positive measure, X, in H, by Lemma 5. Consider some non-measurable subset 
of X, call it N. This corresponds to some subset N’X’ of X’ which must be of 
measure zero since X’ is. Then the transformation y = g(x) takes a measurable 
set (here N’X’) into a non-measurable set. Consider the characteristic function 
f(y) of N’X’. This is a measurable function since N’X’ is measurable. Take 
F as the closed set from } tol. Then 


h'(F) =g"(f (F)] = 9g | (N’X’) = g '(H'N'X’) +9 (N'X'R’) = N + DK. 


We thus have the sum of two disjoint sets, one a non-measurable set and the 
other a measurable set, so that the sum is non-measurable. Hence if the homeo- 
morphism between H and H’ associated with y = g(x) is not absolutely continu- 
ous from H’ to H, the compounded function f[g(x)] is not measurable for every 
measurable function f(y). This completes the proof. 

This theorem is a generalization of the well-known theorem: in order that a 
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strictly increasing continuous function y = g(x) be such that A(x) = f\g(x)] is 
measurable for every measurable function f(y) it is necessary and sufficient that 
g ‘(y) be absolutely continuous. 


THEOREM 7. A necessary and sufficient condition that h(x) = f\g(x)| be a meas- 
urable function for every function f(y), where g(x) is a monotonic function, is that 
the G; over which the function y = g(x) defines a homeomorphism be of measure zero. 


First, we prove that if the Gs; set H associated with g(x) is of measure zero, 
every set is carried into a measurable set by the monotonic transformation from 
the space 9) to the space X¥ associated with g(x), and any function f(y) is such 
that h(x) = flg(x)] is measurable. Let X’ be any set and let X be its corre- 
spondent under the monotonic transformation. Then g ‘(X’) = g ‘(H’X’ + 
X'K’) = g ‘(H'X') + g '\(X’K’) = HX + AK = X. Then X is a measurable 
set, being the sum of a set HX of measure zero and a Borel set. 

Consider any function f(y). Then h'(F) = g '[f-(F)] = g ‘(X’), X’ being 
any set. We have just shown that g ‘(X’) = X is a measurable set, so A(x) = 
S\{g(x)] is measurable. 

Now we prove that if every function f(y) is such that h(x) = flg(x)] is measur- 
able, where g(x) is a monotonic function, then the G; set H over which y = g(x) 
defines a homeomorphism is of measure zero. Suppose the G; set H is not of 
measure zero. Then it contains a non-measurable set M. Let M’ be the trans- 
form of M by the monotonic homeomorphism defined by y = g(x). Let f(y) be 
the characteristic function of M’, taking on the value 3 at the points y « M’, and 
zero elsewhere. Then h'(3) = g ‘[f ‘(3)] = g '(M’) = M is not a measurable 
set, so A(x) is not a measurable function. Then if H is not of measure zero, there 
exist functions h(x) = f[g(x)] which are not measurable, and the hypothesis is 
contradicted. This completes the proof. 


THEOREM 8. A necessary and sufficient condition that the function h(x) = 
S\g(x)| be non-measurable for every non-measurable function f(y) is that the homeo- 
morphism between the sets H and H’' be absolutely continuous on H. 


Suppose the homeomorphism between H and H’ is absolutely continuous on 
H. Then if h(x) is a measurable function, for every closed set F, h'(F) = 
g ‘(f '(F)] = g ‘(X’) = X isa measurable set, so X = B + Z, where B isa Borel 
set and Z is a set of measure zero. Since the homeomorphism is absolutely 
continuous on H, g(Z) is a set of measure zero. By Theorem 4, g(B) is a Borel 
set. Then f '(F) = X’ = g(X) isa measurable set, so f(y) must be a measurable 
function. Then if the homeomorphism between H and H’ is absolutely continu- 
ous on H, h(x) must be a non-measurable function if f(y) is a non-measurable 
function. 

The condition is also necessary, because if the homeomorphism between 
H and H’ is not absolutely continuous, it transforms a set of measure zero into 
a set of positive measure by Lemma 5, and hence it transforms a set of measure 
zero into a non-measurable set. Suppose f(y) is the characteristic function of 
this non-measurable set. Then f(y) is non-measurable and h(x) is measurable. 
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It is obvious that theorems similar to Theorems 6-8 could be proved for the 
funetion k(x) = fig *(x)). 


THEOREM 9. A necessary and sufficient condition that f(g(x)| = h(x) have the 
Baire property whenever f(y) has the Baire property is that the inverse function 
g ‘(y) take sets in H’ which are of the first category in Y) into sets of the first category 
in X. 


The condition is necessary. For, suppose it is not fulfilled. Then there is a 
set A’ of the first category such that g ‘(A’H’) = A is not of the first category. 
Then there exists a subset of A, call it B, which does not have the Baire property. 
Now g(B) = B’ isa subset of A’. Let f(y) be the characteristic function of B’. 
Then f(y) has the Baire property since B’ is a set of the first category. Now 
h'(F) = 9 If '(P)] = ¢g ‘(B’) = Bisa set not having the Baire property, so 
h(x) does not have the Baire property. 

The condition is sufficient. For h (F) = g ‘[f '(F)] = g'(A’) where, since 
A’ has the Baire property, A’ = B’ + C’, where B’ is a Borel set and C’ is a set 
of the first category. Since g(x) is a Baire function of class one, g '(B’) is a Borel 
set B. Then g '(B’ + C’) = 9 (B)) + 9'°(C) =Bt+g [CH + C’K'] = 
B + C + DK, where C is of the first category by hypothesis, and where DK 
is some denumerable set of points and denumerable set of intervals in K. Then 
B + DK + C is the sum of a Borel set and a set of the first category, and is 
therefore a set with the Baire property. 


THEOREM 10. A necessary and sufficient condition that h(x) = flg(x)] have 
the Baire property for every function f(y) is that H be a set of the first category. 


Suppose H is not a set of the first category. Then let X and 1 — X bea 
division of the interval into two totally imperfect sets; XH and (1 — X)H are 
then totally imperfect sets. Suppose both of these sets are sets having the Baire 
property. Then both are the sum of a Borel set and a set of the first category. 
Since both are totally imperfect, the Borel set in both cases must be denumerable, 
and both XH and (1 — X)H must be sets of the first category, so their sum H 
must be a set of the first category, and this is contrary to the hypothesis. Then 
there exists a subset of H which does not have the Baire property. Call this 
subset the set A, and call its transform A’. Let f(y) be the characteristic func- 
tion of A’. Then flg(x)] = h(x) is such that the closed set F: [}, 1] has h’(F) = 
g ‘if (P)|}=9°'(A’) = @ '(A'H) = A, so A(z) is not a Baire function. Then H 
must be a set of the first category in order that for every function f(y) the func- 
tion f[g(x)] shall be a Baire function. The sufficiency is obvious. 


THEOREM 11. A necessary and sufficient condition that f(g(x)]| = h(x) fail to 
have the Baire property whenever f(y) does not have the Baire property is that the 
function g(x) take sets in H which are of the first category in the space X into sets 
of the first category in the space ¥). 


Suppose f(y) does not have the Baire property. Then for some closed set F, 
f '(F) = X’ does not have the Baire property and h"'(F) = g“‘[f “(F)] = g '(X’) 
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= g '(X’H’) + @'(X'RK’) = XH + AK = X, where AK is some denumerable 
set of points and intervals of K. If XY has the Baire property and g(x) takes 
sets in H of the first category in ¥ into sets of the first category in 9), then XH 
has the Baire property so that XH is the sum of a Borel set B and a set of the 
first category D, and g(x) = g(B + D) = g(B) + g(DH) = A’K’ = B’ 4+ D’, 
and B’ isa Borel set. Since g(X) = X’, X’ = B’ + D’ isa set having the Baire 
property. But X’ is a set which does not have the Baire property, so the condi- 
tion of the theorem is sufficient that X shall not have the Baire property, and 
hence that h(x) shall be a function which fails to have the Baire property. 

Suppose g(x) takes a set X which is of the first category in ¥ and which is in H 
into a set which is not of the first category in 9). Then it takes some subset of 
this set into a set EF which does not have the Baire property. Let f(y) be the 
characteristic function of Z. Then f(y) does not have the Baire property and 
h(x) = fig(x)| does have the Baire property, so the conditidn of the theorem is 
necessary. 

We note that Sierpinski considers measure and restricted Baire property as 
dual properties ((6], Chapter IIT), and studies applications of this duality. As 
Kond6 and Szpilrajn (2, 10] point out, there is to some extent a duality between 
the restricted Baire property and perfect measure, and it is that duality and the 
duality between measure and the Baire property, between sets with perfect 
measure zero and sets always of the first category, that we have found useful, 
Theorems 9-11 being the duals of Theorems 6-8. It would be interesting to 
see how many of the theorems which Sierpinski did not dualize could be dualized 
by using this latter duality. For example, consider Sierpinski’s theorem: Every 
measurable function of a real variable transforms sets with property 5 into sets 
always of the first category ((6], p. 85). 

A set has property 5 if it has at most a denumerable set of points in common 
with every set of measure zero. The dual of a set with property 5 is obviously 
a set with property L. Then the dual of Sierpinski’s theorem is Every function 
having the Baire property transforms sets with property L into sets of perfect measure 
zero. This theorem I cannot prove, but it suggests a weaker theorem which is 
easy to prove. 


THEoreM 12. Every function having the Batre property transforms sets with 
property 1, into sets of measure zero. 


Let %, the domain of definition, be a complete metric separable space. If 
f(x) has the Baire property, there exists a set Z such that ¥ — Z is of the first 
category and f(Z) has measure zero. Let E be a set with property L. Then 
S(EX) = flE(X — Z) + EZ\ = f[E(X — Z)|) + f(E£Z). The set E(X — Z) is at 
most denumerable since E has property L, so f(E¥) = >> p; + f(EZ) which 
must have measure zero since f(Z) has measure zero. 


3. Consider a Lebesgue-Stieltjes integral f f(x) dg(x), where g(x) is a mono- 
tonic function. When does this integral exist? 
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Consider the substitution 
y= g(r), «r= g'(y), | s@) dg(x) = | s0 '(y)| dy. 


The integral exists when k(y) = flg”'(y)] is measurable. 

Szpilrajn has shown that a necessary and sufficient condition that A(z) = 
f{g(x)| be measurable for every monotonic function g(x) is that f(x) be perfectly 
measurable, that is, f (fF) = A be a perfectly measurable set for every closed 
set F. The same condition is necessary and sufficient for k(y) = fig ‘(y)] to 
be measurable. The sufficiency follows from Theorem 4. Associated with 
every monotonic function is a homeomorphism between H and H’, and asso- 
ciated with this homeomorphism is an inverse monotonic function setting up 
the same homeomorphism, and vice versa. If a set is such that every inverse 
monotonic function transforms it into a measurable set, then every monotonic 
function must transform it into a measurable set, and hence the set must be 
perfectly measurable by Szpilrajn’s theorem, so the condition is necessary. It 
is easy to show that if f(x) is perfectly measurable, k(y) is also, and vice versa. 

We have noted that theorems similar to Theorems 6-8 hold for k(y) = 
fig’ ‘(y)|. From these results we can say that 

(1) A necessary and sufficient condition that the integral f f(x) dg(x) exists 
for every monotonic function g(x) is that f(z) be perfectly measurable (Szpilrajn). 

(2) A necessary and sufficient condition that f f(x) dg(x) exist for every meas- 
urable function f(x) and g(x) a monotonic function is that g(x) be absolutely 
continuous on H. 

(3) A necessary and sufficient condition that f f(x) dg(x) exist for every func- 
tion f(z) and g(x) a monotonic function is that H have measure zero. 
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THE CONVERGENCE OF EXPANSIONS RESULTING FROM A SELF- 
ADJOINT BOUNDARY PROBLEM 


By A. S. GALBRAITH AND S. E. WarscHAWSKI 


1. Introduction. This paper treats a problem of Riesz-Fischer type con- 
cerning the coefficients of the expansion of a function with n derivatives in 
terms of the characteristic solutions of a self-adjoint boundary problem of the 
second order. A corollary gives a criterion for term-by-term differentiation of 
such an expansion which is useful in certain applications. 

The self-adjoint problem of this paper deals with the equation 

d 


(1) Liy) + wr(ay = © (pa) #) << dite + tiliin oe 


containing the parameter A, and the boundary conditions 
Uity, y') = ay(a) + aay(b) + asy’(a) + aay’(d) 
Usty, y’) = Biy(a) + Boy(b) + Bsy’(a) + Bay’(d) 


subject to the following hypotheses: 
(A) p(x), p’(x), q(x) and r(x) are real continuous functions of the real variable x 
(a S x S b), and p(z) and r(x) are positive in this closed interval. 


0, 
0 


(2) 


Il 
Il 


(B) a;, Bi (¢ = 1, 2, 3, 4) are real constants, not all the determinants 6;; = 
a8; — a8; are zero, and’ 
(3) p(a)be = p(b)éis . 


The theorems of the paper deal with a positive integer n, the number of times 
it is desired to differentiate the expansion of the function. It is assumed that 

(C) if n > 2, then p(x), q(x) and r(x) have n — 1, n — 2 and n — 2 continuous 
derivatives, respectively (a S x S b). 

It is known that for a denumerable set of values of \ solutions of (1) exist 
satisfying (2).” Such solutions ¢;(x) (k = 0, 1, 2, --- ) are called characteristic 
solutions corresponding to the characteristic numbers } = \. They are ortho- 
gonal and can be normalized’ so that 


b . _ 
[ gi(x)g;(x)r(x) dx = > ; ot 


Received July 7, 1939; presented in part to the American Mathematical Society, April 7, 
1939. The authors are indebted to Professor J. D. Tamarkin for suggesting the extension 
to the self-adjoint problem of their original results on Sturm-Liouville series. 

1E. L. Ince, Ordinary Differential Equations, London, p. 216. This book will be referred 
to hereafter as Ince. 

2See §2. 

3 Ince, pp. 237-238. 
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The principal results of the paper are the following. 


ae 
r 2 
THroreM 1. Let {a,} be a sequence of real constants such that > air 
k=0 


converges. Then there exists a function f(x) = >> a,gx(x) such that {a,} are 
k=0 
. ;, 
the Fourier coefficients of f(x), i.e., / fro, dx = a; f(x) is absolutely con- 
b a 

tinuous, and [ (f(x)? dx exists. 

Coroutiary. The first n — 1 derivatives of f(x) are given by 

f° (a) = = ax gh? (x) (s = 0,1,2,---,n— 1), 
k=0 
the series converging absolutely and uniformly, and 
b N 
tim f (fC) — D argh )P de = 0. 
No va k=0 

THEOREM 2. Let f(x) be a function satisfying the following hypotheses 

(as2zasb): 
b 
(a) f(x) is absolutely continuous, and | (f'"'(x)) dx exists. 
(b) If functions G,(x) are defined by the relations 
Go(x) = f(x), 

—r(x)G.(z) = L(G.A(z)) (s = 1,2, --- , [$n] = m),* 


the functions Go(x), Gi(x), --- , Gm-i(x) satisfy the boundary conditions (2), if 
n>l1. If n = 1, f(x) satisfies any boundary conditions y(a) = 0, y(b) = 0, 
y(a) = Ky(b) implied by (2), and if n > 1 and n is odd, G(x) satisfies any such 
boundary conditions. 


b CJ 
Then if a, = i Srex dx, the series > ai A; converges. 
a k=0 


(1.1) 


Combination of the corollary to Theorem 1 with Theorem 2 gives 


THEorEM 3. [f f(x) satisfies the hypotheses of Theorem 2 (which imply that 
p(x), q(x) and r(x) have continuous derivatives of orders n — 1,n — 2andn — 2 
respectively if n > 1), then 


f(a) = > args’ (x) (s = 0,1,---,n — 1), 
k=0 


4 [4n] means the largest integer < }n. 
5 These hypotheses are necessary conditions. They are satisfied for any function 


eo wo 
J(z) = > axgx(x) for which >. a,\; converges, as will be shown later. See footnote 15. 
k=0 k=0 
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the convergence being absolule and uniform, and 


b N 
lim / (a) — } acek" (a) de = 0. 
Now du k=0 

If n = 1, the hypotheses on the G,(x) are automatically satisfied, and Theorem 
3 reduces to an expansion theorem for f(x) requiring only continuity of q(x) and r(x). 

For the general self-adjoint problem involving a differential equation of order 
2m Krein® has given by different methods a theorem which for m = 1 becomes 
Theorems 1 and 2 of this paper with n = 1. While Krein’s paper deals with 
a more general equation, the results of this paper for n = 2, 3, --- are not 
included in his article. His proof uses the differentiability of the Green’s func- 
tion, and hence, if m = 1, does not seem directly applicable to the eases n > 1 
treated in this paper. 


2. Preliminaries. 

(a) Existence of characteristic numbers. It was shown by Ettlinger’ that under 
hypotheses (A) and (B) the characteristic numbers of the problem (1), (2) form 
an increasing sequence by < Ay < +--+ < An < +++, An— ©. Hence by writing 
(1) in the form 


(py’)’ + [A — % + Dr — (q — rv — 1)ly = 0 


the characteristic numbers A; = A; — Ao + 1 are made = 1. It will be assumed 
that (1) has been arranged in this way. 

It is assumed that if two linearly independent characteristic solutions exist 
for any characteristic number,’ they have been replaced by suitable linear 
combinations of themselves so as to be orthogonal. In this case the corre- 
sponding characteristic number will appear twice in the sequence, so that 
HSM SMS:::. 

(b) Expansion of the Green’s function. If G(z, t) is the Green’s function’ of 
the equation 


(py’)’ — gy = 0 


and the boundary conditions (2), then 
b 
(2.1) exe) = — re | Ge, DrOeult) at, 


5M. Krein, Recueil Math. de Moscou, new series, vol. 2(1937), p. 923. 

7H. J. Ettlinger, Existence theorems for the general real self-adjoint linear system of the 
second order, Trans. Am. Math. Soc., vol. 19(1918), p. 94. 

Cf. also E. Kamke, Neue Herleitung der Oszillationssdtze --- , Math. Zeitschrift, vol. 
44(1938-39), p. 654. 

Under certain hypotheses of differentiability on the coefficients of the differential 
equation the existence of characteristic numbers and functions for a self-adjoint problem of 
order 2m was known earlier. See G. D. Birkhoff, Trans. Am. Math. Soc., vol. 9(1908), 
p. 373, and J. D. Tamarkin, Math. Zeitschrift, vol. 27(1928), p. 1. 

8’ That not more than two can exist follows from the fact that the differential equation 
is of the second order. 

® For the definition and properties of the Green’s function see Ince, Chapter 11, p. 254. 
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or, if (r(x))*pe(z) = ux(x) and H(a, t) = G(x, )(r(x))(r@®)', 
b 
s(x) = — re [ H(x, Oust) dt. 


H(z, t) is the continuous and symmetric kernel of this integral equation, of 
which all characteristic numbers are of the same sign, by subsection (a) above. 
It follows therefore from Mercer’s theorem” that 


= +) x(t) =~ pe(x) px(t) 
22) —H(z,t) = ml — eu(t) 
(2.2) (x, 2) = 2 o1 60-2. 
the convergence being absolute and uniform in both variables. 
(c) The set of characteristic functions {yx(x)} is complete,” i.e., if f(x) is a 


continuous function and a, = -[ Srex dx, then 


lim * Ha) - - axyr(x)) dx = 0. 


N-oO “a 
The proof uses 


Lemma 1. Given a function f(x) continuous (a = x S b) and given e > O 


there exists a function g(x) continuous with its first two derivatives (a S x S b) 
b 


and satisfying the boundary conditions (2) such that [ (f(z) — g(a) f'dx < «. 


Proof. Let M be the least upper bound of | f(z)| (a S « Sb). If bisa 


positive number < 3(b — a) and < ¢/(36M’), there exists a polynomial P(z) 
such that 


b-—6 
[. f(z) — P(x)Pdx <}e and (f(z) —Pl(x)|<}e (@+8 5256-9). 


, , . 
Let Ca, Ca, Co, C» be four constants each less than M in absolute value and 
such that 


aCa + ants + agca + anc, = 0, 
Bica + Bocs + Bsca + Bacs = 0 


It is easily seen geometrically that there exist two functions g(x) and g(x) 
with the following properties: (i) ga(x) is continuous with its first two deriva- 
tives (a S$ x S a+ 8); (ii) ga(a) = ca , g(a) = cz ; (iii) gi” (a + 8) = P“™ (a + 8) 


10 J. Mercer, Functions of positive and negative type and their connection with the theory of 
integral equations, Phil. Trans. Royal Soc., (A), vol. 209(1909), p. 444. Kneser, Integral- 
gleichungen, Braunschweig, p. 93. 

11 Under certain hypotheses of differentiability on the coefficients of (1) the completeness 
of the set {gx(xz)} was proved by Birkhoff and by Tamarkin, loc. cit. (see footnote 7). If 
q(x) and r(x) are merely continuous, the result can be inferred by the use of Lemma 1 or 
its equivalent from a theorem of Bliss, Trans. Am. Math. Soc., vol. 28(1926), p. 576. In 
the present paper a different proof is given which may be of interest. 
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(m = 0, 1, 2); (iv) go(x) has the corresponding properties in the interval b — 6 S 
x Sb; (v) | ga(x) |, | w(x) | < 2M. Let 
Ja(x), asxsa+té, 
g(x) = (P(x), a+éis2xzsb-6, 
|e, b-—6S2b. 





IIA 
& 


Then g(x) is continuous with its first two derivatives and satisfies the boundary 
conditions, and 


b até : b-6 
/ f(x) — g(a)’ dx = / (f(a) — ga(x)]’ dx + | ; f(x) — P(x)? dx 


b 
+ | f(x) — go(x) dx < 9M*65 + te + 9M°S. 
b—5 


Then since 6 is chosen < ¢/(36M’), the result follows. 

Proof of the completeness. By Lemma 1 a sequence of functions {gm(2x)} 
exists, each continuous with its first two derivatives, each satisfying the 
boundary conditions (2) and such that 

b 
lim | [f(x) — g,(x)/' dx = 0. 


Let the functions h,,(2) be defined by 
(pgm)’ — Wm = hur (m= 1,2,.---). 
Then” 


Jn (x) / G(2,t)h»(t)r(t) dt 


b @ 
= -f ~ ee hn (t)r(d) dt by (2.2) 


2 k=O k 
_ Se HE ele) 
k=0 Ne . 


b 
where Hi” = / gx(h»(tr(t) dt. The uniform convergence of the series for 


G(z, t) justifies the integration term by term. Given ¢ > 0, a number N exists 
such that 


b 
[ Ue) - a@ar < te 
and for this N a number M exists such that 
lonta) +E wl <(gt)  @sast 
\w(x) + 2, 5 — vn(x) < 4(b — a) as>27s5 ), 


Ince, p. 256. 





IIA 


), 
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because of the uniform convergence of the series. Then 


b M HS” ™ b ; 
i Ee + } in ~ ex(2) | dx = 2/ (f(x) — gy(x))’ dx 
a k=0 a 


Ne 
_— . | o € 2e(b— a) | 
+2] | onte) + 3 om gu(r) dx < 2-4 + 4(b — a) = € 


b 
But if a, = / S(Or(OHex(b dt, it is known that 


b M 2 b M I hy ) 2 
| | se) - > aves) | dz < i | s) +> eu(e) | dx <«. 
a k=0 a k=0 Ne 
Hence the system of characteristic functions is complete. 
Remark. An important consequence of the completeness of the set {ge(x)} 
20 b 
is that if the series po g(r) [ sore dt converges uniformly, it con- 
k=C la 


verges to f(x). 


3. Lemmas. The following lemmas will be used in the proof of Theorem 1. 


Lemma 2. Let F(x) and p(x) be continuous functions (a <= x S b) and let p(x) 


be positive in this closed interval. Divide the interval into M parts by means of 
the points % = a<a<a<---< ay =b. Let Aw = rin — 44, A4,F = 
F (zis) — F(xi), pi = min p(x) (a; S x S i41), and 


M—1 \2 
Aik 
Sy = ~ w Az. 
_ > (¥F) P 
Then 
Su Ss lim Su, 
max 4;2-0 
where the upper limit is laken for all methods of subdivision for which max Ajx — 0. 


Proof. Let Ss denote the sum obtained from S y by bisecting each interval 
(x; , Xin) by the point —;. A typical term of Sy can be written as 


AF A al F (241) Sri F(&;) F(&;) i reo] os 
(**) — | ha-a °° toa 


F (xi+1) ear a) (“ee ww re) | A 
al I( 2(ti+1 — &) * 2(& — 2) oaaee 
Pa = min p(z) (& Sz S Zin); Pie = min p(z) (x; Sz S &). 
Then 
\2 +...) — Fle)\2 e.) _ \\2 
(=*) aie a (Fie rie) ihn =a + (! (é) rn) ey 


Aix titi — & & — % 





Let 
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Hence 
Su S Sm. 
Let now Sy, Sai, Sai, +--+ be a sequence of sums each of which is obtained 
’ 1)? 2)? 


from the preceding by the above method of subdivision. Then 


Su S Su 3 lim Sui Ss lim Sy. 


max 4,770 
Lemma 3. If {¢:(x)} are the characteristic solutions of the problem (1), (2), then 
gilt) — 7p * (yi(z))? — 
(3.1) Lo sk, D> sk (a<x <b), 
kmo Mg k=0 =D 
where Ko and K, are constants. If in addition p(x), q(x) and r(x) have con- 


tinuous derivatives of ordersn — 1,n — 2andn — 2 respectively (a S x S b), then 


CJ (s) 2 
yf sk. (a $2 b;s = 2,3, ---,n), 
0 k 


where the K, are constants. 
Proof. By (2.2) 


G(z,t) = — > wlvielt | 


k 


the series being absolutely and uniformly convergent in x and t. If x = 4, 
the first of the inequalities (3.1) follows. Differentiation of (2.1) gives 


F b 
gla) = —d | G(x, t)r(gu(t) at. 


Then the {—gi(x)/Az} are the Fourier coefficients of G,(z, t), which is con- 
tinuous except for a jump of 1/p(x) at ¢t = z and is therefore bounded and 
integrable. Hence 


dy oH)" = [rH LG.(e, OPat S Ki. 


k=0 nz a 


In the case of the second derivative p’(x) is continuous, so from (1) 


(3.2) per + poe + (er — Qe = 0. 
Then 
” e 2 

Pee __ _PYk_ "ee , Wr 

rv = nu NH’ 

he rye 2 2 

(per) < a[ £9 4 ren) ee. 
NE vk Ne rN 
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The results already obtained show that 


> (en (2))” < 
mo 


(asazcsb). 


to 


wil 


Differentiation of (3.2) m — 2 times and division by i ""” give the general 


result by an induction. 


Lemma 4. If 63, = 0, then either 64 # 0 or the boundary conditions reduce to 


hyy(a) = hey’(a), hi + hi > 0, 
(3.3) 
y(b) = 0. 

Proof. Uf é4 = 0, then asd — aydss = agdi3 = 0; Bade — Bidse = Badig = O. 

Case (a). Hf not both ay and & are zero, suppose ag # 0. Then 63 = 0. 
Therefore 625 = O by (3), and agdeq — a2d34 = ayde3 = 0; a2b14 — andy = ad. = 0. 
Hence 6. = 623 = 0. This means that all six 6;; = 0, contrary to hypothesis (B). 
The same result is obtained if 6, ~ 0. 

Case (b). as = By = 0. Then d4 = 0 = 4, by hypothesis (3). If as = 0, 
b3 = a8; = 0. If 8; = O also, then either d2 = 0 or y(a) = y(b) = 0. If 
dy = 0, then all 6;; = 0, contrary to hypothesis (B). If y(a) = y(b) = 0, 
the boundary conditions reduce to (3.3) with he = 0. If Bs # 0, then a, = 0 
and U, = ay(b) = 0. a. # 0, for otherwise all the 6;; = 0. Hence U; = 
agl“s — Bol’, = aeByy(a) + acBsy’(a) = 0; and Ul’, = O and U; = 0 form a set of 
boundary conditions of the kind specified above. If a; ¥ 0, then 83; — asl’. = 
y(b)be3 + y(a)ii3 = 0. Since 6,3 = 0, y(b)dex3 = 0. But if do5 = 0, ayde3 — adi; = 
—a35;. = 0, so 52 = 0, contrary to hypothesis (B). Hence y(b) = 0. This 
and U’; = O are the required conditions (3.3). 

The boundary conditions therefore take one of three forms: 

(i) If ds, # 0, (2) can be solved to give 


y'(a)bss = —[y(a)du + y(b)éal, 
y' (b) ds = y(a)bys + y(b)be3 : 
(ii) Lf d3, = O but 64 40, (2) can be solved to give 


(3.4) 


y(ajirs = —y(b)da , 
y'(b)du = —[y(b)br2 + y’(a)dss}. 
(iil) If b34 = bj, = 0, the conditions become 
hyy(a) = hey’(a), hi + he > 0, 
y(b) = 0. 


(3.5) 


(3.6) 


4. Proof of Theorem 1. 
Casel: n= 1. Itis assumed that a sequence of constants \a,} (k = 0, 1, 2, ---) 


a 
° 2 : . . . ° 
exists such that >~ ajd, converges. The conclusion is that there exists a function 
k= 
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b 
f(x) which is absolutely continuous (a S x S »), | (f’(x))’ dx exists, and a, = 


free dx. It will be shown first that the series >> digx(x) is absolutely and 
a k=0 
uniformly convergent (a S x S b), and therefore defines a continuous function 
f(z) = Do awgr(z). 
k=0 
By Lemma 3 
<= Ko, a constant (as2zxb). 


Then 


N+™M N+M 
(Ze aed Leute) I? = (3 ae ia Al) 
< (> ain) (i aio) < Ko 3: adds). 
7 k=n NE ken 


wa 
. 2 
From the convergence of te aA, the result follows. 
k=0 
To prove the remaining conclusions consider 


~o 


R-—1 N 
F(x) = Few(x) = f(z) — Daele) -— DY aegr(z) = XO argi(a), 
k=0 k=N+1 k=R 


where R and N are non-negative integers, N > R. If the interval (a, b) is’ 


subdivided as in Lemma 2, and p(z) is the function p(x) of (1), write 
M—1 2 
AiF 
Su = — iA; 
” > (“*) P . 


as in Lemma 2. By Lemma 2 


(4.1) Su = lim Sn ’ 
wun donee 


where S,, is any similar sum for an arbitrary subdivision of (a, b). To find this 
upper limit consider 





N 2 
m—1 
Sn = bm > arAron pidix 
i=0 so" armen 
A;x 
m—l N N 
Aiger Aigi 
= i axa, —— - - Aix 
2m 2 daa a a 


N N —1 Ai ge A; it 
= 2, 2am 2 vs in’ ao 





The 


If ( 


lk = 
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ection 


») is’ 
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Since p(x) is continuous and ¢;(z) has a continuous derivative, 


‘ N b 
(4.2) lim S&S, = in Yaa [ per(aer (x) dz. 
k=R l=R ( 


mo i 
max 4;2-0 


Integration by parts and use of (1) give for the right member 


N ON ¢ b 
(4.3) . aj; Ay {[pereils _ / on — Ar) ar) ‘ 
R a } 


k=R l= 


The three forms of the boundary conditions listed after Lemma 4 can be con- 
sidered separately. If (3.4) is true, the integrated terms in (4.3) become 
N N 
> } a, alAg(b)eilb) + Berladgila) + Cer(ader(b) + Dex(b)gi(a)), 
k=R 1=K 
where A, B, C and D are constants independent of k, 1, R, N. If (3.5) is true 
they become 


p(b)yex(b)ei(b) — pla)Ax(a) g(a) 
1 - 
= — — [gx(b)¢i(a)(p(b)dis — p(a)be4)] — oie p(b)ex(b)gil(b). 
14 Ou 
The square bracket vanishes, by (3), so the integrated terms reduce to 


> D axa, A ge(b)gilb). 


k=R l=R 


If (3.6) holds, the integrated terms either vanish or take the form 
N N 
DL aca Bex(a)¢i(a). 
k=R l=R 


N 
Then if > ajg,(x) is set equal to Pe,v(x), the equation (4.2) becomes in each case 
k=r 


N b 
lim S, = AWz,w(b) + BYz.w(a) + Che,w(a)e,w(b) + Qaihs — i We.w(x) dx, 
R a 


mo 
max A,;z-0 


where A, B and C are constants, independent of R and N. By (4.1) S» is not 
greater than this. If M and R are held fast, while N — ~, 


M-1 R=1 ya 
lim Sy = pk Fe — Zz ak an) pidix 


No i=0 A;x k=0 A;x 
(4.4) < A lim Ye.w(b) + B lim ¥z,w(a) + C lim pe, (a) lim Pe,w(b) 
No N-oO N-o N--o 


a) b 
+ Dax — lim [| gpen(2) dz. 
k=R Now “a 
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i) 

Since the series 7 ag(x) has been shown to be uniformly convergent (a < 
k=0 


< b), lim Pe,n(x) = D> ay.(r) = Ve(x). Hence 
N- Oo R 


lA 


E) b 
ik lim Su S AWé(b) + BVG(a) + C¥x(a)¥e(b) + D abds / qv, dx 
" N-o =R a 


= Br, 
say. If Ris chosen as zero, (4.4) and (4.5) show that 
M—1 2 
Aif 
cae Aix =< B ; 
x (* t) P , 
a constant, for all M. Then by a theorem of Hahn” f(x) is absolutely con- 
b 
tinuous, f’(x) exists almost everywhere and / (f’(x))’ dx exists. This completes 


the proof for n = 1. 
To prove the corollary observe that if R # 0, (4.4) and (4.5) show that 


M-—1l1 , R-1 
os (4 ~ Bot 9] pdixt < Bp, 


imo \A;x k=0 Aix 


so that Hahn’s theorem proves that 


[ s nn Br 
_ a a. 
|, Si 2, aren) de min p(x)’ 


lim Br = 0, since lim ¥a(x) = lim >> aw, = Ouniformly (a < x <b). There- 


Ro Rw Ro k=k 


fore the derived series converges in the mean to f’(z). 


Case 2: n = 2. By hypothesis >> aid; converges. The function 
k= 


f(z) = ) angr(2) 
k=0 


is continuous with its first derivative, for 


N+M 


. M N+M ) 
(Xo | a ll oils) |)? = (> lex | Re - a =2)) < (S a pa( a (eu(2) 2). 
By Lemma 3 the second parenthesis is < K, , a constant, and the convergence of 
b> aj; shows that the first parenthesis can be made arbitrarily small by choosing 
t=0 


18 Hahn, Monatshefte fiir Math. u. Physik, vol. 23(1912), p. 172. Or ef. Hobson, Theory 
of Functions of a Real Variable, Cambridge, 1927, vol. 1, p. 672. 
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N sufficiently large. Hence the series >> a, gx(x) is absolutely and uniformly 
k=0 
convergent, so that f’(x) is continuous. 
The function F’(z) = Fz, v(x) is defined by 


R—1 -) N 
Frew) =f'(2) — Dagi(z) — DS acgi(z) = DL arei(z). 
k=0 k=N+1 k=R 
Then as before let 


’ M—1l1 AL 2 ‘ 
S' = ym (‘“! ) pi dz. 


i=0 A;zx 


Then by an argument similar to that used in the previous case 


N ON b 
’ ° ’ 2uu 
Sus iim S,= > . axa | P oe gi dz. 
m0 k=R l=R a 
max 4;2-70 


Use of (1) and occasional interchange of the subscripts of summation k and 1 give 


b N b N N 
lim S, = / ¢ (2 ang) dx — 2 | p'a( 2s axex) (20 agi) dx 
moO a == a = = 
max 4;2-0 


b N b N 
(4.6) + i (2 a vk)* dx + [ r (2 ax degx)* dx 
a =R a c=R 
b N N b N N ? 
—2 / rq( > Axx gr) ( > agi) dx + 2 rp’( ye x Ae gr) ( > ai¢1) dz. 
a k=R l=R a k=R l=R 


The uniform convergence of >» a.g,(x) and ; a,ex(x) shows that the first three 
k=0 k=0 


terms of the right member of (4.6) are bounded. The fourth term can be 
written 


b N b N N 
/ r(>> an XK r gr)? dx an (max r(x)) .| > pm On Qi AcALT ER GI dx 
a k=R a k=k l=Rk 


lA 


N 
(max r(x))( >> atdz) < A, a constant, 
kmr 


io 

— 2,2 " - ‘ . 

since ps ad; converges by hypothesis. By Schwarz’ inequality the absolute 
k=0 


value of the fifth term is 


| b N N 
2 / q( 2 aig) (2 andxT’ gr) ae 


N 


b N b N 4 
4 2 lf grid argi)® ar. [ 2 > QnA ALTER GL az | 9 


R l=Rk 
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" 

and so is not greater than BID ai dil’. The sixth term can be treated similarly. 
a 

Hence the theorem of Hahn already used shows (if R = 0) that f’(z) is absolutely 

continuous, f’’(x) exists almost everywhere and [ [f’’(x)} dz exists. If R ¥ 0, 

the repeated limit, as first N and then R hanonion infinite, is zero, so that 


” . , 
} age (x) converges in the mean to f(x) as R— x. 
k=0 


Before we proceed with the proof for n > 2, it is convenient to prove , 
20 b oo 
. . 2.0 
Lemma 5. If f(x) = 7 a.g.(x), where a, = / fre. dx, and if Dd aint 
k=0 a k=0 


converges, where t is an integer = 0, and if hypothesis (C) is satisfied with n = 1, 
then the functions G(x) as defined by (1.1) exist and satisfy the relations 


(4.7) G(x) = DY ardiex(x) (s = 0,1,2,--- , [3¢]), 
k=0 


the series converging absolutely and uniformly (a S x S b). 


Proof. If t = 0, G = f(z). 

If t = m > 0, assume the theorem true for? = 0,1, ---,m-—1. If mis odd, 
[3m] = [3(m — 1)] and hence nothing is to be proved. If mis even, say m = 2%, 
then the G,(x) exist and satisfy (4.7) for s = 0,1, 2, --- ,7 — 1, and it must be 


. 2, 2i+1 
proved that if >> aa; *' converges, 
f=0 


Gi(x) = Lu ardier(2), 


the series converging absolutely and uniformly. Now 
, ft , “7 
—_ rG (x) = L(G) = pGin a p Gin — qGin 


° ° ° ran ° we 
if the right member exists. The formal series for G;.(2) and G;_,(x) converge 
absolutely and uniformly, for 


N+M 


N+M | ” l 2 
j—_ | ” 2 ° Ke 
(Do lavas | | e& |) -(% | ay | net. ) 
k=N k=N Ne 
N+M MLE ( vy? 
S } » ant”) — ). 
k=N k=n Yj 
J . 
By Lemma 3 the second parenthesis is uniformly bounded, and since po 
k=0 


converges, the first parenthesis can be made arbitrarily small by taking N 
sufficiently large. Then the formal series for G(x) converges absolutely and 
uniformly. A similar argument holds for the series for Gi-s(z). Since the series 





f 


be 


‘ge 
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for G;_,(x) converges absolutely and uniformly by hypothesis, the derived series 
’ 77] . vn 
converge to G;_;(x) and G;_,(x), respectively. Therefore 


oe 
~~ = p> ard [per + p' or — qeul 
0 


~ . 
_ ag de eT GR 


k=0 


by (1), so 
=> ) Ab AEGR- 
k=0 


Case 3: n > 2. 
(a) n= 2m+1. The hypothesis is that 


~ 


(4.8) > an 


k=0 


converges. The function f(x) is defined by f(z) = >> axg:(x). Also 
k=0 


nee ey a HE te aes Low 
(Ze Jae] | (2) DP = (Se Law jane 198 GN) 


nett 
N+M N+M gh” 
f 2, s+ (x))° 
(& aasy(2 SO”), 


By Lemma 3 the second parenthesis is S K, , a constant, and (4.8) shows that 
the first parenthesis is arbitrarily small for N sufficiently large, provided that 
s < 2m. Hence the series for f(x) can be differentiated term by term 2m times, 
the resulting series being absolutely and uniformly convergent. 

By Lemma 5 G,(z) exists and 


(4.9) 


iA 


G,(x) = > ar dt ge(X) (s = 0, 1,2, ---, m), 
k=o 


the series converging absolutely and uniformly. Hence the Fourier coefficients 
of Gn(xz) are az = B,. (4.8) shows that >> BzA, converges. Consequently 
k=0 
Theorem 1 for n = 1 can be applied to G,,(x) to show that G,,(x) is absolutely 
b 


continuous and f [Gu(z)}* dz exists. But 
= 1G, = (pG%)' — ao = (Wf'Y — af, 
— Gh = 1G, + (f'Y" — Cf’ 
= (of')" — (af — Ll@f'Y’ — af, 
— 1G, = (pG)' — a 
= -[Picry” - a — try - a] + Lary - at 
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Continuation of this process gives 


—_ 1TGm (pGy,1)’ —_ qGm—1 


(4.10) 


Il 


a 7 + LYS, f, we ——o. 


where &(f, f’, --- ,f°""”) is linear in the indicated derivatives of f(x) with 
coefficients which are polynomials in p(x), g(x), 1/r(x) and their derivatives up 
to and including those of orders 2m — 1, 2m — 2 and 2m — 2, respectively. 
f°” (2) is absolutely continuous since f°” (x) is continuous on account of the 
uniform convergence of its series, and p(x) and r(x) are nowhere zero, so (4.10) 
shows that f°” (x) also is absolutely continuous. This, with the hypotheses on 
p(x), q(x) and r(x), shows that &(f, --. ,f°"””) has a continuous derivative, 
and, since G(x) exists almost everyw “at ‘re and its square is integrable, (4.10) 


shows that [ [f°"* (x)} dx exists. 
(b) nm = 2m. The hypothesis is that > ani” converges. Definition of 
k=o 


oO 
f(z) = D axgx(z) as in (a) gives a series which can be differentiated term by 
k=0 


term 2m — 1 times. By Lemma 5 G,(z) exists and 
G(x) = 2 aedign(2) (s=0,1,2,---,m—1). 
0 


Also, the series for Gn«(x) can be differentiated term by term once. Hence 
, " . a - 
Gm-a(Z) is continuous. The coefficient 


b 
v= | Gu ale)r(a)gr(2) dz = adi, 


so that 
> Aint = > ade” ?-XZ = > aini” , 
k=0 k=0 


a convergent series. Hence Theorem | for n = 2, applied to G,,_;(2), shows that 


b 
Gi,a(a) is absolutely continuous and [G_1(x)° dx exists. As in (a) 


(4.11) —1Gna = (pGhs)’ — qGn—2 = ‘. 


m—2 


Wien aes -) + Lf, f’, - , “<r. 


Differentiation shows that f°” (x) is absolutely continuous, and a second 
differentiation shows that f°” (x) exists almost everywhere and that its square is 
integrable. 
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Proof of the corollary. ‘The inequality (4.9) shows that the series 
f (2) = D> age (z) (s =0,1,2,---,n—1) 


converge absolutely and uniformly, and the first part of the corollary is proved. 
The second part was proved for n = 1 under Case 1. If n = 2m + 1, (1) 
shows that 


— rhipe = (pyr)’ — Q¢%. 
Multiplication by a,A% gives 
— rande go, = (pardrge)’ — qardEve (s = 0, 1, 2,---,m — 1). 


Since aA; is the k-th Fourier coefficient of G,(x), this relation shows that 
each term of the series for G,(x) satisfies the same recursion relation that G,(x) 
satisfies. That is, if 


) 
Af = ak Nz ; 


then 

(4.12) —rAx gr = (pA? gx)’ — GAs? ge. §=(s = 1,2, «++, m) 
In particular, 

(4.13) —rAk’ ge = (pAk gx)’ — GAR ge, 


—rAf” gx = (pAg? ge)’ — GA ge. 
Differentiation of (4.13) gives 
—rAR? ge = 1’ Ak? ge + AR (per)” — AL (gern) 


/ 


, 
=— — Al (pgi)’ + " Af? ge + Ak (per)” — Ak (qen)’ 
from (4.13). That is, Af? ge is expressed as a linear combination of Af ¢: , 
Ap ge, A oe and AL gx’, the coefficient of the last being —p/r and the other 
coefficients being polynomials in p(x), q(x), 1/r(x) and their derivatives of orders 
2, 1 and 1 respectively. Writing (4.12) successively for s = 1, 2, --- ,m and 
repeating this process show that 


m ™ y" 2m) m 
(4.14) —rAg” ge = —randi ge = ange” + Lange, Geek, +++, eee” ”), 
where {( ) is the same linear form as (4.10). Summation of (4.14) 
from k = 0 tok = N and subtraction from (4.10) give ’ 


N m 
m i} 2m) 2 
-r(G. - Dade) = (sf -> argh”) 
k=0 


rm-l 


+ X[f — 2d ae, if - 2 aetl; we fr ~ Lay (2m—Dyy. 
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Differentiation and rearrangement give 


att, « »» ak gh) —fT ; > an dAk Gx) 
N ' 
+ Bf — >» ax yrl, see, jo; = } args”) 
_ =o 


™m™ 
ia Fo (fort _ > as Pa HD) 


where %( ) is a linear form whose coefficients are continuous. Hence 


b 


2m N b N 
4 2 2 © , 4\9 
Fa FO"? — Deagl)*de $3 [ AG. — Y art oh)" de 
“ta k=0 a k=0 


b N b 
+3 f Gn — DY artes) dz + 3 [ Sac. 
a 0 a 


G(x) satisfies the hypotheses of the corollary for n = 1, as was shown in the 
second paragraph of Case 3. Consequently the first integral on the right 
approaches zero as N — «. In the other integrals on the right each series 
converges uniformly to the function from which it is being subtracted. Hence 
these integrals approach zero as N — «, and the corollary is proved. 

If n = 2m, it was shown in the proof of Case 3 (b) that Theorem 1 for n = 2 
could be applied to Gn-4(x) to show that G;,,(x) is absolutely continuous and 


nn . : : + | 
[ [Gr_s(x)} dx exists. The Fourier coefficients of Gn—+(z) are a,Az", as was 
a 


shown in Lemma 5. Hence 


b 
lim / G2 — > ade gx)’ dx = 0, 


N-0 
and (4.11) proves the corollary, by an argument similar to the preceding. 
5. Proof of Theorem 2. 


b 
Case 1: n= 1. If f(x) is an absolutely continuous function such that [ (f’(x))* dx 
exists and f(x) satisfies any boundary conditions y(a) = 0, y(b) = 0, y(a) = Ky(b) 
which may be implied by (2), then } aj A, converges. 
k=0 


Proof. If F(x) satisfies the hypotheses of the theorem, and if in addition 
b 


F’’(z) is piecewise continuous (a S x S b), let Ay = [ Fre, dx. Let 


b b 
/ pF” gx dx + / p’ F’ ox. dx = bk + cx. 





In 


T 
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Integration by parts gives 


b b b 
bi + ce = F’pge — / F' (pee + p’gx) dx + i p’F' go dx 
\a a a 
(5.1) Rhy te 
= p(F’g. — Fei) | + i F(q — Aeron dx 


after a second integration by parts and the use of (1). In the three cases of the 
boundary conditions listed at the end of Lemma 4 the integrated terms become 
respectively 

Ag,(b) + Be,(a), Agx(b), Beg,(a) or zero. 


The arguments are those used in the simplification of (4.3), if it is remembered 
that F(x) satisfies some of the boundary conditions if (3.5) or (3.6) holds. Then 


b 
if dy = Fag: dx, (5.1) gives 
Ard = Agn(b) + Bex(a) — bk — ce + dk, 
Ain S 5[A* gi(b) + B’gi(a) + bi + ck + dil, 
2 2 2 2 2 
~| 2 ¢e(b) 2ge(Q) , be , Ck é) 
5| 4 ‘ +B ‘ cere rer 


Here A and B are constants depending on p(a), p(b), F(a), F(b), F’(a) and 
F’(b) only, and by , c, and d; are respectively the k-th Fourier coefficients of the 


Aim 


IIA 


piecewise continuous functions pF’’/r, p’F’/r, and Fq/r. Therefore > ti, 

k=0 
> ci and >> di converge, and Lemma 3 and (5.2) show then that Zz Ady 
k=0 k=0 k=0 


converges. Hence > Arg; converges absolutely and uniformly to F(z), by the 
k=0 


argument used in Theorem 1, Case 1 and the remark at the end of §2. 

To complete the proof the three cases of the boundary conditions will be dealt 
with separately. If (3.4) holds, let f(x) be a function satisfying the hypotheses 
of the theorem and let F(z) be a function with piecewise continuous second 
derivative such that 

‘ ” y\2 é 
(5.3) [o —f')dr< ae 


where e will be specified later. Then 





| F(z) — fiz) | $ | F@ -40\+| [ (F’ — f’) de 


’ 


where & is any number in the closed interval (a, 6). Therefore 


| F(z) — fe) | S| F@ - $0 \ +| | “(Rf dz-(@ — 8) 
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by Schwarz’ inequality; a fortiori 


b j 

(4) |P@)-s@)|s|F@-s@1+[f Hr -N*ar-o- 0]. 

If é is fixed arbitrarily and F(£) is chosen equal to f(é), 

(5.5) | F(x) — f(a) | <e (asx b). 


Now 


b N 
0< [ p(k’ — De Acet)* de 


b N b N N b 
= i pF" dz — 2% As | Fp. dz + > Y AA | peng: dx. 
a 0 a a 


k=0 l=0 


Integration of the second and third terms by parts and use of (1) give 


b N b b 
0s / pF” dz — 2 & Ax | pret =... / F(q —_ NET) Gk az | 
a 0 a a 
N N P \b b 
+ > > AnAi| pete - / eld — Arr) gE az | 
(5.6) ah, ‘ : “g) : 
= / pF” dx + 2 > As | Fag, dx — r yi AA: [ gener dx 
a k=0 a k=0 l= a 
b 


N N b N N 
_ 8 Aid — 2 , ArpF ge | + pm  » Ar Arpergr 
k= k=0 - eo 


a 


By the use of (3.4) the integrated terms can be written 
N N N 
Q=A D Angilb) + BD Avgula) + C(L Angr(b))? 
i=0 k=0 s k=0 3 . 
+ D(> Axgs(a))* + E(> Argx(a)) (> Axgx(b)). 
k=0 k=0 k=0 
The series are all uniformly convergent to F(a) or F(b), as was shown in the first 


part of the proof, and A, B, C, D and E are constants depending only on F(a), 
F(b), p(a), p(b), 1/63, and the 6;;. Then 


N b b N b N 
> Aim S / pF” dx +2 / Fad Axgr) dx — / ad Axgx)” dx + Q. 


lim Q is the sum of a finite number of products of some of F(a), F(b), p(a), p(b), 


N-o 


1/d3, and the 6;;. Then (5.5) shows that limQ < M, a constant involving 


N-o 


similar products of some of f(a), f(b), p(a), p(b), 1/534 and the 6;;. Hence 
N CJ b b 
(5.7) > Aim SD Aim S / pF” da + / qgF* dx + M, 
k=0 k=0 a a 


where M is independent of F(z). 





sin 


Th 


ar 
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Now let ¢ and F(z) be chosen so that 
b ; i | | fe ns 
/ pF” dz — / pf’ dx| <1 and ‘| qk’ dx — / of dx| <1. 
a a | a a | 


The first inequality can be obtained because of (5.3) and the second because of 
(5.5). Then (5.7) can be replaced by 

N 20 6 b 
(5.8) > Aim S Do Aim S pf” dz + | qf’ dx + M +2. 


k=0 k=0 


For every fixed N, F(z) can be still further restricted so that 
N N 
| >> Aiu. — D aku] < 1, 
k=0 k=0 
since by (5.5) 
| fe l b 
|Au—ax|=| [  -Srovde|<ef rleelde (k = 0,1,---, N). 
a | a 
Then (5.8) can be replaced by 


N b b 
2, ad < | of? de + [ of’ dx +M +3. 


This inequality holds for every N and its right member is independent of F(z). 
Therefore & aj, converges. 
0 
If (3.6) holds, the proof is similar. The point z = & in (5.4) is chosen as 
z=b. The integrated terms in (5.6) vanish at « = b and at the other end-point 


hegr(a) = Iyyx(a)."* 
In the third case (3.5) holds. Let G(x) be a function of class C’” such that 


b 2 
/ (@’ — f')’ dx < 5 : 7 where 6 < (b — a)’, 
and G(a) = f(a). Then 
(5.9) | G(x) — f(z)| <6 (asz3sb), 
as before. Now let 
G(z), aszxsb-@, 


F(x) = , : 
G(x) + Coz” + Ciz + Co, b-—& Ss2xb. 


14 The result in this case can also be proved by using f(z) instead of F(x) in (5.6). The 
oo 
problem is a Sturm-Liouville problem and it is known that f(z) = ) awx(z). This makes 


k=O 
the approximation by F(z) unnecessary. 
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The constants C; are determined by the conditions 
Fb-#)=Gb-38), F(b-#)=@b-—8), Fb) = f(b). 
This means 
Co = =, C, = — 2(b — 38’) ae, 
C2 = f(b) - G(b) —= Cob” = Cyb. 
By (5.9) | Co | < land C, and C, are bounded. Then 


b b b b 
i F* dz s2[ GP de +2 | (20x + Cy) dx = 2 [ ¥” dx + O(8). 
b—i bs! b—3t bat 


6 


Thus F(z) is a function whose second derivative is piecewise continuous (a S 
x < b), the only possible discontinuity being a jump at x = b — 6. Furthermore 
F(x) satisfies the same first boundary condition 64/(a) = —é4F'(b) as f(x), and 
given any e > 0 


b 
[ w@ - Per dr <e 
if 6 is suitably chosen. Then the previous proof can be carried through. 
Case 2: n = 2. The hypotheses are that f'(x) is absolutely continuous, f(x) 
b 


satisfies the boundary conditions, and | [f’"(«)}’ dx exists. The equation (5.1) 


is now 


b b 


b 
bi + ce = plf’'gr — for) + | Sage dx — r | Srox dx. 


The integrated terms all vanish because f(x) satisfies the boundary conditions, 
as is seen by substitution. The three cases of the boundary conditions can be 
considered separately. Then (5.2) becomes merely 


aidhi < 31bt + ce + dil, 


i 3) 
2,2 
so that ; M ay At CONVerges. 
k=0 


Case 3: n > 2. The proof is by induction. If n = 1 or 2, the theorem has 
already been proved. If n = 2m, the theorem is assumed true for n = 2m — 1 
and the hypotheses for n = 2m are assumed to be satisfied; viz., f°"? (2) is 


b 
absolutely continuous (a S x S b), / [f° (a) dx exists, and Gy) = f, G,, +--+, 


Gm—1 satisfy the boundary conditions. The conclusion is that > ayn” converges. 
k=0 


From the definition 


— Gna = (PGma)’ — Wma = UGS +» f°"), 





ar 


so 


be 


8. 
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a linear combination of the indicated derivatives of f(x), the coefficients being 
polynomials in p(x), q(x) and 1/r(x) and their derivatives of orders not greater 
than 2m — 3, 2m — 4 and 2m — 4, respectively. The hypotheses on f(x), p(z), 
g(x) and r(x) imply that d&/dz is absolutely continuous, that d’@/dz’ exists 


b 
2, 2)2 ° \* 

almost everywhere and that / [d°&/dz’} dx exists. Since r(x) has at least two 

. . . . : . / . 
continuous derivatives and is nowhere zero, it follows that G,,.(x) is absolutely 

b 

° ft 2 ° ‘ . ° 

continuous and / [Gn—1(4)} dx exists. Consequently G,,;(2) satisfies the 
a 


hypotheses of the theorem for n = 2. Then if 
b 
Ax = / Gini TOR dz, 


wo 

2,2 
= Axd converges. 
k=0 


The hypotheses of the theorem for n = 2m are sufficient for n = 2m — 1, 
and the theorem is therefore true by the induction hypothesis. Then the 
argument of Theorem 1, Case 2 shows that f(x) = De aix(x), since the set of 

k=0 
functions {g;(2)} is known to be complete. Then Lemma 5 shows that 


Gm—1(x) _ +» ade '¢x(x), 
k=0 


so that 


Ak = ar. 
io} 3) 
2,2 2,2 
Hence >, ajdt” = D> ARM converges. 
k=0 k=0 


If n = 2m + 1, the theorem is assumed true for n = 2m and the further 
b 
hypotheses are now: f°” (x) is absolutely continuous, / fe"? (x)P dx exists, 


Go = f, Gi, --- ,Gm-4 satisfy the boundary conditions and G,,(x) satisfies any 
boundary conditions y(a) = 0, y(b) = 0, y(a) = Ky(b) which may be implied by 
(2). Now 


—1Gm = (pGna)’ — Gms. 
As in the previous case it follows that G,,(z) is absolutely continuous and 


b b 
/ (G:.(z)? dx exists. Then if B, = / Gmrg,x dx, the theorem for n = 1, 


applied to G,,(x), shows that > Bir, converges. 
k=0 
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& 
| 


_ [ (p@i.)' ge dz + [ qGGmigr dx 


b b b 
= —rG@rage + [ pGrsetde + [ aGnree de, 
or 
, , , ‘v7 ? 
(5.10) B, = — [p(Gm—1¢e = Gnagol = | Gm—1(per) dx + / GGm—1 Gk dz. 


The integrated terms vanish on account of the boundary conditions, and use of 
(1) reduces (5.10) to 


b 
B, = re | Gn er dz. 


As before Lemma 5 shows the right member to be 


-1 
Anak Ag ° 
 <) io) 
2, 2m+1 2 15 
Hence >> ajdz”"*! = >> Bid, converges. 
k=0 k=0 
Tue UNIVERSITY OF ROCHESTER AND BROWN UNIVERSITY. 


18 Since 


NiM . NM ; (i) \\? 
(>. jax | Ag! 4” I)" _ (x | an | agrte*t . le) (j = Oor 1) 


k=N k=N ati+t 
NiM ; NLM / (i))s 
5 (XE anger). (SEEN), 
k=N 


i 2) 
the argument from Lemma 3 used before shows that the series : ay non” (x) are absolutely 


k=0 
and uniformly convergent if 2i+j7-+12 n. Hence the series for Go(x), Gi(x), --+ , Gn-i(x), 
Go(x), Gi(z), «++ , G@a-a(z) (and Ga(x) if nis odd) are absolutely and uniformly convergent, 


and since they satisfy the boundary conditions term by term, the hypotheses (b) of Theorem 
2 are seen to be necessary conditions. 





of 





THE JACOBI CONDITION FOR UNILATERAL VARIATIONS 
By J. D. MANcILL 


The simplest type of parametric problem of the calculus of variations is that 
of minimizing an integral 


te 
J= F(z, Y; 2’, y’) dt 


1 
in a class of admissible curves 
(1) r=2x(t), y= yd (4 S$ t S bh) 


joining two fixed points 1 and 2 in the zy-plane.’ We shall suppose that the 
integrand function F(z, y, x’, y’) satisfies the usual continuity and homogeneity 
properties for (x, y) in a region R of the plane and for all (z’, y’) ¥ (0, 0). 
A curve (1) will be called admissible if it lies in or on the boundary of a region 
R’ within the region R and is of class’ C’ except possibly at a finite number of 
corners. 

A familiar formulation of the Jacobi condition states that there shall be no 
pair of conjugate points on any are of a minimizing curve Ey» which lies interior 
to the region R’, is of class C’, and has F; # 0 along it. The well-known geo- 
metric proof of this condition by means of the Kneser envelope theorem of a 
one-parameter family of extremals does not necessarily apply to every extremal 
are of Ey in the case when Ey. may have ares in common with the boundary of 
the region R’ of admissible variations, and so far as the author knows, no use 
has yet been made of the second variation in this connection. There is no re- 
striction on the length of the ares of the minimizing curve in common with the 
boundary of R’ which are not extremals as the sufficient conditions of Bliss* 
show. The purpose of this paper is to show that by means of the Kneser 
envelope theorem and two additional properties of the envelope we are able to 
complete the proof of the Jacobi condition for the situation just described.° 

Suppose, for sake of illustration, that the minimizing curve EF, is an extremal 


Received July 31, 1939; presented to the American Mathematical Society, December 
29, 1939. 

1 We shall denote all derivatives with respect to the independent variable ¢ by primes 
and all others by subscripts. 

2 See, e.g., O. Bolza, Lectures on the Calculus of Variations, University of Chicago, p. 117. 

3 For a definition of the term class as here used see Bolza, loc. cit., p. 116. 

4G. A. Bliss, Sufficient conditions for a minimum with respect to one-sided variations, 
Transactions of the American Mathematical Society, vol. 5(1904), p. 491. 

5 Incidentally, the results of this paper are of historical interest since they eliminate 
the restriction, in the case of the geometric formulation, that the envelope have aregres- 
sive branch at its points of contact with the minimizing curve. 
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and contains an are, say E34, in common with the boundary B of the region R’. 
Suppose also that the function F;(2, y, x’, y’) is different from zero along Ej: . 


Let 
(2) r= 9(t,a), y= V¥(t,a) 


represent the one-parameter family of extremals through the point 1 which con- 
tains Ey» for S t S ,a =a). Weshall now prove the 


THEoreM. If the extremal E\2 contains a point of contact with the envelope of 
the family of extremals (2), excepting possibly the point 2, then Ey. cannot minimize 
the integral J. 


Suppose that £12 has the point 0 as its first point of contact with the envelope 
of the family of extremals (2). Then the equation 


\de @ 
Dit,a)=| || 
| Vt Wa 
has the solution (t, a) = (t , ao) and thus determines the function ¢ = ¢(a) which 
is of class C’ near a = a, since the derivative D;(t , a) is not zero.’ Con- 
sequently, the equations of the enveloping curve of the family (2) takes the 
form 


e: X(a) = ¢lt(a), a], YY (a) = y{t(a), al, 


where the functions X(a) and Y(a) are of class C’ near a = a. 

Let us suppose that the functions X(a) and Y(a) are of class C” in the 
vicinity of a = a,’ that for a = a their derivatives of order not exceeding 
r — 1 vanish, but that the r-th derivatives do not both vanish. Then Bolza’* 
has shown that the relations 


where a — @ = er, € = + 1,m= er (n+), n ¥ 0, and lim p = 0, hold 


r=0 


near tr = 0. An easy calculation shows that the relation 


Dilt(s), ne” + y*y? = m2 2), 
where 1/p and 1/r are the curvatures of e and that member of the family (2) 
tangent to e respectively, holds in the vicinity of r = 0. From this relation it 
is easily seen that in the subcase (A) considered by Bolza,’ the curve e lies entirely 
on one side of Ey. in the vicinity of the point 0 and that in his subcase (B) the curve 
e crosses the extremal Ey at the point 0. 


® Bolza, loc. cit., p. 200. 

7 This is the case, for example, when the integrand function F is of class C°*®. 
8 Loc. cit., pp. 201-202. 

® Loc. cit., p. 202. 
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The theorem can now be proved by means of the well-known Kneser envelope 
theorem in the subcase (B,) of Bolza and also in his subease (A) if the envelope 
e lies entirely on the left (when the admissible region lies to the left of the posi- 
tive direction of the boundary B) of Ey» near the point 0. We shall suppose 
that the parameter a is chosen so that the branch of e under consideration and 
the extremal Ey. have the same positive direction at the point 0. Now, in sub- 
case (B.) of Bolza and in his subcase (A) when e lies to the right of Ey» in the 
vicinity of the point 0, consider the members of the family (2) tangent to e for 
a@ S aS a+. These members intersect E12: beyond the point 0 for ¢ suffi- 
ciently small, since the branch of e under consideration is entirely on the right 
of Ey near a and these members are tangent to e beyond a). We shall now 
show that they simply cover the region of the zy-plane determined by the equa- 
tions (2) for 


z.: @Sasmrte, ta) -—6 StS ta), 


if e« and 6 are sufficiently small. 

We may suppose that $’(& , ao) > 0, since Ey, is non-singular at 0, and thus 
every ordinate in the interval 2» S x S x2 + 8 defined by Rua is crossed once 
and only once by each extremal are defined in this range if ¢ and 6 are sufficiently 
small, since Ey». crosses the ordinate x = x»). Consider the unique value of t 
for which a given extremal corresponding to a value of a crosses the ordinate x. 
This is a function (2, a) which satisfies the equation 


x = $(t, a) 


and by the usual theorems on implicit functions is therefore of class C’ near 
(29 , do). The only points (x, y) in the interval 2» S x S 2 + 6 corresponding 
to the region Ri; by means of the equations (2) are those which satisfy the 
equation 


(3) ; = vit(z, a), a| = y(z, a). 
The derivative of y(z, a) with respect to a is readily found to be 


_ Dit(a, a), a] 


UelZ, a) = ins, a), al” 


Therefore, on any ordinate x» S x S 2% + 8 the value of y continuously increases 
or decreases for a in Rig according as the sign of the determinant D is positive 
or negative, since D retains its sign for the range R,,. It is thus clear that the 
points of the region Rj are in one-to-one correspondence with those of the 
region defined by the equations (2) if « and 6 are sufficiently small. The single- 
valued functions ¢ = t(x, y) and a = a(x, y) which determine the unique extremal 
of the family (2) through each point of this region, are of class C’ interior to the 
region, since for such values (¢, a) the functional determinant D(t, a) of equations 
(2) is different from zero, and are continuous on the boundary. 
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Let us consider the family of admissible curves 
xz = $lt, a(u)], y = vit, a(u)), 4 StS tu), 
x = &(t) = ot, a), y = g(t) = It, a), usSt<h, 


where ((u) = ¢[x(u), y(u)] and a(u) = alx(u), y(u)| determine the unique ex- 
tremal of the family (2) through each point of the curve Ey in the interval 
Uw Susute. The function 


I(u) = I(E.) 


is continuous on uv S u S vu + e€ and has a derivative on uw <u S uw + € 
for e€ sufficiently small. By making use of the extremal property of the members 
of the family (2) and the homogeneity property of the integrand function F, 


it can be shown that the derivative of J(u) takes the form 


I,(u) = Fp # + Fy a | — F(z, y, 2’, y’) |" 


Ey: 


(4) 


_ —&(z, y, 2’, y’, 2’, 7’) , 


where &(z, y, 2’, y’, 2’, 7’) is the Weierstrass G-function. Since the curve Ey» 
is supposed to minimize the integral J, it follows that &(z, y, x’, y’, p,q) 2 0 
along Ey for all (p,q) ¥ (0,0).”° If the function F; is different from zero along 
Ey, then F(z, y, x’, y’) > 0 for all elements (2, y, 2’, y’) in a certain neighbor- 
hood of those along Ey. Hence" &(z, y, x’, y’, p, g) > 0 along each member 
of the family (2) sufficiently near Fy. for all directions (p, q) sufficiently near 
the direction (x’, y’) of Ew. Also, we have 
lim [¢’(t(u), a(u)), ¥’(t(u), a(u))] = (2, 7’). 


u=uo 
Therefore, it follows that 
S[p(t, a(u)), w(t, a(u)), '(t, a(u)), W(t, a(u)), #, 9" > 0 


for u <u < uw + e if ¢€ is sufficiently small. Thus it follows from equations 
(4) that I,(u) < 0 for u > w but sufficiently near uw. Therefore, the curve 
Ey» could not minimize the integral J. 


UNIVERSITY OF ALABAMA. 
10 L. M. Graves, A proof of the Weierstrass condition in the calculus of variations, Ameri- 


can Mathematical Monthly, vol. 41(1934), pp. 502-504. 
11 Cf. Bolza, loc. cit., p. 140. 
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DIVISIBILITY PROPERTIES OF INTEGRAL FUNCTIONS 
By OLar HELMER 


1. Introduction. So much is known today about the divisibility properties 
of polynomials and the relation between their zeros and their coefficients, and 
so little about the corresponding properties of integral functions, that it is 
tempting to try to transfer some of the results of the arithmetic and algebra 
of polynomials to the wider field of integral functions. This paper is meant to 
represent an initial step in this direction. 

The step from a finite to an infinite number of coefficients and zeros necessi- 
tates, of course, a change of method which, naturally, is a change for the worse, 
since the most efficient methods do not apply any longer. For example, the 
powerful device of complete induction with respect to the degree is lost. 

This paper is devoted to a first survey of the divisibility relations among 
integral functions. The situation resembles to some extent the earliest stage 
of the divisibility theory of algebraic numbers. It is likewise characterized by 
the presence of a disturbing abundance of divisors. This remains so, even when 
the coefficients are restricted to a subfield of the field of all complex numbers, 
so that some further restriction seems to be indicated. Later, at least one very 
essential reason will become apparent for carrying this restriction into effect 
by confining the study of the divisibility structure to domains of integral func- 
tions of finite order with coefficients in a given field. 


2. Notation. The fields of rational, real, or complex numbers may be de- 
noted by P, R, or C, respectively. As usual, K[z] stands for the domain of 
polynomials in z with coefficients in K, where K is an arbitrary subfield of C. 
By K(z) let the domain of integral functions in z with coefficients in K be under- 
stood, that is, the set of all power series f(z) = >> a,z" with a, in K and 
lim | a, |" = 0. 

The order of growth of a function f(z), written ord f, may be finite or infinite. 
The subset of those f(z) of K(z) with ord f < © will be denoted by K*(z). 

Let Z; be the set of all zeros of f(z), each occurring a number of times equal 
to its multiplicity; thus Z; is an “algebraic’’ set, in the sense of possibly con- 
taining some of its elements several times. Z; may be called symmetric if its 
elements are distributed symmetrically with respect to the real axis (so that 
two conjugate complex numbers occur with the same multiplicity). An alge- 
braic set (in the above sense) may be called a zero-set, if it has no finite accumu- 
lation point. Z is, of course, a zero-set if and only if there is an integral 
function f(z) such that Z = Z,. 


Received August 19, 1939. 
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3. The units in K(z) and K*(z). Both K(z) and K*(z) are obviously integral 
domains. Their units, that is, their divisors of unity, can easily be determined. 

THEOREM 1. An element of K(z) is a unit of K(z) if and only if it has the form 
c-e' with c ¥ 0, in K, and f(z) in K(z), f(0) = 0. 

Proof. A unit of K(z) has no zeros and must therefore be of the form e’”’, 
or c-e’, where c = e” and f(0) = 0. On the other hand, any such function 
is a unit because of e’-e ° = 1, provided its coefficients are in K. For the 
latter to be true it is necessary and sufficient that c and the coefficients of 


Qz2+a2+--- , (az+ae’t+---)* 


se 
(1) ee” =1+- it + aI + ..., 
that is, 
(2) @; , Os + 301, Gs + a0, + fai,---, 


bein K. Now, evidently, the quantities (2) belong to K if and only if a , a, 
a3, --- arein K. 


THreorEeM 2. An element of K*(z) is a unit of K*(z) if and only if it has the 
form c-e" with ¢ ¥ 0, in K, and F(z) in K{z], F(O) = 0. 

Proof. A unit of K*(z) is also a unit of K(z) and hence has the form c-e"”’; 
this function is of finite order if and only if F(z) is a polynomial. 


4. Functions with given zero-sets. If Z is any zero-set, we can, by virtue 
of Weierstrass’ theorem, construct a function f(z) in C(z) such that Z = Z,. 
Moreover, if Z is a symmetric zero-set, such a function can be found in R(z). 
The following theorem shows that, in addition, a very strong restriction may 
be imposed upon the coefficients. This is a first indication of how decidedly 
the situation here differs from that in the case of polynomials. 

TuHeorEeM 3. Let K be any imaginary number field, for example, P(i); then, 
for every zero-set Z, there is a function f(z) in K(z) such that Z = Z;. Moreover, 
if Z is symmetric, such a function can already be found in P(z). 

Proof. To prove Theorem 3, we have to show that every integral function 
f(z) in R(z) or in C(z) can be multiplied by a unit e*” of such a kind that g(z) = 
e* f(z) has coefficients in P or in K, respectively, where K is a given imaginary 


field. Let 


(3) fle) = Daz", gl) =Lbaz", ole) = Haz". 


We may assume f(0) = a # O (otherwise, let f(z) = 2°-fi(z) with f,(0) ¥ 0, 
gi(z) = e*”.f,(z), and g(z) = 2*-g:(z)). Moreover, since multiplication by a 
constant does not alter the zeros, we may assume ad = 1. Further, let 4» = 0 
and hence bb) = 1. We now have 


(4) exp (Az + Ae + --- dL tae tae +---) = Lt det be +---. 





=] 
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Comparing coefficients of z" in (4), we obtain equations of the form 
(5) P,(a, , de, +++, Gn, 1, Av, -+* y Ant) + An = DO, 


where P, is a polynomial in the quantities indicated, with certain rational 
coefficients. Our task is to determine the \, in such a manner that 


{ (i) y(z) is an integral function, 
(6) , 
| (ii) b, in P, or in K, respectively. 

Now (i) is fulfilled if and only if lim | A, |" = 0. This will certainly be the 
case if we choose the \,, so that |A, | S n “. We are next going to use the 
fact that the field P is dense in the field R, and also that every imaginary 
field K is dense in the field C. We can, therefore, choose the A, , one after the 
other, within R or C, in such a way that (i) holds and that the number b, = 
P,, + \, is in P or in K, respectively. The construction of the desired function 
g(z) is thereby completed. 


5. Divisibility in K(z). On account of the previous theorem the divisibility 
structure of K(z) is found to be exceedingly simple. We have 


THEeoreM 4. Let f(z) be any element of K(z), and Z; its zero-set. If K is real, 
there is in K(z), corresponding to every symmetric subset Z of Z;, a divisor g(z) 
of f(z) with Z, = Z. If K is imaginary, there is in K(z), corresponding to every 
subset Z of Z; , a divisor g(z) of f(z) with Z, = Z. 


This follows at once from Theorem 3. As an immediate consequence we have 


THEorEM 5. Let f(z) be an element of K(z) that is neither zero nor a unit. 
If K is imaginary, f(z) is irreducible if and only if f(z) has exactly one root. If 
K is real, f(z) is irreducible if and only tf f(z) has either exactly one real root, or 
exactly two roots which are conjugate imaginary. 


The following fact may be mentioned as a 


Coro.tuary. Every function f(z) of K(z) whose zero-set is infinite has infinitely 
many non-associated divisors in K(z). 


Thus, the divisor chain theorem does not hold in any K(z). To give a con- 
crete example, of the functions 
(7) sin 2, sin $2, sin 32, sin }z, --- 


each is a proper divisor of the preceding, and all are contained in P(z) and 
hence in every K(z). 


6. The fundamental theorem in K(z). Although the irreducible factors of an 
element f(z) of K(z) are uniquely determined (apart from unit factors), it is not 
yet obvious that f(z) can be represented as a product of them, for they are, in 
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general, infinite in number, and the question of convergence has to be con- 
sidered. However, it turns out that we do have unique factorization in K(z): 

THEroreM 6. Every function f(z) of K(z), which is neither zero nor a unit, can 
be represented as a (finite or infinite) product of irreducible functions of K(z). 
This representation is unique apart from the order of the factors and the occurrence 
of unit factors. 


Proof. Consider first the case where K is imaginary. Let 


(8) f(z) = C.2".° TT Si(z) 


be the Weierstrass representation of f(z), where the product has at least one 
factor and may have infinitely many, and where each f;,(z) has exactly one 
root. C may be chosen so that ¥(0) = 0; C is then the first non-vanishing 
coefficient of f(z), and hence is in K. 

By Theorem 3, every f(z) can be multiplied by a unit e**” so that f(z) -e*@ 
has coefficients in K; here, if 


(9) ox(z) = _ NinZ', 
n=1 


the | Ak | must be < nx" and may be chosen arbitrarily small; in particular, 
we may demand that 


(10) 1 


~ ane 
This makes >> g;(z) convergent: 


(11) g(z) = @ gi(z) = > Zz. Aunz = ko "2 Nin 
k n n 7 


k 


with 


(12) [Qo Aen | > > | Arn | = > l < 1 


Er 2.n™ ~ nr’ 


so that ¢(z) is an integral function. If we set 


(13) ge(z) = fi(z)-e*, 

we have 

(14) f(z) = C-2™-e8-° TT gale). 
. 


If the product on the right is finite, it belongs to K(z), since each of its factors 
does; hence e” * belongs to K(z), and (14) is the desired representation of f(z). 
This may not be so, if the product is infinite. In this case, let 


(15) ¥(z) — g(z) = De yn2". 
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For each n, a sequence of numbers yin, Yen, Yan, -** May be chosen with the 
following three properties: 
(16) Ykn in K, Z. YVkn = Yn; | Yen | < nn”. 
k 

This is obviously possible since K is dense in C. Let 
(17) Vi(z) = De Vine". 
On account of (16), ¥x(z) is an element of K(z), and 
(18) Dd vale) = Synz” = Wz) — ole). 

k n 
Hence 


f(z) 


C.2™-[] eT] gee) 
k k 


19 
wed C.2”.[] fe" -gu(z)], 


where, by Theorem 1, every factor in the product is in K(z). Thus, we have 
also in this case arrived at the desired representation of f(z). That the latter 
is unique apart from unit factors is obvious. 

We have yet to deal with the case where K is real. The set Z; is then sym- 
metric, and f(z) can be written in the form (8), where now, however, the f;,(z) 
have a different meaning; they either have exactly one real root, or they have 
a couple of conjugate imaginary roots, so that (8) arises from the original 
Weierstrass product representation by a suitable grouping together of factors. 
In (8), ¥(z) as well as every fi(z) is then in R(z), and the rest of the proof pro- 
ceeds as before, except that the d;, must (and can) be chosen in R; in particular, 
(16) can be satisfied since K lies dense in R. 


7. The Principal Ideal Theorem in K(z). The following theorem is imme- 
diately deducible from Theorem 3. 


THEOREM 7. Any finite or infinite set of functions of K(z) has a greatest com- 
mon divisor in K(z). 


Proof. Let Z be the intersection of the zero-sets Z; of the functions f(z) 
under consideration. If K is real, every Z; , and hence Z, issymmetric. There- 
fore, by Theorem 3, no matter whether K be real or imaginary, there will be a 
function d(z) in K(z) for which Z; = Z; this function is obviously the greatest 
common divisor of the functions f(z). It is uniquely determined except for an 
arbitrary unit factor in K(z). 

If d is the greatest common divisor of the functions f, g, --- , we shall write 


(20) d= g.c.d. (f, -s* ). 
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Theorem 7 is necessary, but not sufficient, for the validity of the Principal 
Ideal Theorem. In fact, the answer to the question whether there are none 
but principal ideals in the domain A(z) depends on the precise definition of 
“ideal” that is employed. 

According to the classical definition, any subset of K(z) has to be called an 
ideal that has the following properties: 

(a) if f and g are elements of the set, so is f — g; 

(b) if f is an element of the set and h any element of K(z), then h-f is an 
element of the set. 


Some ideals A have a finite basis fi , fe, --- , fn, written 
(21) A = (fi, fo, +++ ,Sn), 
in the sense that every element f of A can be written as a multiple sum of the f; : 
(22) f = Infi + hefe + --- + Aah, 


where the h; are in K(z). Among these ideals with a finite basis we have as a 
special case the principal ideals (f), whose basis consists of one element f. 

In contradistinction to the classical definition, Priifer' introduced a narrower 
ideal concept which comprises only the ideals (in the classical sense) with a 
finite basis. If an integral domain contains only ideals of this type, then the 
Basis Theorem is said to be valid in that domain. If, moreover, every ideal 
is a principal ideal, then the Principal Ideal Theorem is said to hold. 

The answer to our question about the validity of the Principal Ideal Theorem 
in K(z) can now be formulated in the following two theorems. 


THEOREM 8. P(z), and hence every K(z), contains ideals (in the classical sense) 
which are not principal ideals. 


Proof. It had already been remarked in $5 above that in K(z) the Divisor 
Chain Theorem is not valid. The latter being equivalent to the Basis Theorem,” 
it follows at once that there are ideals in K(z) which do not have a finite basis, 
and hence are certainly not principal ideals. But without using this result, 
we can prove the theorem directly, by constructing an explicit counter-example. 

We consider the ideal S generated by the chain of functions (7) (§5, above): 


(23) S = (sin z, sin }z, sin }z, --- ). 
It is obvious that we have 
(24) z = g.c.d. (sin z, sin 42, sin }z, --- ) 


and hence (z) is a divisor of S. However, S is not identical with the principal 
ideal (z). For z is not an element of S, since, if it were, it would have to be 
representable as a multiple sum of a finite number of the functions (7), say 


(25) z = h-sinz + he-sin 32 + --- + hy-sin 2-"*'2. 


1H. Priifer, Untersuchungen tiber Teilbarkeitseigenschaften in Kérpern, Journal fiir die 
reine und angewandte Mathematik, vol. 168(1932), pp. 1-36. 
2?Cf. B. L. van der Waerden, Moderne Algebra, II, §80. 
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But this is impossible, since sin 2°""'z is a divisor of the right side, and not of 
the left. On the other hand, S cannot be of the form (z-g(z)), since, because 
of (24), no proper multiple of (z) divides S. S is, therefore, not a principal 
ideal. (As a result of the next theorem, it will appear that S does not even 
have a finite basis.) 


THEOREM 9. Every ideal in K(z) that possesses a finite basis is a principal ideal. 


If, therefore, with Priifer, we should take only the ideals with finite bases 
into consideration, we should have to call K(z) a principal ideal ring. If we use 
the classical terminology, the content of Theorems 8 and 9 may also be expressed 
as follows. The ideals of K(z) fall into two non-empty classes; the ideals in 
one of these classes have the property that they possess only infinite bases; the 
ideals in the other class are all principal ideals; that is, they possess bases con- 
sisting of one element. 

Proof of Theorem 9. The proof will amount to showing that the greatest 


common divisor of n functions fi, fe, --- ,f, of K(z) can be represented as a 
multiple sum of these functions with coefficients in K(z). Let 

(26) g.c.d. (fi, fe, --- fn) = d. 

Then, if there are hi , he, --- , hn in K(z) such that 

(27) d = hif, + hefe + --- + Mfr, 

it is obvious that the ideal (f, , fo, --- , fn) is a principal ideal: 

(28) (fi, fe, --- fn) = (d). 


For, every f; is contained in (d), and, on account of (27), d is contained in 
(fi Je, Biase »Jn)- 

It will suffice to show (27) for n = 2. The general case then follows by 
induction: (i) for n = 1 we have d = f, ; (ii) if di: = g.e.d. (fi, fe, «++ , faa) = 
jdt + jefe +--+ + jnafpr, and d = g.ed. (di, fx) = kid: + hef,, then 
d = gcd. (fi, fo, «++ fn) = ijifi + --- + Mijnafrau + kf, , which is of 
the form (27). 


Furthermore, if g.c.d. (fi , fe) = d, we have the equivalent relation (4 f) = 1, 


so that we may restrict ourselves to a pair of relatively prime f esta q K(z): 
(29) g.c.d. (fi, fe) = 1. 

We have to show that 

(30) (fi, f) = (1) = Ke) 


or, what is the same, that there are two functions h; and he in K(z) for which 


(31) 1 = hy-fi + he-fe. 
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We first consider the case where K is an imaginary field. Since f; and fs 
are relatively prime, they do not both vanish at 0, and we may assume 


(32) f(0) ¥ 0. 


Let fo(z) have the zeros 8; , Bz, --- with multiplicities 7; , 72, ---. If 8 stands 
for any one §; , r being its multiplicity, we have an expansion for f,(z) -fe(z) at 
z = B of the following form: 


(33) Silz)-fo(z) = wz — 8)’ + wile — 8) + --- 


with w, # 0 because of (29). Further, let M(z) be a meromorphic function 
whose only poles are poles of order r at the points 8, with principal parts 
m(z — BY” + marlz — By" + --- + m(z — 8)", the m; being quantities 
to be determined presently. According to Mittag-Leffler, M(z) is uniquely 
determined apart from an additive integral function. Thus, if Mo(z) is any 
particular function of this kind, we have 


(34) M(z) = Mo(z) + k(2), 


where k(z) is any integral function. Since M)(z) is regular at z = 0 on account 
of (32), it can be expanded into a power series in z. We now choose the coeffi- 
cients of k(z) so that k(z) is an integral function and M(z) has coefficients in K. 
This is clearly possible since K is assumed to be imaginary, and hence is dense 
in the field of all complex numbers. 

We are still at liberty to choose the coefficients m; of the principal parts of 
M(z). We determine them, for each principal part, from the following 
equations: 


wm, = 1, 
(35) WM, + WryimMm, = 0, 
WM, + WryiMe +--+ + Wem, = 0. 


This system is solvable since its determinant is —w, ¥ 0. 
The function h;(z) in (31) can now be determined as follows: 


(36) hy(z) = Mz) -fr(2). 


h,(z) is clearly an integral function and hence lies in K(z), since both M and fe 
have coefficients in K. Moreover, because of (33) and (35), we have 


(37) hy(z)fi(z) = M(2)filz)fo(z) = 1 + e(z — B)’ + erya(z — B+ .---. 


Hence, for every 8, (z — 8)’ is a divisor of 1 — hyf; ; in other words, fe is a divisor 
of 1 — Iifi : 


(38) 1 — hy(2)fi(z) = halz)fa(z) 


and this is the same as (31). Here, the function he(z) has automatically coeffi- 
cients in K. 
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This finishes the proof, as far as an imaginary field K is concerned. If K 
is real, the set Z;, is symmetric, so that to every imaginary 8 we have a zero B 
of the same multiplicity r. For a real 8, the .v; and hence the m; will also be 
real. For a pair of conjugate imaginary roots 6 and B, on the other hand, the 
corresponding w;, and hence also the m;, will be conjugate imaginary. It can 
be seen immediately from the customary proof of the Mittag-Leffler Theorem 
that under these conditions (symmetric set of poles, conjugate imaginary poles 
having “conjugate”’ principal parts) the function Mo(z) can be made to have 
real coefficients. Whereupon k(z) can again be chosen so that M(z) = 
M,(z) + k(z) has coefficients in K. In every other respect, the above proof 
remains literally the same. 


8. Integral functions of finite order. The preceding considerations show that 
the divisibility structure of the domains K(z) is extremely simple, in fact, too 
simple to be conducive to the establishment of possible algebraic relations 
between the coefficients and the zeros of an integral function. In terms of the 
zeros we can distinguish whether the coefficients are real or imaginary, but can 
make no other inference about the algebraic nature of the coefficients. For R 
and C are the only fields which are “analytically closed’’ in the sense of con- 
taining all their accumulation points, and every K, according as it is real or 
imaginary, is dense either in R or in C; the latter property being, as has been 
seen, the only one that matters. 

As a consequence, we have already in P(z) and in P(i)(z) decomposability 
into functions with at most two and with exactly one zero each, a situation 
which, as far as polynomial domains are concerned, arises only in the case of 
R{z] and C[z]. This is all the more unsatisfactory, as the polynomial domain 
K[z] is a subset of the domain K(z), so that a polynomial which is irreducible 
in K[z] will in general become reducible if considered as an element of the wider 


domain K(z). For example, 2’ — 2 is irreducible in P{z]; but there must be a 
unit function e*” providing the decomposition 
(39) 2—2= (e— V2)e. (2+ V2)e 


in P(z). 

In view of this situation it is natural to try to replace K(z) by a more re- 
stricted domain of integral functions in which at least ordinarily irreducible 
polynomials remain irreducible. In the case of P(z), this restriction has to be 
of such a kind that, for example, the factor (z — +/2)e*” in (39) belongs to the 
discarded functions of P(z). Now we shall see that a characteristic property of 
this factor is its being of an infinite order, that is to say, the function 
(ze — +/2)e* can have rational coefficients only if g(z) is not a polynomial 
but a transcendental integral function. Thus, the factorization (39) can be 
eliminated by confining the investigation to the domains of integral functions 
of finite order with coefficients in a field K. In §2 we had already introduced 
the notation K*(z) for these domains. The following theorems will show that 
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the transition from K(z) to K*(z) really yields the desired result, namely, the 
irreducibility of ordinarily irreducible polynomials. On the other hand, this 
ad hoe restriction can hardly be said to be too artificial since, on account of 
their greater simplicity and the inclusion of the most frequently occurring 
integral functions among them, the integral functions of finite order have often 
in the literature been considered apart and made the subject of a separate 
investigation. 

For the proof of the next theorem we shall require the following lemma which 
is in itself of some interest. 


LemMA. Let; , v2, --+ , Un be distinct complex numbers, all different from zero; 
and let 
i i i ; 
(40) 8 =v + +--- +o, (¢ = 0,1, 2,---). 
Then, tf Sr41 , Si42 , Sr43 , --- are contained in the field K, so are 8 , 81 , 8, +++ , Se. 


Proof. Let c; be the corresponding elementary symmetric functions of the »; . 
If m = max (k + 1, n), we have fori = m the Newton relations 


(41) Bin + SigiCnr + +++ H+ SigniCr = —Sitn- 
These equations, fori = m,m+1,---,m-+n— 1, forma system of n linear 
equations in ¢, C2, +--+ ,¢€,, Which can be written in matrix form, thus: 
(42) SC =T;, 
where 
Si Si4a. ¢¢* Si4n-1 Cn Sitn 
4B) Bap en See Heb Cm Oet), ym —| Mines 
Sitn-1 Sitn +++ Si+2n-2 C1 | 8i42n—1/ 
Now let 
1 1 1 V1 0 0 
dicing, ME AEA i cs (oes 
a a ie ew 


Then we have VV’ = S,, and more generally 


(45) VX'V’ = §;. 

|V |? = d is the discriminant of the distinct quantities v;, v2, +--+,» , and 
hence # 0; also | X | = oye --- vn = Cr ¥ 0, so that 

(46) | S;| = d-c, ¥ 0. 


We may, therefore, write 


(47) C = S;'T;. 
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But this means that the c; , and hence also all the s; , are expressible as rational 

functions of the elements of S; and 7; ; these elements being just the sy4: , 

842, --: Which by assumption are in K. It follows that all s; are elements of K. 
We are now in a position to prove the following. 


THEOREM 10. Let Ke be a field over K, , and let F(z) be a polynomial of K:|z] 
but not of K,{z], and let F(0) = 1. Then, for every function f(z) of Ky(z) with 
Z; = Zr , we have ord f = ~. 


We know by Theorem 3 that there exists a function f(z) in K,(z) for which 
Z; = Zr, unless K,, but not Ke, is real. We have to show that f(z) cannot 
be of a finite order. 

Proof. We may assume f(0) = 1. Since Z; = Zr, we must have 


(48) F(z)-e®° = f(z). 
Suppose now that f(z) is of finite order; then g(z) must be a polynomial in Kz]: 
(49) o(z) = Mz + Age” + es + Age" 


with \; in K,. Let F(z) have the zeros —{, —f2, --- , ~fn, so that 


© ron(is:)4s)~(49) 
(50) (z) (i+? it; i+ 


If, now, we set 


© QHQ+-+Q) 


we obtain 


~~. © z\_ fz 1f/zV ,1fz\)_ | 
(62) log F(z) Dog (1 +7) = Ez (2) +3(2) vet 


2 3 
= 812 — 3s22° + 4s32° — +... 


On the other hand, f(z) has the form 


(53) f(z) =1l+az+az*+.-- 
with a; in K,. Hence 
(54) log f(z) = biz + bee + ---, 


where the b; are polynomials in the a; with rational coefficients, and hence 
themselves in K,. We now have, by taking logarithms in (48), 


Mz + doz” + --- + Age’ + siz — Fonz” + faye? — --- 
= biz + bez’ + be? + ---. 


Comparing coefficients we find that, for i > k, the s; are in K, ; hence, by the 
above lemma, all s; are in K,, and thus also the \;. But this would imply 


(55) 
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that F(z) has coefficients in K, and contradict our assumption. The supposition 
that f(z) is of finite order is thereby refuted. 

As an immediate consequence of Theorem 10 we have the theorem on the 
irreducibility of polynomials. 

TuHEeoreM 11. Jf F(z) is an irreducible polynomial of K{z], then it is also 
irreducible in K*(z). 


Proof. Suppose F(z) factors in K*(z): 


(56) F(z) = filz) -fr(z), 
where neither f;(z) is a unit. Let 
(57) F(z) = F,(z)-F2(z) 


be the corresponding factorization in K.[z], where Ke is the root field of F(z) 
over K, = K. Then 


(58) fiz) = Filz)-e*© (¢ = 1, 2), 


where the ¢;(z) are polynomials, since the f;(z) are of finite order. From this, 
by Theorem 11, it follows that the F(z) themselves have coefficients in K, so 
that F(z) is reducible in K[z]. 

A further investigation into the properties of the domains K*(z) will be made 
in another article. In particular, it will be necessary to deal with such problems 
as have above been answered with reference to the domains K(z). Does, for 
example, the fundamental theorem apply in K*(z)? Is the greatest common 
divisor of two elements representable as a multiple sum of those elements? Are 
there any simple criteria of irreducibility? 
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INFINITE POWERS OF MATRICES AND CHARACTERISTIC ROOTS 


By Rurus OLDENBURGER 


1. Introduction. Frazer, Duncan and Collar [2]' have studied special cases 
of infinite powers of complex matrices. Necessary and sufficient conditions for 
the existence of such powers and the vanishing of such powers are given in the 
present paper. By the use of these powers one can solve one of the outstanding 
problems in applied mechanics [1, 6]. The results for vanishing infinite powers 
yield a simple proof of a theorem of Frobenius [3] to the effect that when the 
complex matrices are partially ordered in a certain way, the maximum absolute 
value of the characteristic roots of a complex matrix A remains the same or in- 
creases when A is increased. This result is useful in computing upper limits to 
the characteristic roots of a matrix, especially for real matrices with non-negative 
elements. Such matrices have been studied by various writers [4, 7]. 


2. Definitions. Let A be a square matrix with elements in the complex 
field. Let the elements in the 7-th row and j-th column of A” be denoted by 
a\’!. If for each pair of values of i and j the elements a), a'?), al’), ... converge 
to a limit b;; in the usual sense, we say that A™ evists and is the matrix (b;;). 
Otherwise, we say that A* does not exist. Let A = (a;;) and B = (b,;) have 
respectively non-negative and complex elements which satisfy a;; = | bj; |. 
We say that A contains B, and write A > B. If A D0, we term A non-negative. 
The smallest circle with center at the origin in the Argand diagram containing 
the characteristic roots of A is termed the characteristic circle of A. Let [A] 
be the matrix whose elements are the absolute values of the corresponding 


elements of A. We term [A] the absolute matrix of A. 


3. Existence of the infinite power of a matrix. By means of the Jordan 
normal form’ we shall prove the following 


THEOREM 1. The infinite power of a complex matrix A exists if and only if 
the characteristic roots of A corresponding to elementary divisors (taken with respect 
to the complex field) of degree greater than 1 are in absolute value less than 1, and 
the remaining characteristic roots are equal to 1 or in absolute value less than 1. 


Received September 1, 1939; in revised form, November 29, 1939; presented to the Ameri- 
can Mathematical Society, September 8, 1939. 

* Numbers in brackets refer to the bibliography at the end of the paper. 

?L. E. Dickson, Modern Algebraic Theories, p. 106. 
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Since X'A"X = (X'AX)" for non-singular X, the power A® exists if and 
only if (X"'AX)® exists. Choose X so that X~'AX is in the Jordan normal 
form C, where 


CG 0 0 
is 0 
aie 0 0 0 ||’ 


Xi 0 0 ee tie. ee 0 


Se ee ee oe 
corresponds to one elementary divisor of A — XJ for each 7. Here I denotes 
the identity matrix. Now C” exists if and only if C? exists for each 7. Let 
C; be of order p. Then forn 2 p — 1 


A; 0 0 0 0 
adi ri 0 oO 0 
re a; mds rt O 0 
“re ard; adi; aris rN 0) 
a,adp 
where a; = C(n, j) for each j. It is easy to see that 
lim a;\}? (j = 1,2, ---,p — 1) 


no 


exists if and only if |A;| <1. If |A;| < 1, then Cf = 0. If |A;| = 1, the 
limit of Af as n — © exists if and only if A; = 1. 


Since the field of real numbers is closed with respect to the limit process, A® 
is real if A is real and A” exists. If A” exists, the normal form of A® is clearly 
| I 0} 
|0 ol 


where IJ is an identity matrix. It follows that the characteristic roots of A* 
are zero or one. 
The above proof yields also 


THEOREM 2. The infinite power of a complex matrix is zero if and only if the 
characteristic circle of A lies within the unit circle. 
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4. Characteristic circles of matrices. By means of Theorem 2 we shall ex- 
hibit a simple proof of the following theorem, first proved by Frobenius in 
another manner. 


THEOREM 3. Let A = (a;;) and B = (b;;) be matrices with elements in the 
complex field. If A contains B, the characteristic circle of A contains the char- 
acteristic circle of B. 


We let \ and u denote respectively the characteristic roots of A and B with 
maximum absolute value. We assume first that \ # 0. For arbitrary ¢« we 
can choose a real positive number a, so that the maximum absolute value of 
the characteristic roots of aA is (1 — ¢€). This maximum absolute value is 
a ||. Clearly A > [B] > 0, whence aA D> [a.B] D0. If A D> [B] and 
A’ > [B’], then AA’ D[BB’]. Thus (a,A)" > [(a.B)"] D0. Now 


(1) lim (a@,A)" = 0 


implies that 
(2) lim (a, B)" = 0. 


By Theorem 2 formula (1) is valid, whence by (2) the characteristic roots of 
a.B lie within the unit circle with center at the origin. The maximum absolute 
value of the characteristic roots of a.B is a,.|u|, whence a |u| < 1. As 
¢— 0, we have a, > 1/|A|. Thus|y| S |A\. 

If \ = 0, each characteristic root of A is zero, whence the characteristic equa- 
tion of Ais\"=0. Thus A” =0. Since A" > [B"], we have B" =0. From 
this it follows that » = 0. 

Frobenius proved [3] that if the elements of a matrix A are all positive, the 
root is positive and simple. If A is non-negative but has some zero elements, 
we replace each zero element by ¢ to obtain from A a matrix A,. If « > 0 the 
result of Frobenius implies that A has a positive characteristic root \, greater 
than the absolute value of any other. Since by Theorem 3 the inequality 
e = é implies that 4. = Av , we have 

lim . 2 0. 
Thus A is non-negative for each non-negative A. 

We remark that the oniy matrices compared with a complex matrix A are 
the absolute matrix [A] of A and non-negative matrices obtained by increasing 
the elements of [A]. 

In view of Theorem 2, Theorem 3 is of considerable computational value in 
determining the vanishing of the infinite power of a given complex matrix. 


TuHreoreM 4. Let B be a non-negative matrix obtained from a non-negative 
matrix A by bordering A by rows and columns. The characteristic circle of B is 
as great as the characteristic circle of A. 
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We border A by a row and column of zeros to obtain the tiiatrix A’. Since the 
characteristic roots of A’ are the characteristic roots of A and zero, the theorem 
holds for A and B = A’. Any matrix B obtained from A by bordering A by 
a row and column of non-negative elements satisfies the relation 


a> &. 


By Theorem 3, Theorem 4 is valid for this choice of A and B. The proof of 
the theorem for any B now follows by induction. 


5. A theorem of Hirsh. The following theorem, proved by Hirsh [5] in 
another manner, is a consequence of Theorem 3. 


THEoreM 5. Let M be the least upper bound of the elements of a matrix A of 


order n with elements in the complex field. The characteristic roots of A are less 
than or equal to nM in absolute value. 


By Theorem 3 the maximum absolute value of the characteristic roots of A is 
not greater than this maximum for the matrix B of order n with all elements 
equal to M. Let C denote the matrix of order n all of whose elements are 
equal to one. The characteristic roots of B are evidently the products of the 
characteristic roots of C by M. The maximum positive characteristic root of 
C isn. Hence the maximum absolute value of the characteristic roots of B is 


nM. 


6. Algebraic equations. Except for sign we can write the polynomial P(A) = 
nh” + ar" | + adr”” +.--- + a, as the characteristic determinant of the 
matrix 


0 


- see 0 1 
(—a,) eee eee eee cece (—ae) (—a) 


We use the expression circle of roots for P(\) = 0 for the characteristic circle 
of A. Theorem 3 implies the known 


THEorEM 6. If | a;| < b; for every i, the circle of roots for 
A" + ad" + ++» + Gad + a, = 0 


is contained in the circle of roots for 


n* — bA™ — .-. — Bw — D, = O. 
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7. On Theorem 3. Professor Weyl has communicated to the author a second 
proof of Theorem 3 which we sketch here. For power series we use the notation 


a + act + asf + --- Ci + Bot + By + --- 


to mean that | a;| < B;foreachi. Now¢,(t) = trace A(J — tA) ‘isa power series 
int. Clearly, A > B implies ¢4(t) > ¢2(t). Thus the circle of convergence of 
¢x(t) contains the circle for @4(t). If 4 is the maximum absolute value of the 
characteristic roots of A, the radius of convergence of ¢4(t) is pa’. It follows 
that p4 2 ps. As Professor Weyl remarks, these results hold for a large class 
of operators in Hilbert space, and in particular for Fredholm’s integral equations. 
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THE PARTIAL DIFFERENTIAL EQUATION ~ + f(z, y) x =0 


By Louis D. RopaBauGH 


THEOREM 1. Let g be a bounded, open, simply connected plane region. Let 
(x, y) be the rectangular Cartesian coérdinates of a general point P of the plane 
for a particular coérdinate system. Let f(x, y) be a function’ such that 

(a) f(x, y) and f,(x, y) are defined and are continuous in g; 

(b) f(z, y) and f,(x, y) have definite finite continuous limits on the boundary of g. 
Then there exists a function (x, y) such that in g: 

(a) (x, y) ts defined and is of class C’ with respect to x and y; 

(b) ¥(z, y) satisfies 


(1) = + f(z, es = 0; 


(c) ¥(x, y) satisfies 


(2) v(x, y) > 0. 
Proof. A solution curve of 
(3) y’ = f(x, y) 


shall be called a “characteristic” of (1). A known theorem assures that through 
each point of g there passes exactly one characteristic of (1), that these character- 
istics approach arbitrarily close to the boundary of g in both directions of the 
z-axis, and that they depend continuously on the initial point. 

Remarks made by Kamke’ for the case where g is an open, simply con- 
nected region “lying entirely in’ an open region G apply also to the present 
case, and these remarks constitute the proof of 


Lemma 1. There exists a set of open, simply connected regions q: , dz, --- with 
the properties: 

(a) each qn [= q(tn)] is the set of points belonging to characteristics of (1) which 
lie in g and pass through an open finite vertical segment t,, lying in g; 

(b) each hn [= qi + --- + Qn] is an open region; 

(ec) a + g@t--: = 9; 

(d) the common points of t, and hn. form exactly one open segment, and t, 
projects out of hn. in exactly one direction. 


Received September 1, 1939. 
1 Only real functions of real variables are considered in this paper. 
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Denote by 2, the abscissa of t, , and by y = ¢(z, &, ») the characteristic of (1) 

passing through the point (£, 7) of g. Then (by a theorem of Bendixson) the 

function ¥(, n) = (x1, & 7) possesses for h; [= q(t)] rather than for g (and 

with &, 7 instead of z, y) the properties described in the conclusion of Theorem 1. 

Assume that a function ¥(£, 7) with these properties has already been con- 
structed for ha: , and that 


¥(E, n) = w[e(z,, & n)] in g(t,) (v <n), 


where w,(y) is of class C’ on t,, w,(y) > 0 on t,, and w,(y) has definite finite 
positive limits at the endpoints of t, . 

The segment ¢, projects out of h,_: in just one direction, assume for definite- 
ness the upper. Let V, and W, denote the ordinates of the endpoints of the 


vary 05 





Fig. 1 


half-open segment of ¢, projecting outside h,.:. Denote this interval simply 
by (V,, W,), and proceed correspondingly in similar cases, as indicated in 
Figure 1. The lower segment of t, , all the way to its lower endpoint w, , be- 
longs to h,1. This segment has exactly one open segment, if any points at 
all, in common with each of the regions qi, --- , dn-1. Hence there exists a 
smallest » (1 S u < n) such that for some v, < V, the open segment (v, , Vn) 
of t, belongs to q, and also to h, — h,-1. The characteristics of (1) through the 
open interval (v, , V,) therefore run through ¢, and cut out on this segment an 
open interval (u,, U,).° 
The characteristics of (1), 


(4) 7= ¢(z, Ty ; ”); 


3 This paragraph is taken from [1], §3.3, p. 610. 
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through the interval (u, , U,) are of class C’, their slopes are bounded, and they 
satisfy (3). Hence, as 7 varies monotonically from u, to U, , the characteristics 
(4) converge uniformly to a curve 


(5) 7; ¢(z, Ly, U,) 


which is continuous and single-valued, and which is defined at least for 
a Sx S 2, (assume for simplicity that xz, < z,). Every point of the curve 
(5) is in the closure of g. Since f(z, y) has a definite finite continuous limit on 
the boundary of g, if the domain of definition of f(x, y) is continuously extended 
to the closure of g, the curve (5) is itself a solution curve of (3), that is, a charac- 
teristic of (1). 

By a theorem of Bendixson the function g(x, , &, 7) has q(t,) for its exact re- 
gion of definition, is constant for all points of one and the same characteristic 
of (1), and is of class C’ with respect to and y. Further, 


(6) ¢n(ty, &, 0) = exp if Silz, o(z, &, nde} > 0, 
and 
(7) ¢: (2p , g, n) + f(é, n)Gn(Lp g, n) = 0 in q(t,). 


Let the point (£, 7) approach a point P:(z, y) on the curve (5) from within 
h,.1. The function ¢g(2, , £, 7) approaches the limit U,,. The function f,(&, 7) 
approaches a definite finite continuous limit. By (6), ¢,(2, , &, 7) approaches a 
definite finite continuous limit: this limit is positive, since the integrand in the 
exponent in (6) is bounded. It is clear from (7) that ¢;:(z, , —, 7) approaches a 
definite finite continuous limit. Thus g(x, , & 7), ¢:(z,, & ») and ¢,(z,, &, 7) 
all have definite finite continuous limits, the last positive, on the curve (5). 

Since 


(8) WE, n) = wylo(2y , é, n)] in q(t,), 


¥(é, n) has a definite finite continuous limit on the curve (5). As the point 
(€, n) approaches the point (x, y) on the curve (5) from within q(t,), the func- 
tion ¥,(é, 7) approaches 
(9) {lim w,(y)}-{ lim — g,(x,, & 0)}; 
yUy (En) (ay) 

hence ¥,(é, 7) has a definite finite continuous limit on the curve (5). This limit 
is positive, since each limit in (9) is positive. Similarly it is seen that ¥:(£, 7) 
has a definite finite continuous limit on the curve (5). 

There exists a function w,(y) such that 

(a) w,(y) is defined and is of class C’ on w, < y < W,; 

(b) wn(y) > 0 on w, < y < W,, and w,(y) has definite finite positive limits 
at y = w, and y = W, (in particular, if M,, and Mj, are any finite real numbers 
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such that M, > ,(V,) and M;, > 0, there exists a function w,(y) as described 
such that 
lim w,.(y) = M, and lim w,(y) = M4); 
u-Wn y- Wn 
(c) on(y) = W(tr, y)onw, <y <V,. 
Consider the function y,(£, 7) defined in q(t,) by 


(10) ¥n(E, ) = wnle(tn, &, 0)]. 


This function is of class C’ in q(t,), and also 


(a) Ynao(&; 2) = wnle(en, & )]-¢a(an , 2) > Oin g(tn); 
(b) in that part of q(t.) which is contained in h,_, , 


(11) Wn(E, 0) = wnlo(an, & 0] = Wien, (tn, & 0] = WCE, 0); 
(c) in q(t), 
PnelE, m) + S(E, n)Pn9(E, 2) 
= wnlo(an, & n)]-{eelan, & 2) + SE, nea(an, &, 0)} = 0, 


so that ¥,(&, 7) is a solution of (1) in q(t,) (with &, » instead of 2, y). 
Thus the function ¥(£, ») defined by 


(13) ¥(&, n) ™= w,[e(x, ’ g, n)] in q(t) (v = 1, ai n) 


possesses in h, instead of g (and with £, » instead of x, y) the properties de- 
scribed in the conclusion of Theorem 1, and the induction is complete. 

Remark 1. Only a denumerable number of steps are involved in the proof. 
It therefore follows from the parenthetical remark in property (b) of the func- 
tion w,(y) that there exists a function ¥(z, y) as described in Theorem 1 which 
is bounded in g. Further, if a (>0) and 6 are arbitrary real numbers and if 
¥(z, y) is a function as described in Theorem 1, then V(x, y) [= ay(z, y) + 6] 
is also such a function. It follows that there exists a function Y(z, y) as de- 
scribed in Theorem 1 which has the additional property 

(d) L < ¥(z, y) < U ing, 
where L and U are any preassigned finite real numbers such that L < U. 

Remark 2. Examples show that part (b) of the hypothesis of Theorem 1 is 
not necessary in order that there exist a function ¥(z, y) as described, but from 
a theorem of Wazewski’‘ it is clear that if part (b) is omitted the remaining 
conditions do not imply the existence of such a function. 

Remark 3. From a theorem of Whitney’ it is seen that if f(z, y) is “of class 
C’ in a closed subset A of the ry-plane in terms of”’ certain functions, then there 
is a function F(z, y) of class C’ in the whole zy-plane in the ordinary sense, such 
that F(z, y) = f(a, y) in A. Theorem 1 lies “between” Kamke’s theorem’ 


(12) 


4 [2], p. 104. 
5 [3], Theorem 1, p. 65. 
6 [1], Satz I, p. 603. 
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and the existence theorem implied by Whitney’s work, in this sense: The hy- 
potheses on f(z, y) and the region g in Theorem 1 are stronger than those on 
f(x, y) and the region G in Kamke’s theorem, but the solution of (1) obtained 
in Theorem 1 is defined all the way to the boundary of g. The hypotheses on 
f(x, y) and the region g in Theorem 1 are weaker than those necessary in order 
to apply Whitney’s theorem, but under his conditions a solution (zx, y) of (1) 
in g exists for which there is a function ¥(z, y) of class C’ in the whole zy-plane 
such that ¥(z, y) = ¥(z, y) ing. 


THEeoREM 2. Let R be an open, doubly connected plane region lying between 
two simple closed curves K and k such that k is contained in the open region enclosed 
by K. Let (x, y) be the rectangular Cartesian coérdinates of a general point P of 
the plane for a particular coérdinate system. Let f(x, y) be a function such that 

(a) f(x, y) is defined and is continuous in the closure of R and is of class C’ 
with respect to y in R; 

(b) f,(x, y) has a definite finite continuous limit on the boundary of R; 

(c) there is a leftmost point A of k through which there do not pass two distinct 
characteristics of (1), each having a limit point on K to the right of A; there is a 
rightmost point B of k through which there do not pass two distinct characteristics of 
(1), each having a limit point on K to the left of B. 

Then there exists a function y(x, y) such that in R: 

(a) ¥(x, y) is defined and is of class C’ with respect to x and y; 

(b) ¥(z, y) satisfies (1); 

(c) ¥(x, y) satisfies (2). 


Proof. Since f(z, y) is bounded, a characteristic of (1) extends from A to 
the left. Denote by E the rightmost limit point of this characteristic which is 
on K and to the left of A. Denote by C, the open segment EA of this charac- 
teristic. There exists a corresponding open segment C, (= BF) of a character- 
istic extending from B to the right. 

Denote by s, an open vertical segment which, including its endpoints, lies in 
R and which cuts C, in a point Q. Denote by sz a corresponding open vertical 
segment cutting C,. Form two open vertical segments s4y and s4,, upper 
and lower respectively, by deleting Q from s,. There is at least one such seg- 
ment so small that every characteristic cutting it has its left endpoint on K and its 
right endpoint on k. Suppose that no matter how small s, vy is there is a charac- 
teristic which passes through s,y and has its right endpoint on K. If m denotes 
the ordinate through A, there is a lowest point P; which lies above A and on K 
and m. Since characteristic-segments which lie in R depend continuously on 
the initial point, there is a characteristic through s4v which has both endpoints 
on K and which passes through the open segment AP,. Similarly, if P: de- 
notes the midpoint of AP, , there is one such characteristic which passes through 
the open segment AP;,. Similarly for AP;, if P, denotes the midpoint of 
AP,. And so on, indefinitely. Since the slopes of the characteristics are 
bounded, there can be determined in this manner a sequence of characteristics 
such that 
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(a) each characteristic passes through sv ; 

(b) each characteristic has both endpoints on K; 

(ce) each characteristic extends at least a certain positive distance a to the 
right of A and hes part of k below it; 
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(d) the sequence is uniformly convergent to a limiting curve Cy which con- 
tains C, as a subsegment. 
Cu is itself a characteristic, and Cy passes through A to the right on or above 
k and has a limit point on K to the right of A. If, no matter how small s4z 
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is, there is a characteristic which passes through s,, and has its right endpoint 
on K, then there is a characteristic C, which passes through A to the right on 
or below k and has a limit point on K to the right of A. This contradicts part 
(ec) of the hypothesis of the theorem. 

Thus there exists a closed vertical segment t, such that 

(a) t4 is a subsegment of the segment s, ; 

(b) through each point of t, there passes a characteristic whose left endpoint 
is on K and whose right endpoint is on k. 
There is also a segment ¢t, having the corresponding properties with reference 
to Sz. 

Denote by 1; and I, characteristics through the upper and lower endpoints, 
respectively, of t, . Denote by G the leftmost limit point of l, on k, and by H 
the rightmost limit point of J, on K and to the left of G. Let U and V denote 








Sy 


Fig. 4 


the corresponding points with reference to l,. Assume, without loss of gener- 
ality, that t, is so small and so placed on s, that H and V are to the left of the 
ordinate through t,. Make the corresponding denotations with reference to 
tg , as indicated in Figure 4. 

Denote by R, the open region enclosed by the curve which passes from U to 
Y in a positive sense’ on k, from Y to Z on m:, from Z to V in a positive sense 
on K, and from V to U onlz. Denote by R2 the open region enclosed by the 
corresponding curve TYUGHVZJI. Each of these regions is an open, simply 
connected region satisfying with f(z, y) the hypothesis of Theorem 1. Hence 
there exist functions ¥(x, y) and y2(z, y) possessing, in R; and R, respectively, 
the properties described in the conclusion of Theorem 1 and also satisfying 


(14) y2(z, y) <M<N< vi(z, y), 
where M and N are any finite real numbers such that M < N. 


7 A point moves in a positive sense on the boundary of R if it moves so that the region 
R is always to its left. 
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Let VUGH denote the open region enclosed by the curve which passes from 
V to U onl, , from U to G in a positive sense on k, from G to H on |; , and from 
H to V in a positive sense on K. Let YZJI denote the corresponding open 
region with reference to t,. Denote by Ri the open region obtained from R, 
by deleting those points of the closures of VUGH and YZJI which are in R,. 
Denote by R: the open region similarly obtained from R.. The functions 
Wilz, y), Wiz(a, y) and Y,(x, y) have definite finite continuous limits, the last 
positive, on the segment HG of l,. The functions yo(z, y), Por(x, y) and oy(x, y) 
have definite finite continuous limits, the last positive, on the segment VU of 
l. From (14), 


(15) lim ve(rz,y)<M<N< lim vilz, y). 
on lo onl, 
Hence there exists a function w4(y) such that 

(a) wa(y) is defined and is of class C’ on 84 ; 

(b) wa(y) > Oon su ; 

(c) if a, is the abscissa of s, , then w4(y) = Ylra, y) if (v4, y) isin Ri, and 
wa(y) = vo(r4, y) if (va, y) is in Rs ° 

Denote by o(s,4) the open, simply connected region consisting of all points 
belonging to characteristic-segments which lie in R and pass through s,. The 
open regions VUGH and o(s,) together make up an open, simply connected 
region: denote this region by R,. From the proof of Lemma | (see footnote 2) 
it is clear that if R, is identified with g, then there exists a set of open regions 
qi: With the properties there described and such that gq = o(s4). Hence, by 
Theorem 1, there exists a function Y4(z, y) such that 

(a) Wa(z, y) is defined and is of class C’ with respect to x and yin R, ; 

(b) Wa(az, y) satisfies (1) in Ry ; 

(ec) a(x, y) satisfies (2) in Ry ; 

(d) in m [=0(s4)], Yala, y) = ole(xa , x, y)], where y = ¢(2, &, 7) is the char- 
acteristic of (1) through the point (&, 7). 

Denote by R, the corresponding open, simply connected region made up of 
the open regions YZJI and o(sg). There exists a function ¥,(2, y) possessing 
in R, the properties corresponding to those possessed by W(x, y) in Ry. 

The open regions Ri , R2 , Rs and R, together make up the region R. Each 
of the functions yi(z, y), pe(r, y), Walz, y) and a(x, y) possesses in its region 
of definition the properties described in the conclusion of Theorem 2, and also 


a(x, y) = vilz, y) if (2, y) is in both Ry, and Ri; 


valx, y) = vo(z, y) if (2, y) is in both R, and R32; 
(16) 
ve(x, y) = v(x, y) if (x, y) is in both Re and Rj; 





Walz, y) = ¥2(z, y) if (x, y) is in both Rz and R:. 
For example, if (x, y) is in both Ry and Ri, 


(17) Wale, y) = wale(r.s » &, y)] = vila ? e(ra , 2, y)] = vilz, y). 
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Hence the four functions y¥;(z, y), e(x, y), Walz, y) and W2(z, y) taken over their 
respective regions of definition Rj , R2 , Ra and R, constitute a function ¥(z, y) 
which possesses the properties described in the conclusion of Theorem 2. 
Remark 1. It is clear that there exists a function ¥(z, y) as described in 
Theorem 2 which possesses the additional property 
(d) L < ¥(z,y) < Ui R, 
where L and U are any preassigned finite real numbers such that L < U. 
Remark 2. Examples show that part (c) of the hypothesis of Theorem 2 is 
not necessary in order that there exist a function (zx, y) as described, but that 
if part (c) is omitted the remaining conditions do not imply the existence of 
such a function. 


THEOREM 3. Let R be an open, triply connected plane region bounded by three 
simple closed curves K, k,; and kz such that k; and kz are contained in the open 
region enclosed by K. Let (x, y) be the rectangular Cartesian coérdinates of a 
general point P of the plane for a particular coérdinate system. Let f(x, y) be a 
function such that 

(a) f(x, y) is defined and is continuous in the closure of R and is of class C’ 
with respect to y in R; 

(b) fy(x, y) has a definite finite continuous limit on the boundary of R; 

(c) There is a leftmost point A of k; through which there do not pass two distinct 
characteristics of (1), each having a limit point on K or ke to the right of A; there 
is a rightmost point B of k, through which there do not pass two distinct character- 
istics of (1), each having a limit point on K or ke to the left of B; the corresponding 
conditions are satisfied with reference to ke. 

Then there exists a function y(x, y) such that in R: 

(a) (x, y) is defined and is of class C’ with respect to x and y; 

(b) ¥(2z, y) satisfies (1); 

(c) (ax, y) satisfies (2). 


Proof. For definiteness assume that A is as far to the left as any point on 
k, or on kz. By a method similar to that used in the proof of Theorem 2 it can 
be shown that there exists a closed vertical segment ¢, such that 

(a) t, is contained in an open vertical segment s, which, including its end- 
points, lies in R and is to the left of A; 

(b) through each point of t, there passes a characteristic of (1) whose left 
endpoint is on K and whose right endpoint is on k; ; 
and that there exists a closed vertical segment ts such that 

(a) tg is contained in an open vertical segment s, which, including its end- 
points, lies in R and is to the right of B; 

(b) through each point of tg there passes a characteristic of (1) whose left 
endpoint is on k; and whose right endpoint is either on kz or on K. 

Suppose that through every such ¢t, there pass at least one characteristic 
whose right endpoint is on ke and at least one characteristic whose right end- 
point ison K. Then it is possible to select a closed subsegment pz of ts through 
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whose upper endpoint passes a characteristic c; whose right endpoint is on k: 
and through whose lower endpoint passes a characteristic c, whose right end- 
point is on kz. In order that the right endpoint of a characteristic through 
pe be on K it is necessary that this characteristic cross either c; or c,. This is 
impossible. The investigation therefore reduces to the following two cases: 

Case 1. The right endpoint of every characteristic through tz is on kg. It can 
be assumed without loss of generality that no characteristic through tz touches K. 

Denote by C a rightmost point of k2 which satisfies part (c) of the hypothesis 
of the theorem. It can be shown that there exists a closed vertical segment 
te such that 

(a) tc is contained in an open vertical segment s¢ which, including its end- 
points, lies in R and is to the right of C; 








(b) through each point of t¢ there passes a characteristic of (1) whose left 
endpoint is on ke and whose right endpoint is on K. 

Denote by |, and J, characteristics through the upper and lower endpoints, 
respectively, of t,. Denote by G the leftmost limit point of 1, on k; , and by 
H the rightmost limit point of 1, on K and to the left of G. Let U and V denote 
the corresponding points with reference to ,. Assume, without loss of gener- 
ality, that t, is so small and so placed on s, that H and V are to the left of the 
ordinate through t,. Make the corresponding denotations with reference to 
tz and to tc, as indicated in Figure 5. 

Denote by R, the open region enclosed by the curve which passes from U to 
W in a positive sense on k, , from W to X on m, from X to Y in a positive 
sense on kz , from Y to Z on nz, from Z to V in a positive sense on K, and from 
V to U onl. Denote by R: the open region enclosed by the corresponding 
curve PYXJIWUGHVZQP. Each of these regions is an open, simply con- 
nected region satisfying with f(z, y) the hypothesis of Theorem 1. Hence there 
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exist functions ¥:(2, y) and yo(r, y) possessing, in R; and R, respectively, the 
properties described in the conclusion of Theorem 1 and also satisfying (14), 
where M and N are any finite real numbers such that M < N. 

Let VUGH denote the open region enclosed by the curve which passes from 
V to U oni, from U’ to Gin a positive sense on k; , from G to H on l, , and from 
H to V ina positive sense on K. Let WX.JI and YZQP denote the correspond- 
ing open regions with reference to ty and t¢ respectively. Denote by Rj the open 
region obtained from R, by deleting those points of the closures of these three 
regions which are in R,. Denote by R: the open region similarly obtained 
from Re. 

The remainder of the proof is analogous to the proof of Theorem 2. Denote 
by R, the open, simply connected region made up of VUGH and o0(s,4); by Re 
the region made up of WXJI and o(ss); and by Re the region made up of 
YZQP and o(sc). There exist functions Y4(z, y), va(z, y) and Wc(x, y) which 
possess, in R, , Ry, and R¢ respectively, the properties described in the conclusion 
of Theorem 3 and which satisfy 


va(z, y) = vila, y) if (x, y) is in both R, and Rj; 
valx, y) = yo(a, y) if (x, y) is in both Ry and Rs; 
vu(x, y) = vala, y) if (x, y) is in both R, and Rj; 
vu(x, y) = ¥2(z, y) if (x, y) is in both R, and R3; 
ve(x, y) = vila, y) if (x, y) is in both Re and Rj; 
¥c(zx, y) = ¥2(z, y) if (2, y) is in both Re and R3. 


(18) 





The five functions y(2, y), Yo(x, y), Vala, y); W2(x, y) and y-(z, y) taken over 
their respective regions of definition R; , R2 , Ra, Rz and Re constitute a func- 
tion ¥(z, y) which possesses the properties described in the conclusion of 
Theorem 3. 

Case 2. Case 1 does not occur. The right endpoint of every characteristic 
through tz is on K. It can be assumed without loss of generality that no char- 
acteristic through tz, touches ke . 

Denote by m, and mz, characteristics through the upper and lower endpoints, 
respectively, of ts. Denote by J the rightmost limit point of m; on k; , and by 
J the leftmost limit point of m, on K and to the right of J. Let W and X de- 
note the corresponding points with reference to mz. Assume, without loss of 
generality, that t, is so small and so placed on sz that J and X are to the right 
of the ordinate through f, . 

Denote by R, the open region enclosed by the curve which passes from U to 
W in a positive sense on k, , from W to X on m2, from X to V in a positive 
sense on K, and from V to U onl,. Denote by Rz the open region enclosed by 
the corresponding curve ]WUGHVXJI. Each of these regions is an open, at 
most doubly connected region satisfying with f(z, y) the hypothesis either of 
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Theorem 1 or of Theorem 2. Hence there exist functions yi(x, y) and yYeo(z, y) 
possessing, in R; and Rez respectively, the properties described in the conclusion 
of Theorem 1 and also satisfying (14), where M and N are any finite real numbers 
such that M < N. 

Let WX.JI denote the open region enclosed by the curve which passes from 
W to X on m, from X to J in a positive sense on K, from J to IJ on m,, and 
from J to W in a positive sense on k,. Suppose that every segment t, as de- 
scribed above is such that the region WXJJ which it determines is doubly con- 
nected. Then the characteristic-segment PQ through the midpoint of ts cor- 
responding to the segment J.J of the characteristic m cuts the region WXJJ 
into two distinct regions, each of which is doubly connected. The region R is 
therefore quadruply connected. This contradicts the hypothesis of the theorem. 
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Hence it can be assumed without loss of generality that the segment t, is such 
that the region WXJ/J is simply connected. 

The remainder of the proof is analogous to the proof for Case 1. Define the 
open regions Rj , R:, R, and R,. There exist functions ~4(z, y) and Wa(z, y) 
which possess, in R, and Ry, respectively, the properties described in the con- 
clusion of Theorem 3 and which satisfy (16). The four functions y(zx, y), 
yo(z, y), Walz, y) and ,(zx, y) taken over their respective regions of definition 
R;, R;, Ra and R, constitute a function y(x, y) which possesses the properties 
described in the conclusion of Theorem 3. 

Remark 1. It is clear that there exists a function ¥(x, y) as described in 
Theorem 3 which possesses the additional property 

(d) L < (2, y) << UinR, 
where L and U are any preassigned finite real numbers such that L < U. 

Remark 2. A theorem analogous to Theorems 1, 2 and 3 can be stated for 











374 LOUIS D. RODABAUGH 


regions of order of connectivity m, where m is any positive integer. In the man- 
ner indicated in the proofs of Theorems 2 and 3, the proof of the existence of a 
solution of (1) having the desired properties in a region of order of connectivity 
m (>1) can be made to depend upon the existence of such solutions in regions 
of order of connectivity less than m. 
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A CONVERSE THEOREM CONCERNING THE DIAMETRAL LOCUS 
OF AN ALGEBRAIC CURVE 


By Jesse DouGLas 


1. Introduction. If a conic be cut by any system of parallel secants, the locus 
of the midpoint of the two intersections with each secant is a straight line, 
called a diameter of the conic. This diameter is the polar with respect to the 
conic of the common infinite point of the parallel secants. 

It was proved by Sir Isaac Newton’ that the preceding elementary property 
of conics extends to an algebraic curve A of any degree n. The intersection 
of A with any straight line / is a system of n real or imaginary points; let G 
denote their centroid. Then the locus of G as | moves parallel to itself is a 
straight line d, which may be called a diameter of A. The line d is, in fact, the 
linear polar with respect to A of the fixed infinite point of the system of parallel 
secants. 

If any n curve-elements 71 , y2, --- , Yn are cut by a system of parallel secants, 
we naturally define the corresponding “diametral locus’ as the locus of the 
centroid G of the respective intersection-points pi, pe» --- , Pn of the given 
curve-elements with an arbitrary secant ! of the given parallel system. Suppose 
that this diametral locus is a straight line for every system of parallel secants. 
Then we shall prove in this paper (Theorem II) that the curve-elements y; 
must belong to the same algebraic curve of degree n, possibly a reducible one. 

Let o:, o2,---,o¢, denote n hypersurface-elements in Euclidean space of 
any number m + 1 of dimensions. If the diametral locus of these hypersurface- 
elements relative to an arbitrary system of parallel secants is a hyperplane, then 
the elements must belong to an algebraic hypersurface of degree n, possibly 
reducible. This theorem (III), the natural analogue in higher dimensions of 
the one stated in the preceding paragraph, is proved in §6. 

We conclude (§7) with a discussion of the conditions on the curve- and hyper- 
surface-elements y; , ¢; under which our results are function-theoretically valid. 


2. Relation to other literature. Our results include as very special cases 
certain converse theorems concerning polynomials, y = P(x), recently given by 
Howard Levi.” This author states his result in an analytic form, which can be 
seen to amount geometrically to this: If the diametral locus, relative to an 
arbitrary direction, determined by n elements of an entire function y = f(z) 
is a vertical straight line, then the entire function must be a polynomial. This 
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!See Salmon, Higher Plane Curves, Dublin, 1873, p. 109. 

2On the values assumed by polynomials, Bull. Amer. Math. Soc., vol. 45(1939), 
pp. 570-575. 
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is, obviously, an immediate corollary of the theorem stated in the previous 
section, since the only entire functions which are algebraic are the polynomials. 
In fact, Levi’s theorem already follows from a restricted and more easily proved 
form (Theorem I) of our main theorem (II), the restriction consisting in the 
imposition of an invariable direction on the diameter. 

In the case of hypersurfaces, the simplification achieved by taking the geo- 
metric point of view is even more striking.* 

Some of our calculations, particularly in §§3, 4, are similar to those of Levi’s 
interesting paper, but take a more symmetric and elegant form because of our 
more natural mode of treatment. 


3. Formulas. We first establish the basic formulas which underly all our 
calculations and proofs. 
Consider n curve-elements 7; : 


(3.1) ; = fi(x) (¢ sca 1, 2, aoe n). 
Let the straight line 
(3.2) y=kr+e 


intersect these curve-elements in the respective points p; of codrdinates (x; , y:). 
Then z; is a function of k, c which obeys the equation 


(3.3) Si(xi) = kx; +c. 
By differentiation with respect to k and with respect to c: 
at yp at: 


OX; —,, OX; 
fila) = = k= + 1. 


Eliminating f;(z;), we find that x;(k, c) obeys the partial differential equation 


aay _ aay 
(3.4) Ok = % ac ’ 
or 

, 1 O02; a Or; 
(3.4’) as 


The n quantities zx; are the roots of the algebraic equation 
(x — 2)(x — a) --- (x — x,) = O, 
or 
(3.5) 2” — Py” + Pat" * +... + (—1)" “Pat + ++» + (—1)"P, = 0, 
3 Cf. Levi, loc. cit., §2. 
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where P;, P2,---,P, are the elementary symmetric functions of the z;,’s. 
Hence the P,’s are, like the z;’s, also functions of k, c, and we have next to find 
what relations among the P,’s are implied by the partial differential equation 
(3.4) obeyed by each z;. 


First, we obtain by addition of (3.4’) fori = 1, 2, --- , n: 
1 aP, _ aPy 
3.6) P, a = ac" 


Next, let us differentiate 
P,; = >) eo, 2a, +++ Ze; 
with respect tok. We find, after use of (3.4), 


aP; OX, 
(3.7) ak = ) » Va, Lay eee Va; Be . 
Here the sum }> refers to every possible combination of indices a: , az, «++, ai, 8 


(each ranging from 1 to n) where the a@’s are distinct and 8 is equal to one of the 
a’s. 
By differentiation with respect to c of 


Pus = 2, Sade *** Safes: 
we find 
(3.8) ie eb ge ee a 2 
dc dc 
where the sum by refers to every possible combination of indices a; , az, --- , a, 


y in which the a’s are distinct and y is distinct from each a. Hence, adding 
(3.7) to (3.8) after dividing the latter by 7 + 1, we get 


oP i 1 aP —e._. ” OX; 

a TTI ae 7 Mate se+ tu 
where in the summation }~-” every combination of indices is allowed to occur 
(once and only once) in which the a’s are distinct while the index 6 is unrestricted. 
Thus, the right member of the last relation can be written 


02, 
so that this relation becomes 


oP, 1 OP _ p Pr 


iad am titi oc 7%’ 





4. Particular algebraic curves. Let us now formulate our hypothesis con- 
cerning the rectilinear character of the diametral locus of the n curve-elements 
7: in the following restricted form: The diametral locus is not only a straight 
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line for every fixed direction k, but a straight line of invariable direction (inde- 
pendent of k). Evidently, we may take this direction to be the vertical one, 
x = const., without loss of any generality. 

Then, G denoting the centroid of the n intersection-points p; , we have 


—_ atte tees ton _ Pi, 


n n 


ve 


so that the condition: xg = const. for fixed k, is equivalent to: P; = const. for 
fixed k; i.e., P; is a function of k alone, not of c, or 


(4.1) oP: _ 0. 
0c 


Thereby, (3.6) and (3.9) give respectively 


oP, _ 
(4.2) a = @, 
. oP; ie OP i41 
(4.3) ak itl sac 
By (4.2), 
(4.4) P, = ¢(c), 
a function of c alone. Substitute this in (4.3) with 7 = n — 1; then 
OPrAa rrr 
ak n° (©); 
whence, by integration, 
1 , 
(4.5) P,- = —s (c)k + guile). 


In (4.3) put 7 = n — 2, substitute (4.5), and integrate; then 


(4.6) P,-: = . ¢’(e) Ke re eilok + gale). 
“n(n — 1) “2 n-1 


Continuing in this way, we obtain generally 
i = Nie" (e)k' + Ni-wi*  (c)k*™ - ae 
+ Ni-ig}"? Ok? + --- + gic). 


Here the N’s denote purely numerical coefficients, while the indices in paren- 
theses denote an order of differentiation. 

If we allow 7 to be n — 1 in (4.7), and then apply the fact that P, is a func- 
tion of k alone, it follows that ¢‘"~”(e), oi" (ce), --- , ¢§" 7 P), «++, Gn-r(o) 


are constants. Accordingly, g(c), gi(c), --- , g;(€), --- , gna(c) are polynomials 


P 
(4.7) 
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in c, of respective degrees n — 1,n — 2,---,n —j — 1,---,0 at most (if, 
indeed, they do not vanish identically).* 

Using (4.7), let us form the general term P,;x' of (3.5), and then write by 
(3.2): kx = y — c; we get a result of the form 


ag) Pe = HOW — 0 + Wey — OE + 
+ Wilc)x(y — 0)? + --. + Wile)a', 


where each y;(c) is a certain polynomial in c. Consequently, 
, 7 
(4.8’) P,-ix’ = Qi(2, y, ¢), 


where Q; is a polynomial in z, y, c of degree 7 in x, y—unless, indeed, Q; = 0 

If we substitute this in (3.5), it follows that each intersection-point p;, or 
(x; , yi), of the line y = kx + ¢€ with the curve-elements y; obeys the equation 
in 2, y: 


2” bis Q,-1(2, y, c) + Q,-2(z, Yy; c) + shanti 
+ (-1)"“Qi(z, y, ec) + --» + (-1)"e() = 0. 


This equation must hold for every value of c that belongs as y-intercept to a 
straight line y = kx + c passing through the point (7, y), provided that this 
straight line takes part in the construction of any of our diametral loci. Let 
us assume, as hypothesis, the existence of an angular pencil of lines with vertex 
at (0, co) such that every line in the angular pencil intersects every curve-element 
yi in a single point.’ Then in (4.9) we may put ¢ = ¢ and have finally, in a 
condensed notation, 


(4.9) 


(4.10) x" + Ry«(z, y) = 0, 


where R,_; is a polynomial in x, y of degree n — 1 at most —or, possibly, 
R,u(z y) = 0. 

The equation (4.10) applies to the portions of the elements y; which are cov- 
ered, as described, by the angular pencil of lines with vertex at (0, ¢). This 
point may be considered as simply any one of the plane, since the axes of z, y 
are subject to arbitrary translation without changing anything essential. By 
varying the position of the vertex-point, the portions of the y,’s to which our 
reasoning applies can be made to overlap so as wholly to cover the y;’s._ Hence, 


4 Here and at many similar places hereafter, the phraseology could be abbreviated by 
the use of a special term, like ‘‘polynomial of grade n’’, to denote any expression of the 
form 


aor" + az” |! + ++ + anit + a, 


regardless of how many of the leading coefficients are zero. Thus a polynomial of grade 
n means one which is of degree Sn or which vanishes identically. The same terminology 
can be applied to polynomials in several independent variables. 

5 This assumption is justified by the discussion of §7. 
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(4.10) being algebraic, our reasoning shows that this one equation applies to 
the curve-elements y; in their entirety. 

(4.10) is simply the general algebraic equation of n-th degree in z, y restricted 
by the condition that the group of terms of n-th degree reduces to x”. This 
corresponds to the fact that x = const. is the invariable diametral direction; if 
this invariable direction is ar + by = const., then, as we easily see by affine 
transformation, the corresponding form of equation (4.10) is 


(4.11) (ax + by)" + Ryalz, y) = 0. 


Thus, we have our first theorem, a preliminary form of the main one (Theorem 
II) to be proved later, and differing from the latter only in the requirement of 
a fixed diametral direction. 


TuHeoremM I. Jf the diametral locus determined by n curve-elements y; with 
respect to an arbitrary system of parallel secants is a straight line of invariable 
direction, ax + by = const., then the elements y; belong to an algebraic curve of 
n-th degree having the particular form (4.11). This algebraic curve may be reducible. 


It may be observed, as an easy corollary, that if the diametral line is absolutely 
fixed: ax + by + C = 0, regardless of the particular system of parallel secants, 
then (4.11) is further specialized to the form 


(4.12) (ax + by)" + nC(ax + by)" + Ruz, y) = 0, 
where R,_» (if not = 0) is a polynomial of degree n — 2 at most in 2, y. 
5. General algebraic curves. We now give up the condition of invariable 


direction for our diametral locus, and require only that this locus be a straight 
line for every fixed direction k. This is expressed by 


(5.1) Yo = g(k)te + h(k). 
Since (z¢ , ya) lies upon the line (3.2), 
(5.2) Yo = kta + ¢; 


therefore, by solution for xg of the last two equations, 


c — h(k) 

(5.3) te g(k) on 

unless g(k) = k. But g(k) = k would imply the parallelism, and therefore the 
identity, of the lines (5.1), (5.2), since they have the point (z¢ , ye) in common. 
Then the y; would have to be rectilinear elements of the diameter (5.1), and 
could therefore be regarded as part of a reducible algebraic curve of degree n, 
namely, the diameter taken n-fold. Accordingly, we may lay this case aside 
as trivial, and suppose g(k) ~ k. 

Since tg = P,/n, formula (5.3) leads to one of the form 


(5.4) P; = XA(k)e + w(k), 
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stating that P; is a linear function with respect to c. We shall draw our in- 
ferences from this implication of the diametral condition. 
Substituting (5.4) in (3.6), we get 


1 oP, _ 
Poe = NH, 
whence, by integration, 
(5.5) P, = o(c)et*™™. 
Further, by (5.4), (3.9), we have 
aP; _  - Cie 
(5.6) ry Mk)P; = itil te 
Let us define 
(5.7) PB, = eS ep, 
then, multiplying (5.6) by e SMH at we have 
aP; _ 1 dPin 
ae & 7 isi te: 
By (5.5, 7), 
(5.9) P,, = ¢(c). 


Comparing (5.8, 9) with (4.3, 4), we see that exactly the same relations now 
hold for P; as previously held for P;. It follows then, by identical calculations, 


that, like (4.7), 

Pi = Nw (c)k* + Nias? (ok + a 
(5.10) on 
+ Niw}"? (Ok? + --- + ile). 


There is, however, this one difference: that now if we put i = n — 1, giving 
P, , this quantity is by (5.4, 7) a linear function of c instead of a function of 


k alone, as before. Therefore ¢”(c), gi" (c), --- , gf)? (0), «++, Gn-a(e) 
are linear functions of c, and consequently the polynomials ¢(c), ¢gi(c), --- , 
¢;(c), «++ , gn-a(c) have the respective degrees n,n — 1,---,m —J,---, 1 
at_ most. 


Multiply (5.10) by 2‘, and write kr = y — c; then 
P,_ix' = polc)(y — c)' + (ejay — ec)" + --- 
+ wilc)a’(y — 0)°? + ++» + vile)2’, 


each y;(c) being a polynomial of degree (n — j) — (¢ — j) = n — i at most in 
c. It follows that 


(5.11’) P,_i2 = Qi(z, Y; ¢), 


(5.11) 
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where Q; is a polynomial in 2, y, c of degree 7 in x, y and of degree n at most in 


c—unless, perhaps, Q; = 0.° 
The equation (3.5), multiplied by 
(5.12) v(k) - er. 


is, according to (5.7), 
v(k)x” — Pyr™* + ... + (—1)""“P,_ a’ + --- + (-1)"B, = 0. 
By (5.11’), and the substitution k = (y — c)/z, this becomes 


_ ¥( ~ *) x" — Qra(x, yc) + ++» + (-1)" Q(z, y, ©) 


+ ++» +(—1)" 9c) = 0. 


We may rewrite this as 


(5.14) H,(a2,y — c) + R,Ala, y, c) = 0. 
Here 
(5.15) H,(z,y — c) = vy (¥ = *) 


denotes a homogeneous function of degree n in x, y — c, which does not vanish 
identically because of the exponential form (5.11) of y. R,-1 denotes a poly- 
nomial in zx, y, c of degree n — 1 at most in 2, y and degree n at most in c—or, 
possibly, Raa = 0. 

By its derivation, the relation (5.14) must be obeyed by the codrdinates 
(x, y) of every point on every curve-element 7; and for an interval of values of 
c. In other words, regardless of the value of c, (5.14) must define the same n 
function-elements y = fi(x). If we interpret (2, y, c) as coérdinates in a three- 
space, (5.14) defines a surface S, and for any fixed value co of c, the curve or 
curves y = fi(x) defined implicitly by (5.14) are found by cutting S with the 
plane c = ¢ and projecting orthogonally on the zy-plane. Since these curves 
yi, or y = fi(x), are the same regardless of the value of co , it follows that the 
surface S must be a right cylinder based on the curves y;. Hence the left 
member of the equation (5.14) of S must, in reality, be independent of c; i.e., 


(5.16) H,(z,y — c) = — RiAla, y, c) + F(a, y). 
Here write c = y — 2; then 
H,(x, z) = S(z, y, 2) + FQ, y), 


where, since R,_; is a polynomial in ¢ of dégree n at most, S is a polynomial 
in z of degree n at most. Hence this is true of H, : 


H,(z, z) = . E(x)z". 


6 In fact, the total degree of Q; in z, y, c is n at most. 
7 In fact, the total degree of R,_; in 2, y, c is n at most. 
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But since H, is homogeneous of degree n jointly in x, z, it follows easily that 
E(x) = Cyr" (Cy a constant); therefore 7, , not vanishing identically, is a 
homogeneous polynomial of degree n in x, 2. 
‘ +. . . 8 
Consequently, giving any particular value to ¢ in (5.14), as we may, we see 
that this equation has the form of the general algebraic equation of the n-th degree 
in x, y: 


(5.17) K,(2, y) + T(z, y) _ 0, 
K,, denoting a homogeneous polynomial of the n-th degree (certainly not vanish- 
ing identically), while 7',., is a polynomial of degree n — 1 at most—unless, 


perhaps, 7,1 = 0. 
Thus we have proved 


THEOREM II. If the diametral locus determined by n given curve-elements ¥; 
relative to an arbitrary system of parallel secants is a straight line, then the elements 
7: belong to the same algebraic curve of degree n. This curve may be reducible. 


6. Characterization of algebraic hypersurfaces by the diametral property. 
The preceding theory for curves extends in the most natural way to 
hypersurfaces. 

Let 2, Ya (a2 = 1, 2, --- , m) be Cartesian coérdinates in (m + 1)-dimensional 
Euclidean space. Any n given hypersurface-elements ¢; will be represented by 
equations of the form 


(6.1) zr = filya) (a = 1, acs ,m;t = 1, Ie , n). 
Any straight line is represented by a system of equations of the form 
(6.2) Ya = kot + Ca (a = 1,---,m). 


The intersection-point p; (x; , y;) of this line and the hypersurface-element o; is 
defined by substituting (6.2) in (6.1): 


(6.3) Xi = filkat + Ca). 
By differentiation with respect to k, and ¢., 
_ = Vifialksxi + Cs), ~ - Sialkg xi + Ca) (8 _ 1, TT / m), 
Oka OCa 
where fia = f:/dy.. Therefore 
, Ox, «2; 1 02; _ Oxi 
(6.4) Oka Ola ty dha Oa’ 


for all values of 7 and a. 
By the similarity of (6.4) to (3.4, 4’), we obtain in precisely the same way as 
in §3 formulas analogous to (3.6, 9), namely: 


1 aP, _ aP, 
(6.5) cz * 


8 Cf. the discussion following (4.9), (4.10). 
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aP; 1 6Pins ms 
(6.6) aka . i+1 a. 


aPy 
“ACa 


2 





Omitting consideration of any restricted case, we pass at once to the hypothesis 
that the locus of G, centroid of the n intersection-points p; , is a hyperplane for 
every system of parallel secants, i.e., secants for which the k.’s remain fixed 
while the c,’s vary. This condition is expressed by 


(6.7) to = 2. ge(k)Yeo + h(k), 
where, as always hereafter, k denotes the system (k,.). 
By (6.2), 
Yao = kata + Ca, 
and combining this with (6.7), we find that zg is a linear function of the c,’s: 
X galk)ea + h(k) 


(6.8) rte = - > ga(k) ke ° 


The only proviso is that 1 — > ga(k)ka ¥ 0; but the ¢ontrary possibility can be 


dismissed by an argument like that given in connection with (5.3), for it would 
imply that all the elements o; lie in the same hyperplane, the diametral one. 
Because zg = P,/n, we may express (6.8) in the form 


(6.9) Py = D dalk)ca + u(k). 
By (6.5), we then have 


a log P,, a 
Oka 


It follows that >> X.(k) dk, is an exact differential; its integral (after any fixed 


(6.10) alk). 





choice of the constant of integration) is a definite function of the k,’s. Then, 
by integration of (6.10), 


(6.11) P, = ¢(c) exp | / > Nalk) a | 
where c denotes the system (cq). 

Substituting (6.9) in (6.6), we find 

oP; bch 1 OP i441 

(6.12) ake halk) P; —_ i+ i Ce ° 


Let us define 


(6.13) P; = P; exp | - / D alk) at. | 
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then multiplying (6.12) by exp | - / > Aa(k) at. | , we obtain 


oP; _ 1 dP is 
(6.14) ~_ tet 


By (6.11), (6.13) 
(6.15) P,, = ¢(c). 
Formulas (6.14), (6.15) are the same, except for the subscript a, as (5.8), 


(5.9), or as (4.3), (4.4). We derive therefrom by quite analogous reasoning: 


(6.16) P= * E valcke + (0), 
(6.17) P,_s = daa a | ‘94 sy ¢as(C) ke kg — eet {2 oo (c)ka + (ec), 


and so on. Here ga(c) = d¢/8Ca, gas(c) = 9 ile etc. In general, by 
use also of the linear character (6.9) of P; with respect to the c’s, P,_; is seen 
to be a polynomial in the system of variables c, k of total degree n at most and 
of degree i at most in the k’s—unless P,_; = 0. 

If we substitute ka = (Ye — Ca)/2, it follows then that 


(6.18) Pa’ = Q.(z, Ya, Ca), 


where Q; is a polynomial in the variables z, ya, Ca of total degree n at most, 
and of degree 7 in z, ya—or, possibly, Q; = 0. 
Let us multiply (3.5) by the non-identically vanishing function 


(6.19) vik) = exp |-/ > Aa(k) ake; 
then it becomes by (6.13): 
(6.20) y(k)x” — Pa +... + (-1)""P,_ a +.--- + (-1)"P, = 
By (6.18), (6.15), and the substitution ka = (Ya — Ca)/z, this takes the form 
¥(B—* uo *)a — Qn-i(2, Ya, Ca) 
+ ee + (—1)"* Q(z, Ya; Ca) + oe? + (—1)" o(ca) aad 0, 


or, condensing, we have 
(6.21) H,(2, Ya — Ca) + R,A(2z, Ya; Ca) = 0. 


Here 


(6.22) H,(z, Ya — Ca) = ry (=) 
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is a homogeneous function of degree n in x, Ya — Ca, Which does not vanish 
identically, on account of the exponential form (6.19) of ¥(k). R,-1 is a poly- 
nomial in x, Ya, Ca of total degree n at most, and of degree n — 1 at most in 


£, Ya or, perhaps, R,-1 = 0. 
It follows by reasoning exactly like that given for (5.14) that H,(z, ya — Ca) 
is, in fact, a homogeneous polynomial of degree n in x, Ya — Ca. Giving then to 
° . —” ° (0)\ 9 
(cq) in (6.21) any permissible particular values (ec, ), we have finally as an equa- 
tion obeyed by all the hypersurface-elements o; : 


(6.23) K,(2, Ya) + Sna(X, Ya) = 0, 


where K,, denotes a homogeneous polynomial of degree n in x, ya (certainly not 
vanishing identically), while S,-; (if not identically zero) is a polynomial of 
degree n — 1 at most in 2, ya. 

This completes the proof of 


TuHeoreM III. If the diametral locus of n given hypersurface-elements o; rela- 
live to an arbitrary system of parallel secants is a hyperplane, then these elements 
belong to the same algebraic hypersurface of degree n (which may be reducible). 


7. Conditions of validity. By going back over our calculations, it is easy 
to determine sufficient conditions under which our results are function-theoret- 
ically valid. 

First, the real domain. The formulas (5.10), which for 7 = 0,1, ---,n — 1 
give P,, P,1, --- , P;, involve the derivatives of g(c) up to the (n — 1)-th 
order, of gi(c) up to the (nm — 2)-th order, --- , of g;(c) up to the order 
n — 1 — Jj; hence the existence of all these derivatives must be provided for. 
Accordingly, we suppose that @’"P;/ac’' exists forj = n,n —1,---,1. To 
enable us to pass between P; and P; , the function A(k) in (5.7) should be con- 
tinuous; i.e., 0P;/dc (= A(k) by (5.4)) should be continuous. Also, the deriva- 
tives 0P;/dk, 0Pj4:/dc appearing in (5.6) must be existent. 

Evidently, all these conditions will be fulfilled if each x;(k, c) is a function of 
class C‘""”. Since the functions 2;(k, c) are defined implicitly by the equations 
(3.3), they will be of class C‘"~” if this is true of the functions y = f,(x), i.e., of 
the curve-elements y;. We suppose these elements to be cut non-ltangentially 
by an initial line y = kor + co , and restrict k, ¢ to properly delimited intervals 
about ko, ¢o. 

A similar argument and conclusion apply to the case of hypersurface-elements 
Oj. 

In the complex domain, the coérdinates x, y, and the line coefficients ke , Ca 
are complex variables, which we suppose restricted to suitable regions in their 
respective complex planes. These regions may be taken to be sufficiently small 


. (0) (0 0) 0) 0) (0) - 2 Pic e ° 
circles about x$”, yf), ke, ce’, where ya = koe + co” is an initial straight line 


® Cf. the discussion following (4.9), (4.10). 
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intersecting the hypersurface-element o; non-tangentially at (xi, yo?) for 
i = 1,2,--.,mn. The elements o; are then naturally assumed to be analytic. 

However, the argument certainly seems appealing that to demand that n 
curve-elements y; give a diametral locus as regular as a straight line for every 
possible fixed direction k is likely to force these curve-elements to have a high 
degree of regularity, without it being necessary to stipulate such a condition as 
hypothesis. 

Without engaging upon the discussion of this question in full, an idea of what 
may be expected in this direction may be had by the following consideration 
of a particular form of the case n = 2. 

Let y = f(x) be merely a continuous curve, defined in an interval that we may 
take to be (—1, 1) without loss of generality. Let ¢ denote any point of this 
interval; then [e + h, f(c + h)] and [e — h, f(e — h)] represent in the most general 
way any two points P, , Q, of y = f(r) such that the midpoint of the chord 
P,Q, lies on the vertical line x = c. The only proviso is that c — h,e +h 
shall both belong to the interval (—1, 1). 

Suppose that as h varies the chord P;,Q, always remains parallel to itself; this 
is our diametral condition applied to the curve y = f(x). Analytically, this 
condition is represented by the formula 


fle +h) — fle — h) _ 


(7.1) oh 


g(c), 


where ¢(c) is supposed merely to exist as a one-valued function (its continuity, 
not necessary for our purposes, follows from (7.1) itself, since f is continuous). 
We rewrite (7.1) as 


(7.2) fle + h) = fle — h) + 2he(c), 


and then form the second difference of this relation with respect to h; i.e., we 
first replace h by h + k, h — k, getting 


(7.3) fle +h+k) =f —h—k) + 2h + kg), 
(7.4) fe+th—k) =fe—ht+k) + 2h — kg), 
then form: (7.3) + (7.4) — twice (7.2). This eliminates ¢g(c), giving 
fetht+k)+fe+h— k) — fle + h) 

=f(c-—h+k)+fle—h—k) — fe — h). 
Here write c = h, then put 2h = 2x; we get 
(7.5) f(a + k) + fw — k) — 2f(e) = flk) + f(—k) — 2f0). 


Replace x by x + k; the right member, being independent of zx, remains the same, 
and we have 


(7.6) f(a + 2k) + f(z) — 2f(a + k) = fk) + f(—k) — 2f(). 
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Subtracting (7.5) from (7.6), we obtain finally: 
(7.7) f(x + 2k) — 3f(z + k) + 3f(x) — f(x — k) = 0; 


i.e., the third difference of f(x) is zero for any arguments in arithmetic progression. 

The only condition for the validity of these calculations is that all the quanti- 
ties which appear as argument-values of f shall belong to the interval (—1, 1). 
For this, it will readily be seen to be sufficient that the argument-values in the 
final result (7.7) belong to this interval. 

By successive application of (7.7), we see that the values of f(x) belonging to 
any arithmetic progression of values of z are all uniquely determined if f(x) is 
given for any three consecutive values of x in the progression. Now any 
quadratic polynomial, or parabola, 


(7.8) y =ar'+brt+e, 


obviously obeys the condition (7.7) of a vanishing third difference, and further- 
more can be made to take any given values for three different given values of 
x by proper (unique) determination of a, b, c. It follows that the points of 
y = f(x) which belong to any number of values of z in arithmetic progression 
lie upon a parabola (7.8). 

Let x = p/q denote any fixed rational value of z in the interval (—1, 1). 
The points x = i/q (¢ = 0, +1, --- , +q) form an arithmetic progression in- 
cluding p/q. Hence the point [p/q, f(p/q)] lies on a parabola (7.8) with all the 
points |i/g, f(i/q)]. This parabola is uniquely determined by its three points 
[0, f(0)], [1, f(1)], [—1, f(—1)] @ = 0, ¢, — @); it is therefore independent of the 
value of g. In summary, we have 


(7.9) f(z) = ax’ + br +e 


for all rational values p/q of z. 

The postulated continuity of f(z) now implies the quadratic (or linear, or 
constant) form (7.9) for f(x) for all values of 2; i.e., y = f(x) is a parabola (or, 
perhaps, a two-fold straight line). 


BrRook.yn, N. Y. 


1® Which reduces to a straight line if a = 0. 
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A MODIFIED MOMENT PROBLEM IN TWO VARIABLES 
By Sreran BerGMan ANp W. T. Martin 
1. In the consideration of the moment problem 
(1.1) [ sea» = Yo (n = 1,2,.--.), 


where {A,} and | Y,} are given sequences of complex numbers with Re (A,) > 
— hand $is sought as a function of &”, two cases arise, namely, the homogeneous 
case and the non-homogeneous case (in the homogeneous case one naturally 
seeks a function 6 # 0). The homogeneous problem is of especial importance 
since its solution answers the question of the closure of the set {vo} over (0, 1), 
the set {v’"} being not closed or closed according as the system (1.1) with Y, = 
0 (n = 1, 2, 3, ---) has or has not a solution @ 4 0,4 €&’. Two methods of 
attack have been used in the homogeneous case.’ The one method, a real vari- 
able method, reduces the problem to an infinite system of linear equations in an 
infinite number of unknowns and the solution is obtained in terms of infinite 
determinants, which by use of Cauchy’s theorem on determinants and other 
ingenious considerations yields the result that a necessary and sufficient condi- 
tion for the closure of the set is the divergence of the series: 


(1.2) p> g(An), 
where 

ny . 1+2Re (a) 
(1.3) gira) = — i+]a)? 


The other method of attack uses Fourier transforms in the complex plane to 
reduce the problem to a problem on the zeros of analytic functions of a certain 
class; again the same condition is obtained. Clearly both methods are appli- 
cable to the non-homogeneous case. 

In this paper we shall be concerned with the moment problem in two variables,’ 
namely, 


. 1 pl 
(1.4) [I (v1, ve)vi"v2"dv due = Y, (n = 1,2, ---), 


Received September 12, 1939; in revised form, February 7, 1940. 

1 Cf. Miintz [1], Sz4sz [1] for the first method and Paley-Wiener [2], p. 32, for the second 
method. (The numbers in brackets refer to the bibliography.) The method of attack of 
the present paper was suggested by a study of the work of Paley and Wiener. The authors 
are indebted to Professors Hildebrandt, Tamarkin, and Wiener for helpful advice. 

2 It will be clear that the methods are immediately applicable to the corresponding 
problem in k variables, rather than in two. 
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where {Y,} is a given sequence of complex numbers and {A, , #,} is a given se- 
. § ° 
quence of pairs’ of complex numbers with Re (A,) > —4, Re (u,) > — 3, and 
° ° 2 
® is sought as a function of \", 


1 1 
(1.5) i / | P(x, v2) P dudve < ~. 
0 #0 


Like other linear problems the theory of the non-homogeneous case depends 
essentially upon the question of the existence or non-existence of a solution (not 
identically zero) of the homogeneous problem 


1 1 
(1.6) [ | (v;, v2)vy" vs" dvidve = 0 (n = 1,2, ---). 
0 “0 


Accordingly we shall begin the investigation with the homogeneous case. Here 
the situation is different from that in the one variable case. If we suppose that 
A» , Mn are not given numbers but merely coérdinates of a point in the space of two 
complex variables, then an equation of the form (1.6) for any fixed represents a 
certain two-dimensional set 5°. Therefore, there arises the question of what 
properties this set has. If we write 


1 1 
(1.7) P(z, 22) = If &(v;, v2)v1' vo" dvi doe, 
0 #0 


then by Schwarz’s inequality it is easily seen that P(z, , 22) is analytic in E[Re (zx) 
> —4 (k = 1, 2)], and therefore by using the theory of a. f. of 2 ¢. v. (analytic 
functions of two complex variables) we see that 5” = E[P(z,, z2) = 0] and thus 
S* must be composed of the analytic manifolds along which P vanishes. If we 
restrict ourselves to the local behavior of 5”, i. e., if we associate to any (A, , un) 
eS’ a sufficiently small neighborhood, and if we denote by 53 = Si(An, un) the 
part of S’ in this neighborhood, then we can distinguish two classes of 3%. One 
can represent the function P(z; , z2) in the neighborhood of the point (A, , un) 
in one and essentially only one way as a product of non-decomposable factors‘ 


(1.8) Pla, 22) ™ pi’ Pre Pr qi es q: * Xa, Ze), 


where the p’s are analytic functions vanishing at (A, , u,) and such that ap ;/dz, 
is non-vanishing at (A, , u,.) for k = 1 or k = 2, while the q’s are analytic non- 
decomposable analytic functions such that ¢; = 0q;/02 = 0q;/0z2 = Oat (An, wn), 
and @ is a regular function which does not vanish in the neighborhood of (A, , un). 


If 
(1.9) r= 1, m = 1, s = 0, 


then we shall call the point (A, , 4.) a simple point (for ®). In this case 5%, can 
be represented either in the form \ = A(u) or» = w(A). (Asa rule both repre- 


3 The double sequence {A,» , um} in which A, , uw» run independently of one another over all 
numbers of the infinite sequences {A,} (m = 1, 2, --+), {um} (m = 1,2, ---), respectively, isa 
special case of the sequence {A, , un} considered by us. 

4 Cf. Osgood [1], Chapter 2. 
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sentations are possible.) If (1.9) does not occur, then we shall call the point 
(Xn, Mn) & multiple point; again the behavior of 5% can be described. In this 
case either there are segments of several analytic surfaces through (A, , un) 
ifn; = 1,r > 1,8 = 0, or there are several such analytic surfaces counted mul- 
tiply if n; > 1, or the surfaces have branch-points if s > 0, r = 0, or finally 
different combinations of these may occur. In order to save space we shall not 
discuss the geometric structure of these possible cases; rather, we shall charac- 
terize a multiple point briefly by the associated development (1.8). We might 
point out, however, that for the homogeneous moment problem (1.6) a simple 
point (A, , #n) for a solution ® means that either 


1 1 
i / P(v;, v2)v;" v2" log v, dv; dv, ¥ 0 
0 0 
or 


1 1 
[ / (v;, v2)v}" v5" log v2 dv, dv, ¥ 0, 
0 0 


while in the case of a multiple point not only both these but also possibly other 
expressions of the form 


1 1 
i (v; , v2)v." v4" (log v1)’ (log ve)* dv; dve = Aj 
0 0 


vanish. We shall call the order of the point (A, , wu») the largest number vy — 1 
for which all the expressions A ;, vanish, where (j, k) range over the values 
(v, 0), (v — 1,1), --- , 7). 

If one not only asks whether a given system of the form (1.6) has a solution 
but also draws into consideration the segments 5%, for a given solution (assuming 
that a solution exists), then one can distinguish two categories of points:° 

(1) Either the point (A, , u,) possesses the property that besides the solution 
of the problem there exists a function ©’ which satisfies the equations (1.6) for 
n ¥ v with the same S‘, while the »-th equation in (1.6) either is not satisfied 
for ®’ if (A, , uw») is a simple point for ®, or if (A, , u,) is a multiple point for ®, 
then at least one of the numbers n; or m, corresponding to (1.8) must be di- 
minished by at least one. 

(2) Or such a solution &’ does not exist, that is, every function &* satisfying 
the equations (1.6) for all n except a finite number of n, necessarily satisfies 
(1,6) also in a group of points (A,, , w»,) (k = 1,2, --- , p) which includes (A, , u,). 
(Obviously in the case of a multiple point (A, , 4.) we may replace non-fulfillment 
of (1.6) for the point by the lowering of the degree of the point.) Such a group 
of points {\,, , u»,} is termed related for our solution ®. 

The association with every solution ® of a function P by means of the corre- 
spondence 


1 1 
(v1, v2) > Pla, 2) = / &(v;,, ve)v{' v9" dv; de 
0 0 


5 Cf. §2, especially Definition 2.1. 
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has a serious defect. We cannot conversely immediately associate with every 
function P (of a suitable class) a solution & of the moment problem, and there- 
fore we cannot draw conclusions in the reverse direction P — ®, i.e., it is not 
possible to deduce from the existence of a function P(z; , z2) of a suitable class 
and vanishing in {A, , un} (n = 1, 2, ---) the existence of a solution of (1.6). 
The second method of attack mentioned in connection with the one variable 
problem removes this defect. That is, by use of Fourier transforms it is possible 
to obtain a complete equivalence. We shall now proceed to obtain this equiv- 
alence. 

Before taking Fourier transforms it is convenient to map the square 0 < », < 1 
into the quadrant g = E[— « < ™ <0,k = 1,2]. For this purpose let us 
write v, = e“*. Then (1.4) and (1.5) become 


0 0 
Ant) +9 (unt) , 
[ [ ®(e"", ev?) e" nt1)+u2(un du, du, = Y,, (n = 1, 2, ee +), 
oO io} 


0 0 
[ [ | &(e"!, e”?) Pe“ *™* dur dus < ~. 
Upon writing 
(1.10) our, Ue) = Iwb(e™, ceehr™, 
we see at once the truth of the following lemma. 


Lemma 1. A necessary and sufficient condition for the existence of a function 
satisfying (1.4) and (1.5) ts that a function ¢ exists satisfying 


0 0 
(1.11) [ [ o(uy, uednPurtentDue day dus = IY, (n = 1, 2, --+), 


0 0 
(1.12) [ [ | o(u1, U2) P dur due < «, 


The functions ¢ and ® are related as in (1.10). 


In §3 we prove the following result on Fourier transforms in the complex 
a '§ 
domain. 


TuHEoREM 1. The two following classes of analytic functions are identical: 
the class @; of all functions f(z: , z2) analytic in the quarter-space 2* = E[Im (z,) 
> 0 (k = 1, 2)] and such that 
(1.13) [ [ | f(ar + yi, T2 + iye) |” dary date <c= Cf < @ (0 < Yk); 
the class Ws of all functions defined by 
0 0 
(1.14) flaed=2 ff olu, ude durdus, — (ei, 2) €%, 


where v(u; , U2) belongs to & over the quadrant ¢@ = E[—~ < u, <0,k = 1, 2]. 


6 This theorem generalizes to two variables (and its truth was suggested by) results 
obtained by Bochner [1] (see especially p. 660) and Paley and Wiener [2] (see pp. 8-9). 
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We shall have 


fi(ai, %) = Lim. S(ai + tyr, Xe + tye) 


vi2—0 
(1.15) 


: 1 0 0 a 
= lism. a [ [ o( uy, Uae #1 *9*9) day, dug. 
A~?>@a 


On the basis of this theorem and Lemma 1 we obtain at once the following 
result. 


Lemma 2. A necessary and sufficient condition for the existence of a function ¢ 
satisfying (1.11) and (1.12) is that there exist a function f « W, and satisfying 


The functions are related as in (1.14). 


Thus the moment problem in (1.4) and (1.5) is completely equivalent to an 
interpolation problem of the form (1.16) in the class of analytic functions be- 
longing to WW. 


2. We shall consider in this paper only such solutions @ for which the points 
{An , #n} are unrelated in the sense indicated in §1. In order to give necessary 
and sufficient conditions for the existence of such solutions it is necessary to 
consider the manifold S’ along which (A, ») can vary, in the large and not just 
in the neighborhood of a given point (An, un) (ie., not just 5%). (When we say 
“in the large” we mean throughout the region E[Re (A) > —4, Re (u) > —4].) 
If we interpret from the function-theoretic point of view, the fact that the point 
(A, , #») is unrelated to the other points (A, , un), ” ¥ v, means that the associated 
function P has a factor P, which vanishes at (A, , u,), but does not vanish at 
(An, Hn), * v. In the case of a group 9 of points (A,, , u»,) (k = 1,2, --- , p) 
which are related there does not exist a factor which vanishes in some (but not 
all) of the points of $°, but there exists a factor which vanishes in all points of 
§°, and no point (An, un), (An, #n) € 8’. In order to formulate this situation 
precisely we shall first give an exact definition of unrelated function-zeros 
(a slightly different definition was previously given by Bergman, [1], [2], p. 
146). 

Derinition 2.1. Let &* be a four-dimensional region and let &(R*‘) be a 
class of a. f. of 2c. v. in R*. We say that a function f « &(R*) possesses a set 
fa”"} = {af, az} (n = 1,2, ---), (a") eR‘, of unrelated zero points in the R(R*) 
sense if for every point (e”) there exists a function f, ¢ ®(R*) and vanishing at 
(a") such that 


N 
(1) f/ II fn €&(R') for every positive integer N, 
n=1 


(2) flat, a?)/T] fa,(at, a?) ¥ 0, where the product is taken over all the func- 








394 STEFAN BERGMAN AND W. T. MARTIN 


tions f,, of the set {f,} which vanish at (a”). (Clearly there can be only a finite 
number of such f., .)’ 

(3) f/f, = 0 at the points {a’}, v ¥ n. 

(4) f has no zeros other than points at which some of the f, vanish. 

Remark. It can occur that several f, are identical. In such a case in all 
formulas and considerations we assume that the functions f, occur multiply a 
number of times corresponding to their multiplicities. 

Leaving for consideration at another time the investigation of the case of 
solutions @ with related points, we shall give criteria for the existence of solutions 
with unrelated points. By using the equivalence between the existence of a 
solution of the moment problem (1.6) and the existence of the associated 
function f of 2 c. v. possessing zeros in the points {(A,n + 3)7, (un + 4$)¢} (see 
Lemmas | and 2), we shall show that our question is equivalent to the following 
problem. 

PrRoBieM 2.1. Let us consider a set {a"} = {aj, az} (n = 1, 2, ---) of points 
in the unit bicylinder BY = El| zx | < 1 (k = 1, 2)] and let &(B') be the class of 
functions F (2; , 22) analytic in B* and such that 


2e par 
(2.1) i i | F(rie™*, ree™*) |?d0,d02<c=cerp << mo (<r <1). 
0 0 


We seek to determine necessary and sufficient conditions for the existence of a func- 
tion F e &°(B*) having the points {a"} (n = 1,2, -- -) as unrelated zeros in the °(B') 
sense. 

The equivalence of our question and Problem 2.1 follows immediately in view 
of Lemmas 1 and 2 from the following theorem which we shall prove in §4. 


THEOREM 2. The relation 
1-&% .1- ss) 4 
2.2 F =-— ——— ge 
( ) ($1, £2) (i568, 158 (1+) + &) 
forms a one-to-one reversible correspondence between a function f(z, z2) « Bi 


having unrelated zeros at points {t"} (n = 1, 2, ---) and a function F(g, , £2) 
e ¢°(B") having unrelated zeros at points 


(2.3) fa?, af} = F » eI a 
1 -— tty 1 -— Ue 





Before giving criteria for Problem 2.1 let us make a remark concerning the 
form of the criteria. In the case of one variable it is possible to give necessary 
and sufficient conditions for the solution of the homogeneous moment problem 
either in the form 
(2.4) lim yn(r bead An) < @ 


no 


7 Otherwise there would be an infinite number of zero-surfaces having a limit point a 
in the interior of the domain, and this point a would be an essential singularity. 
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or in the form 
oe 
(2.5) DX glrn) < 2, 
n=1 


where g(A) depends only upon A. The essential content of the papers of Miintz 
and Szasz consists in reducing the condition (2.4) to a condition of the form (2.5). 
In the case of two variables the classical method of the theory of infinite systems 
of linear equations in an infinite number of (real) variables or the theory of inter- 
polation of a. f. of 2 c. v. gives us a criterion of the form (2.4). Our task will be 
to give a criterion of the form (2.5) for the case of unrelated zeros. We obtain 
criteria for Problem 2.1 from the following theorem whose proof will be given 
in §5. 

TureoreM 3. Let 3(‘B*) be the class of functions F(¢; , t2) analytic in B* and 
such that | F | < 1 in &*. A sufficient condition for the existence of a function 
F ¢€ M(B‘) non-vanishing at the origin and having a set {a"} as unrelated zeros in 
the N(B‘)-sense is that 


(2.6) Dale’) < «, 
where 

(2.7) a(a) = — log A(a) 
and 

(2.8) A(a) = Bd |h(0, 0) | 


and ©, designates the totality of functions h « N(B*) and vanishing at (a). 
The same result formulated in terms of the moment problem becomes 


THEOREM 3a. A sufficient condition for the existence of a solution ® eX (6 # 0) 
of the homogeneous moment problem (1.6) for which {dn , un} (n = 1, 2, ---) forms 
a set of unrelated points consists in the convergence of the left member of (2.6) with 


» », _jJl-2 1—® 
(2.9) {ai », 5 = ‘i ms Dr. ’ 34 a. 
An 


Corottary. A necessary condition for the closure &° of the set {v3", v2"} over 
0 < ™% < 1 (k = 1, 2) is the divergence of the left member of (2.6) with the {a”} 
defined as in (2.9). 

Remark. Since the class of functions F(f; , ¢2), where F/ (2m) e2’('), includes 
the class 2(B‘), it is easily seen that 


(2.10) A(a) $ [1 — (1 — | a [*) (1 — | a |?) 





In order to give a necessary condition we need certain notions from a previous 
paper (Bergman [2], pp. 138, 154) which we shall indicate here briefly. In the 
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case of one variable the statement of the necessary condition is based upon 
Jensen’s formula. In order to obtain a certain generalization of this formula 
we must introduce (in the case of a bicylinder) double harmonic functions, i.e., 
functions which satisfy the equations 

2 2 
ou, ou 


(2.11) 
Ori Oy 


A double harmonic function can be represented in the bicylinder ‘},,, = 
E[ | ze | < 7x] by the formula 


2a 2 3 
(2.12) u(Rie'*', Ree’**) = [ [ u(rie’*, ree'*?) [T P(Ree'**, ree’**) dye , 

0 0 k=1 
where 
1 r —R 
2 r? + R? — 2rR cos (gy — &) 
Aiong with double harmonic functions there was introduced in the previous 
paper the double harmonic Green’s function for an analytic function h(z; , 22) 
regular in @;,,, defined by 
(2.18) P(e, 225h3r, 72) = P(e, 225h; Bry) = — log | h(i ,ze) | + D(a, 22), 
where D(z; , 22) designates the double harmonic function in ‘8;,,, which assumes 


the values log | h(z: , ze) | on E[| 2. | = rx]. We obtain the following necessary 
condition for Problem 2.1 in terms of these notions; the proof will be given in §6. 


Turorem 4. Let (8) be the class of functions F analytic in ®* and such 
that 


2 2 
(2.14) [ i log* 
0 0 


A necessary condition for the existence of a function F ¢ \(8') non-vanishing at the 
origin and having a set {a"} as unrelated zeros in the {(8")-sense is that 


P(Re'®, re**) = 


F(rie™, ree?) | d0;d02 <<c = cr < @ (O<r <1). 





(2.15) > Cla") < ~, 
n=1 
where 
(2.16) C(a) = lim C(a, r, r) 
rl 
and 
(2.17) C(a, r,r) = Bd T(0, 0; h; B},) 
he Sa 


and ©, is the class of functions h ¢ \(B*) and vanishing at (a). 


Remark. In another paper (Bergman [3]) it is proved that (2.15) is also a 
sufficient condition for the existence of a double harmonic function possessing 
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indicated singularities at the points (a"). Since the class of double harmonic 
functions is larger than the class of biharmonic functions, there arises the task 
of finding in addition to (2.15) sufficient conditions to ensure that the double 
harmonic function so obtained will be biharmonic. In such a case the function 
exp (—b — ic), where b is this biharmonic function and c is the conjugate to b, 
will be the desired a. f. of 2 ¢. v. Such considerations belong to the theory of 
a. f. of 2 c. v. and lie beyond the realm of this paper. They will be treated 
elsewhere. 

In the case of one complex variable, where it is not necessary to introduce a 
larger class (than the class of harmonic functions), the condition (2.15) becomes 


(2.18) — > log |a"| < . 
n=1 


This is the known necessary and sufficient condition for the existence of a func- 
tion of the class ¢’(‘8*) having zeros at the points (a"). On the other hand (2.6) 
also yields in the case of one variable the same condition (2.18) since A(a) = 
|a|. If we substitute a” = (1 — 2d,)/(3 + 2d,) (as in (2.9)) into (2.18), this 
yields at once the classical result that the necessary and sufficient condition for 
the closure of the set {v’"} over (0, 1) is the divergence of the series 


(2.19) 2 eee 


(see e.g. Paley and Wiener [1], pp. 761-764). 
In terms of the moment problem Theorem 4 becomes 


TuroreM 4a. A necessary condition for the existence of a solution ® « 2(8'), 
&® # 0, of the homogeneous moment problem (1.6) for which {rx , un} (n = 1, 
2, ---) forms a set of unrelated points consists in the convergence of the left member 
of (2.15) with {a"} defined as in (2.9). 


3. In this section we give a proof of Theorem 1 and then derive a corollary 
which we later use in proving Theorem 2. We base the proof on the following 
theorem of Bochner [2]. 

Turorem A. Let KX” be an open point set in the yxye-plane and let S* = Tay be 
the region consisting of all points (z: , 22) for which (y: , y2) «KH? (— 2 <a, < @; 
k =.1, 2). A necessary and sufficient condition that a function f(z , 22) analytic 
in S* be of integrable square uniformly in S*, that is, that 


(3.1) [ [ \f(ar + iys, t2 + tye) Pdadmsc<o, (y)eX’, 
is that f have the representation 


(3.2) fla,a) ~ ~ | [ W(u;, uae "2 du; dus, (z)e S*, 
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where for each (y) ¢2K” the function 
(3.3) v(m , — 
belongs to %° in the uyus-space. 

From Bochner’s theorem it follows at once that the class W. C Wi. How- 
ever, since the direct proof of this part of the theorem is so brief, we shall give 
it here. If o(u, uw) eC overg = E[—«% <u <0,k = 1, 2], then the integral 
on the right side of (1.14) converges absolutely and uniformly in every finite 
region contained in 2* as one sees by applying the Schwarz inequality: 


0 0 , 2 
il / | o(ts , wale “82?” | day dus | 
i] eo 


0 0 0 0 
2 One ee eee 1 
< (uy, U2) | dus dus: e “ivr '™2"2) day, dug = const. : 
Yy ’ | 
co J—co —2o J—s0 4y1 Ye 


Thus the function f(a , z2) defined by (1.14) is analytic in 2°. Also by Planch- 
erel’s theorem® 


/ [ | flax + ays, v2 + tye) |’ dar dae 
seated 0 ,9 ie 0 20 
™ [ [ | eu, we) Pe”? duy dus S | / | pvr, ua) | dur due 


a0 J—00 
fory, > 0 (k = 1,2). Thus @ Cc @,. 
Next we show that 3%; C YW.. By Bochner’s theorem, if f «YW, , then f has 
the representation (3.2) in 2*, where (by Plancherel’s theorem) 


(3.5) / [ |W(ur, ue) Perr?" dus dus < c (0 < yx). 


The boundedness of the integral for 0 < y, implies that Y(uw , uw) = 0 for (wu , ue) 
outside the quadrant q’. For suppose ¥ # 0 in some rectangle lying outside 
q. Then 


b pb 
| / | W(u1, we) > durduze = ¥ > 0 


for some a, b, a, 8 with, say, 0 < a < banda < 6 (a may be positive, zero, or 
negative). Then 


b PB 
| / | W(rer , we) Pet?” day dug > Jeu tor? 
a a 


8 For various theorems and results on Fourier transforms in the real space see, for 
example, Wiener, The Fourier Integral, Cambridge, Eng., 1933. Wiener shows that “‘no 
property of the Lebesgue integral not explicitly involving a specified number of dimensions 
in the enunciation is restricted to integrals in any particular number of dimensions’’. 
(See p. 17.) 
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and as yi > © (for fixed positive ye) this contradicts the boundedness of (3.5). 
Thus ¥(u , v2) = 0 for (uw , ue) outside q’. 

Again, using (3.5) we see by monotone convergence as’ {y} — 0° that 
v(u; , ue) e over ¢. Thus we have proved that @, C We. 

Next we show that (1.15) holds. For this purpose let us denote by f? the 
function 


0 0 
(3.6) fle, ~) = Lim. = | / gus, wade F429) days dus 
—Ads—A 


Ame 2 


which clearly exists and belongs to 2” since g «%”. Using Plancherel’s theorem, 
we see that 


[ / | f(x + yi » te + tye) — fila , Xe) |” day date 


0 0 
-[ / | p(ur, ue) P»| et"? — 1 PP dur dus 


(7) = ie [+f - +[. [,|ter-temn — 1 dus du] 
< a[ [ E+. [the tas du 


0 0 
ss il [ le dus du | [ max | ents teens a *). 
4 —Asgu;s0 


—A<u2s0 


If « > O there exist an Apo = Ao(e) and a yo = yo(Ao, ¢€) such that 


—Ag 0 0 —Ag 
[ [ lo) dur due <-€, [ [ | o |? du dus <-«, 
© ey Ag s—@ 


(3.8) 
max |e" 1 < a for 0 < ye < . 
~Aogunge [ [ ef du dus 
Thus 
(3.9) Lim. f(r + iys, te + iys) = ft (ar, 22) 


(y) oF 


and (1.15) holds. 
This concludes the proof of Theorem 1. 
We also need the following form of Cauchy’s theorem 


® We shall write (y) + 0* to mean that y;, yz run over the values ¢,"’, «,"’ respectively, 
where «," > «,"*'? > Oand «,"’ +0. When we write lim , we mean that the limit exists 


(y)-0" 
and is the same for all such approaches. 
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Corouiary 1. If f(z , 22) « Ws: , then it has the following representation 
Sf lf f. (ui, U2) 4 
3.10 of. [| Jun, ate ot 
( ) fla, 22) (.) lain > ale a du, dug (z) «€ 
where f, is the function defined by (1.15). 
For the proof of the corollary we apply Parseval’s theorem” to the equation 


(1.14). Now the function f,(4 , #2) has the Fourier transform g(u; , ue) and 
the function 


1 1 1 


3.11 fe. 3 — 
_— (Qari)? ty + ty: te + tye 


*,° + . ll 
for fixed positive y: , ye , has the Fourier transform 


1 u +u 
y y 
a e 141 22 


(3.12) 2m 
0 for (uw, ue) outside q’. 


2 
for (uw, U2) € q ’ 
Thus, applying Parseval’s theorem, we see that 

1 0 0 ; 
=- | / o(ur, Up) cti¥i teaus ot (wie tuae9) du; due 
Ico J—o0 


1 ‘7% [ fi(h, b) 
= . Tt , dh dt. 
(5) | ode [(es — bh) + iysll@ — &) + iy] 
On comparing (1.14) and (3.13), we see that f has the representation (3.10) in o. 


(3.13) 


4. In this section we give a proof of Theorem 2. First let feW,. Then f 
has the representation (3.10). If we write 


(4.1) Pe peel nib nee (k = 1,2) 
. k 1 + t,” k an 50; "; + gif 4 ‘ 
then 
1 _ a+ ge(ite™) (1+ ge) +e) Sm —imm 
(4.2) We mCi — Se) —— p> Kee; 


lge| <1. 


10 Cf. Paley-Wiener [2], (1.09), p. 2. 
11 See Paley-Wiener [2], p. 5, or note that 


& [ [ i etivitusy2—iuyti—suate gy, duz _ i : ‘ es 
Qe Lodi 2 2x) (yi — iti) (y2 — tte) 


+ Se Te 
Qri} (t: + tyr) (te + iy)” 





If v 
(4.3 
ther 


(4.4 


Tht 


(4.8 


Sin 


(4. 


bel 


yn 


id 
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If we map back by means of 


1 + 12k 
om el os 
then we have 1 + ¢, = 2/(1 — iz.) and (4.3) becomes 
dad + a a it a "i - m —imd_ __ m ewe 
“am “u—-2% em 2 ire = i¢vana 2 ge] <1. 


Thus by (3.10) and (2.2) 
fla, Z2)(z1 + 2) (ze + 2) 


= 1 a f (uw, U2) 
-(4) [. [. (ur = alu — Z) (21 + 2) (Ze + 1) du; duz 


(4.5) 1 /* 


= FG, &) = — il, yr 40,, tan 462) 


-(1 — ¢ tan 6,)(1 — 7 tan 62) = Tere mt») 0, de. 
Since 


if / |f+(tan 30,, tan 462) || 1 — ¢ tan 430, |?|1 — ¢ tan 462 |° dO, do» 
(4.6) °°" - 
7 l [ [f+ (ur, we) [Pdurdus < 2, 


it follows at once that we may integrate (4.5) term-wise for (¢) «®* and thus 


(4.7) F(f1, {) = = Guat $2) 


ee [ [ (tan 361, tan 362) 
4r? n . 


-(1 — ¢ tan 46:)(1 — 7 tan 46.)6 °°" *"™™ do, dOs , 


and since the set {(2r) ‘e“™*™"))} is orthonormal, we have by Bessel’s in- 
equality 
7 |amn |? < 2. 


Thus F(f1 , f2) « @(B'). 
Conversely if F(s:, £2) « ¥(B*), then the function f(z: , 22) defined in (2.2) 
belongs to Y%,. This may be shown by an argument entirely analogous to an 
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argument given elsewhere in another connection.” We shall not give the detail® 
here but we shall simply note that if P(g: , £2) « N(B’), i-e., if F is analytic in 
®* and | F | < 1 in &*, then the function f(z: , z2) related to F as in (2.2) is 
analytic in 2* and | f(a, 2) | S (ja + 7a|-|22+i|)' in 2 Thus fe®, 
in this case. Let us remark that the only place in which this portion of Theorem 
2 was used was in passing from Theorem 3 to Theorem 3a, and for this passage 
it is only necessary to know that f «%, whenever F e N(8'). 

The fact that F and f have zeros of the desired nature at the points indicated 
in Theorem 2 follows at once by the mappings (4.1) and (4.3). We shall omit 
the details. 


5. In this section we give a proof of Theorem 3. In order to prove Theorem 
3 we must make some remarks concerning a(a) and certain functions ga(21 , 22) 
which we shall need in our later considerations. 

1°. Since G, is a normal family, there exists at least one function ga(z:, 22) 
of @, such that 


(5.1) | ga(0, 0) | = A(a). 


2°. ga(z: , 22) cannot vanish in the bicylinder E[| z. | < | a |]. For the proof, 
suppose ga(8:, B:) = 0 where | 8 | < |ax|. Then the function ga(Piz:/a1, 
Boz2/a2) will belong to G, and will assume in | z, | < 1 values which ga(z: , 22) 
assumes in | z | S | Bi/ax|. Since | P./ax | < 1, it follows that 


(5.2) o.(&%, 2) <1, |z.| < 1, 


a1 a2 


and thus there exists a constant e > 0 such that 


(1 + og (as a) e N(B') 
ae 


a1 


and this contradicts (5.1) since 


(5.3) (1 + €) | ga(0, 0) | > | ga(0, 0) |. 
3°. If | Be | < | ax| (k = 1, 2), then 
(5.4) A(8) S A(a). 


The proof of this is analogous to that of 2°. 
4°. If the set {a”} (n = 1, 2, ---) has the property that 


(5.5) lim | a? | =1 (k = 1, 2), 


no 


12 The essential difficulty is to show that a certain series can be integrated term-wise and 
this can be shown by using a method indicated in the paper of Bergman, Bull. de I’ Institut 
Math. de Tomsk, vol. 1(1937), pp. 246 and 247. 
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id 
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then 
(5.6) lim A(a") = 1. 


no 


It is obviously necessary only to show that there exists a set of functions h, (2: , 22) 
of N(B*) with h, (ai, a?) = 0 and such that lim | h,(0,0) | = 1. The set 


2 n 
ha(z1, 22) = I] _— Hosa 


ki 1 — & z& 
forms such a set. 
5°. Let 
(5.7) lim A(a") = 1. 


no 


Then for every (71, 72),7: <1, there exists an N such that the functions 
Jan(Z1 , 22), n = N, do not vanish in |z%,| S ~. 

For the proof suppose that the assertion is false. Then there exists an infinite 
subset gam(Z: , 22) = ¢y(Zi, 22), Where m = n, > © as yw — , such that each 
c, vanishes at some point (y"), | vy: | S rm. < 1. Therefore by (5.1), (2.8) and 
3°, it follows that 


A(a™) = | ¢,(0,0)| = Aly’) S A(r) < 1, 


and this contradicts (5.7). 

After these preliminaries we pass to the proof itself. Let us denote by 
9n(Z1 , 22) the function ga»(z: , z2) defined in 1° corresponding to (a). We shall 
show that the function 


(5.8) a I stn 


belongs to N(B*) and that it possesses the set {a"} as a set of unrelated zeros in the 

N(B‘)-sense (cf. Bergman [2], p. 146). It follows from (2.6) and (2.7) that 

(5.6) holds and therefore by 5° there exists for every (7, r2), Ts < 1, an Mo 

such that the functions g,(z: , z2), n 2 Mo, do not vanish in |z%| S rm. For 
M 


every M, M > Mo, I] go(a:, 22) will be a function which does not vanish in 


v=Mo 


M 
| z. | < rz and therefore — >> log | g.(z: , 22) | will be a positive regular bihar- 
v=Mo 


monic function in | z| Sm. By (2.12) 


M 
- 2 log | gu(z:, 22) | 


2e ple M . 
* ~f | > log |go(rie’*", ree"**)| TT Plee, ree") dgx 


v=Mg 


(5.9) 
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for |z| < *%. Since the right side is non-negative in | z| < r:, it follows 


from (5.9) and the mean-value property of biharmonic functions that 


(5.10) — Yb | go(zi, 22) | S (II =~ Leal \( _ > log A(a’)). 


See | 2x | v=Mo 


Thus by our hypothesis (see (2.6) and (2.7)) the series 


(5.11) — DD log | goles, 22) | 


v=Mo 


converges uniformly in | z | < 7, and hence II g(a: , 22) (¥ 0) and also (5.8) 
v=Mo6 


are analytic in | z,| < r,. Thus (5.8) is analytic in B*. Clearly this function 
g(z: , 22) has unrelated zeros at the points {a@"}. This concludes the proof of 
Theorem 3. 


6. In this section we give a proof of Theorem 4. In §2 we mentioned double 
harmonic functions and we noticed that every double harmonic function regular 
in | z, | < rx which assumes values u(rie'*', rze'*?) on the two-dimensional surface 
| ze | = 7, can be represented in the form (2.12). With the aid of double har- 
monic functions we associated with every analytic function h(z , z2) regular in 
Bir, = El| z| S rs] the double harmonic Green’s function T(z, 22; h; Br,r.) 
given by (2.13). We wish to show that I'(z; , ze ;h; B*,,,) possesses the following 
properties which we need for our proof: 

1°. T(z: , 22 3A; Br,r,) = O for | | < re. 

Proof. Let us denote by U‘, the domain E|| z, | < rx , log | h(a , 2) | > —A] 
and let us place 


22 ple 2 
(6.1) Daler, ze) = [ [ [log | A(rie‘** , ree'**) | Ja I] Plex, ree’**) dex, 
=1 


where 
n ifn 2 —A, 
[nla = : 

—A ifn S —A. 
We have then 
(6.2) Dalar ’ 22) = —A, | Zk | < Ve. 
Next we show that 
(6.3) — log | A(z, 22) | + Dale, 2) 


is non-negative in U4. In the part of the boundary of U4 , 
E[| z | < 7m, — log | h(a, 22) | = Al], 


(6.3) is simply —A + D.(z, 22) which is non-negative by (6.2). The supple- 
mentary part of the boundary of U‘ consists of 





‘) 
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(6.4) E[| 2:| = m, |z2| S re, log | h(a, 2) | > —Al] 

and 

(6.5) E{| 21] Sm, | z| = 1, log | h(a, 2) | > —Al. 
In every point of the two-dimensional surface 

(6.6) E[| z | = re, log | A(z: , 22) | > —Al] 


(6.3) is zero. To see that (6.3) is non-negative in (6.4) we note that in every 
lamina 


(6.6) Ela. = rie’*’, | ze | S re, log | h(z, 22) | > —A] (gr fixed) 


(6.3) is a harmonic function of x2 , ye , and since it is non-negative on the bound- 
ary (the boundary being part of (6.6)), it is non-negative in (6.6). Since this 
is true for any real ¢; , we have (6.3) non-negative in (6.4). In an analogous 
manner we prove that (6.3) is non-negative in (6.5). Thus (6.3) is non-negative 
on the entire boundary of U4 , and since (6.3) is a double harmonic function, 
it must be non-negative in ‘U4 , ice., 


(6.7) — log | h(a, 22) | + Dalai, 2) = O, (z) « Ui. 
On the other hand we have 
(6.8) T(z, 22; h; Bir.) = — log | h(zr, 22) | + lim Daler, 2). 


1° follows from (6.7) and (6.8). 
-. Cla, "1, Te) < Cla, R, ’ Rez) for mr < R, ° 
Proof. For every « > 0 there exists a function h, belonging to Sa such that 


(6.9) C(a, Ri, Re) = TO, 0; he ; Be, x.) — € 

and therefore 

(6.10) Cla, Ri, Re) — Cla, rr, 72) = 1(0,0;h. ; Bhye,) — € —1(0,0;h. ; Bi,,,). 
On the other hand 

(6.11) I'(21 , 22; he ; Bayn,) — V'(21, 22 3 he 3 Brieg) 

is a regular double harmonic function in &?,,,. Also by 1° we see that 

(6.12) I'(2; , 22 j he ; Baye) 
and by (2.13) 


IV 


= 0, | 2x | 


Tk, 


(6.13) T(z, , 223 he ; B? rs) = 0, | 2e | Tk, 


except possibly at the set at which h,(rie'*', ree'*?) = 0. Since a regular double 
harmonic function in a bicylinder {8},,, assumes its minimum on the two-dimen- 
sional surface | z,| = r., it follows that (6.11) is non-negative in Br, and 
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hence in particular at the point z = 0. Thus by (6.10) we obtain 
(6.14) C(a, Ri, Re) = Cla, m1, 72) — € 


and since this holds for every positive ¢«, 2° follows. 
3°. The limit 


(6.15) C(a) = lim C(a, r, r) 
r=—o1- 


exists and is finite. 
This follows at once from 2° and the inequality 


(6.16) C(a, m1, 72) & log | i 
1 Qe | 
We pass now to the proof of Theorem 4. Let F e¢ {(8'), let F(0, 0) ¥ 0 and 
let F have a set {a@"} of unrelated zeros. Let Ff, , F2, --- be zero-functions of 
F having the properties 1°, .-- , 4° stated in Definition 2.1. For every r < 1 
there exists an N(r) such that the functions F,, » > N(r), do not vanish in 
Bi. Therefore 





is a regular function which does not vanish in &},. Hence 
N(r) 
(6.17) log | F(z, 22) | — > log | F,(z1, 22) | 


and therefore also 


N(r) 


(6.18) log | F(z, 22) | + Do Mer, 22; F,; Be) 
v=1 


are regular double harmonic functions in 8},. Since 
(6.19) T'(re'*!, re'*?; F, ; Ber) = 0 
almost everywhere, we have by (2.12) that 


N(r) 
log | F(0, 0) | + D> 100, 0; F, ; Bt,) 
v=l1 


(6.20) 2 ple p2 
1 . " +> i igs 
< (+) [ [ log” | F(re'*', re'**) | dg: dgz S cr. 
24] +o Jo 
On the other hand, among the F, (v = 1, --- , N(r)) there occur the functions 
F,, --+ , Fp which vanish in (a’), --- , (@”“”), i-e., in all the points {a’} which 


lie in Bi,. Since (0, 0; F, ; B%,) = O and 
(6.21) C(a’, r, r) S TO, 0; F,, B},) (v=1,---,p), 





we 


W. 
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we obtain 


p(r) p(r) 


> Cle’, r,r) < & ro, 0; F, ; 8) 
v=l1 v=1 
(6.22) N(r) 
< Dd 10,0; F,; Bt) < cr — log | F(, 0) |. 
v=1 


Since this inequality is true for every r < 1, it follows that 


(6.23) 5 C(a’) S cr — log | F(0, 0) | < @. 


° v=1 


This concludes the proof of Theorem 4. 
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GILLESPIE MEASURE 
By Antuony P. Morse anp Joun F. RANDOLPH 


1. Remarks. One aim of the theory of measure as introduced by Lebesgue 
was to furnish a tool for handling questions of length for curves and area for 
surfaces. While this theory was successful as far as curve length is concerned, 
the notion of area for surfaces was left in an unsatisfactory state. The fact 
that some of the properties of lengths for curves have not been successfully 
extended to areas for surfaces may suggest that our present notion of length 
for curves is perhaps of too special a nature. In fact even before Lebesgue had 
given his definition of the measure of a point set on a straight line, Minkowski 
[9]' in 1909 had already considered the question of generalizing curve length 
by assigning (in the spirit of Peano-Jordan content) a linear measure to point 
sets lying in the plane. 

This notion of assigning a linear measure to point sets not lying on a line has 
been considered in different ways since Minkowski with varying degrees of 
success. Among such definitions are those of Young 1905 [13], Janzen 1907 [7], 
Carathéodory 1914 [3], and Gross 1918 [5]. The Minkowski measure inherits 
all the faults of Peano-Jordan content. Young himself found inconsistencies 
for his own measure. As shown by Saks [11] Gross measure has the anomaly 
of assigning the measure zero to a particular set and a positive (even infinite) 
measure to the transform of this set by a bounded transformation of the plane. 
Janzen measure is not independent of the codrdinate system, e.g., the set con- 
structed by Gross ([5], p. 185) has Janzen measure unity for the axes used in 
the construction and measure zero when the axes are rotated 45°. 

Until now Carathéodory measure has received practically no adverse criticism 
in the literature [8, 10] and seems to have been accepted as an adequate gen- 
eralization of the notion of length. However, we give incidentally (§6) a set 
for which even this measure is quite inconsistent with our inherent concept of 
length. 


2. Introduction. In this paper we propose still another definition of linear 
measure for point sets not necessarily lying on a line. For a point set A we 
shall represent this measure by G*(A) and call it Gillespie linear measure after 
the late Professor D. C. Gillespie who suggested to us individually definitions 
similar to the one we have adopted. 

Gillespie outer linear measure is defined (§3) in such a way that Carathéodory’s 
postulational theory of measure may be used. 


Received November 13, 1939. 
1 Numbers in brackets refer to the bibliography at the end of the paper. 
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It will be obvious that Carathéodory linear measure is never greater than 
Gillespie linear measure: 


L*(A) S G*(A); 
and it is easily shown that G*(A) S rL*(A). We prove, however, in §8 that 


L*(A) = G*(A) S$ 5 L*(A). 


This relation is the best possible since there are sets for which each equality 
holds. 

In §6 we establish a relation which seems indispensable to a generalization 
of Euclidean length; namely, if | P: | and | P2 | are the outer Lebesgue measures 
of the projections of a plane set A on two perpendicular lines of the plane, then 

G*(A) = (| Pil? + | Pe)’. 

The analogous relation for Carathéodory measure is not satisfied. In fact 
there is a set, see §5, with L*(A) = | Pi| = | Pe]. 

Also (§7) if a simple Jordan arc has length in the ordinary sense, then the set 
of all points of this are has its Gillespie linear measure equal to the length of 
the arc. 

Gillespie linear measure G(A) is extended (§9) to Gillespie area measure 
GB) for sets B not necessarily lying in a plane. We prove that if A is a set 
in the (z, y)-plane and B is the set of all points (zx, y, z) with (x, y) a point of A 
and0 Sz Sh,ie., 


B= E [(z,y)eA,0S2z< hi, 
(z,y,z) 


then G®(B) = hG(A). This relation between “area” and “length”, funda- 
mental and simple as it seems, has not been proved [10] for any of the other 
measures mentioned above. 


3. Definition of G*(A). In this section A will designate a plane point set. 

If U is a plane convex set with inner points, then by c(U) we mean the 
length of the simple closed curve which is its boundary; if U is a segment, then 
c(U) is twice the distance between its end points. 

With p an arbitrary positive number let U; , U2, --- be a sequence of convex 
sets lying in the plane each with diameter < p whose union contains A, and 
consider the series of semi-circumferences 


pM 4c(U;). 
Designate the greatest lower bound (which may be infinite) of all such num- 
bers by G,(A). As p decreases, G,(A) does not decrease. Thus as p — 0 the 
function G,(A) approaches a limit (finite or infinite) which is represented by 


G*(A) 
and called the Gillespie outer linear measure of A. 
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If U is a convex set, its closure U is also convex and moreover c(U) = c(0). 
Thus in the definition of G*(A) we could have restricted the sets U,, U2, --- 
to be closed convex sets. Also, if only open convex sets U,, U2, --- are used, 
the same number G*(A) is obtained. For with ¢ > 0 arbitrary we may include 
U; in an open convex set V; with c(U;) S c(Vx) S c(U,) + 2 “e. 

One will see that Gillespie outer linear measure possesses the first four prop- 
erties demanded of an outer measure function in Carathéodory’s postulational 
development of the theory of measure [3, 4]. Thus if we accept Carathéodory’s 
general definition of measurability,’ it follows that the complements of measur- 
able sets are measurable, that the intersection of a sequence of measurable sets 
is measurable, and that open sets are measurable. In particular, G;,’s, F,’s, etc. 
are measurable. If a set A is measurable, its measure G(A) is defined by the 
equation G(A) = G*(A). 

Gillespie linear measure also satisfies Carathéodory’s fifth axiom and, in addi- 
tion, the following modification given by Hahn ((6], p. 444): 


For each set A there is a set B which is a G; containing A such that G(B) = G*(A). 
For, with p; , pe, --- a decreasing sequence of numbers approaching zero, let 
Ux, , Ure, +++ be open convex sets (just shown to exist) each with diameter 
< px Whose union contains A and such that >> $c(U;,) S G*(A) + ma. The 


n=1 
set B, = Ux, + Ux, + --- is then open so B = B,-B, --- isaGs;. Moreover, 
B> Aso G(B) 2 G*(A). On the other hand, BC U;, + Ux, + --- and the 
diameter of Us, is < px, 80 G,(B) S 2) 4c(U;,) S G*(A) + px and thus 


(B) s G*(A). 

The inner measure G«(A) of a set A is defined as the upper limit of the meas- 
ures of all measurable subsets of A. From this definition and the above modifi- 
cation of the fifth axiom, Hahn ([6], p. 445) proves a theorem equivalent to the 
following statement: 

If A has G«(A) finite, then this inner linear measure is the upper limit of the 
linear measures G(K) of all closed subsets K of A. 

Thus since a set with outer measure finite is measurable if and only if its 
outer and inner measures are the same ([4], p. 263), we have 


THEOREM 1. If G*(A) < ©, then a necessary and sufficient condition that A 
be Gillespie linearly measurable is that « > 0 imply the existence of a closed subset 
K of A with G*(A — K) < «. 


4. Relation of L*(A) and G*(A). The definition in §3 of G*(A) is patterned 
closely after Carathéodory’s definition [3] of the outer linear measure L*(A). 
In fact in Carathéodory’s definition we have merely substituted the semi- 
circumference }c(U,) where he has the diameter d(U,) of U; .* 


2 T.e., a set A is Gillespie linearly measurable if for every set W with G*(W) finite the 
equality G*(W) = G*(AW) + G*(W — AW) holds. 

3 Carathéodory did not actually require the sets U; , U2, --- to be convex, but showed 
that L*(A) is not altered if they are so restricted. 
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Thus, since d(U;,) S $c(U,) and since }c(U,) S wd(U,) (because U;, may be 
included in a circle of radius d(l’,)), it follows that 


(1) L*(A) S G*(A) S wL*(A). 


Consequently a set A has L*(A) and G*(A) both finite or both infinite and 
if either is zero the other is also. 

Hahn’s modification of Carathéodory’s fifth axiom is also satisfied by L*(A) 
as one may see by following arguments similar to those used for G*(A). Thus 
the analogue of Theorem 1 holds for L*(A). Consequently we have 


THEOREM 2. If A has G*(A) (or L*(A)) finite, then a necessary and sufficient 
condition for A to be Gillespie linearly measurable is that A be Carathéodory 
linearly measurable. 


For, from (1) a closed subset K of A exists with G*(A — K) arbitrarily small 
if and only if L*(A — K) is arbitrarily small. 


5. A particular set. It might appear, from the similarity of the results in §4 
for Gillespie and Carathéodory linear measures, that the difference between 
these two measures is so slight as to be of no significance. However, in this 
section we construct a set A whose projection on the z-axis is the closed segment 


E (0 S x € 1, y = O} and whose projection on the y-axis is E [x = 0, 
(zy) (zy) 


0 S y S 1], but nevertheless (instead of having L*(A) at least 2") has L*(A) = 1. 
In the next section we show that for G*(A) this irregularity cannot occur. 

Toward constructing this set A we first define an operation of order n on a 
circle’ C of radius r and with respect to a fundamental codrdinate system. 

Cireumscribe a square about C with sides parallel to the axes. Draw a chord 
of C from the upper to the right-hand point of tangency and another chord 
from the left-hand to the lower point of tangency. Divide the square into 
(2n)* equal squares with sides parallel to the axes. Of the smaller squares thus 
formed consider only those which have a diagonal lying along one of the chords 
just drawn. From these squares select those which are subsets of C; those 
which are not entirely subsets of C redivide into n® equal squares. Of these 
still smaller squares which lie along either of the above chords, select those 
which are subsets of C and those which are not entirely subsets of C redivide 
into n”® equal squares, etc. The selected squares are then infinite in number, 
no two overlap, each is a subset of C, and their union contains all except the 
end points of the two chords of C indicated above. In each of these squares 
inscribe a circle. The infinite set of circles thus obtained is to be considered 
the result of the operation of order n on C. 

Notice in particular that for any n: 

(1) The sum of the diameters of the circles obtained is 2r. 

(2) The union of the circles obtained may be included in two rectangles each 
of length 2'r and width r/n. 


4T.e., all points whose distance from a fixed point is S r. 
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Start with a circle of diameter unity tangent to both axes in the first quadrant 
and perform the operation of order 3. Call the union of the circles thus obtained 
r;. Then the closure P; is l'3 together with the four points (0, 4), (3, 0), (1, 4) 
and (4, 1). On each circle of T's; perform the operation of order 4 and call the 
union of all circles thus obtained ly. Then I, contains only a countable set of 
points more than l,. In general, on each circle of ',1 we perform the opera- 
tion of order n and obtain a set T,, C T,_1, and note that f,, — T’, is countable. 

The set A we shall consider is the intersection 


Az rf, eee rT, ——- = lim [,. 

Thus A is a closed (and even perfect) set and is thus measurable. 

For any non-negative constant a < 1, the line z = a (and also the line y = a) 
intersects I, in a non-empty closed set so this line contains a point of A. Thus 
the projection of A on either axis is the unit interval (0, 1]. 

Since the diameter of any set U is greater than or equal to the diameter of 
the projection of U on a line, it is seen that L(A) 2 1. On the other hand 
r,, is clearly covered by a countable number of convex sets each with diameter 
less than n™, such that the sum of the diameters is unity. Hence L(A) < 1, 
and therefore L(A) = 1. 

For later use in connection with the Gillespie linear measure of this particular 
set A we make a further observation. From property (2) above, the subset 
of A in any one circle of I’, may be included in two rectangles the sum of whose 
semi-circumferences is (2' + n*) multiplied by the diameter (which is < (2n)~’) 
of that circle. Thus since A — ATI, is countable, we may include all of A in a 
countable number of convex sets each with diameter less than n™', such that 
the sum of the semi-circumferences is not greater than (2? + n°) multiplied 
by the sum (unity) of the diameters of the circles of [,. Thus 


G(A) < 2°. 
6. Projection properties. Let P be a closed polygon with c(P) = 
8: + --- + 8,, where s, is the distance between consecutive vertices of P, and 
let a, be the distance between the projections of these two vertices on the 


z-axis and b; on the y-axis. Let | P* | be the distance between the end points 
of the projection of P on the z-axis and | P” | for the y-axis. It follows that 


e(P) = > (ai + bi)’ = [(O ax)? + (D bx)*}' = ((2 | P* |)? + (2| P* |)". 
Thus if U is any convex set, 


(1) e(U) = aj U7? + Ur Py. 


We now prove the following theorem, the analogue of which is seen, by the 
example of §5, not to hold for Carathéodory measure. 
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TueoreM 3. If A is any plane set, m*(A*) and m*(A”) the outer Lebesque 
measures of the projections of A on the x- and y-axes respectively, then’ 


G*(A) = {[m*(A*)P + [m*(A)PY*. 


For let U; , U2, --- be a covering of A by convex sets such that G*(A) + € > 
Y4c(U,). From (1) this sum is = 2(| UZ |? + | UE|?)' which from Minkowski’s 
inequality is = [(2| Uz|)? + (2| Ui|)°}. But SUZ is a covering of A’ so 
=| Ui | 2 m*(A*), and we see the desired result. 

The set A constructed in §5 was seen to have 

A*= Ef0s2ze1,y=0] and AX = E[fx=0,0S y8 1] 


(xy) (zy) 





and thus from Theorem 3 to have G(A) = 2°. But at the end of §5 we saw 
that G(A) < 2’, so for this particular set we have the exact relations 


m(A*) = m(A”) = L(A) = 1, G(A) = 2. 


7. Length of acurve. Let y be a curve without double points, i.e., a unique 
image of the closed interval 0 S ¢ < 1 by continuous functions ¢ and y such 
that g(t) = g(t’) and y(t) = Y(t’) implies ¢ = ¢t/. We shall let (y) represent 
the set of points on the curve y. The set (y) is then closed and thus Gillespie 
linearly measurable. 

In this section we shall prove 

TuHeoreM 4. The Gillespie linear measure G(y) of the set (y) is the upper 
limit \ of numbers of the form 


(1) > flolt) — oltaP + [v(e) — ve dE}, 


where0 = <i <--- < t, = 1, &e., Gly) ts the length of the curve y. 


If0 =& <.--- <t, = 1 and ¥; is the part of y corresponding to the open 
interval (t;; , t:), then by Theorem 3 


Gy) = {lelia) — elt) P + Wha) — VDP}! (i = 1,2,---,m); 


hence 
G(y) = dL Gn) 2 > {[e(tia) — ot)? + Wa) — v(t} 


5 For Janzen measure J*(A) one will sometimes see the relation 
J*(A) = {[m*(A*)}? + [m*(Av) 2}! 


(e.g., [12], p. 5). However, Janzen measure is defined with respect to and may not be 
independent. of the coérdinate system, so in this relation it is mandatory that the z and y 
refer to the coérdinate system with respect to which J*(A) is defined. On the other hand, 
G*(A) is independent of the coérdinate system. 
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and 
(2) G(y) = ». 


We now prove the reverse inequality. 
Since \ is the upper limit of numbers of the form (1), we have, for 0 S ft < 1, 


(le) — elt) + WO) — v(e)P}* + {le(o) — oP + We) — WP} S 2, 
i.e., the set (y) is included in an ellipse with one axis of length \ and (d denoting 
the distance between the end points of y) the other axis of length (A* — d’)’. 
We may thus include the set (y) in a rectangle with dimensions \ and (\” — d’)'. 

Let p > O be an arbitrary number. Choose 0 = & <4 <---<t = 1 
such that if d; is the distance between the points (¢(ti-1), ¥(4i1)) and (¢(t:), ¥(4)) 
and }; is the length of the are y; of y joining these two points, then 


bitte cot I’ - (2 a)? <p. 


Now enclose (y;) in a rectangle U; of dimensions \; and (Aj — dz)’ as we have 
just shown is possible. The rectangle U; has diagonal < p and is a convex set, 
so we have’ 


Gy) S$ Dke(U) = DM + LD Ai - di)’ sA4+ PP - (Va) Sr++ 0. 
i=1 i=1 i=1 i=1 


Since p is arbitrary, we thus have 
Gy) = 2, 


the inequality reverse from (2). 


8. G*(A) S 4nL*(A). From the fact that a point set of diameter d may be 
included in a circle of diameter 2d, i.e., semi-circumference rd, we have already 
seen that G*(A) S wL*(A). A theorem by Young ([1], p. 463) states that a 
set of diameter d may be included in a circle of diameter 2.3 ‘d and thus the 
sharper inequality G*(A) S 3 ‘xL*(A) may be obtained. In this section we 
prove still more; we prove 


TuHeoreM 5. Jf A is an arbitrary plane point set, then 
1*(A) S }aL*(A). 
With p > 0, let Ui, Us, --- be a covering of A by convex sets such that 
the diameter d(U;) < p and Zd(U;) S L*(A) +p. Then G,(A) S }e(U3). 


6 This inequality follows since 0 S a; S b; implies 


E wrod! s ((D%)*- (La)'} 


and because =. MSA. 
t=1 
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But (see [2], p. 65) a plane convex set U of diameter d has c(U) S md. Thus 
G,(A) < 3x[L*(A) + p] and since p is arbitrary, we have the desired result. 

Furthermore, this result is the best possible, for there are sets for which the 
equality holds. A set constructed for a different purpose by Besicovitch ({1], 
p. 431) is one such set, but the proof will not be given. 


9. Gillespie area measure. Let A be a point set in 3-dimensional space. 

The surface area s(U) of a convex set U in 3-dimensional space is defined 
as inf H, where H is the set of real numbers determined by: pe H if there 
exist an open convex set P and closed triangles A; , Ap, --- , A, for which 


n n 
UCP, boundary of PC > Aj, p = > (area of Aj). 
i= j=l 
The definition of Gillespie outer area measure G**(A) is obtained from the 
definition of Gillespie outer linear measure (§3) by replacing the words “the 
plane” by “3-dimensional space” and c(U;) by s(U;). 
Furthermore the statements made in §3 about Gillespie linear measure all 
have analogues for Gillespie area measure. 


10. Relation between Gillespie linear and area measures. In the Lebesgue 
theory of integration if M is a bounded Lebesgue measurable set on the z-axis 
and f is a non-negative bounded Lebesgue measurable function on M, then the 
plane set Ny = F [tre M,0 < y S f(zx)] is Lebesgue plane measurable and 

zy 


m® (Ny) = i f(z) dz. This relation is equivalent to the fact that if f is a 
M 


constant k, then the set N; is Lebesgue plane measurable with 
(1) m” (Ny) = km(M). 


To each of the linear measures mentioned in the introduction corresponds 
an analogous area measure for sets not necessarily lying in the plane. It has 
not been shown that any of these measures preserve, as does Lebesgue measure, 
the Euclidean relation that area is the product of length by length. 

In this section we show, however, that if A is a set in the (x, y)-plane and B 
is the cylindrical set 

B= § [(z, y)«A,0O Sz hl, 
zy.2) 
then the Gillespie area of B is the Gillespie length of A multiplied by h. 

Throughout this section A and B will be used to designate the sets given here. 

We first prove, using | U | for the Lebesgue 2-dimensional measure of the 
plane convex set U’, 


Lemma 1. If G*(A) is finite, pi > po > ---, pn 7 0, and Uni, Uns, --- 
a sequence of coverings of A by plane convex sets with d(Unx) < p, such that 
lim > ke(Unx) = G*(A), then lim x | Un| = 0. 


no k 
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For U,, may be included in a circle of radius d(U’,,) and thus 
> | Une | < > wd(U x) < TPn 8 d(U nz) < TPn > 3c(U ne) 


which approaches zero with n™’. 


We now obtain an inequality for outer measures which needs proof only if 
G*(A) < @, 


TurorEeM 6. G*°(B) < hG*(A). 


Given p > 0, take N an integer so large that h/N < 2‘. Then from the 
lemma we may cover A by convex sets U,, U2,--- with d(U,) < 2 4p, 
Lhe(Ux) < G*(A) + p/h and =| Ui | < p/N. Now let 


Vin = PJ le, y)¢«U,,nh/N S2z S (n+ Ih/NI. 


Then d(Vin) < p and > > Vin > B. Thus 


n=0 


GB) sz a b(Vix) ) ad + NPL es) 


S N(p/N) + h{G*(A) + p/h] = hG*(A) + 2p. 


Therefore since p is arbitrary, the theorem holds. 
In particular, we have the 


Coro.tuary. If A is Gillespie linearly measurable with G(A) < @, then B 
is Gillespie area measurable and G®(B) < hG(A). 


For, from Theorem 1, ¢ > 0 implies that a closed subset K of A exists with 
G(A — K) < «. Thus the set 


H= oN. I, y) «K,0 <zsh) 
is a closed subset of B such that, from (2), G*°(B — H) S he. Thus B is 
tillespie area measurable since, as one will see, the area analogue of Theorem 1 


holds. 
If A is a set in 3-dimensional space, we use the notation 


A’ = E [(a, y, 2) € A]. 
(zy) 
LemMa 2. If A is a closed triangle in 3-dimensional space, then 
[ G(A’) dz S area of A. 
Lemma 3. If W is a bounded convex set in 3-dimensional space, then 


g c(W*) dz < s(W). 





su 


p, 
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Let « > 0 be arbitrary, and let P be an open convex set with boundary P* 
such that 

(i) P is contained in W; 

(ii) there exist closed triangles A; , 42, --- , A, for which 


P*c Dd A;, > (area of A;) < s(W) +. 


j=1 j=1 
Now W’* and P* are convex, W* C P’ and the boundary of P* is contained 


n 
° 7 
in >> Aj; so we have 
j=l 


c(W*) < c(P*) S 2) GQQ}). 
j=l 
Hence, using the previous lemma, we obtain 
[ c(W)dz < >> / G(Aj) dz < p (area of A;) S s(W) + «. 
c i=l c) j=1 


The proof is complete. 
TureorEeM 7. If A has Gx(A) < ~, then G¥(B) = hGs(A). 


First let K be a closed subset of A with G(K) < «. Then the set H = 
E {[(2, y)eK, 0 S z S hj is a closed subset of B with, from Theorem 6, 


From the definition of Gillespie outer linear measure, corresponding to an 
e > 0 there exists a p > O such that G(K) — e < 24$ce(U,) if U1, Us, --- 
is a covering of K by plane convex sets with d(U;) < p. We then choose a 
covering W,, W:,--- , W, of H by three-dimensional open convex sets with 
d(Wx) < p such that 


GH) +e>X 5a); 


the numbers of the covering reduced to being finite in number since H is closed. 
Then W; is convex with diameter < p and, for 0 < z S h, the union x Wi 
contains the plane set H* which is the set K. Thus 
> 1 Wi) > GK) - O<2<h. 
imi 2 
But, from Lemma 3, 
h 


s(W,) = [ c(Wi) dz = [ (Wi) de. 


7 [2], p. 47. 
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Also since we have a finite number of terms, 


n h h n 
od | 3c(Wi) dz - | [ 3 yeti) ae 


k=1 k=1 
h 
Thus G®(H) + «> [ IGUK) — dds, end ance cis arbitrary, 
0 


(2) G®(H) = hG(K). 


Now since B > H, we have G¥(B) = G®(H). Since Gs(A) is finite, G(K) 
may be taken arbitrarily close to it and the desired result GY’(B) = h@s(A) 
holds. 

From the corollary to Theorem 6 and Theorem 7 we have 


Coro.tuary 1. If A is Gillespie linearly measurable with G(A) finite, then B 
is Gillespie arealy measurable and G®(B) = hG(A). 


We may now prove 
TuHEeorEM 8. If A is an arbitrary plane set with G*(A) < ©, then 
G¥(B) = hGs(A) and G*°(B) = hG*(A). 


With Gs(A) < ©, let H’ be a bounded closed subset of B with GY(B) — « < 
G (H’), such a set existing from the definition of inner measure and the ana- 
logue for area measure of Theorem 2. Being bounded and closed, the set 
K= Bd [(x, y, 2) € H’] is also closed. Thus the set 

zy 


H= E [(z,y)«K,0 S28 hj 
(z,y,2) 


contains H, so that G°(H’) < G®(H); and since H is measurable (closed), 
G (H) = hG(K) from Corollary 1. But H’C Bso K C A and G(K) S G(A). 
Since ¢ is arbitrary, 


G2 (B) < hGs(A), 


and this with Theorem 7 gives the desired equality for inner measure. 
For outer measures, let A be a measurable set containing A with G(A) < . 
Then (see [4], p. 262, Theorem 4) 


G(A) = G*(A) + Gs(A — A). 


Then multiplying by A and using Corollary 1 and the first equality of the 
corollary under proof, we have 


G(B) = hG@*(A) + G?(B — B), 
where B = E [(z,y)eA,0 Sz < hj. But G®(B) < @ and 
(zy,2) 


G®(B) = G*(B) + G¥(B — B), 





so 


K) 


d), 
A). 
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so we have the desired equality 
G*®(B) = h@*(A). 


In 3-dimensional space a set which is arealy measurable need not project 
orthogonally on a plane into a linearly measurable set. However, with A and 
B the related sets of this section, the converse of Corollary 1 holds, i.e., we 
have 


Coroutiary 3. If B is a Gillespie arealy measurable set with G°(B) finite, 
then A ts Gillespie linearly measurable with 


G®(B) = hG(A). 


For G*(B) = G¥’(B). From Theorem 8, G*(A) = G,(A) and the desired 
equality holds. 
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NOTE ON THE INVERSION OF THE LAPLACE INTEGRAL 


By Harry Poiiarp 


W. Feller and M. J. Dubourdieu have recently obtained the following simple 


inversion of a Laplace integral.’ 
If 


(1) fiz) = | &*dalt) 

0 
converges for z > ¢ with a(t) normalized’ and non-decreasing in every finite 
interval, then 


. at (—2)” (n) 
(2) a(t) = lim au af (x) (t > 0). 


By an obvious change of variable we can write this in the form 


k n n 
(2’) a(t) -_ lim ) es <2 (‘ + *) a ee *) (t > 0), 


—co n=) n t t 


where {6} is a sequence’ satisfying 0 < 6 < 1. 

Earlier, however, Widder had obtained an inversion of (1) on the weaker 
hypothesis that a(t) is normalized and of bounded variation on every finite 
interval. His conclusion was‘ 


k n n 
(2”) a(t) = lim > ‘—Y (‘) s(F) (t> 0). 


ko>o n=0 71 t 


By a comparison of (2’) and (2”) we are led to conjecture that the conclusion 
of Feller and Dubourdieu is not the best possible and that actually their operator 
(2) has the same degree of generality as the other. By methods closely related 
to Widder’s we are able to establish this and even more, namely, that with the 


Received November 23, 1939. 

1W. Feller, Completely monotone functions and sequences, this Journal, vol. 5(1939), 
pp. 661-674; pp. 662-663. 

M. J. Dubourdieu, Sur un théortme de M. S. Bernstein relatif a la transformation de 
Laplace-Stieltjes, Compositio Mathematica, vol. 7(1939), pp. 96-111. 

These two authors obtained the result independently, Feller stating the equation in 
(2) only for points of continuity of a(t). 

2T.e., a(0) = 0, a(t) = $[a(t+) + a(t—)] (t > 0). 

3 The sequence depends, of course, upon the particular value of ¢ under consideration. 
In fact 0 = zt — k. 

4D. V. Widder, The inversion of the Laplace integral and the related moment problem, 
Transactions of the American Mathematical Society, vol. 36(1934), pp. 107-200. We shall 
refer to this paperas W. The particular result to which we make reference here is Theorem 
2, p. 116. The form of the conclusion found there is only apparently different from (2’’), 
as an examination of the proof will disclose. 
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more general hypothesis on a(t) equation (2’) holds with {6@,.} now an arbitrary 
sequence satisfying 0 < 6 < 1. The precise form of the extension is given 
by our Theorem 3. 

In establishing this result we at the same time generalize some inversion 
theorems of Widder and Post for integrals of the form’ 


(3) f(z) = l : e p(t) dt. 


These generalizations constitute our first two theorems. 
Use will be made of the following operator: if f(z) belongs to C*, then 


mS 
(4) Lidl f(x)] = — "ee “ (x) |em(k-+04)/t » 
where {6,} is a real sequence such that 0 < @ S 1 for all k. 
By a change of variable of integration it is easily seen that in the special case 
that f(x) is a function of the form (3) the operator becomes 


(5) Lestsa)) = (1 +%) 


k+l ou 


a —(k+0_) uk 
k! | r u'o(tu) du. 


We proceed to a group of lemmas which culminate in the results mentioned 
above. In all cases {6,} is the sequence defined in (4). 


Lemma 1. We have 
k 
0 (142) a0 in 
The proof is easily supplied. 


Lema 2. Let f(x) have the representation (1) for x > c, where a(t) is of bounded 
variation on every finite interval. Then 


| a(t) | < Me” (t > 0), 
where M and g are positive constants.’ 


Lemma 3. Let f(x) have the representation (3) for x > c, where o(t) is integrable 
on every finite interval. Then 


, ln o wie 
(7) lim kl l e “u d(tu) du = (2) 


ka 
for almost all t > 0. In particular (7) holds at all points of continuity of o(0).° 


5 Real inversion methods, on the hypothesis that ¢(¢) is continuous over its entire do- 
main, were first established by E. L. Post, Generalized differentiation, Transactions of the 
American Mathematical Society, vol. 32(1930), pp. 723-781; p. 772. 

6 Cf. W, p. 117. Observe that the operator given there reduces to ours in the case that 
all the 6 are zero. 

7D. V. Widder, A generalization of Dirichlet’s series and of Laplace’s integrals by means 
of a Stieltjes integral, Transactions of the American Mathematical Society, vol. 31(1929), 
pp. 694-743; Lemma 2, p. 703. 

8’ W, Theorem 4, and Corollary, pp. 122-125. 
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If o(t) is normalized and of bounded variation on every finite interval, then (7) 
holds for all positive t.” 


This lemma summarizes those results of Widder which are generalized in 
Theorems 1 and 2. 


THEOREM |. Let f(x) have the representation (3) for x > c, where $(t) is inte- 
grable on every finite interval. Then 


(8) lim Lael f(z)] = 60 


for almost allt > 0. In particular, (8) holds at all points of continuity of (t). 


We observe that this reduces to Lemma 3 in case all the 6, of (4) are zero. 
Then it is enough to show that the difference between the operators (4) in the 
two cases approaches zero with 1/k. This, by (5) and (6), amounts to showing 
that 


k* +1 


(9) I(k) = I! [ e uk {1 -- eum o(tu) du = o(1) (k— «) 
oS dO 


for almost all ¢ > 0, and in particular the points of continuity of (¢). 
Let « > 0 be arbitrary. Since 1 — ec“ approaches zero uniformly in k 
as u — 1, there exists a 6 (0 < 6 < 1) such that 


(10) 1-1 < ((\1—u| <6;k =0,1,2,---). 


Divide the interval of integration in (9) into the three parts (0, 1 — 6), (1 — 4, 
1 + 6), (1 + 6, ~), and denote the corresponding integrals by I, , I: , Is. 
Since e “wu is increasing in (0, 1), we have 


k+1 1-8 
lIh|s 3 (lI+ee** (1 — | | p(tu) | du, 


and so 


(11) I, = o(1) (k— ©;t> 0). 


Now let au) = i ¢(tv) dv. Then by Lemma 2, N and ¢ , both numbers 
0 
depending on t, exist such that 
(12) | ag(u) | < Ne™ (u = 0). 


I; now becomes 
I; = [ e *u*{1 — e™"*} da,(u). 
1+8 


®W, Theorem 5, p. 126. 
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Taking k > c, , and integrating by parts, we have 


pr 
he -- e*Oy + 5) — e*)an(1 + 8) 
adele “ r) 
- —- a(ue uk" {1 — et ™"*)(1 — u) + eu} du 
(k — 1)! Juss k 
= J, + Jo, say. 
Then J; approaches zero with 1/k. Also by (12) 
lJ | < Ke nf cyu k-l ion id (k > ) 
z2i= (k ich 1)! * ev @6 Cou U Ci), 


where ¢ is a positive constant. Then taking \ > ¢ , we get 


i k—d_ —(k—A) (1+8) a4 —(A—c,)u_ A 
< ane = c\)u 
| Je | = (k — yy Newt + 8) e | e u du, 
since e “u is decreasing for u > 1. Hence J2 also approaches zero. Then 
(13) : I; = o(1) (k + o;3;t > 0). 


It remains to consider J,. From (10) it follows that 


a 1+6 die a : k 
|In| < kl ef. e“u" | o(tu) | du = « Ki 
where ¥(u) = | o(u) | in (t — ot, t + dt) and zero otherwise. Letk— ©. Ap- 
plying Lemma 3 to ¥(u), we deduce that 


k+l 


[ eu‘ W(tu) du (t > 0), 
0 


(14) lim | Ie | S ep(t) = € | of | 


for almost all ¢ > 0, and in particular the points of continuity of ¢(f). From 
(11), (13), (14) it follows that 


(15) lim | 1(k) | S| o@ | 


at least on this set of t, and since ¢ is arbitrary, (9) follows. 

Suppose now that in the preceding work ¢(¢) is normalized and of bounded 
variation in every finite interval. Then by the second part of Lemma 3, (14), 
and hence (15), holds for all t > 0. By the same argument as in the preceding 
theorem we thus establish 


THEOREM 2. Let f(x) have the representation (3) for x > c, where $(t) is nor- 
malized and of bounded variation on every finite interval. Then (8) holds for all 
t> 0. 


We are now in a position to establish our extension of the result of Feller and 
Dubourdieu. 
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TuroreM 3. Let (1) converge for x > c, where a(t) is normalized and of bounded 
variation on every finite interval, and let {| be any sequence such thatO S 6, = 1. 


Then (2’), and hence (2), is valid. 


Integrating (1) by parts and applying Lemma 2, we have f(x) = zF(2), 
where 


(16) F(x) = [ e **a(t) dt (x > g). 
0 


Then 
k n k \ntl n+1 
(—1) ¥ a o(? + *) __ w(-) (‘ + *) a + * 
>» nl t f t “ > ni t . t 
k n n 
(—1) c + *) tet + *) 
+ » (n — 1)! t t 


a k k+1 
= Sp (Eee re(Et®) = Ltr. 


Now let k — «. By an application of Theorem 2 to F(x) as given by (16), 
(2’) follows. 


HaRvARD UNIVERSITY. 
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THE JACOBI CONDITION FOR EXTREMALOIDS 
By M. F. SmiLey 


In a recent paper McShane discussed the Jacobi condition for extremals in a 
manner which permitted the simultaneous consideration of the parametric and 
non-parametric problems.’ It is the purpose of this note to formulate the 
Jacobi condition for extremaloids in a similar fashion. In order to obtain suffi- 
cient flexibility at corners we find it desirable to alter McShane’s (Bliss’) defini- 
tion of normality of solutions of the Jacobi equations.” No attempt is made to 
discuss questions of tensor invariance.’ 

A knowledge of the details of McShane’s paper, particularly §§2, 4, 5, and 11, 
is presupposed. 

We begin with the consideration of a non-singular extremaloid g: y'() Gi = 
1,---,n3t < t S &) with corners at t = x, (@ = 1, --- , r) at which & ¥ 0, 
where 

M(t) = ful WO) — ful 7"). 
In our formulation of the Jacobi condition we shall use accessory pseudo-extrema- 
loids which consist of functions u‘(t), r(t) (4 < t < t) with the following 
properties: 

(1) The functions u‘(é), 7(é) are of class C? between corners’ of g. 

(2) The functions u‘(t) satisfy the Jacobi equations between corners of g. 

(3) The functions u‘ + ry‘, Q,:(u, wv) + 7fy: , 7 are continuous on the whole 
interval file . 

We shall see that the values of the function 7r(t) between corners of g are un- 
important. 

We shall suppose that there is a vector p(t) with the properties: 

(1) Each p,(¢) is of class C’ between corners of g. 

(2) pi(t)y'(t) #0 (4h St S &). 


Received December 2, 1939. 

1E. J. McShane, The Jacobi condition and the index theorem in the calculus of variations, 
this Journal, vol. 5(1939), pp. 184-206. 

2 The referee has shown that we may retain McShane’s definition if we are willing to 
employ still more general accessory pseudo-extremaloids. I amindebted to ‘the referee for 
additional suggestions which led to a more elegant formulation. 

3 This is not a vital omission. It may be shown, by a simple modification of a proof 
of M. Morse (Calculus of Variations in the Large, American Mathematical Society Collo- 
quium Publications, vol. 18, New York, 1934, p. 109), that there is a neighborhood of a 
given extremaloid which can be represented by a single codrdinate system. 

4 Right and left limits of a function will be indicated by attaching the symbols + and — 
to the variable. 

5 For brevity’s sake we shorten the phrase ‘‘of class C? between corners of g and having 
unique right and left limits at corners of g’’ to ‘‘of class C* between corners of g’’. 
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(3) If the change of parameter t = ¢(T) (of class C’ between corners of g) 
is made on g, the vector p(t) is replaced by q(7'), where 


q(T) = k(T)pi(t(T)) 


with k(7’) non-vanishing and of class C* between corners of g. 
We shall say that the vector u'(t) is p-normal on a subinterval tst; of tit, in case 


pi(t)u'(t) = 0 (ts St St). 


An accessory pseudo-extremaloid u‘(t), r(t) for which u‘(¢) is p-normal between 
corners of g will be called a p-normal accessory pseudo-extremaloid. 

DEFINITION OF CONJUGATE POINT. The points y(ls) and y(44) (4 S bb < 
ty S te) of the extremaloid g will be said to be conjugate in case there is a p-normal 
accessory pseudo-extremaloid u‘, + and constants c, d, e, not all zero with 
cd = 0, such that 

(i) u ‘Yd ~ Oon bst, , 

(ii) ew *(ts) = 0, 

(iii) en'(ts) = ey'(G@) + dy‘(&), where n° = ué + 77. 

We are now interested in establishing two facts: 

(1) Our definition is equivalent to that given by Graves.” 

(2) For the special case of the non-parametric problem this definition reduces 
to that of Reid.’ 

To establish (1) suppose that y(t) is conjugate to y(ts) in the sense of Graves. 
Corresponding to the solution n‘(t) of the Jacobi equations (in integral form) 
we can choose a p-normal accessory pseudo-extremaloid 


u(t) = n'() + ey, 7) = —plt) 


for which p(ts) = 0. It is then easily seen that conditions (i), (ii), (iii) hold for 
u‘,r. The converse is trivial if e = 0. Hence suppose e #0. One can choose 
a function p(t) with p(ts) = 0 for which n° = u’ + py’ is a solution of the Jacobi 
equations (in integral form), and such that p(z») = 7(ze) for corner values 
on tst;. Suppose that ° = oy’ on tsty. Then we should have u’ = (¢ — p)y' 
on t3t4. However, since u'(t) is p-normal and u‘(t;) = 0, it weal follow that 
u‘(t) = 0 on éf,, contrary to (i). Thus 7’ # oy’ on étst,. It follows readily 
that y(t4) is conjugate to y(ts) in the sense of Graves. 

For the non-parametric case we choose, as does McShane, the usual repre- 
sentation of g, i.e., with y° = x = t, and the vector p(t) to be (1, 0, ---, 0). 
An accessory pseudo-extremaloid u(x), r(x) is thus p-normal on 232, if and only 
if u° = constant on 2321. Thus if y(zs) is conjugate to y(zs) in our sense, the 
set u'(x), Q,i(u, %), r(ae) is seen, in view of Lemma 11.1 of McShane, to be a 


°L. M. Graves, Discontinuous solutions in space problems of the calculus of variations, 
American Journal of Mathematics, vol. 52(1930), p. 18. 

7™W. T. Reid, Discontinuous solutions in the non-parametric problem of Mayer in the 
calculus of variations, American Journal of Mathematics, vol. 57(1935), p. 81. 
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secondary extremaloid in the sense of Reid. The condition (iii) yields 
en’ (as) = er(as) =e + 2. 

It follows that e ~ 0. Further use of the condition (iii) gives 

eu'(xi) = ely'(ze) — ¥'(28)), 

eu'(zi) = dfy‘(zt) — y(z)). 
Since e ~ 0 we have cu'(as) +du‘(zj) =0. Ife +d =0, thene =d=0= 
z(x4), and consequently u‘(z7) = 0. Thus y(x4) is conjugate to y(z3) in the 
sense of Reid. 

Conversely, if y(zs) is conjugate to (zs) in the sense of Reid, the set 
(0, u'(t), --- , w(t), r{2) is a p-normal accessory pseudo-extremaloid satisfying 
(i) and (ii) provided we choose r(%) = 7». We take é = c + d, é = er(x4), 
d = dr(z,). It is then easily seen, if we use the corner conditions, that the 
condition (iii) holds. Thus y(x4) is conjugate to y(zs) in our sense. 

This completes the proofs of (1) and (2). 

The use of accessory pseudo-extremaloids does not complicate the tests for 
conjugate points. This is readily seen when one examines the determinants 
involved. We note also that p-normal accessory pseudo-extremaloids remain 
“normal” under an admissible transformation of parameter on g. 

It seems that this method might be used to simplify some of the details of the 
theory of discontinuous solutions for more general non-parametric problems of 
the calculus of variations. 


LexHIGH UNIVERSITY. 








ON A THEOREM OF P. A. SMITH CONCERNING FIXED POINTS 
FOR PERIODIC TRANSFORMATIONS 


By SAMUEL EILENBERG 


1. Introduction. The object of this paper is the discussion and generaliza- 
tion of the following theorem due to Smith:' 


Let X be a point set in a Cartesian R”™, and A a topological transformation of X 
into itself of a finite and prime’ period p. If every continuous single-valued image 
in X of every sphere of dimension S pm — m — 1 is deformable in X to a point, 
then A leaves fixed at least one point. 


The homotopy condition in this theorem is going to be replaced by a homology 
condition, expressed in terms of true cycles’ in X with coefficients from a com- 
mutative ring R with a unit element. 

Given x e R and an integer n, we shall say that z is an inverse of nif nx = 1 
(1 being the unit element of R). 


TuHeoreM I. Let X be a meiric separable space of finite dimension, and A a 
topological transformation of X into itself of a finite and prime period p. Let R 
be a commutative ring with a unit element, which does not contain an inverse of p. 
If every true cycle in X with coefficients in R bounds in X, then A leaves fixed at least 
one point. 


If we take R to be the ring of all integers reduced mod gq (q = 0, 2, 3, ---), it 
is easy to verify that the prime p has no inverse in RF if and only if q is a multiple 
of p. We therefore obtain 


THEOREM Ia. Let X be a metric separable space of finite dimension, and A a 
topological transformation of X into itself of a finite and prime period p. Let q be 
any multiple of p (including 0). If every true cycle in X with coefficients mod q 
bounds in X, then A leaves fixed at least one point. 


True chains and true cycles can be replaced by singular chains and singular 
cycles throughout. Moreover, if X is a subset of a Cartesian R”, then only the 


Received December 7, 1939. 

1P. A. Smith, A theorem on fixed points for periodic transformations, Annals of Math., 
vol. 35(1934), pp. 572-578. 

2 It is clear from Smith’s proof that p must be a prime though this is not stated in his 
theorem. 

3 A sequence C" = {ci}, c}, ---} is called an n-dimensional true chain in X if there exist 
a compact subset Y of X and a sequence of numbers e; — 0 such that c? is an n-dimensional 
e;-chain in Y. C” is a true cycle if 0C" = 0, where 0C" = {@ct, dc}, ---} and @ is the usual 
boundary operator. C” bounds if C" = 0C"*! for some true chain C"*!in X. It is conveni- 
ent in this paper to accept the convention that a true 0-chain C® = {c?, c?, ---} isa0-cycle 
only if the sum of coefficients in c? is 0 fori = 1,2, ---. 


428 











A THEOREM OF P. A. SMITH 429 


hypothesis concerning cycles of dimension < pm — m — | is used in the proofs. 


We therefore obtain the following statement: 


Let X be a point set in a Cartesian R”, and A a topological transformation of X 
into itself of a finite and prime period p. Let R be a commutative ring with a unit 
element, which does not contain an inverse of p. If every singular cycle in X of 
dimension < pm — m — 1 and coefficients in R bounds in X, then A leaves fixed 
at least one point. 


This generalizes the original theorem of Smith.‘ A similar statement with 
true cycles instead of singular cycles would be a direct consequence of Theorem 
I. In fact, p 2 2 implies pm — m — 1 = 2m — m — 1 = m — 1, and true 
cycles of dimension = m in X bound in X because X C R”. 

In §2 we introduce chain-transformations which are essential for the whole 
proof. The algebraic condition concerning R and p is introduced in a lemma in 
§3. §4 contains the statement and proof of the principal lemma. §5 is a 
digression: using the just-mentioned lemma we generalize and prove again a 
theorem of Borsuk’ concerning antipodes on the n-sphere. The proof of 
Theorem I is given in §6; it differs from the proof of Smith only in details. 

§7 deals with a finite group of homeomorphisms G acting on X, instead of a 
single periodic transformation. If we use ordinary methods of the theory of 
finite groups, a generalization of Theorem I is available. 

The condition that X should be of finite dimension is justified in §8. We 
construct a metric separable space (of infinite dimension) in which every com- 
pact subset is contractible to a point, and which has a transformation of period 2 
without a fixed point. 

In §9 we construct examples justifying the algebraic condition in Theorem 
Ia. In particular, for every prime p we construct a 2-dimensional infinite com- 
plex K which has a transformation of period p without a fixed point, and in 
which every cycle mod qg bounds provided q is not a multiple of p. An argument 
is also given showing that no finite complex can have this property. 


2. Chain transformations. Let X be a metric space; K, a finite geometrical 
cell-complex with oriented cells. 

Let R be a commutative ring with a unit element. In the space X we shall 
consider true chains and true cycles’ with coefficients in R. In the complex K 
we shall consider ordinary chains and cycles, also with coefficients in R. Since 
R has a unit element, every oriented n-cell o” of K can be considered as an 
n-chain. 


4 We use the well-known argument that if every continuous single-valued image in X of 
every sphere of dimension Sk is deformable in X into a point, then every continuous 
single-valued image in X of every polyhedron of dimension Sk is deformable in X into a 
point. The word image should be understood as transformation, not as image-set. 

5 K. Borsuk, Fund. Mathematicae, vol. 20(1933), pp. 177-190, Satz I, p. 178; Alexandroff- 
Hopf, Topologie, 1, Berlin, 1935, p. 483. 
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Suppose that to each n-chain y" in K (n = 0, 1, 2, ---) there corresponds a 
true n-chain T(y") = {ci , cz , ---} in X such that 

(1) Tat — v2) = Tat) — TO), 

(2) T(ay") = aT(y") if ae R, 

(3) T(ay") = aT"), 

(4) if n = 0 then the sum of coefficients in each c; is equal to the sum of 
coefficients in >’. 

Such a correspondence 7’ will be called a chain-transformation of K into X. 
It follows from (1) and (2) that 7 is entirely determined by its values 7T'(c") 
for each cell o”. 

Let p be an arbitrary prime. Suppose that an isomorphic transformation® 
A(K) = K of period p and a transformation A(X) = X also of period p are 
given. A chain-transformation 7 of K into X will be called invariant with 
respect to A if 


A[T (y")] = T[A(y")] for every chain y" in K. 

Lemma 1. Let K’ be a closed subcomplex of K invariant under A (i.e., such 
that ALK’) = K’") and such that K — K’ is r-dimensional and A has no fixed 
points in K — K’. If every true cycle of dimension < rin X bounds, then every 
chain-transformation T of K' into X invariant with respect to A can be extended 
to a chain-transformation of K in X invariant with respect to A. 


Proof. Let us denote the identity transformation by A° and let us put 

A‘ = AAT" (¢ = 1,2,.--). 
Since the transformation A has no fixed point in K — K’ and the period p of 
A is a prime, no one of the transformations A’, A®,..-, A?” has a fixed point 
in K — K’. It follows that (changing the orientations if necessary) all the 
k-cells of K — K’ can be arranged without repetition in the following matrix 
(k = 0, 1, iste , 1). 

a1 = A°(oi), A‘(oi), Pe A”(o1), 


a3 = A°(o3), A'(o2), ek A”*(02), 
oi, - A°(o%,), A'(0%,), isd A”"(o4,). 
Let K* be the subcomplex of K consisting of all cells of dimension < k. 
Let x be a point of X and C® = {z, z, ---} the true 0-chain corresponding 
to it. Taking 


T{A*(o4)] -_ A‘(C*) (i - 1, 2, Pate » % J - 0, 1, Leta iia 1), 
we clearly obtain an extension of 7 to a chain-transformation of K’ + K° into 


X invariant with respect to A. 
Suppose that 7 has already been extended to a chain-transformation of K’ 


6 Isomorphic transformation = homeomorphism carrying cells into cells and linear on 
each cell. 
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+ K*" invariant with respect to A (0 < k <r). Since the true (k — 1)-eyele 
1(80;) bounds in X, there is a true chain C{ such that Ci = T(@0{) (i = 1, 
2,---,%). Taking 

T{A’(o4)] = A°(C%) (= 1,2,---,a%37 =0,1,---,p— 1), 
we clearly obtain an extension of 7’ to a chain-transformation of K’ + K* 
into X invariant with respect to A. Since K — K’ is r-dimensional, we have 
K = K'+ K’. This completes the proof. 

The situation becomes simpler when X = K and the mappings A(X) = X 
and A(K) = K actually coincide.’ The simplest example of a chain-transforma- 
tion of K into K invariant with respect to A can be defined as follows: 

Let K, be a simplicial subdivision of K such that A remains simplicial with 
respect to K,. Let Ke, Ks, --- be a sequence of successive barycentric sub- 
divisions of K,. To each chain y" in K and eachi = 1, 2, --- there corresponds 
a chain c; in K; which is the “subdivision” of y". The transformation To(y") = 
fet, cz, ---} is clearly a chain-transformation of K into K invariant with re- 
spect to A. 


3. Simple n-circuits. A finite cell-complex K will be called a simple n-circuit 
(with respect to the commutative ring R with unit element) if 

(1) K is n-dimensional; 

(2) every k-cycle y‘ in K bounds if k < n; 

(3) the n-chain yi = >> o", where the summation is extended to all (oriented) 
n-cells of K, is a cycle; 

(4) every n-cycle of K is of the form ayo , where a ¢ R. 

The cycle yo will be called the basis cycle of K. 

Lemma 2. Let K be a simple n-circuit with respect to the commutative ring R 
with unit element, and let yo be the basis cycle of K. Let p be a prime number 
which has no inverse in the ring R, and A an isomorphic transformation of K into 
itself with the period p with no fixed points. Then, for every chain-transformation 
T of K into K invariant with respect to A, the true cycle T (yc ) does not bound in K. 

Proof. Since yo is a basis cycle, we have 

A(yo) = m0, 
where » = + 1 according to whether A changes the orientation of the n-cells 
or not. Since p is prime and A has no fixed point, it follows that none of the 


mappings A' = A, A’, -.- , A” ’ has a fixed point. The n-cells of K can therefore 
be arranged without repetition in the following matrix: 
oT = n A°(o?), n'A'(ot), re n” A” (02), 


o2 - n A°(o2), n'A'(o2), af fags n” 'A”(o2), 


oi, - nA°(o7.), n'A'(o7,), oe ie n” A” *(o7,). 


7 K being a complex, K denotes the polyhedron for which K is the cell-division. 
8 This condition may be dropped because it is a consequence of (3) and (4). 
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Taking yi = of + of +.--- + of,, we have 
p—l p : 
n t ‘ n 
= > nA (yi ). 
i=0 


We shall consider the closed interval E = [0, 1] as a complex consisting of 
two 0-cells 0 and 1 and one 1-cell ¢ oriented so that de = 0 — 1. The Cartesian 
product L = K X E will be considered as a complex with cells of the form 
o* X 0 (oriented as o*), o* X 1 (oriented as —o*) and o* X e« (oriented so as to 
have a(o* X 6) = d0° X e + o* X de). Let L” be the subcomplex of L con- 
sisting of all cells of dimension S n. 

Given a point (z, t) « L" (x e K, te E), we put A(z, t) = (A(z), t). We obtain 
this way an isomorphic mapping of L” into itself of period p. 

Since d(yo X «€-) = yw X0— yo X 1, we have 


p—l a 
(*) > n'A‘la7t X )] = v8 XO- yw X1. 
Taking L’ = K X0+K X 1 and 


Tily* X 0) = Tol’), = Tily* X 1) = TO), 


we obtain a chain-transformation 7, of L’ into K invariant with respect to A. 
By Lemma | we may assume that 7’; has been extended to a chain-transforma- 
tion of L" into K invariant with respect to A. From (*) it therefore follows that 


p-l P . 
Le ATi X €))] = Tove) — Ths). 
Assuming that T(yo) ~ 0 in K, we get 
—  . 
> 7 A‘(C") ~ Toyo), 


where C" = 7,[0(y? X 6)] is a true n-cycle in K. This implies’ the existence 
of an n-cycle y" in K such that 


p—l . . 
(**) D1 Ay") = v- 
i=0 
Since yo is the basis cycle of K, we have y" = ayo for some aeR. Since 


A‘(y?) = n'yo , it follows that 7‘A‘(y") = ayo. Substituting into (**) we get 
pays = yo and finally pa = 1. The element a « R is therefore an inverse for p, 
and this contradicts our hypothesis. 


4. Principal lemma. We next prove the following 


Lemma. Let R be a commutative ring with a unit element and p a prime number 
which has no inverse in R. Let K be a simple n-circuit (with respect to R) and A 


* We are using here the argument that ordinary homology in K ean be replaced by 
e-homology in K for ¢ small enough. 
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an tsomorphic transformation of K into itself with the period p and no fixed points. 
Let X be a metric space such that every true k-cycle in X with coefficients in R 
bounds for k < n, and let A be a transformation of X into itself with the period p. 
For every continuous transformation f(X) C K such that fA = Af there is a true 
n-cycle C" in X (coef. R) such that f(C") does not bound in RK. 


Proof. By Lemma | there is chain transformation T of K into X which is 
invariant with respect to A. Taking f7' we obtain a chain transformation of K 
into K invariant with respect to A. By Lemma 2 the true cycle f[7'(y: )] does 
not bound in K, where yo is the basis cycle for K. 


5. Borsuk’s theorem. If K is a simple n-circuit with respect to the ring R 
with a unit element, then every continuous mapping f(K) C K has a uniquely 
determined degree which is an element of R. This degree is 0 if and only if 
f(C") bounds for every true n-cycle C" in K (coef. R). Using the principal 
lemma, we therefore obtain the following 


TuHEeorEM II. Let K be a simple n-circuit with respect to the commutative ring R 
with a unit element. Let p be a prime number which has no inverse in the ring R, 
and A an isomorphic transformation of K into itself with the period p and without 
a fixed point. Then every continuous transformation f(K) C K such that fA = Af 
has a degree ¥ 0. 


The theorem can be applied in the case when RF is the ring of all integers 
reduced mod g, where q = 0, 2, 3, --- is an arbitrary multiple of p. 

If we assume that px = 0 for every z in the ring R, then the statements of 
Lemma 2 and of the principal lemma can be improved in the following way. 
The assertion in Lemma 2 that 7'(y0) does not bound in K can be replaced by 
the stronger one that To(yo) — T(yo) bounds in K. In fact, following the 
proof of Lemma 2 we obtain a true cycle C” in K such that 

p—l 
LAC") = Tolye) — T(r’). 

If Toyo) — Tyo) does not bound, there is (see footnote 9) an n-cycle y" in K 

such that 


p-1 . . 
(*) > n A‘(y") # 0. 
& 
Sinee yo is the basis cycle of K, we have y" = ayo for some aeR. Since 


A‘(yo) = n'y , it follows that 7'A‘(y") = ayo . Substituting into (*), we get 
pays ~ 0 and therefore pa ¥ 0. 

In the principal lemma the assertion that f(C") does not bound can be re- 
placed by the stronger one that f(C") — To(yo) bounds. This implies the 
following theorem analogous to Theorem II. 


TuHeoreM III. Let K be a simple n-circuit with respect to the commutative 
ring R with a unit element. Let p be a prime number such that pr = 0 for all 
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xz e¢R, and A an isomorphic transformation of K into itself with the period p and 
without a fixed point. Then every continuous transformation f(K) C K such 
that fA = Af has the degree 1. 


In particular, if R is the ring of all integers reduced mod p, we have pr = 0 
for every x¢€R. We therefore obtain 


THEOREM IIIa. Let K be a simple n-circuit mod p, where p is a prime, and A 
an isomorphic transformation of K into itself of the period p and without a fixed 
point. Then every continuous transformation f(K) C K such that fA = Af has 
the degree 1 (mod p). 


This theorem has been established by K. Borsuk (see footnote 5) in the case 
where K is an n-dimensional spherical manifold S", p = 2 and A is the antipodic 
transformation of S”.”° 


6. Proof of Theorem I. Since X is a metric separable space of finite dimen- 
sion, we may admit that X is a subset of a Cartesian m-dimensional space R”. 

Let us consider the space R”” as the product R” KX R” X --- K R” (p terms). 
Every point z e R”” may then be represented in the form 


z= (%1,%2,+++, Zp), z;¢R” (¢ = 1,2,---,p). 
Taking 
A(z) = (tp, 41, 22, lie » Zp), 


we obtain a linear orthogonal transformation of R”” into itself with the period p. 
The fixed points of this transformation form an m-dimensional hyperspace I” 
defined by the condition z; = 2, = --- = Zp. 

Let L”””-” be the (mp — m)-dimensional hyperspace orthogonal to J” and 
intersecting J” at the origin. Let S = S"””” be the surface of the unit 
sphere in L””™ with the center at the origin. Since A(S) = S is a linear and 
orthogonal transformation, we can represent S as a simplicial complex K for 
which A will be simplicial. The (mp — m — 1)-simplices of K can be oriented 
so that K will be a simple (mp — m — 1)-circuit (with respect to the given 
ring R). Let yo””” be the basis cycle of K. 

Every point of R”” — I” can be projected on L”” ” — J” parallel to J” 
and then projected again on S from the origin as a center. Let us denote the 
resulting transformation of R”’ — I” into S by f. We clearly have 


fa = Af. 
Given a point z eX C R”, let us consider the point 
x’ = (x, A(z), A’(z), --- , A” “(x)) €R™. 


10 For other generalizations, see G. Hirsch, Bulletin de l’Académie Royale de Belgique 
(Classe des Sciences), vol. 23(1937), pp. 219-225. 
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Let X’ be the subset of R”” thus defined. It is clear that (1) X’ is a homeo- 
morphic image of X, (2) A(X’) = X’, (3) A has a fixed point on X if and only 
if X’.I” # 0. 

Let us assume that X¥’C R”’ — I”. By the principal lemma there is in X’ 
a true (mp — m — 1)-cycle C such that f(C) does not bound in K. It follows 
a fortiori that C does not bound in X’ contradicting our hypothesis. 


7. Finite groups of transformation. From Theorem I and general group- 
theoretical theorems we shall deduce the following 


THeoreM IV. Let X be a metric separable space of finite dimension and T 
a finite group of order n > 1 of homeomorp’ ‘sms acting on X. Let R be a com- 
mutative ring with a unit element which does not contain an inverse for n. If 
every true cycle in X with coefficients in R bounds in X, then at least one trans- 
formation of T, in addition to the identity transformation, leaves fixed at least 
one point. 


In fact, since the product of two numbers having an inverse in R also has 
inverse in R, there is at least one prime divisor p of n which has no inverse in R. 
The group I contains an element A of order p." Using Theorem I, we find that 
the transformation A has a fixed point. 

Theorem IV can be applied in the case when R is the group of all integers 
reduced mod qg, where gq is 0 or any number not relatively prime to n. 

A like generalization of Theorem II and Theorem III is also available. 


8. Infinite dimensional example. Let X be the space of all sequences 
z= (1,2, +++) 


of real numbers such that 


a 


t=1 


with the distance defined by the formula 


ja—a2’|= [= (4 — 2). 


As a subset of Hilbert space, X is separable. Taking 
A(z) ad (—x, Tal ) 


for every x e X, we obtain a transformation of period 2 of X into itself without 
a fixed point. 


™ See R. D. Carmichael, Introduction to the Theory of Groups of Finite Order, p. 69, 
Corollary III. 
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Let 2° = (xi, 22, «++ ) be an arbitrary point of X. The function 


f(z, t) - (fiz, t), fo(z, t), iat ), 


where 
- -} 
fiz, t) = {(1 — ta; — ta} iz (1 — da; — wir} 


is defined and continuous for every z eX — x’ and 0 < ¢ S 1, thus deforming 
the set X — x’ intoa point. Every proper subset of X can therefore be deformed 
into a point. In particular, since X is non-compact, every compact subset is 
contractible to a point. 

Another example is furnished by considering the subset of X consisting of all 
points with only a finite number of coérdinates different from 0. This space 
can be described as a sum S'’ + S*® + ...-, where S” is the n-dimensional 
spherical surface and S"”’ is an equator in S". 


9. Complexes K,. Let S be the unit circumference, FE the closed interval 0, 1. 
Given an integer m > 2, the Mébius strip mod m, M,, , is obtained from the 
product S X E by identifying on the circumference S X 1 points corresponding 
to each other under the rotation of angle 2x/m. The curve S X 0 of M,, will 
be called the free curve; the curve corresponding to S X 1 will be called the 
singular curve (although if m = 2, Mz is the ordinary Mébius strip and this 
curve has no singularity). 

Given any sequence of integers 

v= (m,m,---), m; 2 2, 


we obtain a 2-dimensional infinite polyhedron K, by taking the sequence M ,,,, 
Mn, , +--+ and joining M,,; with M,,;,, so that the singular curve of M,,, coin- 
cides with the free curve of M»;,, . 

More precisely we can define K, as follows. Let 


bb = 1, bi = mym --- Mm; (¢ = 1,2,---). 


K, is obtained from the half-plane (x, y) defined by the condition y = 0, as a 
result of identification of all points (x1, y:), (@2, ye) such that 


n= m(mod *), iSnen<iti G=1,%---). 


Given a prime p, the translation T(z, y) = (« + 2x/p, y) induces a periodic 
transformation A of period p of K,. It can be easily seen that A has a fixed 
point if and only if p is a divisor for some m;. Hence 

(1) Given any prime p which is not a divisor for m; (i = 1, 2, --- ), there isa 
periodic transformation of K, of period p and without a fixed point. 

We assume now that K, is represented as an infinite simplicial complex. We 
clearly have that 

(2) All 0- and 2-cycles in K, with any coefficient domain bound. 


12 Cf. Alexandroff-Hopf, p. 270. 
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To compute the homology classes of 1-cycles we start with the integer coeffi- 
cient domain. Let C; be the simple closed curve corresponding to the line 
y = wand let y; be the corresponding 1-cycle (¢ = 0, 1, --- ). 

The section of K, defined by the condition y < 7 can be deformed into C; 
and therefore every 1-cycle in this section is homologous to a multiple of y; . 
It follows that yo , yi, --- can be chosen as a system of generators for the first 
homology group. We easily find the relations 


(*) Yi ™ MignVinn (¢ = 0,1,---). 

Any relation kyyo + kiyi + --- + kayn ~ 0 can be reduced applying (*) to a 
relation ky, ~ 0. A geometrical argument shows then that k = 0. It follows 
that the relations (*) form a complete system of relations. This gives 

(3) The 1-dimensional homology group with integer coefficients of K, is iso- 
morphic with the group H, given by the generators a , a , -- - and relations 

ay = MiziGi+1 (i = 0,1,--- 

If a number g appears in the sequence » infinitely many times, then every 
element of H, is of the form ga, where a e H, and the group H, reduced mod q 
gives the null group. Combining this with (2), we obtain 

(4) If the integer q appears in the sequence v = (m,, m2, ---) infinitely many 
times, then every cycle mod q in K, bounds. 

If we take the sequence v = (q, g, --- ), it follows from (1) and (4) that 

Given any integer q = 2, there is a 2-dimensional infinite polyhedron K such 
that every cycle mod q in K bounds and for every prime p which is not a divisor for 
q there is a periodic transformation of K of period p without a fixed point. 

Given a prime p, let us choose vy = (m , m2, --- ) so that no multiple of p ap- 
pears in v and every non-multiple of p appears in » infinitely many times. 
Using (1) and (4), we obtain 

Given any prime p, there is a 2-dimensional infinite polyhedron K such that every 
cycle mod q in K bounds for every q which is not a multiple of p and there is a 
periodic transformation of K of period p without a fixed point. 

The above-described phenomena cannot be illustrated on a 1-dimensional 
polyhedron K. In fact, if all cycles mod g in K bound for some g 2 2, then K 
is connected and without a simple closed curve. This implies that all cycles 
in K with any coefficient domain bound. 

The following argument will show that examples of the type given before are 
impossible among finite polyhedra. In fact, assume that all cycles mod g in K 
bound for some q = 2. Since K is finite, this implies“ that all the Betti numbers 
of K are 0 (i.e., all the homology groups of K with integer coefficients are finite). 
This implies by Lefschetz’s ‘“Fixed-point-theorem”” that every continuous 
transformation of K into a subset has a fixed point. 

UNIVERSITY OF MICHIGAN. 


13 Tt can be easily seen that H, is isomorphic with the subring of the ring of all rational 
numbers generated by the sequence m;', m,', --- . 

14 Alexandroff-Hopf, p. 235. 

18 Alexandroff-Hopf, p. 532. 








THE DIFFERENCE OF CONSECUTIVE PRIMES 
By P. Erpés 
Let p, denote the n-th prime. Backlund [1]' proved that, for every positive 
e and infinitely many n, Prii — Pn > (2 — €) log p,. Brauer and Zeitz [2, 10] 
proved that 2 — e can be replaced by 4 — «. Westzynthius [9] proved that for 
an infinity of n 


2 log p, log log log p, 


Pu — > log log log log pn 


and this was improved by Ricci [7] to 


Pntt — Pn > Ci log p, log log log p, , 
where, as throughout the paper, the c’s denote positive absolute constants. I 


[4] showed that 


log p, log log p, 
Pott — Pa > O (log log log pn)?’ 


and lately Rankin [6] proved 
log p, log log p, log log log log p,, 
(log log log p,)? ; 


In the other direction the best known result is that of Ingham [5] which 
states that for sufficiently large n 


Pnti — Dn > C3 


$§+e 


Pnti — Pn < Pn < pi. 
Thus it is known that 


Very much less is known about 
A = lim inf 2+! — Pr 
log Pn 


Hardy and Littlewood proved a few years ago, by using the Riemann hypothesis, 
that A < 3, and Rankin recently proved, again by using the Riemann hypothe- 
sis, that A S 3%. In the present paper we are going to prove—without the 
Riemann hypothesis—that 


A<1—«&%, for a certain c; > 0. 


Received December 12, 1939. 
1 Numbers in brackets refer to the bibliography at the end of the paper. 
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0. In fact, a well-known conjecture 


It seems extremely likely that A = 
= 2 has infinitely many solutions (i.e., there 


states that the equation pry: — Dn 
are infinitely many prime twins). 
We need two lemmas. 


LemMa 1. The number of solutions of 


a= Pi- Pi, Pi, Pi SN, 


1 n 
1 = 
_ I ( ° ») (log n)? 
The proof is well known ([(8], p. 670). 


LemMA 2. Let cy be sufficiently small; then 


DIL (1 +3) < dL togn, 


pla 


does nol exceed 


where the prime indicates that the summation is extended over the a’s of the interval 


(1 — cs) logn S a S (1 + cy) log n. 


Proof. Wehave 


Y' Il (1 + ') I * ™ mE ® 4 1) 
pla P d<(1+ce4) log n d d 

1 1 

< clog n + : <— 


log n 
d<(lteq) lognd 665 


for sufficiently small cy, , and the proof is complete. 

Now we can prove our theorem. Denote by pi, peo, --- , pz the primes of 
the interval 4n, n. It follows from the prime number theorem that, for suffi- 
iently large n, x > (4 — €)n/logn. It suffices to prove that if n is sufficiently 
large, then for at least one 7 

Pint — Di < (1 — &) logan (i s2-—1). 
For then we have 


lim inf 2r+! — Pr < (1 - ca) log n _, _s 
r—0o log Pr log dn 


Write 
bi = po — pr, be = Ps — Po, ---, br = Dz — De. 
Evidently 
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From Lemmas 1 and 2 it follows that the number of b’s lying in the interval 
(1 — c&) logn S b S (1 + ca) logn 


does not exceed 


¢ ognjt > (1+ )< Slog’ 


Hence if b; < (1 — c) log n had no solution, we should obtain 


z—l 


| er pe 
2d bi > — cs) log n + (4 ) pen t+ ov loge 


= n(1 — 2c) + (§ — clean > jn. 


This is an evident contradiction and the theorem is proved. 
Denote by qi < ge < --- < q, the primes not exceeding n. Cramér [3] 
proved by aid of the Riemann hypothesis that 


= 
me | ee lt )3 
p> (gir — 4) (i ca .) (qit1 — Gi > (log qi)°). 
It might be conjectured that the following stronger result also holds: 
voll 
po (qix1 — Qi)” = O(n log n). 


This result if true must be very deep. I could not even prove the following 
very much more elementary conjecture: Let n be any integer and let 0 < a, 
< d, < +++ < a, < n be the ¢(n) integers relatively prime to n; then 


z—1 ‘ n 
2 (ass — a) ©8235: 
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A CLASS OF INEQUALITIES 
By WIi.uIs B. Caton 


Chapter I 


F. Carlson' has proved the following inequality : 
oo 4 oo 2 
(1.1) (= a.) <r dad na, az. 
1 1 1 


He has also shown that 2’ is the best constant. Finally, he has shown that the 
inequality (1.1) may be considered as a limiting case of a Hélder inequality. 
This last statement is of particular importance to us and we shall return to it 
shortly. It is known that Carlson discovered (1.1) while engaged in studies 
in the theory of analytic functions. We can show that (1.1) has interesting 
consequences in this theory. For instance, consider the function 


f(z) = > An2” 


with radius of convergence R. Then, for r < R, 
{M(r)}* < wrMa(f)M2(s’), 


where M (r) is the maximum value of | f | on | z | = r and D(f), Me(f’) represent 
the quadratic means of f and f’ respectively on the circle. To obtain this result 
we need only take c, = | a, |r" and use (1.1). 

We shall now show how the Carlson result may be considered as a limiting 
case of a Hélder inequality. The Hélder inequality gives 


cs oo } 2 3 2 2 
2 2h 2 —h 
Ya, s (Has) ( nha) (Ln). 
1 1 1 1 


CJ i 
K(h) = (= n*) : 
1 


Putting 


we can write 
> a, < K(h) (= a) ( na’) 
1 1 1 


Received December 15, 1939. This paper was a dissertation presented for the degree 
of Doctor of Philosophy in Yale University and was written under the direction of Pro- 
fessor E. Hille. 

1F. Carlson, Une inégalité, Arkiv for Matematik, Astronomi och Fysik, vol. 25B(1934), 
no. 1, pp. 1-3. 
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and this is evidently validifh > 1. Ifh—1, K(h) > + &, so that we cannot 
establish the existence of a finite K in this manner with the property that 
7 a, S K(X “s) ( n'a) , a, 2 0. 
1 1 1 

We have seen in the preceding paragraph how the Carlson inequality may be 
considered as a limiting case of a Hélder inequality. It is just such limiting 
cases of the Hélder inequality that we are going to study in this paper. 

Let 


o> p> 0, Le ee eee 
Pi Pe Ps 

Bi, Be 2 0, Bi + Be = Bs, 

a, a2 > 0, a, + a = 1. 


Then, the Hélder inequality gives 


3 < i (81 .@1\P1 ie f 7 (, B2 a2) Pe = f = —B3p3 _ 
> a, = \% (n"'a,') \> (n*a,”) \2 n : 
1 1 1 


1 


If we put 


we get 
oe EJ I/p, (_© 1/p2 
> a, < K(s, ps) >> (n® az)" ‘e int az)” 


a result valid if Byp; > 1. If Bsp3 ~ 1, K(83, ps) ~ + @. 

Then, the main problem of this paper is the consideration of the case where 
Bsp; = 1. That is, we want to consider the question of the existence of a 
K < such that 


2 bed 1/py 2 
(1.2) Lia, < KS inhazsy} {e inary”) 
1 1 1 


for any sequence {a,} with a, = 0 and not all a, = 0. It is evident that in 


1/pe 


general K will be a function of the parameters. Let us set 
. api = oF (¢ = 1, 2), 
Bipi = Ti (¢ = 1, 2). 
We shall refer to the class of inequalities (1.2) as the class H, if 0. # o. 


In case o; = o2 we shall denote this class by Hp. 
The following result is evident: 


Lemma 1.1. The Carlson inequality is of the type Hy with p, = po = 4, ps = 2, 
a = a2 = 3, B; = 3, Be = 0. 
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We shall now formulate the main result of this chapter. 


THEOREM 1.1. Jf an inequality of class Hy exists and 1, > 12 , then 


wey 4a) A) 


(mn — 12) !¥(¢ -l- 2) (ry +1— o) 2, 


In order to prove this result we shall first prove a sequence of lemmas. The 
finite form of the Hélder inequality gives 


(1.3) > Qn 2 mraz} {Se naz)” ‘ {x 


Now let My be the l.u.b. of the left member of (1.3), where a, = 0 (n = 1, 
2, --- , N) and not all the a’s are zero. Then we have 


LemMaA 1.2. My is finite for every N. 


Let us consider inequalities of the class Hy). Let it be supposed that 7, = 
tz = talso. Then, we can verify that o = 7 + 1. 
We consider (1.3) with this choice of parameters and 


aa: (n = 1,2,---,N). 
n 


By a simple computation, the left member of (1.3) is 
N 1 1/p3 
(= ) ++, N-+0. 
Tn 
Hence we obtain 
Lemma 1.3. If an inequality of class Hy exists, then 7; # 2. 
Next, we can obtain the following lemma from the fundamental relations. 


Lemma 1.4. The parameters of Ho satisfy the following relations: 


(1) “(2 + 1) = 1, 
Pi Pe 
(2) He. Read gt Sek head J 
Pi Pe 
(3) o> a, 
(4) T1 > Te implies 1 > oOo 1> T25 
(5) 1+ 7 — o € O (when Ay exists). 


Let us denote the function in the left member of inequality (1.3) by 
Q(a; N). 





—u P2 


The 


ns. 
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Then, this function is defined in the domain a, 2 0 (nm = 1, 2,---, N), the 


point a; = a2 = --- = dy = 0 being excluded. By (1.3) we have 
My = l.u.b. Q(a; N) < @, M y-1 = Lub. Q(a; N — 1) < @, 
and evidently also 
Lemma 1.5. My. S My. 
Next, one sees easily that we have 
LemMA 1.6. Q(pa;N) = Q(a;N), p > 0. 


Thus, all values of Q(a; N) that are assumed in a, = 0 (n = 1, --- , N) (not 
all the a’s are zero) are also assumed in 


This latter set is a bounded closed set, and the function is continuous over 
it, so that there exists at least one point {a*} either in the interior or on the 
boundary and such that 


Q(a*; N) = My. 


For finding extreme values taken on in the interior we may use the calculus, 
but of course, this method will not apply if the extreme value is assumed at a 
boundary point. Let us consider this second possibility first. To be definite, 
suppose just one a, = 0 and that k < N. Then, a simple rearrangement 
argument shows that this is not possible. 

In case the extreme value is assumed at a boundary point with ay = 0, we 
have 


My = Qa; N) = Q(a;N — 1) S My, . 


and so My S My... This with Lemma 1.5 implies My = My_,. Thus, 
values of N for which the extreme value is assumed at a boundary point with 
ay = Omay bedropped. Finally, the above arguments are valid if any number 
of the a’s less than N is zero. 

Since we have shown that we can limit ourselves to interior extremes, we may 
apply the method of Lagrange. For inequalities of class Hy we consider 


N 
fora, = 0 (n = 1,2, --- , N) and > a, = 1. We want to maximize Q(a; N), 
1 


N I/p, (_N 1/p2 
> n" as, > nap. 
1 1 


that is, to minimize 
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Let us suppose that 


N 
tT? 7 


n?°a, = R, 
1 


where FR has a fixed value, and minimize 


f N \urr N 
2 nan , > nas. 
The method of Lagrange leads to the equations 

o(k™ + uk™)az* — r= 0, 


for k = 1, 2,--- , N, where uw and \ are parameters. Since we have already 
seen that o > 1, we get 


Lemma 1.8. The a’s giving extreme values are of the form 
a, = (n= 1,2,---,N). 


When 7 > 72, 
if ’ > 0, w>-—l, 
if V <0, p< —- NT”, 
Our preceding studies lead us to a consideration of the infinite sequence 


1 
- (n™ + pn"?)/ie— 
with » > — 1. We note that when an inequality of type Hp» exists, then one 
must have in particular 


an (n = 1, 2,3, ---) 


LEMMA 1.9. 
lu.b. Q(u) < @, 


—l<p<w 


where 


Q(u) = Solu) (Su(u) J" {Sa(u) )"*, 
Satu) = (nl + wn, 
Si(u) = > n(n™ + pn?) te) 

1 


Se(u) = > n(n" + pn”), 


Let us consider the convergence of these three series. We shall first investi- 
gate the case with 7; > tz. We recall that this implies 7; > ¢ — 1 > 72. 





ady 


_N). 


1 one 
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We begin with the series So(u). This series converges or diverges with the 
integral 


/ (2! + gf Ve-@ dz, ea > m > =}. 
a 


By the usual methods of the calculus this integral has a sense so that So(u) is 
convergent for © > uw > —1. 
Next, consider So(u) in the closed interval 
1 
—-l+eSuzs-, e> 0. 

€ 
We may show by the Weierstrass Theorem that So(u) is uniformly convergent 
in any such interval. 

Similar argument shows that S,(u) and S2(u) are both convergent in 
—1 <y < , and uniformly convergent in any [—1 + «Su S €']. Hence 
all three series represent continuous functions in any such interval. Further- 
more, the ratio Q(u) is clearly continuous and consequently bounded in any 
such interval. We must investigate the behavior of Q(u) as u — —1 + and as 
u—-+ «. Elementary considerations show that 

lim Q(u) = 1. 


po—1+ 


The behavior of Q(u) for large » > 0 is not so simply obtained. We shall 
proceed to prove a sequence of lemmas which will lead to the solution of this 
problem. 

Let us put 


e(x; me) = (2 + pe?) Ve”, 
By the method of MacLaurin 


So(u) > | hinside > bd «dick 


(1; 4) = Ow"), p>to., 
Hence, if the integral appearing above is denoted by J(u), we get 


Lemna 1.10. 
So(u) = Inu) + OU”), pote. 


Next, after a suitable transformation of the variable, we have 


ey 
- dy 
To(u) ‘mn oxo p20" i —, a 
1 (y*" + 1)”’ 
with 
n= gh tert a 0, Tie oF 2, 
af o¢-—l “ . 
> —aequenieies r=n-T Paes 
e @-1—-n’ a Anak. 








448 WILLIS B. CATON 


Let us put 
7 6 ly 2 dy 
uu) = [ — .— | erage pote, 
v (y+ 1) 0 (y*” + 1) 
and this limit can be expressed in terms of gamma functions by well-known 
formulas. We find that asu— + ~, 


r( o—-l—t )r( n+tl—o ) 
= on 1 — 72 (o — 1)(m1 — 72) (o — 1)(r1 — 72) 
ee a a Ee | 


o-— 1 
We may sum up these results as follows: 
Lemma 1.11. 


1 


To(u) = m. out . uw To(u), 
—m-— I! 


o 
where 


— ¢-l-n 
(o — 1)(t1 — 12)’ 
and I)(«) is given by (1.4). 
Let us now turn to the series S;(u). We put 
gilt; m) = 22 + pay. 
When 


a(t — T2) _ 1<0 
Ti - ’ 


¢i(x; m) is a decreasing function of x in (1, ~) for every uw satisfying © > w> —1 
and the MacLaurin method gives 


Sifu) = (uy) + OW"), = p> +, 
where 
T1(u) = i 2(2" + pa?) . dx. 
1 
When 
a(n — 


™ _1>0, 


Ti 
we make use of the Euler summation formula and find that 


Si(u) = Lu) + OGM), 





~~! 


own 
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Hence we have 


Lemna 1.12. 
Si(u) = Ti(w) + Ou”) or O(y oD a) 


according as o(71 — t2) — 1: S Oor > 0. 
We apply the same methods to S2(u). We put 


g(x; mw) = 272(2 + pa) 


’ 


and 
Ie(p) = i e727! rX px"? ite dz. 
1 
Next, dg2/8z = 0 has no roots in 1 < x < & so that the MacLaurin method 
gives 
Lemma 1.13. 
Sx(u) = I(u) + OW"). 


We next consider J;(u) and J2(u). Computations of the same type that were 
used to prove Lemma 1.11 give the following results: 


Lemma 1.14. 





o—l avy 
Iu) = o(m1 — 2 +1) — (n+ 1” h(u), 


o-—-l1l-n 
(o — 1)(t1 — 72)’ 


(m1 — 72 + 1) — (nn + 1) r( —nt+1)—-(n +) 
(¢ — 1)(m — 72) 





a = 


=. (¢ — 1)(1 — 72) 


(Ghee) /"en) sete. 


1 


I2(u) ey er all T(x), 


Lemma 1.15. 


@ = o(1 a + m2) — (1 + m) 


(¢ — 1)(11 — 72) 
= o—l-wte ¢o—1-wt. 
Ia(u) > (o — 1)(r, — 172) r(- (mn — -) 


(a zasPt@ty) /r(-5), +e. 
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Now, by Lemmas 1.10 to 1.15 inclusive, we have with obvious notation 


Si(u) = aiu"Ti(u) + ni(u) (i = 0, 1, 2). 
But 


So(u) {Si(u)}-""*{Sa(u) J" 


= yrninain asToa) + onl) 
tai Ti(u) + oni(u) ro { xg Do(u) + wo(u) r 


Q(u) 


, 


and we may verify that 


wi(y) = ml) — 0, woto (¢ = 0, 1, 2). 
Also, we show that 
€@ — ) & = 
Pi Pe 


Hence, for 


Q(©) = lim Q(u), 


utc 
we get 
ay] o( )faili( eat ) —l/py { asl o( co )} V/p2 
Next, by Lemmas 1.11, 1.14, and 1.15 we have 


LemMa 1.16. Asp—-+ ~, 


Qu) or( 2) r(2ti-s) 7 


“(ty — 42)" (9 — 1 — 22) ( + 1 — o) ™. 


We are now in a position to prove the fundamental Theorem 1.1. Let us 
assume we have an inequality of class Hy with 7; > 72 and 


K < Q(~). 


This is clearly not possible since by choosing a sufficiently large u the series 


re) 


> (n™ + pn”) Ne 1) 
1 
would have a Q(u) as near to Q(«) as we wish and hence a Q(u) > K for suffi- 
ciently large wu, but this is a contradiction and Theorem 1.1 is established. 


Chapter II 


By use of methods similar to those in Chapter I, but differing in detail, 
Gabriel’ has established the inequality 


oo 2p oo ) 
(2.1) (= a.) < A(p, 8) > a ae > at a2, 
1 1 1 


2R. M. Gabriel, An extension of an inequality due to Carlson, Journal of the London 
Math. Soc., vol. 12(1937), pp. 130-132. 
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for a series a, 2 O and not all a, = 0. The above result is valid if p > 1, 
0 <62Z p-—1. In this paper he gives an expression for A(p, 6) and observes 
that (2.1) is a generalization of Carlson’s result and that (2.1) gives Carlson’s 
result with the correct constant (p = 2,6 = 1). 

The Gabriel result thus crosses our own class H» and we shall see later how 
they are related. We shall apply Gabriel’s methods and establish the existence 
of Hy. Our first main result is the following: 


THEOREM 2.1. If 7; > 12, then Hy exists and 


1/p2 l/o 
Ks (”) (1 + es) (ry — 7) 8 pr, 
Pi Pe 
“ . ¢o—l-wm . nt+l-—o /v( .) 
' ; (« —1)(n - »)! (,- —1)(n - ) oa 2 


We now proceed with the proof of this theorem. Let us put 


So = = a,, fixed, 
1 


N N 
S: = Do na’, Se = > n"a‘, 
1 1 
and we want to study the ratio 
(2.2) SoSr'/""S3'!"*, 
Let us suppose we have a set (a, sat ,@y) for which the ratio takes on an 
N 
extreme value with >. a, = So fixed. By results of Chapter I we may suppose 
1 
that no a, = 0. Hence if x > 0 and x < min a, (n = 1, 2,--- , N), then 
Q,-:: > an + 2, +++ 5 Qn — LZ, +++, Ay 


are all positive and the sum is So. We then form the function (2.2) of the 

° ° y—1/ 1/pe 
above set and it will have an extreme value when and only when S; '"'S;°'”? 
has, So being independent of z. Hence 


< [Si Se" Je = 0, 


and this implies that 
a, = k(an™ + nn"), 


where n = 1, 2,---,N, k a positive parameter, and @ = p,S2/(p28:) > 0. 
We now compute 


f N ‘ (o—l)/e 
SoSy!”! S,'/”? = Wf ae (an™ + a) ve : : 
1 


- I/p2 l/e 
x = (#) (1 + Ps) ; 
Pr P2 


where 
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Hence 
o (e—I)/a 
So Sy”! S;"!”2 < bY tf (ax + yee iz} ’ 
0 


If the integral is computed by methods used in Chapter I, the right member 
of this inequality is found to equal 


(2)” (1 + a)" a(n *m oer. 
Pi P2 


ai o(n — 12) P2 


where 





Since (¢ — 1)/o = 1/ps3, we have for every N 


1/p2 I/e 
SoSz!?! Sy”? < (”) (1 + *) (ry — 79) 78 fs, 
~ \P Pe 


The proof of Theorem 2.1 is complete since the right member of this inequality 
is independent of N. 

Let us denote the constant in Theorem 1.2 by K, and that in Theorem 2.1 
by K:. By these theorems, if 7; > 72 our inequality of class Hy exists and 
K, = K s Kz, where K is the best constant. Simple algebra shows that 
K, = Kz, so that we have 


THEOREM 2.2. If 7; > 12, the best constant in Ho is 


l/pe l/e 
(”) (1 +2) (ry — 42) 78g '”, 
Pi P2 


The results of Chapters I and II are true if rz > 7 : we need only interchange 
the subscripts in the theorems. 

Finally, the first Gabriel inequality (2.1) may be written as one of class Ho 
with 1 > T2,@% = & = 3, M1 =p = 2c. 

The second Gabriel inequality® with 


p-1_ ,30 
Pi 





may be written as an inequality of class Hy with 
Tr > , Pi = Pr. 


3 Op. cit. 
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We shall just mention a result that can be obtained from a theorem of Hardy 
and Littlewood,’ namely: 


THEOREM 2.3. If, in addition to the usual restrictions, the parameters of H, 
(or Ho) satisfy 


1 1 
Pp > 2, Pp > 2, —; + ial 
1 2 Pi Pa 


2(a++) <1, 0<2(@+2)—1<1, 
Pi P2 


1. 
2’ 


then H, (or Ho) exists with a finite K which is at most 


(in ar@F UOl 
sin 2m (8; + 1/p:)) © 
Chapter III 

In Chapter IT we were able to give a general existence theorem for inequalities 
of the class Hy). We shall now do the same thing for inequalities of class H, . 
The main result of this chapter is the following 

THEorREM 3.1. Ifo, —1> 02 —1>O0and m 2 o — 1, then H, exists with 
a finite K. In case 7, = o; — 1, there is no inequality. 


Our proof of this result is rather long, and so we shall break it up into a 
sequence of lemmas. We might add that the argument in this chapter will be 
similar to that in Chapter II, but in addition, we shall find it appropriate to 
make use of certain results of Mellin’ on the roots of trinomial equations. 

Our first lemma is 

Lemma 3.1. 71 = o1 — 1 implies r2 = o, — l. 

This result follows at once from the fundamental relations. 

Our second lemma is 


mi 
Lemma 3.2. If (a,,--- , ay) tsa set of a’s for which > a, = No ts fixed and if 
Si'”S3'"? has an extreme value, then 
(3.1) o2Amas? | + o:Bm"as! = x, 
where 1 S m S N, x is @ positive parameter, and 
A «= 181" S3'7*", B= pS,” *S3'"*. 


The argument here is the same as that in Chapter II. The equations (3.1) 
may be written 


™1 0-1 T2 ,72-1 = —_ = 
(3.2) ma} +o” a, 7B k. 


4G. H. Hardy, J. E. Littlewood, G. Pélya, Inequalities, Cambridge, 1934, p. 257. 
5H. Mellin, Zur Theorie der Trinomischen Gleichungen, Annales Academiae Scienti- 
arium Fennicae, series A, vol. 7(1916). 
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Let us multiply each equation by its root and sum from | to N. We get 


2A, 
+7 4= kSo, 
oiB 
and since A/B = p,S;/po8: , 
: kSo 
Si = . 
1+ o2P1/ (01 p2) 
We set a = S,/S_, and, after some simple algebra, get 
So Sz?! Syl!?2 = (1 + 2 qi! ?2 io erties) glips 
O1Pe2 ; 


Hence we obtain 
Lemma 3.3. The ratio is equal to a constant independent of N multiplied by 


qh Pap lips Si’. 
with0<a< ~,0<k < ow, 
Let us return to (3.2) and divide through by m™. Also put 


o2A 
mB 


= a, 


and we get 

ay + am" "a5? = km". 
Now, if we put 
(3.4) Qn = ” ieiatelie pheialie’ 


the equation goes over into 


—1l mS —o2)/(e,—-1) 3 —] 
ys + fake OP? mys = 1, 


where 
g = TH — a2) — ral — on) 
o—1 
We shall put 
(3.5) R= ak ere z= Rm’, 
and so, 
(3.6) yn + ays '=1, lLomeNn. 


Hence we have 


Lemma 3.4. The a’s of Lemma 3.2 are given by (3.4) and the y’s of this ex- 
pression are the positive roots of (3.6), x being given by (3.5). 





al 


RD 


et 
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We observe that these roots are all between zero and o1ié since x > 0. 

Next, we have the result: 

Lemma 3.5. 6 = 0 implies, and is implied by, 1 = 01 —1. If mn = 01 — 1, 
there is no inequality. 

The first part of this lemma follows from the fundamental relations. The 
second part follows by an argument such as is used in Lemma 1.2 with a, = n™“ 
(n - 1, 2, 3, sn ). 

We next prove 

Lemma 3.6. Let ym have the same meaning as in Lemma 3.4. Then for 
1m SN we have 
a te 1 rw)r{Q — os — 1u)(o. — 1)7) 

Qmt a, — 1 e-iws =P (o, + 01 — a2) (oy — 1)") 
and 0 < ¢ < (a2, — 1)". 


In order to prove this we make use of a result of Mellin.® He shows that 
the branch of the function defined by 


Ym (Rm) du, 


y" +a2y" =1, n>mn, 
which takes on the value 1 for x = 0 is given by 


,ise* r@wrld — mun") 


~ 2 x “du, 
2ri nJe-io Til +n+n— nun] 


y(x) = 
where 0 < c < 1/m,. This result is valid in a certain angle containing the 
positive half of the real axis. Furthermore, the branch is real for0 < x < @ 
and 0 < y(x) < 1. 

Thus, we get Lemma 3.6 at once if we take 


F 
n=o,-—1, m = o2 — 1, x = Rm’. 


We now make use of Lemma 3.6 to compute 
N N 
1 —1) -_ —1 
So = > a, = Ries : Ymm™m rare 
1 1 


KMD Fe PGT =o = 1Wlor = WI gee $y te verv gy 


ty Qni(o, “= 1) c—teo T(o1 + 01 — 02 u)(o4 = 1)"] 
where 0 < ¢ < (o2 — 1)". 
Now, we observe that the terms in the sum in the previous expression are all 


positive for every 0 < R < ©, since by the Mellin result they are positive 
roots of trinomial equations. Hence, we find that for M 2 N, 





fa» ctie 


0 < > aco amas 
id 2ri(o; - 1) c—teo 





S b(u)R “fx (su i} ia i) du 
a= 1 


® Op. cit. 
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where 0 < ¢ < (o3 — 1)”, where b(u) is the ratio of gamma functions, and 


where 
+ M 
1 i 
e7 bu 4. = m bu—r1/ (oe; » 
i ees 1 1 


Now, it is known that 


tu (ou + mo) r(iu+ = ) 
o1— | o,— 1 


uniformly in any half-plane 


at (ou + mi )eite e>0. 
o,-— 1 


We shall make use of this fact in the convergence proof we propose to give. 

It will be necessary to break up our convergence proof into two parts, i.e., 
56> Oandé <0. We have already seen that when 6 = 0 there is no inequality 
of type H,. 

Let us consider the case 6 < 0 first. One easily sees that this implies 


n>oa-—l, T <o2 — 1, 


and conversely. Henceforth, we shall refer to the case 6 < Oas 7 > 0 — 1. 


Next, the half-plane 
at (ou + n)>1 
a=— 1 


is the half-plane 


wu) < (1-7), 5 <0. 


ie 1 
We observe that the ratio of gamma functions has no poles in the strip 
. 1 
0 < Ru) < 
ee 


Finally, we show that 


Hence in the infinite strip 


(3.8) 0< mw) <} {1 - 1 \ 


a” 


our integrand is regular, and the series 


tu (ou + a) 
om-—l 


converges uniformly in any strip in the interior of (3.8). 





and 


rip 
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Let us now put 


1 c+iwe 


(3.9) f(R) = oni bo (au oo 7) du, 


-1 


c—teo 


and suppose 
5 <0, 0<e<}{1- 3 \ 


Under these conditions we shall prove 
Lemma 3.7. If0 < R < «, then 
1 ctio 
Qri ‘c—t00 


b(u)R “tu (su + — i) a T f(R), M+. 


We begin with the observation that this expression on the right in (3.9) 
actually defines a function f(R) for 0 < R < «. This will follow from the 
Mellin Inversion Theorem,’ for® 


bu) = ETM METH, ft] > +e, 
and 


on any line in the strip. Hence the function 
F(u) = w(w)t (ou + n) 
ai 1 


will satisfy the conditions of the inversion theorem, so that f(z) will be analytic 
and regular in an angle containing the positive half of the real axis in the in- 
terior. In particular, f(R) will be finite in any interval e S$ R < €", € > 0. 
Furthermore, after we have established the convergence, it will follow that 


(3.10) f(R) > 0 0 <R< @) 


since the sequence in Lemma 3.7 is monotone increasing. The convergence 
follows easily from the uniform convergence of the ¢ series in a half-plane. 
Hence we have 


Lemma 3.8. 





We now make use of this result and Lemma 3.3 to get 
a !?2 Kitties Si’? < Ps ane, im". 
oi. — 


7H. Mellin’s paper, p. 13. 
® H. Mellin’s paper. p. 15. 
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We set 





and may show that 
— ol 
A A= — = 0. 
+ o1— 1 Pe 
Furthermore, a and @ differ by a constant multiplier independent of N. Hence 
we obtain 


Lemma 3.9. 
SoS )/?"'Ss°!* < WR? {f(R) } ee 


where A is independent of N. 
Thus, we have 
Lemma 3.10. 
SoSy!?! Sy”? < A Lub. [RY {f(R)}""*], 
0<R<w 


valid for every N and so for infinite series. 
We have already seen that 
RN {f(R)}*"* 
is continuous in any e S$ R S €", 
to the proof of the following: 
Lemma 3.11. If 7 > 01 — 1, then H, exists if 


RV {4(R)}""" = O(1), 


as R— 0+ andasR— +. 
We shall prove 


e > 0. Hence we have reduced our problem 


Lemma 3.12. 
f(R) = O(R"), R->+, 





1 T 
n>oan-l, waii-_=}, 


After having established this, we can make use of 


ti wiat 
Pe Ds 








an 


whe 


(3.1 
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and so obtain 
Lema 3.13. If 7 > o; — 1, then 
RFR)" = O01), Ro +. 
Finally, the lemma that goes with Lemma 3.12 is the following: 
Lema 3.14. If 7m > 0: — 1, f(R) = O(1), R -~ 0+. 
Hence we obtain the result 


Lemma 3.15. If 1 > 0 — 1, 
R*'?2¢ ¢(R) 41/73 _ o(1), R— 0+. 


Thus, we shall have established the existence of H, for the case 7; > 0; — 1 
when we prove Lemmas 3.12 and 3.14. 
We shall now prove Lemma 3.12. We begin by considering 


Lf Flee ae O<2< wo) 
2ri 


over the rectangle ABCD. Here BC is a segment of R(z) = c and DA is a 
segment of R(z) = h > c. AB is above and CD is below the axis of reals. 
The poles of the integrand in this rectangle are those of 


(3.11) r (t= — ¥s), 


oi 1 
and the one of 


(3.12) (ou + = ). 
i=— 1 


The pole of (3.12) is at the point 





and the residue is 


(3.13) ; r (*) r (2) (T(ps)} 12°” # 0. 


The poles of (3.11) in our rectangle are at the points 


ao 2 (n = 0,1, 2, ---, Q), 


where Q is the largest integer in h. The residue at z, is easily found to be 





: ram 1, T'(zn)t (se. + - bs :) 2 
3.14) mba SO whe 1 


~* r(l + nr(® + (a - te) 


mu-—l 
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Hence, if we denote the coefficient of x in (3.13) by y and the coefficient of x 
in (3.14) by y, we have 


1 = 1 Ww 1 I/(e2—1) @Q 1 n(o,-—-1)/(eq—1) 
(3.15) af F(z)z dz = 7 () + (1) > Yn () ’ 


and the first term is the dominant one for large z. 

Let us now consider the integrals along the lines AB and CD. As the lines 
tend to infinity, the first upwards and the second downwards, these integrals 
tend to zero. This follows from the order relation satisfied by the ratio of 
gamma functions and the order relation’ for the function ¢(s). 


Hence 
A+ico ct+ico 
[. ( dz — f ( )de = f Flea de, 
and so 
1 7. h+ico 
(3.16) fle) =~) § Fea tde + [| ) de. 
We shall now consider 
h+ico h+io 
(3.17) i F(z)x-*dz| < i | F(z) ||a7*| del. 
h—ico h—-to 


Recall that 
|2e*|=2” (0O< 2 < @) 
and u = R(z). Next h = zg + 7, where 


1 


o<_<2=!, 
oz — | 


and so (3.17) is equal to 
h+ico 

(is) ete [| FG) ||de| = O@%*™), rt. 
h—ico 


Hence, from (3.16), (3.15) and (3.18) we have 
f(z) =O"), «t+, 


and this completes the proof of Lemma 3.12. 

Finally, one can give a proof of Lemma 3.14 in the same manner. In this 
case we take a rectangle to the left of R(z) = c instead of to the right as in the 
proof just given. This completes the existence proof for the case 7 > 0:1 — 1. 


°E. T. Whittaker and G. Wy. Watson, Modern Analysis, 3d edition, Cambridge, 1920, 
p. 270. 
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In the case 7; < o; — 1, we can argue in the same manner and prove 


Lema 3.16. The inequality of class H, will exist with a finite constant when 
n<o — lif R'™{f(R)}'* = O(1) as R > 0+ and R > +2. 


In this case, we define 
ctio 
f(R) = f bwR“¢ (su % 2 ) du, 
2m c—to 01 1 


and 


im at ip<e<—t i: 
We prove by contour integration: 
Lemma 3.17. If m <0 — 1, 

f(R) = O(R"), =R-0+, 


and 


LemMA 3.18. Jf mm < o1.— 1, 

f(R) = O(R”), = R>+e. 
Next, for the function R'’”?{f(R)}"'”*, we get 
Lemma 3.19. If 71 < o1 — 1, then 

R'"*{f(R)\"" = O11), R- 0+. 


This follows from the fact that 1/pe — W/p; = 0. 
For large R > 0 we get 
Lemma 3.20. Jf m1 < 01 — 1, 
RU” {f(R)}"" = o(1), R>+e. 
By Lemma 3.18, the exponent is 
2 #0 
; pP2 pso2—1’ 
and this can be shown to be less than zero for every choice of the parameters. 
The proof of Theorem 3.1 is now complete. 


WASHINGTON, PENNSYLVANIA. 








ANNIHILATORS OF QUADRATIC FORMS WITH APPLICATIONS TO 
PFAFFIAN SYSTEMS 


By Witu1am G. McGavock 


Introduction. This paper develops an algebraic approach to the study 
of certain arithmetic invariants of Pfaffian systems, thereby furnishing an exten- 
sion of results previously obtained in connection with these invariants.’ The 
principal algebraic result (Theorem 3.1) states that two quadratic forms defining 
a pencil of half-rank p in a Grassmann ring are simultaneously annihilated by 
the product of p linear forms. This result is employed to construct Pfaffian 
systems with half-rank p and species o for all positive integers p, o satisfying 
p So S 2p. This disproves a conjecture of Dearborn.’ Finally we give a new 
upper bound for the species o of a Pfaffian system of r equations, namely, « S 2p 
+r-1. 


1. Pencils of forms. By adjoining non-commutative marks w, we, --- , 
u, to a commutative field R we obtain a Grassmann ring’ which will be denoted 
by ©. 

Let S be a set of non-zero forms in G. S will be called a pencil if aw + bo 
belongs to S whenever all the following three conditions are satisfied : 

(i) a, b belong to R; 

(ii) w, @ belong to S; 

(iii) aw + bo ¥ 0. 

The following properties of a pencil S follow directly from the definition of a 
pencil or are easily proved: 

(a) Every member of S has non-negative degree. 

(b) All members of S have the same degree. 

(c) If S is a pencil, there is a positive integer r such that all members of S 
are given by 

Gyo, + Awe + --- + Aw,, 


where the a’s range over ® independently, but are not simultaneously zero. 


Received December 20, 1939; part of a doctoral dissertation presented June, 1939 at 
Duke University. 

1 See, for example, J. M. Thomas, Pfaffian systems of species one, Trans. Amer. Math. 
Soc., vol. 35(1933), pp. 356-371; Mabe! Griffin, Invariants of Pfaffian systems, Trans. Amer. 
Math. Soc., vol. 35(1933), pp. 929-939; Donald Dearborn, Inequalities among the invariants 
of Pfaffian systems, this Journal, vol. 2(1936), pp. 705-711; J. M. Thomas, A lower limit 
for the species of a Pfaffian system, Proc. Nat. Acad. Sci., vol. 19(1933), p. 913. 

2 Loc. cit., p. 711. 

3 For a discussion of Grassmann algebra see J. M. Thomas, Differential Systems, New 
York, 1937, p. 10. 
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(d) Each form of a pencil has a unique representation for given w’s and mini- 
mum r. 

The degree of S is defined to be the degree of any one of its forms. 

The forms w; , w2, --- , w, will be called a basis for the pencil S, and r will 
be called the dimension of the pencil. The basis members are linearly inde- 
pendent. 

Every finite or infinite set of forms of the same degree determines a pencil to 
which the forms belong. 


2. Annihilators and order. If F ~ 0, G ¥ 0, but FG = O, then F is 
an annihilator’ of G. The property of being an annihilator is reciprocal but not 
transitive. As a result of this definition we see that every Grassmann form of 
positive degree has annihilators. 

A form G is an annihilator of a set § of forms F. (a = 1, 2, --- , r) if it is an 
annihilator of every form in the set. 

If GF = 0, HF = 0, then (aG + bH)F = 0, even if a and b are simply inter- 
preted as belonging to @ rather than as being restricted to R. Consequently, 
the totality of annihilators of F plus zero is an ideal in the Grassmann ring @. 
This ideal will be represented by Gr. Gr always contains monomials since 
UjU2 --- Uy annihilates F, . 

The minimum degree of a monomial in Gr is called the order of F. Clearly, 
the order S n. 

Interpreting a and b as members of R, we see that all annihilators of a given 
degree for a set of forms constitute a pencil. 


3. Reduction of two quadratic forms to forms with a common basis. 
If S is a quadratic pencil of forms F,, , there is a positive integer p characterized 
by Fa,Fa, --+ Fa,,, = 0 for every set of p + 1 a’sand Fa,Fa, --- Fa, ¥ 0 for 
at least one set ajap --- a. The name half-rank of the pencil will be applied 
to p. 

If S has dimension one, it is well known’ that p is the order of S. Cartan® 
has exhibited an example of a pencil which has dimension three, half-rank three 
and order four. Consequently, the order is not necessarily equal to the half- 
rank if the dimension exceeds one. This can also be established by the following 
simpler example, 


Fy = ugus, FP. = ust , F; = Ute 


which has p = 1 and order 2. 
The main theorem of this paper, now to be proved, will establish as a by- 
product that the order equals the half-rank if the dimension < 3. 


‘Name suggested by paper of Charles Hopkins, Nil-rings with minimal condition for 
admissible left ideals, this Journal, vol. 4(1938), pp. 664-667. 

5 See p. 31 of reference in footnote 3. 

6 See E. Cartan, Sur les transformations de Backlund, Bulletin de la Société Mathéma- 
tique de France, vol. 43(1915), pp. 6-24; p. 13. 
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TuEoreM 3.1. If F and G are quadratic forms, if 2 = w --- w,, where w; 
are linear, if O9F’'G’™*' = 0 (A = 0,1, --- , p + 1), and if QF’ ¥ 0, 2G’ ¥ 0, 
then QF and 2G have a common annihilator uyu2 --- Up ; that ts, we may write 


F = aw; + --- + Ga, + un + --- + Um,, 

G = be, + --- + der + ww + --- + UYYW,. 
Proof. We assume F, G can be written 
(3.1) F = aw + +--+ + Gwe + Ute +--+ + Ujjgn +--+ + Unaitin + f, 
(3.2) G = bu. + --- + dw, + muy, + --- + Uj t+ --- + Umatsa +9, 


iz ,t3, +++ , % being some arrangement of 2, 4, --- , 2A — 2, and hence 


aN » 
UUs --- Unaf’ ~0, Uthts--- Upag” #0, 


for 7 distinct from 1, 3, --- , 2A — 1. We wish to show first that if f and g are 
not zero, then F, G can be written in forms similar to (3.1), (3.2), but with r + » 
+ 1 terms explicitly displayed, or that F, G can be written directly as forms with a 
common annihilator of degree p. If we can then show that F, G can actually 
be written in forms such as (3.1), (3.2), the theorem will be true. 

Let U = wyus--- Up. There are four possible cases: 

(i) wa2Ug’” = uQuf’” = 0, 

(ii) waQUg’” ¥ 0, wQUf ¥ 0, 

(iii) wa2Ug’ = 0, wQuf~ = 0, 

(iv) waQUg’ ¥ 0, wQUf’™ = 0. 
Since (iii) and (iv) are entirely similar, we need examine only (i), (ii), (iii). 

If (i) is satisfied, we have immediately 


F = ayo, + +++ + Gry + Ug + --- + Uptjgr $+ + Uitim + Utes + f, 


G = by + +--+ + Dwr + Uti, +--+ + UUs + +++ + Umita + Untine + §. 
If we note that wju,, wai. may be paired with wui41 , Ua—iWa respectively 
and recall that iz , 73, --- , % is some arrangement of 2, 4, --- , 2A — 2, we see 
that F, G are in the required form, / + 1, and 1 + 2 playing the réles of 2A, J in 
(3.1), (3.2), respectively. 

Suppose next that (ii) is satisfied. Assume that 2f?*~"g* = 0 for a < p. 
Consider QF’ ’G?"". In this product the sum of those terms in which no mem- 
ber of U is absent will vanish separately from the remainder of the terms. This 
sum is of the form 


Q(Aif??*9? 4. agr""y + MO 7s Ausf’ "9" **), 


where A; is a function of the u’s. Since every term but the first vanishes by 
assumption, it too must vanish. Since A; = ute --- Ua *~ O and since (ii) 
is true, it follows that Qf? ?~"g’" = 0. But by use of QF’*? = 0, it is readily 
seen that of?" = 0. Hence by induction 


of g" = 0 (a =0,1,-+:, 9-41). 
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If the theorem is assumed true for forms H, K satisfying QH°K*® = 0, where 
a+ 8 < p+ 1, we may immediately write F, G as forms with a common basis, 
thus showing the theorem true for a + 8 = p+ 1. 

But for p = 1 the theorem is immediate. Hence, the induction in this case is 
complete. 

Finally we assume (iii) is true. Hence 


F Ay, +--+ + Aw, + Ue +--+ + Ui + --- + Unita + f, 
G = bur +--+ + bw, + mui, + +++ + Ui + +++ + Una, + Und + §. 


If we have 
(3.3) gauf’ = 0, 


we may replace f by ¢¥ + f and we have the desired result. Hence, we assume 
¢Quf?* * 0. Consider QF’"G’”. Assume Of*9"** = 0 fora < p. In 
this product the sum of those terms from which no wu displayed in G is absent 
must vanish independently of the other terms. This sum is of the form 


QA[f? rg? +f" > + ere + fry 


where A = wt, --- Und. All these terms but the last vanish by assumption, 
and hence it also is zero. Since A = 0, it follows that f?"g’?”*"* = 0. But 
by use of 2G’? = 0, it is easily seen that 09°" = 0. Hence, 2f*9°** = 0 for 
a=0,1,---,p—X. From this we infer Qf’ = 0. This implies the contra- 
diction QF’ = 0. (iii) must therefore reduce to (3.3), (i) or (ii). 
It remains to establish that F, G can be written in forms similar to (3.1), (3.2). 
Since QF*** = 2G’*' = 0, we may write 


F = dyn + --+ + Go, + Ute + Ustla + +++ + Unity , 
G = bw + +--+ + Dewy + ve + v4 + +++ + Vap-12 « 


QF°G = 0 gives Quite --- Uspive +--+ Ve, = 0. This gives a linear relation of 
the type 


r 2p 20 
po Ajo; + ) Byu; => > Cj0; 
i=1 j7=1 j=1 
By virtue of this relation we may write 


(3.4) F = dw, + --- + Go, + tite + f, 
G = bur + +++ + dew, + ure + g. 


Extending this one more step by the tactics employed above and adjusting 
notation we have 


F 
G 


Ayn + +++ + Gyre + Use + Ugta + f, 
buon + +++ + dyve + Wits + Unus + 9. 


(3.5) 
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Both (3.4) and (3.5) are of the form (3.1), (3.2). This completes the proof of 
the theorem. 
An immediate consequence of this theorem is the 


Corotuary. If the order exceeds the half-rank for a set of quadratic forms, 
then the dimension of the set exceeds two. 


4. Reduction to canonical form. In this section we give a method’ of reduc- 
ing two forms defining a quadratic pencil of dimension two simultaneously to 
canonical form. This process is analogous to a known reduction for a single 
form, although the passage from one to two forms presents some decided 
difficulties. 

A quadratic form F of rank 2p can be written in canonical form® 


(4.1) F= U\U.2 + oe + Un Uy . 


The U’s appearing in this form will be called canonical marks. All the canonical 
marks are factors of F’, and any linear factor of F’ can be made to play the 
role of U, in a reduction to canonical form. Moreover, any factor of F’ can 
be made one of the canonical marks for F — UU: provided it is not linearly 
dependent on U,, Ue. 

Suppose that two quadratic forms /, G each of which has rank 2r + 2p can 
be written simultaneously in the canonical forms 


(4.2) F=o+F,, G=¢et+G, 
where 

w@ = dw, + --- + aw,, 
(4.3) 


¢ = bw + --- + dw, 


so that F — F,, G — G, have the canonical marks a , --- ,#, for a common 
basis. It follows by direct multiplication that 


w --- wl? £ 0, w--- a,” € 0, 
(4.4) w+: oF = 0, w--- 0G?" = 0, 
w +--+ wl’G = 0, w --- w FG? = 0. 


Conversely, suppose (4.4) are satisfied by quadratic forms F, G and linear 
forms w;,---,,. Then’ F, G can simultaneously be written in the form 
(4.2), where F; , G; are in canonical form and w, ¢ have the form (4.3). The 
two inequations in (4.4) show that (4.2) is a canonical form for F, G. 


7 This method of reduction, which incidentally furnishes an alternative proof of Theorem 
3.1, was included at the suggestion of the referee. 

8 Cf. Theorem 17.1, p. 30 of the reference in footnote 3. 

9 See footnote 8. 
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Substitute from (4.2) in (4.4) and remove the factor w ---w,. We then 
have 
Fi # 0, Gi # 0, 
(4.5) Fy" = 0, Gi" = 0, 
FiG, = 0, FiGi = 0. 


The equation F{G, = 0 shows that F, , G,; admit a canonical mark in common. 
By linear transformation of the marks this can be made uy. Using uw as the 
first mark in reducing both /; and G, to canonical form we may write 


(4.6) F, = Uj) -}- F., Gy = UUW) a Ge, 


where the canonical marks for F; form with wu; , v; an independent set and those 
for Gz form with u; , w, an independent set. Since F2, Gz are of rank 2p — 2, 
we have 


Fo'#0, G"* #0, 
(4.7) 
2 = 0, G2 = 0. 
Use of these in (4.5) and a legitimate division by uw give 
(4.8) vf? 'G:=0, wily" = 0. 


We wish to show that Ff, , G; have a canonical mark in common. If either 
F}'G, = 0 or F:G2' = 0, then this follows at once, just as the existence of 1 
followed from the last line of (4.5). Consequently, we suppose 


Ft"G, 0, FG? ¥ 0. 


The first of equations (4.8) then shows that some canonical mark we for G2 
is a linear combination of v; and canonical marks for F,. Hence we may write 


We = 4 + Ue, 


where we is canonical for fF; and w, for G,. If Fs, Gz are written in canonical 
form using Ue, We, we have 


Fy = wn, + uve +--+, Gy = ww, + 2(v1 + U2) + +++, 


or rewriting 
Fy 


G, 


U(v1 + U2) + Ue(ve + m1) +---, 

UW: + ze(v1 + U2) +---. 

Replacing v; + ue by di; , ve + uw by d2 and dropping the bars give 

(4.9) Fy = wn, + tat, + F3, G, = ww, + zn. + Gs. 

The second equation (4.8) can be applied to the modified F;,G,. It gives 


wF Gr = Q 
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Hence F, has a canonical mark, which can be made wz , expressible in the form 
Uz = Wi + 2, 

where 2; is canonical for G,. There are two possibilities: either 

(4.10) 23 = aze + bn, 


or 2s is canonical for Gs. 
If (4.10) holds, it is impossible for a to be zero because v; forms with the 
canonical marks of F, an independent set. Hence we may rewrite (4.9) as 


PF, u(r + au) + (wi + daze + bv; )v2 + +++, 


G, 


u(w; + aze + bv;) + (2 + . n) (v. + am) + ---. 
Set 


i) =uy+ au, 
D, = w, + aze + bn, , 
22 = Ze + . 1; 
a 
drop the bars and get 
(4.11) Fy = wv, + wie + F;, Gy = Uw, + 21 + Gs. 


Now consider the second possibility. When zs; is canonical for G;, write 
(4.9) as 
PF, Uy, + (Wi + 23)v2 + ---, 


Gi u(w1 + Zs) + 201 + 23(Ws + U1) +--+, 


and thus reach the same result (4.11). 
System (4.7) is readily seen to imply 


@-r: w,v,F? ad 0, @+:: wiG x 0, 
(4.12) @y-*: w,vF? = 0, @i °°: 0G" = 0, 
w --: wwF? "EG = 0, w -+- wnFG"* = 0. 


These equations are the same as (4.4) except that the set w:, --- ,w, has been 
augmented by the linear form »; and the integer p has been decreased by unity. 
If the process is applied p times therefore, we have finally, with a slight change 
in notation, v,; now being denoted by uw, 


1 +++ Wl, --- uF = 0, @1 +++ Wry --- UG = 0, 


whence 
F =a + F*, G=o¢+G", 


where F*, G* are in canonical form with common annihilator wu, --- u,. 
’ 
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THEOREM 4.1. Two quadratic forms F, G satisfying (4.4) can be reduced 
simultaneously to canonical form. They have a common annihilator of r + p 
linear forms among which are included w, , --- , w, . 


Consider now a pencil S of degree 2, of dimension 2 and of half-rank p. It is 
easy to see that the pencil has a basis F, G which satisfies 


(4.13) F’#0, G0, FG’ =0 

for all values of a, 6 satisfying a + 8 = p+ 1. In particular, 
F* # 0, ”? #0, 

(4.14) Pr“ =0, G" = 0, 


FPG=0, FG’ =0. 


Hence, letting the set of w’s be vacuous in (4.4), we see by Theorem 4.1 that 
F, G have a common annihilator of p linear forms. 


5. Sets of inequalities for the algebraic case. In this section we prove 


THEOREM 5.1. The order of a pencil of quadratic forms F; does not exceed the 
rank of the pencil. 


Proof. Let 2p be the rank of the pencil. Then we may write 
F, = Ujv) oa U2gve a eee a Upp « 


If F; is one of the other forms of the pencil, we see that the u’s and v’s consti- 
tute a basis for it by virtue of the relation F{F; = 0. Since this is true of every 
other form of the pencil, the theorem follows. 

We next construct examples in which the order assumes all values from p to 
2p inclusive. 

Consider the set 


F = Uyllg + Ugly + Urtig +--+ + Uge—otlgp—i , 
(5.1) G = Ustlg + Ustig + Ugg + --- + Ugp-1Ua , 
H = Ug + Usa + Ugtlr + - ++ 4 Uspllgo—e , 
where 
(5.2) . UjUgUg +++ Usp—2lgp1Ua, * 0. 


We first prove that F'G’H* = 0ifi+j+k=p+1. Write 
F =f + Usn—oUan— , G = g + Usn—iUsn , H = fh + Usntlgn—e . 
Assume f*g*°h’ = O fora +8 +y7 =n. 
F'O@H* = [f' +f Usn2snallg’ + ng? Usnasn]h* + vh satan] 
= figih’ + vf'g’h*usntisn—2 + uf'g? hh snrlsn + Af g’h* sn —2isn— - 
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But since i + 7 + k = n + 1, it results that these four terms vanish by virtue 
of our assumption. It is readily verified that for n = 2 we have F°G°H” = 0, 
where a + 6 + y = 3. Hence, the induction is complete. 

The modification of (5.1) that we shall use in the subsequent treatment will 
leave this result invariant (see (5.3)). For example, by assuming the truth of 
the statement for 

F=f + wee + --+ + Usi-2sin, 

G = g + wus +--+ + Usi-odai , 

H =h+ wm, +--+ + Usi-w,; , 
where f, g, h are the parts of F, G, H following the scheme of (5.1), we can readily 
show that it holds when we replace i by 7 + 1. It is then easy to verify that 
the statement holds for 


F=f+ um, G=g+ wu, H=h+um,. 


In the annihilator of (5.1) there must be one or more factors of the type 


Ayu, + Aetle + --- + GgUy in which a), a2, a3 are not all zero. Clearly one 
such factor is insufficient, for Aue = Auus = Aust: = 0, where A = 
Qu, + age + --- + Gata, implies a; = a2 = a; = 0. Two factors on the 


other hand are sufficient, as for example u; , uw. Similar reasoning is employed 
for the group of second terms, third terms, etc. In view of (5.2) we are there- 
fore led to the conclusion that the order = 2p. 

Consider the following modification of (5.1). 


F = Ue + Ugg +--+ + Usi-aizi-a + UsiqiUsize + -+- + Usp—elap—i , 
(5.3) G = uytig + Ugls + +--+ + Usi-ellai + Usizollsins +--+ + Uspatl , 
H = wa, + wat, +--+ + Usi-a; + Usigstsinn + --- + Uspla—e , 


UUs +++ Usa, Wa, ++: MW, ~ O(¢ = 0,1, ---, p). 


A linear annihilator reduces all first terms to zero. Similarly for all second 
terms, all i-th terms. As in (5.1) we see that a quadratic annihilator is neces- 
sary and sufficient to use for each of the last p — 7 groups of terms. Hence, 
order # 29 — 2i + i = 29 — i. We thus see that the order may have any 
value between p and 2p inclusive. 

The sets of inequalities 


(5.4) 


rs 2, order = p; 
(5.5) 3arcsk, p = order < 2p 


are such that every non-negative integral solution of either comprises invariants 
of some pencil of quadratic forms. k may clearly be taken to be at least 3p. 


6. Pfaffian systems. In the subsequent discussion we interpret ® as a field 
of functions of n independent variables 2; , --- , z, closed under differentiation. 
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We take wu = dr. A member of © is a differential form or a member of R. _ If 
a member of @ is a linear differential form, it is called a Pfaffian. A pencil of 
Pfaffians is called a Pfaffian system. If the dimension of this pencil is r, we 
may choose any r independent members of the pencil as a basis for the Pfaffian 
system. ; 

Let a; belong to 8. Representing a Pfaffian by w, we have w = a;dz;. 
Associated with every linear differential form w of @ there is a quadratic dif- 
ferential form of © called the derivative of w. If we represent this form by 
w’, we have w’ = da;dz;. 


7. Pfaffian systems with species satisfying p < o < 2p. By means of the 
algebraic theory developed above we can now construct a Pfaffian system with 
r > 2 basis members, half-rank p, species satisfying p S ¢ S 2p, and with class 
p=ipt+r-—o. 

Consider the following pencil of dimension three which will be shown to have 
half-rank p and whose species can be made to be p, p + 1, --- , or 2p. 

@ = © dX, + xy dus +--+ + X32 dX: + X3i41 AX3ix2 
+ +++ + La~-2 dXx1 + dX; ,, , 
(7.1) we = 2 drs + xy dry + +++ + Xyi-g drs; + si42 ATsixs 


+ eee +t Zap-1 dX, + dx); 55 ’ 


Os = dx, + % dx, +--+ + Laie dx, + Xai43 UX3i41 
+--+ + Lap AXp-2 + G2y,45 5 
dx, dx, --- dX3, dx, --- dX, --- AX,;,, F 0. 


That (7.1) has half-rank p is evident from the facts that Q(@,)” contains the non- 
zero term da, dxe -- + AX3,~-2 dX dX3,-dxX,,, AX;,, dXr;,, Which can be canceled 
by no other term in the product, and that all products in the w, of degree p + 1 
must vanish since in (5.3) all products of degree p + 1 vanish. 

Comparing the derived system of (7.1) with (5.3), we see that the order = 
2o — iforit. But any form of degree 2p — i whose product by wa. is zero will 
necessarily be a form in the differentials dx, , dr. , --- , dx3, alone. It is there- 
fore impossible for a , w , Or ws; to be a factor of such a form due to the presence 
of dx,,,, d2,;,,, d%;,,, respectively. Hence, 2p — ¢ forms must be adjoined to 
(7.1). It is clear that these may be chosen as differentials. For example, we 
might adjoin dx, 9 dz g tO Sy dx3;-2 ; dxs3iz1 P AxX3i+2 pg *%%y AX3.-2 ; AX3p-1 ° We 
have shown that (7.1) is of species 2p — i (¢ = 0,1, --- , orp). 

It follows immediately that given any r > 2, any p, and any o satisfying 
p So S 2p, we can construct a Pfaffian system satisfying these conditions. 

For example, adjoin dx; (j = Ais, --- , Aizr) to (7.1), where 


dx, dxz --- day --- dx, dx, «++ dy, dx,,, --- dr,,, # 0. 
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Since (7.1) satisfies r = 3, p = p,¢ 
the new system satisfies 


2p — i (« = 0,1, --- , p), it follows that 


r=Tf, p =p, o=2p-1 


since the addition of dz; affects neither o nor p. 
We now prove that for the augmented system (7.1) the class is p = 5p +r — o. 
In this case the associated set of the derived forms (w;)’, (w2)’, (ws)’ will be 
included in the characteristic system. From this it is easy to deduce that the 
characteristic system has as basis 


dx, , dq, +--+ , dt», dt, 4,,-°° » AX, ,, - 


Hence the class p = 3p + r + 7. But o = 2p — i. Consequently, 
p=5p+r-da. 

We thus have Pfaffian systems corresponding to each solution in non-negative 
integers of the inequalities 


r=Tr, psa S 2p, p=5ipt+r-o. 
8. An upper bound for the species. Dearborn” has obtained p(r + 1) — 1 
as an upper bound for the species of a Pfaffian system. Furthermore, he has 
completely discussed the inequalities of systems having p = 1. It is our purpose 


now to determine for the species an upper bound less than p(r + 1) — 1 for 
all values of p > 1,r > 1. We shall prove 


THEOREM 8.1. The species of a Pfaffian system with r basis members does not 
exceed 2p +r — 1. 


Proof. In Theorem 3.1 let (:)’ = F and (we)’ = G, wo: = w, we = we,---, 
@, = w,. We may then write 


(1)? = Gayen + Arg, + +++ + Gigtoe + Urea + Ustly +--+ + UspsUley 
(we)! = Gayor + Ganing + +++ + Aerie + Use + Users +--+ + Uy 10m-1, 


(wr)’ = Gye + Grae +--+ + Grete + Babe + BraBra + -++ + Br,2p—1Br.ty - 


By use of Theorem 5.1 we may write 
2 
(wi)? = Gian + Gaewe + +++ + Aire + om Vik > Ci, 0; (¢ = 3,4, ---,7), 
j= 


the C’s being functions of the a’s. By factoring out uw, uw, etc. and making 
a linear transformation on their coefficients, we may write 


(wi)! = Gawr + Gigwe + --- + Ginwr + Watts + Witte +--+ + Wisely « 
10 See footnote 2. 
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Now consider the two Pfaffian systems with basis members 


Gy , We, We, Wa, +s y Wr, 


and 
(8.1) Wi, *** yWr,y U1, *** » Usp, Aig, +++ , Air. 


We shall show that the system with (8.1) as basis is passive. For this purpose 
form (w1)’, 


(wi)’ = (au)’or — au(or)! + --- + (Gir)/wor — aie(wr)! 


+ (u1)'U2 — uy(ue)’ + --- + (Uay-1)/Uep — Uapi(tg)’ = 0. 


Put 2 = w --+ wry --- Und --- Gir. Clearly Q@;)’ = 0 (j = 1, 2,---,7). 
We prove now that Q(u;)’ = 0 (¢ = 1, 2, --- , 2p). Suppose is even. Multi- 
ply (w1)’ by qi +++ Wry +++ Ugoy -+- Unpdie +++ Gir, getting —w --- wm - 
Uj-gUs +++ Ure --- Air(—Anlwi]’ — uss[us]’) = 0. The first term is zero ane 
hence we have Q2(u;)’ = 0. Obviously when 7 is odd the same treatment holds. 

Finally we prove 2(a,;)’ = 0 (j = 1, 2, ---, r). Multiply (@)’ by 
Wi +++ Wi jen ++ Welly +++ Unig «++ Gir, getting Wr +++ Wiser ++ Welly --- 
UrpAie ++ - A1;4(—Ay[w:)’ + [a1;]’e;) = 0. Again the first term is zero and con- 
sequently we have Q(a;)’ = 0. Hence (8.1) is passive and the theorem is 
established. 


DvuKke UNIVERSITY. 








CYCLIC TRANSITIVITY 
By T. Rapé anp P. REICHELDERFER 
Introduction and fundamental concepts 


0.1. Let us denote by 1 a set which will serve as our space; the elements of 
the set 1 will be called points. However, we shall not assume that the set 1 is 
topologized in any way; that is, 1 is a wholly unconditioned set, unless a state- 
ment to the contrary is explicitly made. 


0.2. Given in 1 a binary relation R, we shall write a R 6b to express the fact 
that the points a and b of 1 are in the §-relation. Many important binary 
relations arising in algebra are reflexive, symmetric, and transitive; that is, 
a a for every point a; aR b implies b R a for every pair of points a, b; and 
aRbRe implies a Rc for every triple of points a, b, c. On the other hand, 
the general theory of sets leads to binary relations—such as set inclusion—which 
are transitive, but are neither reflexive nor symmetric.’ Binary relations of 
the types just mentioned have been studied and applied extensively. Both of 
these types are transitive. In this paper we are concerned with binary relations 
which are reflexive and symmetric, but are not necessarily transitive; the re- 
quirement of transitivity is replaced by a weaker condition which we shall call 
cyclic transitivity, and which we now describe. 


0.3. Given a binary relation % in 1, we say that ¥ is cyclically transitive if, for 
every finite cyclically ordered set of distinct points a , d2, --- , a, satisfying 
a RazeR--- Ran R a, we have a; R a; for every choice of the subscripts 7 and 
j. Let ® be a reflexive and symmetric binary relation; if ® is transitive (ef. 
0.2), then clearly ® is cyclically transitive, but the converse is not true. Thus 
cyclic transitivity is an extension of ordinary transitivity, that is, an extension 
of one of the fundamental concepts arising in algebra. On the other hand, we 
shall see presently (cf. 0.4) that cyclic transitivity also arises in connection with 
certain fundamental concepts in topology. 


Received February 26, 1940; presented to the American Mathematical Society, De- 
cember 26, 1939. This is a condensed version of our original paper which was accepted for 
publication by the Fundamenta Mathematicae in August, 1939. In this paper we tried to 
arrange the definitions, lemmas, and theorems in such an order that the reader may con- 
struct the proofs for himself with the aid of hints given. Explicit proofs are given only 
in a few cases where the proof depends upon a device which might not readily occur to the 
reader. 

1 For an extensive and detailed study of transitive relations, see, for example, Foradori 
[1], [2], [3]. (Numbers in square brackets indicate references in the bibliography at the 
end of this paper.) We want to thank Professor Rainich for these references. 
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0.4. Let us now assume that 1 is a set sufficiently topologized so that we can 
speak of mutually separated sets, hence of connected sets in 1. A basie concept 
in paper [4] by K. W~ is that of conjugate points. Two (not necessarily dis- 
tinct) points a and b are conjugate if, for every choice of the point x different 
from a and b, the points a and b are in the same component of 1 — x. Writing 
ab to mean that a and b are conjugate, we easily verify that ® is reflexive 
and symmetric, but not generally transitive. However, if we have a ® b; ® ¢, 
a® be Rc, where b; and by are distinct points, then it follows easily that a ® c.° 
A closer inspection of the properties of % reveals that this latter property is but 
a special case of the more general property of cyclic transitivity (cf. 0.3) pos- 
sessed by %. In paper [6] Whyburn uses the concept of a nodular set as a basis 
for his work. A nodular set S is a connected set which is disconnected by none 
of its points; that is, S — x is connected for every choice of x. A nodular set 
is called a maximal nodular set if it is a proper subset of no nodular set; a non- 
degenerate maximal nodular set is called a nodule. Whyburn considers no 
binary relation explicitly; however, we may associate a binary relation with 
the concepts in Whyburn [6] as follows: a ® b if either a = b-or a and b are on 
the same nodule. Inspection reveals that ® is a reflexive, symmetric, and cy- 
clically transitive binary relation which is not generally transitive. Moore, in 
paper [5], uses the notion of two points being separated by a third point as a 
basic concept. Two points a and b are said to be separated by a point z if 
a ~ x ~ b, andif 1 — xis a sum of two mutually separated sets A and B such 
that ae A, be B. Consider the following binary relation: a ® 6 if and only if 
no point x different from a and b separates a and 6 in the sense of Moore. Ob- 
viously ® is reflexive and symmetric, but is not generally transitive. Again, a 
closer inspection shows that ® is cyclically transitive. 

In so far as we are aware, the cyclic transitivity property of the binary rela- 
tions so intimately related to these three theories in topology has not been 
stated or used explicitly. Yet, once attention is called to this property, it is 
quite apparent that cyclic transitivity accounts for many of the fundamental 
results in the theories just mentioned. 


0.5. Thus the concept of cyclic transitivity may be construed to have its 
origin both in algebra and topology (cf. 0.2). The purpose of this paper is to 
study the concept of cyclic transitivity in a manner suggested by its dual 
origin. How does cyclic transitivity arise? We now delineate two important 
ways of generating all possible reflexive, symmetric, and cyclically transitive 
binary relations in 1; the second of these is developed and discussed more fully 
in Chapter I. 


2 The symbol K. W. is used consistently to refer jointly to C. Kuratowski and G. T. 
Whyburn. 

* This property was studied in an unpublished paper by T. Radé6, of which this paper 
is an improvement and an extension. For an abstract, see the Bulletin of the American 
Mathematical Society, vol. 45(1939), p. 373. 
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A first mode of generation is the following. Let there be given, for every 
point z in the space 1, a binary relation R, which is defined in 1 — zx and is re- 
flexive, symmetric, and transitive there. Define in 1 a binary relation as fol- 
lows: a R(R-) 6 if and only if aR. b for every choice of x different from a and 
b. The relation R(R.) is clearly reflexive, symmetric, and cyclically transi- 
tive; conversely, as the reader will easily verify, every reflexive, symmetric, and 
cyclically transitive binary relation can be generated in this way. 

A second mode of generation is obtained as follows. Let I be a class of sub- 
sets of 1 possessing the following properties: 

Property $, : The empty set 0, the whole space 1, and every set consisting 
of a single point of 1, is in I. 

Property P: : If 2 is any subclass of T such that the product of all the sets in 
2 is not empty, then the sum of all the sets in Q is a set in I. 

Given now any set S, we define a '-component of S to be a maximal set with 
respect to the property of being both a subset of Sandasetin I’. From proper- 
ties $, and §; it follows that S is the sum of its [-components, and two distinct 
l'-components of S have no point in common. 

Next, we define a binary relation as follows: a R(T) b if and only if, for every 
choice of x different from a and b, the points a and b are in the same I'-component 
of 1 — zx. This relation R(T) is clearly reflexive, symmetric, and cyclically 
transitive; conversely, every reflexive, symmetric, and cyclically transitive 
binary relation can be generated in this way (cf. 1.7). 


0.6. In fact, there are generally several classes possessing properties {; and 
$. and generating the same binary relation (cf. 1.10). A general example of 
this, important for the sequel, is the following one. Given any class I possessing 
properties $; and 2, define a class I’ as follows: a set S belongs to I” if it is 
either one of the sets described in property §; (ef. 0.5) or if, for every choice of 
the point x in 1 — S, the set S is in one [-component of 1 — z. We shall call 
I’ the closure of T. The class I’ possesses properties $, and $2 , and generates 
the same binary relation as does I; that is, R(T’) = R(T) (ef. 1.9). A class 
I’ possessing properties %; and [2 is said to be closed if Tf = I’ (ef. 1.9). A neces- 
sary and sufficient condition that a class T be closed is that T possess the follow- 
ing additional 

Property }; : If Q* is any subclass of I’, then the product of all the sets in 
0* is a set in [. 


0.7. We next consider a system consisting of a reflexive, symmetric, and cy- 
clically transitive binary relation , any one of the classes T generating ® (cf. 
0.5), and its closure I’ (which also generates ® (cf. 0.6))—briefly, a system (R, 
T, I’). Such a system gives rise to a sequence of concepts and theorems which 
correspond closely to those arising in the theories referred to in 0.4. For 
example, consider the cyclic element theory in Peano spaces (cf. K. W. [4]). 
One of the fundamental concepts of that theory is the concept of a cyclic chain 








CYCLIC TRANSITIVITY 477 


joining two distinct points a and b in the Peano space: it is the product of all 
Y-sets containing the points a and b, where an Y%-set is defined to be a closed set 
which contains every arc whose end points are in the set. In our untopologized 
space 1 (cf. 0.1) this definition would be meaningless. It is quite interesting 
then to observe that we are able to define for the untopologized space 1 a con- 
cept which reduces to that of a cyclic chain when 1 is a Peano space, and for 
which theorems similar to those for cyclic chains in Peano spaces are valid (cf. 
1.19, 1.20). To stress this analogy, we call the concept which we introduce a 
cyclic chain. Similar remarks apply to nearly all the fundamental concepts 
and the terminology used in this paper; for details, the reader may consult the 
sections in Chapter I from 1.13 onward. 


0.8. As we specified in 0.1, our space 1 is wholly untopologized in the usual 
sense. However, the introduction of the class of sets T' (ef. 0.5) does topologize 
1 in a fashion—the sets in I correspond to connected sets in the standard treat- 
ments (cf. 0.4). This observation suggests the desirability of a full axiomatic 
treatment of the theory of the structure of a general space, if we use the notion 
of a “connected” set as an undefined concept. Such a treatment is beyond 
the scope of this paper. 


0.9. It is also beyond the scope of this paper to discuss applications of the 
abstract theory herein developed. However, it is not difficult to verify that, 
in the important special case when 1 is a Peano space and the class I (ef. 0.5) is 
the class of all connected sets in 1, our concepts are equivalent to those in 
K. W. [4], although our definitions for these concepts necessarily differ consider- 
ably from theirs. Curiously enough, it seems uneconomical to try directly to 
identify our concepts with those in K. W. [4]; rather, it is easy to develop the 
structure theorems in that theory from our general theory, and then our con- 
cepts are automatically identified with theirs. This was explained in some 
detail in the original version of this paper. 


Cyclically transitive binary relations 


1.1. Until further notice, ® will denote a binary relation which is reflexive, 
symmetric, and cyclically transitive (cf. 0.3). Given ®, we define various con- 
cepts which depend solely upon ®. A set S is called coherent if it is non-degener- 
ate and if every two points of S are in the R-relation; that is, a e S, b « S imply 
aR b (cf. 0.2). Clearly every non-degenerate subset of a coherent set is co- 
herent. A set S is called complete if it is non-degenerate and if it contains every 
point which is in the R-relation to two distinct points of S; that is, aRz Rb, 
aeS,beS,a#b,implyzeS. It is evident that the product of complete sets, 
if it is non-degenerate, is complete. A set is called a proper cyclic element if it 
is both coherent and complete; the letter C is used consistently in the sequel 
to denote a proper cyclic element. Clearly a proper cyclic element is a maximal 
coherent set, that is, a non-degenerate set which is maximal {with respect to the 
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property that any two elements of the set are in the M-relation (ef. 1.23). Thus a 
proper cyclic element in our theory corresponds to a fundamental concept in 
algebra, namely, that of a residue class. If 9 were also transitive, then, indeed, 
our proper cyclic elements would be residue classes in the set 1. The product 
of any two residue classes is empty; in our theory there is a corresponding result 
for proper cyclic elements which we presently state. 


1.2. THeorem. If two proper cyclic elements C,; and C2 have more than one 
point in common, they are identical. 


The proof follows from the definition of a proper cyclic element, using only 
the reflexivity and the symmetry of 9%. 


1.3. THEoREM. (Given two distinct points a and b satisfying a Xb, there exists 
one and only one proper cyclic element containing them. 


The existence part of the proof is obtained by verifying that the (non-degener- 
ate) set S containing all points x € 1 such that a 2Rb is both coherent and 
complete. In contradistinction to the proof of the theorem in 1.2, this proof 
depends essentially upon the cyclic transitivity of R. The uniqueness part of 
the proof follows directly from 1.2. 


1.4. A finite ordered set of distinct points a, a2,---,a, satisfying 
a, Ra,R --- Ra, is called an R-chain joining a, and a,. Each of the points 
a, ,@2,---,a@, is called a vertex of the X-chain; in particular, the points 
dz, +--+, Gn, are called interior vertices. Clearly an ordered pair of distinct 
points a, b is an t-chain joining a and b if and only if a®b. Similarly, a 
closed R-chain is a finite cyclically ordered set of distinct points a , a2, --- , An 
satisfying a; Raz,R --- Ra, Ra. Of course, in the case of a closed §-chain 
there is no occasion to speak of interior vertices, since each vertex plays the same 
role. The fact that ® is cyclically transitive may now be expressed in the fol- 
lowing equivalent form: any two vertices of a closed §t-chain are in the S-rela- 
tion (cf. 0.3). Consider two distinct points a and b such that there is an R-chain 
joining them. Then, in the class of all R-chains joining a and b, there is ob- 
viously at least one minimal R-chain, that is, one with the smallest possible 
number of vertices. In fact, there exists exactly one minimal -chain joining 


a and b (ef. 1.5). 


Lemma. If © is a minimal §-chain joining two distinct points a and b, if 
€ is any R-chain joining a and b, then every vertex of Go is also a vertex of ©. 


The proof, which is left for the reader, depends essentially upon the cyclic 
transitivity of M. 
1.5. As an easy consequence of the lemma in 1.4, we have the 


TueoreM. I[f a and b are two distinct points such that there exists an R-chain 
joining them, then there exists exactly one minimal R-chain joining a and b. 
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1.6. With the given binary relation ® (ef. 1.1) we associate a class of sets 
A(®) defined as follows: 0, 1, every point in 1 is in A(M); a non-degenerate set 
E is in A(®) if, for every pair of distinct points a and b in E, there exists an 
¥-chain joining a and b all of whose vertices are in E. Obviously A(®) pos- 
sesses properties $8, and P. (cf. 0.5). Moreover, we have the 


Lemma. The set A(R) possesses property Bs; (cf. 0.6). 


The proof follows from the definition of A(®) by use of the lemma in 1.4. 


1.7. THEOREM. (Given a binary relation R*, there exists a class possessing prop- 
erties B, and PB. and generating R* (cf. 0.5) if and only if R* is reflexive, symmetric, 
and cyclically transitive. 


If R* is reflexive, symmetric, and cyclically transitive, then the reader will 
easily verify that the class A(%*) defined in 1.6 possesses properties B,, Be 
(and $3) and generates *. Next, if be any class possessing properties , 
and 2 and generating R*, then R* is obviously reflexive and symmetric; the 
cyclic transitivity of 2* follows easily by the use of closed R*-chains (ef. 1.4). 


1.8. Given a reflexive, symmetric, and cyclically transitive binary relation ®, 
how many classes do we have which possess properties 2, and 2. and generate 
RR? We have exhibited one in 1.7, viz., A(R). We shall show that generally 
there are several. 


1.9. Lemma. If I ts any class possessing properties 3, and B:2 and generating 
the binary relation R(T) (ef. 0.5), then its closure TY’ (cf. 0.6) possesses properties 
%., Be, Bs , and also generates R(T); that is, R(T’) = R(T). 

The proof is obvious. 


LemMa. A class I possessing properties %, and YP. is closed if and only if it 
also possesses property Bs (cf. 0.6). 


Proof. That $; is a property of T if [ is closed is a consequence of the 
preceding lemma. Conversely, suppose that I is a class possessing properties 
$1, Be, and ;. We assert that [= I’. For, if Z is any set in I’ (ef. 0.6), 
which is not one of the sets described in $3, , then for every point ze1 — E, 
the set Z is in a T-component S,of 1— x. Now clearly E = IS, forze1 — E. 
Thus E ¢€T, since [ possesses property 2;. So I’ C I, but we always have 
' Cr’. Consequently © = I’; that is, I is closed. 


1.10. Let T be any class possessing properties 2, and f, , but not property 
¥;. Then I and its closure I’ are two distinct classes generating the same 
reflexive, symmetric, and cyclically transitive binary relation R = R(T) = R(T’) 
(cf. 1.9). Also A(®) (ef. 1.6) is a closed class generating the binary relation 
® (ef. 1.8). Thus we see three generally distinct classes possessing properties 
¥, and $. and generating the same binary relation R. The outstanding example 
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where these three classes are generally distinct is furnished by the study of cyclic 
elements in a Peano space (cf. 1.13). Note that I’ depends solely upon the 
class T' of which it is the closure (cf. 0.6); on the other hand, the class A(R) de- 
pends solely upon the binary relation ® (cf. 1.6). Moreover, the class A(®) is 
unique in the sense that it is the smallest closed class generating the binary 
relation ®; this fact is a consequence of the 


Lemma. If T is any closed class, that is, a class possessing properties 2, , Bo , 
and 3; , which generates the binary relation R = R(T), then the class A(R) (ef. 
1.6) ts a subclass of T. 


Proof. Suppose EF ¢«A(®). If E is 0, 1, or consists of a single point, then 
E «T by property $: (cf. 0.5). Otherwise, let a and z be two distinct points 
of E; denote by C(x) an ¥-chain joining a and z all of whose vertices are in 
E (ef. 1.6). Suppose y is any point in 1 — C(x); then €(z) is in one '-compo- 
nent S, of 1 — y (ef. 0.5). Now C(x) = IIS, for ye 1 — C(x), so C(x) eT by 
property 8; (cf. 0.6). But KE = ys C(x) for re E — a; hence EeT by Pe 
(ef. 0.5). Thus A(R) CT. 


1.11. Since there is a smallest closed class generating a given reflexive, sym- 
metric, and cyclically transitive binary relation ® (cf. 1.10), we naturally ask: 
Is there a smallest class possessing properties , and PB, and generating R? Is 
there a largest class possessing properties [, and f, and generating R? Simple 
examples, which will occur to the reader after a little thought, show that gen- 
erally the answers to both of these questions are in the negative. 


1.12. By way of illustration, we point out, for a Peano space 1, four important 
classes which are generally distinct, possess properties , and $2 , and generate 
the same reflexive, symmetric, and cyclically transitive binary relation. Let T 
be the class comprised of all the connected sets in 1, including 0, 1, and every 
set consisting of a single point in 1. Let I’ be the closure of T (cf. 0.6). Now 
I and I” possess properties %, and [. and generate the same binary relation 
R = R(T) = R(T’) (ef. 1.9). Also A(M) is a class possessing properties P, 
and $f, (and $3), and generating ® (cf. 1.10). But there is another important 
class which possesses properties ; and $,, and which generates t—namely, 
the class comprised of 0, 1, every set consisting of a single point in 1, and every 
connected open set in 1. 


1.13. Given a class of sets [ possessing properties 2, and P: (ef. 0.5); it gives 
rise to a closed class I’ possessing properties $;, P2, and PB; (cf. 0.6). We 
have seen that I and I’ generate the same binary relation R = R(T) = R(T"), 
which is reflexive, symmetric, and cyclically transitive (cf. 1.9). In the rest 
of this chapter we regard I as fixed, and introduce for study various concepts 
depending upon one or more of the entities T, I’, R (ef. 1.14, 1.15, 1.17, 
1.19). 
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1.14. A point z is called a cut point of lif 1 —2zisasetnotinl. Apointz 
is called an end point if it is not a cut point and there exists no point y ¢ 1 distinct 
from x such that yR-zx (cf. 0.2). A point z is said to separate two distinct 
points a and b if a ¥ x ¥ b, and a and b are in different ['-components of 1 — z 
(cf. 0.5). Denote by K(a, b) the totality of points in 1 each of which separates 
aand b. The following statements are now obvious. Every point in K(a, b) 
isa cut point. The set K(a, b) is empty if and only if a®b (ef. 0.5). Ifa 
and b are any two distinct points, and if a + b C E where FE eT”, then 
K(a, b) C E — (a + b). It follows that a + K(a, b) + beTI’. Finally, 
every coherent set (cf. 1.1) is in I’; thus every proper cyclic element (cf. 1.1) 
isin I’, although the simplest examples show that a proper cyclic element is 
not generally in TY. 


1.15. A configuration consisting of n > 1 distinct points a, --- ,@,, and n 
sets S, , --- , S, satisfying the conditions: S; « I’ fori = 1, --- ,n; S,;-Se = a, 
S:-S3 = a3, ---, S,-S:= a; S;-S;=O0 for l1<|i-—j|<n— 1 andi,j = 
l,---,m is called a closed polygon. Such a configuration is denoted by the 
symbol (a, --- ,@n; Si,---, Sn). A closed polygon is a generalization of a 
dosed $-chain (cf. 1.4) in the following sense: if the finite cyclically ordered 
set of distinct points a, , --- , a, satisfies a; R a2 R --- Ra, R a,—that is, con- 
stitutes a closed {t-chain—then the configuration (a; , dz, --+,@n; @i + @, 
y + G3, +--+ ,@, + @) is clearly a closed polygon. The points a), --- , @, are 
called the vertices of the polygon; the sets S,, --- , S, are called the sides of 
the polygon. The two vertices on a side of a polygon are called adjacent 
vertices. 


1.16. THrorem. If (a,,---,@,; S:,---, Sn) is a closed polygon, then the 


set >. a; is coherent. 
i=i 
The proof may be made by showing that any two adjacent vertices are in 
the R-relation since ® is cyclically transitive (cf. 1.13). 
From this theorem we have the easily proved corollaries: 


Corotuary 1. If the n > 2 distinct points a, , --- , a, , together with the set 
Se I”, satisfy the relations a; R aj; (§ = 1, --- ,n — 1) and S-Da;=a,+a, 
i=1 


then the set >. a; is coherent. 
i=1 


Corotuary 2. If S, and S, are two sets satisfying S, « T’, Sze T’, Si #0 ¥ S2, 
S,-Se = 0, then there is at most one proper cyclic element C such that 8,-C # 
04 S-C. 


Derinition. Let S be any non-degenerate set; denote by ¥(S) the class of 
all proper cyclic elements C each of which has at least two distinct points in 
common with S—that is, for which S-C is non-degenerate. 
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Coro.iary 3. Given a non-degenerate set S and a non-emply sel S* satisfying 
SeI’, S* «I, S-S* = 0, there exists at most one proper cyclic element C €¥(S) 
such that C-S* # 0. 

Coro.tuary 4. If x is nol a cut point (ef. 1.14), then there exists at most one 
proper cyclic element containing x. 

Corouuary 5. Given two distinct proper cyclic elements C, and C2 in ¥(S), 
where S is any non-degenerate set in YT’; either C, and Cz have no points in common, 
or else they have a single point of S in common, which is a cut point. 


1.17. We introduce further notions needed in the sequel. A set which is 
complete (cf. 1.1) and belongs to the class I’ is called an $-set. The letter H 
is used consistently to denote an -set. By definition, every §-set is non- 
degenerate. Clearly the product of §-sets, if it is non-degenerate, is an -set 
(ef. 1.1, 1.13). If S is any non-degenerate set, the product of all $-sets con- 
taining S is evidently the smallest $-set containing S—denote it by H(S). 
We now state a property of -sets, which the reader may easily verify by use 
of closed polygons (cf. 1.15). 

Lemma. If H, and Hz are two §-sets such that H,-H2 consists of a single 
point, then H, + Hz is an §-set. 

Extending this result, we have the 


Corotuary. If H,, --- ,H, are any finite number of 9-sets such that every 
k—1 


H,, fork = 2,---,n has exactly one point in common with the set > Hi, then 


j=1 


_ H; is an §-set. 
21 


1.18. Regarding the structure of 6-sets, we have the 


Turorem. If S is any non-degenerate set in 1’, then 


H(Ss)=S+ > ©. 


Ce ¥(S8) 
The proof of this theorem will follow easily from two facts concerning the set 


(*) E=S+ > ¢. 


C evs) 


Lemma 1. The set E of (*) is an -set. 
The proof follows without difficulty from Corollary 1 in 1.16. 


Lemma 2. Let S and E have meanings as above. If H is any §-set such that 
H .E is non-degenerate, then H -S is non-degenerate. 


The proof follows readily from the theorem and Corollary 3 in 1.16. 
From Lemma 2 we have the 
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Corouiary. Let S and E have meanings as above. If C is any proper cyclic 
element such that C-E is non-degenerate, then C € ¥(S). 


The proof of the theorem stated at the beginning of this section is now 
immediate. 


Replacing E of (*) by H(S) in Lemma 2 and its corollary, we have the 


TuHreoreM. Let S be any non-degenerate set in YT’. If H is any -set such 
that H-H(S) is non-degenerate, then H-S is non-degenerate. If C is any proper 
cyclic element such that C-H(S) is non-degenerate, then C ¢€ ¥(S). 


1.19. If a and b are two distinct points, the -set H(a + b) is called the 
cyclic chain joining a and b (cf. 1.17). We denote this cyclic chain by C(a, b). 
The following theorems are readily established. 

THEOREM. For any two distinct points a and b, we have 

C(a, b) = H(a + K(a, b) + 6). 


THEOREM. (Given two distinct points a and b, a necessary and sufficient condi- 
tion that the cyclic chain C(a, b) be a proper cyclic element is that a R b. 


1.20. Given two distinct points a and b. Since the set a + K(a, b) + b 
is in I’ (ef. 1.14), we can apply the results of 1.18 to discuss the structure of the 
eyelic chain C(a, b) (ef. 1.19). The cyclic chain C(a, b) is the sum of sets in I’, 
viz., the sets a + K(a, b) + b, and every proper cyclic element having two or 
more distinct points in common with a + K(a, b) + 6; if a proper cyclic element 
is not in C(a, b), it has at most one point in common with C(a, b). If C; and C2 
are two distinct proper cyclic elements in C(a, b), they have at most one point in 
common; if they have a point in common, it is a point of the set a + K(a, b) + b, 
and is a cut point (ef. Corollary 5, 1.16). If K(a, b) is empty, that is, if aM b 
(ef. 1.14), then C(a, b) is the unique proper cyclic element containing a and b. 
Finally, if H isany $-set having just one point in common with a + K(a, b) + 6, 
then that point is the only point which H and C(a, b) have in common (ef. 1.18). 


1.21. When 1 is a Peano space, it is true that, if two distinct proper cyclic 
elements C, and C2 in a cyclic chain C(a@, b) have a point in common, that point 
belongs to K(a, b). However, simple examples show that generally we can 
only assert that this common point is in the set a + K(a, b) + b (ef. 1.20); 
that is, it may be the point a or b. 


1.22. From the definition (ef. 1.1) it is clear that a proper cyclic element 
depends solely upon the binary relation and not upon the particular class 
which generates %. Further, if S is any non-degenerate set, then the class ¥(S) 
of all proper cyclic elements each of which has two or more distinct points in 
common with S is quite independent of the choice of the class which generates R 
(cf. 1.16). Now simple examples show that generally the cyclic chain depends 
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upon the particular class which generates R (cf. 1.20). However, we do have 
the following 


TuHreoreM. If aand b are two distinct points, and if there is an Rt-chain (cf. 1.4) 
joining a and b, then the cyclic chain C(a, b) is independent of the class which 
generates R. 


The proof is made by observing that the unique minimal ¥-chain joining 
a and b (ef. 1.5) is simply the set a + K(a, b) + b. Then it is clear from the 
structure of C(a, b) that C(a, b) is independent of the choice of the class which 
generates ® (cf. 1.20). 


1.23. If we generalize the definition of a proper cyclic element found in K. W, 
[4], we have the 

Derinition. A proper cyclic element is the set of all points each of which is 
in the R-relation to some point xz which is neither a cut point nor an end point 
(ef. 1.14). 

It is clear that every proper cyclic element according to the generalized K. W. 
definition is also a proper cyclic element according to our definition, for, as we 
remarked in 1.1, our proper cyclic element is a non-degenerate maximal co- 
herent set. But the converse is not true for a general space 1, as we shall 
see presently. By definition, a proper cyclic element in the generalized K. W. 
sense must always contain at least one point of the space which is not a cut 
point, and hence which is in no other proper cyclic element (cf. Corollary 4, 
1.16). We now give an example in which every point of a certain proper cyclic 
element in our sense is a cut point, since it belongs to another proper cyclic 
element. 

Example. Let U denote the closed linear interval v = 0,0 S u S 1, and 
V,, the closed linear interval wu = u,0 S v S 1. Our space 1 shall be the set 
U + >) V. for weU. Consider the binary relation: a %b if and only if « 
and b are on U, or on the same V,. The reader will verify that ® is reflexive, 
symmetric, and cyclically transitive. Each of the sets U and V,,0 S u 31, 
is evidently a proper cyclic element, and there are no others. Consider the 
proper cyclic element U. Every point (uw ,0),0 S w < 1, of U isa cut point, 
since it belongs to two distinct proper cyclic elements, viz., U and V., (ef. 
Corollary 4, 1.16). And this statement is valid, no matter what class is regarded 
to be the generator of ® (cf. 0.5). 

This example shows another feature of the general theory which differs from 
that of the K. W. theory. For a general space we may have a non-denumerable 
number of distinct proper cyclic elements. However, for the Peano space con- 
sidered in K. W. [4], the number of distinct proper cyclic elements is always 
denumerable. 
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A SET OF POLYNOMIALS 
By L. Caruirz 


1. Let GF(p") denote a Galois (finite) field of order p". Let M denote a poly- 
nomial in an indeterminate x with coefficients in GF(p"): 


M = M(2) = oe™ + ce” | +--+ + em; 
for c # 0, we write deg M = m; for c = 1, M is called primary. Further let! 


(1.1) vnt)= I] (-—M), wilt) =¢, 


deg M<m 


where ¢ is another indetgrminate and the product extends over all M (including 0) 
of degree < m; then we have the formula 


(1.2) Yn(t) = > (-—1)""* og 
where 

m F, m|_ F,, mi) _ 
aed I ez 3 * "| = 5, 
and 


n(m—1) 


Fm = [mj[m — 1)” --- [1 » hm =1, 
[m][m — 1] --- [I], Ly = 1, 


p”™ m 


as Be 


(1.4) ie 


[m] 

We remark that 
Vn(x") = on(M) = Fn, 
for M primary of degree m, so that F’,, is the product of the primary polynomials 
of degree m. 
For k an arbitrary integer 2 0, put 

(1.5) k = a + ap" + --- +ap™ (0 S a < p’), 
and define the polynomial g, by means of 
(1.6) ge = Fy’... Fe, go = 1. 


Received April 10, 1940. 
1 See this Journal, On certain functions connected with polynomials in a Galois field, 
vol. 1(1935), pp. 137-168, p. 141. This paper will be cited as I. 
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Properties of g, have been discussed in a previous paper.’ It is evident that g: 
may be thought of as a generalization of F,,.Weshall now similarly generalize 
¥n(t); we define 


(1.7) Gilt) = po°(wi'()--- ve"), Gt) = 1. 
Thus in particular 
(1.8) Gapi(t) = Wi (d) (0 Sa <p’). 


Note that G,(t) is of degree k in t, and that the coefficients of the powers of ¢ 
are polynomials in z. In this paper we shall derive various properties of G;(¢). 

It will be convenient to define another polynomial, also of degree k in ¢, 
which is closely related to G,(t); we put 


1.9) Git) = T1 Gnd, 


where a; is defined by (1.5), and 

. vi for OSa<p’-1, 
(1.10) Gapri(t) = | ss - . . 
lus — Fi for a=p'—1. 


In particular for 
k=p™—1=(p"—-1)(1+p"+--- +p"), 
(1.9) and (1.10) imply 


m-1 


Ginma(t) = I] (ye — FP"), 


i=0 


and it is easily verified that this becomes’ 


(1.11) Gyna(t) = we. 

Somewhat more generally, we may prove in the same way that 

(1.12) Gen pi(f) = red O<is<m). 
From the definition (1.7) it is clear that we may write 

(1.13) GQ = +l +--+, 

and that 7 is integral, that is, a polynomial in z. Similarly 

(1.14) GQ) = +yttt +... +n, 


? This Journal, An analogue of the von Staudt-Clausen theorem, vol. 3(1937), pp. 503-517, 
p. 504. 
3], p. 141, formula (2.14). 
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where 7; is integral. Note in particular that y; = 0 for k > 0, while vi’ ¥ Ofor 


k = (p" — 1)(p"" + --- + p”™*) (e: < eg <--- <&), 
indeed in this case 
(1.15) yc’ = (—1)'(F.,Fe, «++ Fe)”. 
In particular for k = p”” — 1, 
(1.16) vet = (—1)"(Fi +++ Pao)” = (17; 


the last equality follows from (1.4). 


2. A polynomial of the form f(t) = >> a;t”"’ may be called linear in that it 
has the properties 


fit+ u) = fd) + fu), 
f(ct) = ef(t) for c in GF(p"). 


In particular y,,(¢) is linear and satisfies (2.1). This is no longer true of G,(é). 
Using the notation (1.5), we have 


(2.1) 


Gi(ct) = IT yi*(ce) = IT f*(2). 
Since 
> a = DY ap™ (mod p” — 1), 
it follows that 
(2.2) G,(ct) = *G(d), 


a result generalizing the second of (2.1). 
As for the first of (2.1), note that 


Gapni(t + u) = {yi(t) + vi(u) }* es >> (5) Vi(OyF *(u), 


b=0 


and therefore 


Gilt + u) = I {yi(t) + yi(u)}™ 


«ft “') £ (Dys**(w) 


i=0 6;=0 \Pi 


(2.3) 


ai 


= “ soe (3) vic eee ye" (two (uw) — y2*P(y) 


= & (5) entoa-ow, 





by 


(2. 


If « 
tha 


(t). 
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by (1.7) and a well-known property of binomial coefficients. For k = p””, 
(2.3) reduces to the first equation in (2.1). Another special case of interest 
isk = p’"”— 1. Replacing u by —u we get 


Gndt-oe e ” ') Gg(t)G,rma-a(—u) 


(2.4) pmo B 
= DG G(u) 


by (2.2) and the fact that (” 8 a = (—1)’. 


Turn next to G; ; it is clear that (2.2) will certainly hold if each a; < p" — 1. 
If some a; = p” — 1, note that 

Gi(ct) = yi" (et) — F?" = Git) (k = (p" — 1)p") 

so that (2.2) will hold provided ¢c + 0. Therefore we may assert that for all k 


(2.5) Gilet) = Gi(b) (c ¥ 0). 


As for the analogue of (2.3), we shall prove the formula 


k 
Gilt + u) = p> (‘) Gis(t)Gu—s(u) 


‘ 2 (*) Gis(t)Gh_g(u). 


(2.6) 


If every a; < p” — 1, there is nothing to prove. If some a; = p” — 1, note 
that 
Gilt + u) = {yilt) + yi(u)}" — FP (k = (p" — 1)p™) 


Bins (? us ') vi()Wi(u) — FR 


II 


Il 


Po (? 1. ') Goapri(t)Gapni(u), 


and the first equality in (2.6) follows at once. The second equality is proved 
in exactly the same way. 
As a special case of (2.6) we note 


Geen_a(t om u) Ls " Gi (t)Gs(u) 


at+p= prum— 


Dd Gt) G5(u). 


at+s=prm—1 


(2.7) 
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To sum up we may state 
THEOREM 1. The polynomial G;,(t) has the properties 
G,(ct) = c*G,(t) (c in GF(p")), 
G(t + u) = (GO + Gu), 


where the right member is an abbreviation for (2.3); the polynomial G;(t) has the 
properties 


Gi(ct) = c'Gy(t) (c in GF(p"), c ¥ 0), 
Gilt + u) = (4) + Gu))* = (4@ + Gu). 


3. In view of (1.12) it is evident that if f(2) is any polynomial in ¢ of degree k, 
we may put 
(3.1) S() = Ao + AiGi() + --+ + AxGi(O), 
where A; is independent of ¢. The representation (3.1) is clearly unique. 
More generally, we may write 


(3.2) f(tu) = D> A,(u)Gi(t), 


where A ;(u) is a polynomial in u. However, (3.2) is actually no more general 
than (3.1), since we may take g(t) = f(tu). Accordingly, we now limit our- 
selves to (3.1); the expansion (3.2) will be used in certain applications. 

In (3.1) put ¢ = 0 and we have Ay = f(0). We shall now determine the 
general coefficient in (3.1). Consider the polynomial 


(3.3) e) = san) ee, 


where p"” > k = deg f(t). The degree of #(t) is at most p"" — 1. If now M 
is any polynomial in x of degree < m, it is easily seen that (3.3) implies 


a(M) = f(M) oO |. 


But 


t— M |i-m t—M jim t jre0 | 


by (1.2) and (1.3). Therefore 


(3.4) @(M) = (— ys y(M). 





(3 


sa 


ar 


re 


Li 


(3 


p”)), 


s the 


<0), 


ee k, 


ique. 


neral 
our- 


e the 


yw M 





A SET OF POLYNOMIALS 491 


Since (3.4) holds for the p"” polynomials M of degree < m, and p"” > deg f(t), 
it follows that 


(3.5) a) = (-1)" S00. 


Making use of (3.3) and (3.5), we may compute the coefficients in (3.1). In- 
deed from (1.11) and (2.7) follows 


a” ae Te 2. 


so that 


e)= 2D Go | 2... G;(M)f(M). 


t+j=prm— 


If now we compare this with (3.2), we have at once (for p"” < k) 
ala ’ 
(3.6) (—1)" 77 Ac = 2 Gym aa(M)f(M). 
im deg M<m 


However, a more general formula may be derived without any difficulty. 
Returning to (3.3) let m be arbitrary. Then (3.4) is still true but this will no 
longer imply (3.5). Let us break the right member of (3.2) into two parts 


(3.7) rn AGO + De AGM = fO + hd, 


say. Then the degree of fi(t) is at most p"” — 1. Furthermore by (1.1) 
and (1.7) 


G({M) =0 fori = p””, deg M < m, 
and therefore f2(M) = 0, or what amounts to the same thing, 
fi(M) = f(M) fordeg M < m. 
Since deg fi(t) < p"”, we now get in place of (3.5) 


B= (-D" PAW) = (—D*FP DAG. 


Hence repeating the argument that led to (3.6), we have the following 


THEOREM 2. Let f(t) be a polynomial in t of degree S k; then we have the unique 
representation 


k 
fi) = p> A:G;(t). 
Let p"” > t. Then the coefficient A; is determined by 


(3.8) (=F c= Gam). 


deg M<m 
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It is not difficult to see directly that (3.6) and (3.8) are equivalent. Let 
p™ > p”” > i, then by (1.9) and (1.12), 


, / U s 
G pnst-i => G pne—pnm G pnm_4— ~~ = vs G G, pnmi_jii. 
m 


Now since ¥,(M) = 0 for deg M < s, ¥.(M)/Wm(M) will vanish unless deg 
M < ™m; in that case, we have 


vi) ~ t= 30) - 10) (-1)"7 


Vm (t) Vmit = M) Ym(t) (- 1)™ f 
Hence 
= (= Gi (M SM) = (-D"E" Gam aM) S(M), 
s deg * m deg M<m 


and this shows that (3.8) remains true when m is increased. In particular, 
if s is so chosen that p™ > deg f(t), we get (3.8). 

In place of the polynomial #(t) defined by (3.3) we may define another 
polynomial 


a , Vm(t) — 
(3.9) #(t) = Dd’ f(M) io — ' 


deg M=m 


the prime’ on >> indicating that the summation is extended over primary M 
only of degree m. Then #,(t) is of degree < p”"”. Then exactly as in the 
proof of (3.4) 


&(M) = (-1)"5"sM), 


for M primary of degree m. If now we take p"” > k = deg f(t), we have 
at once 


$,(t) = (so = (i). 
On the other hand, by (3.9) 
r mht: 


#1(0) ts deg M=m ar 
= litns Ga(t) a $(M)G ynm1-a(M). 


This leads to the following supplement to Theorem 2: 
THEOREM 3. With the notation of Theorem 2, the coefficient A; is also given by 


(3.10) (-1yr fm A, = X! Gam MS(M), 


Lin deg M=m 


‘We shall use this convention throughout. 





et 


eg 


the 


ave 


n by 





A SET OF POLYNOMIALS 493 


where p"™ > deg f(t), and the summation in the right member is over primary 
M only. 


Returning again to (3.3), we see clearly that (3.4) holds for arbitrary func- 
tions f(t); however, (3.5) cannot in general be asserted. Let us assume that 
f(t) admits the expansion 


(3.11) fi) = > A:Gilt). 


Break the right member of (3.11) into two parts 
+ DY =fAl) + Ald, 
i>p™m™ 


i<p™™ 


say, where m is arbitrary. Then as above fo(M) = 0 for deg M < m, so that 
fi(M) = f(M). Also deg fi(t) < p"”. Since (3.4) holds and deg ®(t) < p””, 
we have 


(-9" 80 =f) = DAG. 


From this follows 


TuHEeoreM 4, For m 2 0, and arbitrary f(t), define the Lagrange polynomial 


(3.12) O(t) = &(t;m,f)= Dd f(M) ¥n(t) , 
deg M<m t _ M 
so that 
(3.13) @(M) = (—1)" = f(M) (deg M < m). 


Then if f(t) admits the expansion (3.11), the coefficient A; is given by (3.8). 


If (3.11) does not hold, we may still compute A; by means of (3.8) and con- 
struct the polynomial 


fil) = ote AiG), 


so that fi(M) = f(M) for deg M < m. To indicate this situation we may 
write in place of (3.11) 


(3.14) fO™ ~ > AG), 
which denotes merely that for A; as given by (3.8), then 
f(M) = 2) A:G(M) (deg M < m). 
i<p™™ 


Certain of the formulas of this section—namely, those that determine A;— 
simplify considerably for special values of the subscript. For example, if in 
(3.8) we take i = p"” — 1, we have 








494 L. CARLITZ 


(3.15) (—1)" F Ape = y fm). 


deg M<m 


Again in (3.10) take i = p™ — 1, then by (1.12) 





-— c jon neem f(M) ere i 


Since ¥,,(M) = F,, , this formula becomes 
(-— 1)” U f(M) nm 

3.16 ——— Age = Ace Mh > k). 
eee T, Am 2 a = 
In particular for s = 0, 

(-1", _ yw SM) 

= Ae ‘ Pm M ‘ 
Similarly for i = p™, (3.10) yields 


ae 4 >’ f(M) y?"""(M) 


La at deg M=m M ¥.41(M) : 





4. Parallel to (3.2) we may consider the expansion of a polynomial f(¢) in 
terms of G;(t): 


(4.1) f®) = p> Ai Gi(t). 


We define $(¢) as in (3.3), and prove without difficulty 


TuHEeoreM 5. Let f(t) be a polynomial of degree < k, so that (4.1) holds. Then 
for p"” > k, Aj is determined by 


(4.2) (<I FAL = Goma (MGM). 


Again we may define #,(¢) as in (3.9), and derive the analogue of Theorem 3: 


THEorEM 6. With the notation of Theorem 5, we have 


m F,, Uy Y 
(4.3) (-D" 5" AG = Gyms s(M)§(M). 
‘m deg M=m 
Note that Theorem 5 tells us somewhat less than the corresponding Theorem 2 
of the previous section. 


5. We now consider some special cases of the preceding formulas. Take first 
f(t) = t', then we write (3.1) in the form 


k 
(5.1) t= > NGO (k = 0), 
i=0 
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so that %j is a polynomial in z. By Theorem 2 we have 


(5.2) (—1yr at = MC an i (M) (p"™ > i), 
Lan deg M<m 
while by Theorem 3 we have 
(5.3) (ay Fa = Man (M) (p"™ > k). 
m deg M=m 
b) In particular by (3.15) 
(5.4) ("77 Me = DM, 
‘m deg M=m 
and by (3.16) 
(—1)" » M* nes 
- Te R= Pe diletas 
If next we take f(t) = ¢* in (4.1), we may put 
k 
(5.6) h= Dara. 
i=0 
) in Then (4.2) implies 
(5.7) (yr Ft = MG nM) (p™ > k), 
im deg M<m 
while (4.3) yields 
(5.8) (—1y Fe at =! MG mM) (p™ > k). 
"hen Ln deg M=m 
Formulas of a different kind involving %{ and %;* will be found below (§7). 
Consider now the case f(t) = G;(tu), an instance of (3.2). We write 
k 
(5.9) Gi(tu) = Do B(u)G(d), 
m 3: se 
where 6,(u) = §;(u) is a polynomial in u. Then (3.8) and (3.10) imply 
(5.10) (= 1)" F7 Bw) = Gam as MG(Mu), 
im deg M<m 
and . 
em 2 F ; 
(5.11) (—1)" 57 Blu) = Do" Gyrm_1s(M)Gi(Mu) (p"" > k), 
im deg M=m 
first respectively. 


In (5.9) putu = 1. Then clearly 
0 fori <k, 
Bi(1) = Bi(1) = { ae 


> 0), l fori=k 
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Comparison with (5.10) leads to 


(0 fori < k, 
’ ' 
ae Gyxm1—i(M)G,(M) = | (-" 44 lain 
while (5.11) yields 
0 fori < k, 
i. 2 « (~1)" 2 for i = k, 


provided p"” > k. 
Making a slight change in notation, we may state 


THreorEeM 7. Forl < p"”, k arbitrary, 


0 fork +1# p’™—-1, 
(5.12) Gi(M)G(M) = (—))" A fork +1=p™—1. 
Fork. < p"", lL <p", 

(0 fork +14 p™—1, 
(5.18) 2' Gi(M)Gx(M) = \ =1)" 2 fork + 1= p™—1. 


In (5.12) the condition 1 < p”” may be removed provided the right member 
is modified slightly. Let 1 = p””, so that 


lL=e+f=ep” +f, & > 0, pr" >f20. 


Then by (1.9) Gi(t) = Gi()G)(). But it is easily seen that for deg M < m, 
Gi(M) = C, a constant independent of M. Indeed 


C = G(0) = 0 
unless 
(5.14) e€ = (p"—1)(p"'+---+p""), msa<c--+ < eG; 
while if (5.14) holds then by (1.15) and (1.6), 
= (—1)"(F., «++ Fe)” = (-1)"Ge- 
Thus the left member of (5.12) reduces to 
C LY G(M)G.(M). 


deg M<m 
Since f < p””, (5.12) applies. Finally we see that for k < p””, the left member 
of (5.12) is 0 unless f + k = p”” — 1 and (5.14) holds, in which case the sum 


, 
I 
m 


_ (= 1)" gest. 


= (—1)*g.-(—1)” 





9er 


ber 
um 
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Returning to (5.9) we remark that there are a number of similar formulas— 
. . , , . 
namely, expansion of G,(tu) in terms of G;(t), and G;,(tu) in terms of G,(t), 
J ™ > . . » 
(7;(t). For each the coefficients are determined by means of formulas similar 


to (5.10) and (5.11). For brevity this set of formulas will be omitted. 


6. For the linear polynomial y,(t) there is the formula’ 


yam) _ | (-" Fe for s = m, 


(6.1) teAtm M 
for s # m. 
We now prove the more general 
aft ‘in » sibel 
6.2) Gi(M) _ (—1) = fork = ip",0 <i<p’, 


deg M=m M ° 
0 otherwise. 
For k = p”™’, (6.2) reduces to (6.1). 
The first half of (6.2) follows at once from® 


As for the second half, the case 0 < k < p”"” is an immediate consequence of 
the formula’ 
‘ M**=0 O<k<p"™). 
deg M=m 
Suppose next k = ip"" + j,0 <i < p",0 <j < p””; then by (1.7) @& = VG; 
and therefore 
1 G,(M) ‘ 1 G;(M) 
» M » M °, 
by the preceding case. Finally let k = p"“"*”, so that G,(M) = 0 and (6.2) 
is surely satisfied. This completes the proof of the formula. 
As an application of (6.2) let f() be an arbitrary polynomial of degree k, 
and as in (3.1) put 


(6.3) f~ = > A:G,(0). 
Then 
1 f(M) _ : 1 G(M) 
writen MA 


5 This Journal, Some sums involving polynomials in a Galois field, vol. 5(1939), pp. 941-947, 
p. 943. 
6 I, p. 160, formula (9.09). 


7 This follows from I, Theorem 9.5. 
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If now we apply (6.2) we get 


1 $0) =D ge, 


deg M=m M La i=0 





(6.4) 
For further simplification, let f(0) = 0, so that Ag = 0. Also assume that 

S(t) satisfies 

(6.5) fet) = e'f(t) (c in GF(p")), 


where ) is fixed; we may suppose that0 <A S p”" —1. Nowby (2.2), Gi(ct) = 
c'G,(t). Combining this with (6.5), we have at once 


A; =0 fori # dX (mod p” — 1), 


so that only one term on the right of (6.4) remains: 


» 
(6.6) ~ & . (—1)" 7 Agen. 


deg M=m M 
The condition (6.5) will be satisfied for f(t) = t*, k = 1, and 
k = d (mod p” — 1) (0<A Sp" — 1). 

Then in the notation of (5.1), we get from (6.6): 
(6.7) Yo wt = (-1" 8. 

deg M=m Ln 
In particular for k = 1 (mod p” — 1) this becomes 

>’ Mt =(-1)" 12 een. 


deg M=m 


7. Returning to §5 we now derive some additional formulas involving the 
coefficients Uj. From (5.1) we get 


p™m—1 t* prm—1 


a yen os uth! & > Ui Gi(t) 
(7.1) ail 


2 Gi(t) os te 
Now the left member 


(1 . {2 7 (u- or" 


U 


so that (7.1) becomes 


prm— prm— 


(7.2) (u-— ir" = 2 G,(t) S> a yr, 
keg 





C 


(7 


(7 


In 


th 


(7. 
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Again we have the identity® 
ew = > {mba 
=? (2% 


where for brevity we put 


m\ = Fp 
), if ~ Free’ 


= which by (1.11) becomes 
" die = as 
and by (2.7) this implies 


worn Sieh Sana 
k=0 


i+j—p™* 


prm—1 a 
1). = > G,(t) i, fo a i 


Comparison with (7.2) leads to 


pm} 


(7.3) Zz yr * = zz, {ib aes). 


k=i 


Let p* >i = p"*”. Then since 


’ , , Wk 
G pnt = G pnk_pns Gone = ve G pne1-i ’ 
8 


we may rewrite (7.3) in the form 


(7.4) ) ee = Gymii(u) Pi fc } valu. 


koi Vs {u) k=s 


the 





In particular fori = p”™* — 1, this reduces to 
k pem™—l—k 1 - m 
he Apne U = v.(u) > {rb vate. 


In. exactly the same way we may derive an identity similar to (7.3) involving 
the %;* of (5.6). The final formula is 


prm—l 


ys at yeni . {tb Gotu) 


(7.5) 
Gyne_s_i(u) > i ae eee ves)”. 


81, p. 144, formula (3.09). 
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In the next place by (1.2) we have 


’ = m(U —_ t) — __4)m-k m al prk—} 
(7.6) G pnm_i(u —- t) = es a = > ( 1) | t) ° 


t k= 
But 
nk—} <> nk_j—j 7 es nk—y—j7 i ; 
(u-— yr t= Dw ig = DoD wa 
i=0 i=0 i=0 
prk—1 prk_y : ‘ : 
= 2 a) D wu”. 
i=0 j=t 
Substituting in (7.5), we get 
‘ prm—} m prk-1 ; Q 
Ginma(u-)= DE Gd) dU (| + ye” a 
77 i=0 p™>i k j7=i 
( 7) prm—l pem—l—i m . 
=> G@ > w >d (—yn| Jar sate 
i=0 s=0 p™k>i+s k 
Therefore by comparing with (2.7), we have 
prm—1—4 
(7.8) Goa=wi(u = dD wv DY (—yn[ Bla, 
s=0 p™k*>i+s k 


which may also be written as 
(7.9) Gi(u) = Do u* Dd (-1)" iW Ayam is 
s=0 k 


the inner sum extending over all k < m, and p“ > p™ —1—i+s. From 
(7.9) we have at once a formula for vi of (1.14). 
Analogous to (7.8) we have also 


(7.10) Grade) = Se’ DS (-) "| ee 
aiid p™k>i+s 


there are also various formulas connecting vi and %;* that we shall not go into. 
The question naturally arises of a simple generating function for G;(t). Con- 
sider the polynomial in ¢ of degree < p””: 


Vm (u ai t) 


(7.11) ri) = Ta) = Ye. 

Evidently 

(7.12) r(M) = —_ (deg M < m). 
u—M 





This suggests a close connection with Theorem 4. Indeed for f(t) = 1/(u — 4), 
(3.12) becomes 

able ). 1 vm(t) 
00) = Olt m, —) = a Mie 





-nrnnra ss 


(7 


(7 


son- 


m). 


t), 
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now clearly #(¢) is a polynomial in ¢ of degree < p"”, and by (3.13) 


mm 1 
(M) = (-1) ‘es (deg M < m). 
Comparison with (7.12) shows that 
(7.13) Bt) = (—1)" 5" Pald). 


Now (3.11) does not hold in the present case. (The polynomial I,,(¢) does in 
fact approach a limit as m — «, but the limit + 1/(u — @).) Thus the dis- 
cussion immediately following Theorem 4 applies here. We first compute the 
coefficients A; of (3.11). Essentially this has been done at the beginning of 
this section. We have 


1 1 ‘ 
. oo Cnn. —_ = = G; G; , 
(7.14) T(t) = Yalu) i(u — t) jcta) sn paoke i (u)Gi(t) 
so that 
(7.15) A, = Gomma-i(w) 


¥m(U) 
Now by (7.14) the difference 


pn(m—1)_4 ' 
T'n(t) — Taal) = a an {om Ta w) oe 


TF. te » a Gi(t)G prm_a_i(u), 


and the quantity in braces 
” bi ti ) in. ne = a pta-G ate noi} = 0. 
Thus (7.14) becomes 


prk—-1 


(7.16) T(t) = ‘+ > 


k=l er i=pn 


Hence in the notation of (3.14) 


, FOG anal). 


1 . Gia 1-i i(u) 
(7.17) “yew Nad tag > oda” > tak 


where k is determined by 
” aaa < i < a”. 


It will be recalled that (7.17) means that the two members are equal fort = M, 
deg M < m, m arbitrary, the sum in the right member extending over i < p"” 
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Since A; may also be defined by (3.8) we have the identity 


Bt eae, alle Genel 
py Form) = (— 1) 


deg M<m U — M 


as may be checked directly. 
-8. We conclude with some arithmetical applications. Let 
k 
f() = p> AiG;(t); 


we shall call f(t) integral-valued if f(M) is integral—that is, a polynomial in z— 
for all polynomials M. We consider first the case of “‘linear’”’ f(t): 


(8.1) fo) = > at? = > Awyi(t), 


and prove the following 


TuHEeoreM 8. A linear polynomial f(t) is integral-valued if and only if A;F; 
is integral, where A; is defined by (8.1). 


We shall require 

Lemma 1. For all M, ¥i(M)/F; is integral. 

It suffices to prove ¥;(z”)/F; integral. This follows by induction from the 
identity’ 

vila") = ayi(z™) + (2 — zie”), 
which may be written 
m+1 m m p”™ 

(2 wa") © We) 4 (vee) 


and the fact that ¥.(z°) = F;. 

In view of Lemma 1 it is clear that if A,F; is integral, then f(t) is integral- 
valued. It remains to prove the necessity of the condition. This may be done 
by a familiar method.” Since ¥,(z”) = 0 for i > m, it follows from (8.2) that 

f() = Ao , 


f(z) = At + AiF:, 





F(z”) = Aox”™ + eee + Am—1Wm—1(2") + AnF a, 


so that we may compute Ao, Aif;,---, Amn. If we apply Lemma 1 again, 
it is clear that A,./’,, is integral. 
9], p. 141, formula (2.13). 


10 See, for example, Pélya-Szegé, Aufgaben und Lehrsdtze aus der Analysis, vol. 2, 1925. 
p. 339. 





SO 


1s 
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lone 
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rain, 


1925. 
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For the general case we shall prove 


THEOREM 9. J'he polynomial 
k 
(8.3) SW) = 2, AG) 


is integral-valued if and only if Aig; is integral; g; is defined by (1.5) and (1.6). 
We first extend Lemma 1. 
Lemma 2. For all M, Gi(M)/gx and Gi(M)/gx are integral. 
Indeed with the notation (1.5), 
G.(M) _ 7 (ee f 
jk I F; : 


which is integral by Lemma 1; the proof for Gi(M)/gy is similar. 

If now in (8.3) Ag; is integral, it follows at once from Lemma 2 that f(t) is 
integral-valued. However, the necessity of the theorem cannot be proved in 
the same manner as before." Instead we use (3.8), so that 


(8.4) (—1)" gpm Ai = » S G,nm_1«(M)f(M). 





By Lemma 2, each term on the right is divisible by g»m=1-;. Also by (1.6) 


Jp-m-1 = Jprm-i-Gi, 
so that (8.4) may be written 
(—1)"gi Ax = ym Gynms—i(M) ong 
= Jp"™-1-4 


which is integral. This completes the proof of the theorem. 
In precisely the same way we may prove 


THeorEeM 10. The polynomial 
k 
fi) = 2 AG 


is integral-valued if and only if Ajgi is integral. 


The quantities appearing in (8.2) are of some interest.” Let 


o . ola") 
Hj —— F; ’ 
so that by Lemma 1, H;, is integral for s 2 0. In place of (8.2) we may write 
(8.5) Hi” = cH + (Hi)”. 


11 The method employed in the proof of Theorem 8 may be used if first we introduce a 
certain set of auxiliary polynomials in ¢. However, the present proof is much shorter. 

12 See A class of polynomials, Transactions of the American Mathematical Society, vol. 
43(1938), pp. 167-182. 
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Since H} = 1, we have 
Hy = x + (Hi-4)”. 
From this it follows that 
Hi=ato"™ +... +2". 
Next for s = 1, (8.5) becomes 
Hi = Hi + (Hia)”, 


and from this it follows that 


on 


po 
Hi = eae il 
O0<a<f<i 
Proceeding in this way we may prove that 

Hi = a! ) 
0<ais"-"Sa,<i (1. 
the sum of the products of z, 2”, --- , 2” "* taken s at a time, repetitions allowed. for 

Other properties of Hj will be considered later. 

Duke UNIVERSITY. 
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APPROXIMATION TO FUNCTIONS BY TRIGONOMETRIC 
POLYNOMIALS 


By A. C. Orrorp 


1. Let f(x) be any integrable function. It is well known that there is just 
one trigonometric polynomial of order n which coincides with f(x) in the 2n + 1 
points 

2r 


ee (¢ = 0,1, ---, Qn). 


zi 
The explicit expression for these polynomials is very simple.’ If we write 

2 . 

(1) en(t) = i= (¢ = 0, 1,2, ---,n — 1) 


for 2xi/n S t < 2x (i + 1)/n, the desired polynomials are 
sin (n + 4)(x — #) 


! Igensa(t) 
sin ha — 


: 1 2x ; 
[ nlf, x) = >. | bACd) 
- 1 <$ in (n + 3)( ) 
= fs sin (7 Q\l— Li 
~ n+1 2 fia) sin (x — 2) 
and plainly 
U,(f, zi) = f(x) for all 7. 


In view of the close resemblance between (2) and Dirichlet’s sum for the first n 
terms of the Fourier series of f(x), we may expect to find some analogy between 
the behavior, for large n, of the polynomials U, and the sums s, of the Fourier 
series of f(x). This is indeed the case. In some ways, however, interpolating 
polynomials have an advantage over partial sums. If the function is very 
smooth, polynomials give a much better approximation to the function than 
partial sums of the same order. Thus, if f(z) is analytic, the respective errors 
after the n-th term are, as is well known, (3)"""4M/(n + 1)! and M/(n + 1)! 
respectively, where M is the least upper bound of | f‘"*” (2) |. 

The advantage of the interpolating polynomials holds only for smooth func- 
tions. As the function becomes less and less smooth, the advantage decreases 
becoming ultimately a disadvantage. Thus Marcinkiewicz’ and Griinwald’ 


Received September 15, 1939. My warmest thanks are due to Dr. Marcinkiewicz for 
some very interesting discussions from which I derived much help. 

1 See, e.g., E. Feldheim, Théorie de la Convergence des Procédés d’ Interpolation, Mémorial 
des Sciences Mathématiques, no. 95, Paris, 1939, p. 22. 

2 Interpolating polynomials for absolutely continuous functions (in Polish), Wiadomosci 
Mat., vol. 39(1935), pp. 85-115; and Sur la divergence des polynomes d’interpolation, Acta 
Litterarum ac Scientiarum, vol. 8(1937), pp. 131-135. 

’ Uber Divergenzerscheinungen der Lagrangeschen Polynome, Acta Litterarum ac Scien- 
tiarum, vol. 7(1935), pp. 207-221. 
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have shown that corresponding to any sequence |n;} there exists a continuous 
function for which U’,,(f, 2) diverges for all x. On the other hand, it is well 
known that the partial sums s,,(x) of the Fourier series of a continuous function 
converge for almost all xz, whenever nji4;/n; 2 k > 1. 

Various attempts have been made to construct trigonometric polynomials 
which converge to f(z) when f(z) is continuous. The fact that there exist such 
polynomials, defined once for all, was proved by Borel.‘ Probably the most 


interesting solution was given by Jackson’ who showed that the polynomials 
po 


{= 3(n + 1)(a — } 
2(n + 1) [ fo sin 3(x — t) denrs(t) 


> fla) o 4(n + 1)(x — =} 


J.Af, 2) = 


~ (in = 1m sin 3(x — 2%) 


have the desired property. These polynomials have, however, two disadvan- 
tages. In the first place J,(f, x) is equal to f(x) only at n + 1 points and to 
get as good agreement as in (2) we must take twice as many terms. Secondly, 
if f(x) is not continuous, their behavior is no better than the U,(f, z).° 
Marcinkiewicz’ has introduced the following polynomials. He writes 


; _ 1 f*,,,\ sin (m + $)(@ - 
Unalf, 2) = [ ho D domss(t), 


onlf, xz) = pra > Unim(f, 2) 


fans (n + )@- 


sin 3(x — 


1 
— | 2 OV demsld. 


These polynomials certainly converge to f(x) if f(x) is continuous and they are 
not open to the objection of the Jackson polynomials in that they require so 
many more terms to give as good agreement. Of course, it is no longer true 


that o,(f, x) coincides with f(x) at the points z;. Unfortunately, if f(x) is not 
continuous they are no better than the ordinary polynomials. 


4 Cf. Feldheim, loc. cit. (see footnote 1), p. 25. 

5 Theory of Approximation, New York, 1930. Cf. also Feldheim, loc. cit. (see foot- 
note 1), p. 26. 

While the present paper was in press, there appeared an interesting paper by J. Favard, 
Sur Vinterpolation, Bull. Soc. Math. France, vol. 67 (1939), pp. 102-113, in which the 
author gives a very simple proof of Borel’s theorem in the general case for any continu- 
ous function. 

® Cf. J. Marcinkiewiez and A. Zygmund, Mean values of trigonometrical polynomials, 
Fundamenta Math., vol. 28(1937), pp. 131-166; p. 163. 

7 Sur Vinterpolation, Studia Math., vol. 6(1936), pp. 1-17. 





th 


US 
rell 
ion 


als 
ich 
ost 
Is 





TRIGONOMETRIC POLYNOMIALS 507 


2. The object of this note is first to define trigonometric polynomials which 
converge uniformly whenever f(x) is continuous and secondly to show how this 
definition can be generalized so as to obtain a class of polynomials which con- 
verge almost everywhere for any integrable function f(z). 

Our first result, given in Theorem 1 below, furnishes another solution of 
Borel’s problem. Borel’s theorem has no strict analogue for general integrable 
functions as such a function is not determined by its values at an enumerable 
set of points. Theorem 2, however, provides us with a method for constructing 


convergent polynomials > An»Pa»(x), where the P,,,,(x) are fixed once for all 
v=(0 


and the A,,, are readily determined by the values of f(x) in the immediate 
neighborhood of each point 2; .° 


THEoREM 1. [f f(x) is a continuous function and I,(f, x) denotes the trigono- 
metric polynomial of order n which takes the values 


3Sf(zi) + Ftf(tins) + f(ri)} 
at the 2n + 1 points 


then I,,(f, x) converges uniformly to f(x). 
Proof. In view of (1) and (2), 


2r . On 
(+ ari) | = si FY mrp 
and so 


1,2) = lug, 2) + lu.(i24+ 2) + lu(s2- 
2 4 2n + 1 4 2n + 1 


-2f "fOKa(2, t) dema(t), 
where 
K,(z, t) = 5sin (n + $)(@- 0 


1 1 1 


-4sin A(z — 0) in } (2 - a) in} (x - " x) 
2sin 5\2 (toi 2sin 5\2 t on +1 
* Our results resemble somewhat Rogosinski’s theorems on Fourier series. Cf. W. Rogo- 
sinski, Uber die Abschnitte trigonometrischer Reihen, Math. Annalen, vol. 95(1925), pp. 
110-134, and Rethensummierung durch Abschnittskoppelungen, Math. Zeitschrift, vol. 
25(1926), pp. 132-149. Cf. also A. Zygmund, Trigonometric Series, Warsaw, 1935, p. 181. 
Rogosinski, however, averages the partial sums s, and not the function. Averaging 


the interpolating polynomials U,(f, z) does appear to yield the same result. Cf. Marcin- 
kiewicz and Zygmund, loc. cit. (see footnote 6), p. 164. 
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The following inequalities for K,(z, t) are immediate: 


(3) | K,(z, t)| < Cn, 
C 1 
 ———— — => 
(4) |K,(2, t)| < ne — la—t|= =§ 
whence 


zt+l1/n 6 
ih) sf) sf denn) +£f + 0(*), 
z—1/n 


U4i/n f n 


and the desired result follows at once. 


3. We proceed to the case in which f(x) is any Lebesgue integrable function. 
Plainly, it is no longer sufficient to take into account only the values of f(r) 
at an enumerable set of points, so this time we average the function over a 
small interval. Let us write 

A, = kn 
2n + 1’ 
where «x, is an integer which may depend on n but which is, at any rate, such 
that A, tends to zero. The most interesting case is that in which x, = 1. 
Consider the function 
zt+An 


(5) Sule) = a f(t) dt. 


z—An 
Since A, tends to zero, f,(x) tends to f(x) at all points of the Lebesgue set. 
If f(z) is very smooth, f,(x) agrees closely with the function in Theorem 1. 
THEOREM 2. The interpolating polynomials I,(f, x) which take the values 
Sn(xi) at the 2n + 1 points 
. or ‘ 
“On +1 (¢ = 0, 1, 2, ---, Qn) 
converge to f(x) at all points of the Lebesque set. 
Proof. We have, by (2), 
sin (n + 4)(2 — 0) 


A lyon (t). 
sin 3(2 — 0) beaten 


Taf 2) = UnlSuy2) =a [ful 
Qr 0 
Let 


®,(t) = [ = (n + a)(a a u) dgensi(u), 


sin 3(2 — u) 
so that 


IWS, 2) = UR" -— Pf f.Ooa(0 a. 


But f,(t) and ®,(t) are of period 27 and 
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1 
i.) = = {f(t + An) — f(t — An)}. 


Hence 
ff. ; 
I.(f, x) = or 2a. Jo {f(t + An) — f(t — An)}®,(t) dt 
1 1 Qe 
“i a f SOK, (2, b dt, 
where 


K,.(2, t) = = {d,,(¢ + An) _ ®,(t os A,)} 


1 ‘4 sin (n + 3)(x — u) 


"a 2An 41-2, sin 3(x — u) dpan+s(u). 
We prove the following inequalities for K,(z, t): 
(6) | K,(z, t)| S Cn; 
C 
a r—t| >3dn, 
(7) Kaz, 01S 7, |x—t] 280 
except possibly for a finite number of values of (; 
C C 3 
K,(z S$ —-+ ——.,, -—t|2-, 
8) Kae, 01S 5 +55, |x-tles 


except possibly for a finite number of values of t. 

The first inequality is immediate. We proceed to the proof of (7). Write 
Bx = 2kw/(2n + 1) and suppose ¢ # ®;. This excludes only a finite number 
of values of ¢. Let k; and ke be defined by 


Bra <t- A, Ss Bx, < Bro < t + An < Bro4a - 
Since A, is of the form 2«,7/(2n + 1), where x, is an integer, the interval 
(t — A, ¢ + A,) must contain an even number of points &. Then 
, 1 Asin (n+ $)(2 — 8) 
2a, K,(z, t) = ee 
7, 2n + leek, sin $(x — By) 
_ sin(n+))zr < (—1)* 
2n-+1 xear, sin 4(x — B) 
Consider 
ke Sail k 
>= : ( 1) =(-p" Ef. = — 1 \ 
ime, sin 3(x — Bi) \sin 3(z — Bp) sin $(z — Bpys)/ 


where p stands for k; + 2» and summation extends over all v in the range 
0 Sv S 3(ke — ki — 1). Clearly 
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2x C 
sida a 
21S orp © [z-ayllz — Beal 
provided | x — £8,| is sufficiently small. 
Now, when | z — t| 2 3A, all the @’s are on the same side of zx and there 
are by hypothesis an even number of them. _— |a —t| = 3A, gives 
c¢ “er 1 du CA, 


Zlsaei Ss asap eel @— up = =a" 





and the inequality (7) follows at once. 

The third inequality is proved by practically the same argument. This time, 
however, we must treat the terms in the range —q/n S t — x S q’/nseparately. 
Clearly, by taking g and q’ as either 3 or 4 we can arrange so that the ranges 
(x + q’/n, x + An), (x — An, # — g/n) contain an even number of 6’s. For 
these ranges the above argument applies. As for the range x — q/n, x + q’/n, 


sin (n + 3)(z — Bx) 
y mie—-ay 12° 


the number of terms in the sum being at most 4. 
The proof of the theorem can be completed by familiar arguments. Writing 


Q,(u) - | K,(2, z+ u) | + | K,(2, t— u) \, 
v(u) = | f(z + u) — f(z) | + |f@ — u) — f(a) |, 








Pare 


we have 


ITS, 2) ~ fe) XL WwQalu) de 


~ Oe af P +f" + [.} =h+th+. 


Using (6), (7) and (8), we have, at all points of the Lebesgue set, 


hs Cn J. ” uu) du = o(1), 


Cc " Wu) oy mf = 


s/n UP nN 43/n 


34, 
h+ths€ - f v(u) du + © du + o(1) = o(1), 


where ¥(u) is as usual, the integral of ¥(u). The theorem is proved. 


Sr. Jonn’s CoLLecr, CAMBRIDGE, ENGLAND. 
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REMARK ON A RECENT PAPER OF O. ORE 


By Guipo Zappa 


O. Ore, in a recent paper,’ studies, among other things, the groups he describes 
as “groups with conformal chains’. After examining the principal properties 
of these groups, he concludes his paper with the following theorem: 


Let G be a group such that every subgroup and every quotient group of G have 
subgroups of every possible order. Then G is a group with conformal chains, and 
conversely. 


Ore notes moreover that it would be of interest to know whether the condition 
on the quotient groups is necessary. The following theorem proves that the 
condition on the quotient groups is not necessary, because it is a consequence 
of the condition on the subgroups. 


THEoREM. Let G be a group such that every (proper or improper) subgroup of 
G has subgroups of every possible order. Let N be a normal subgroup of G. Then 
every (proper or improper) subgroup of G = G/N has subgroups of every possible 
order. 

Proof. Let g be the order of G. Each group whose order is a prime, or a 
product of two equal or different primes, has subgroups of every possible order; 
hence the theorem is true for these groups. We shall prove the theorem by 
induction with respect to the number of prime factors of g. Suppose the theorem 
true for each group whose order divides g. The groups G and G are multiply 
isomorphic. Let M be a proper subgroup of G; and let M be the (proper) 
subgroup of G whose operations correspond to operations of M in multiple iso- 
morphism. We have M = M/N. Since M is in G, M and every subgroup of 
M have subgroups of every possible order. The conditions of the theorem are 
then verified for M. Since the order of M divides g, the theorem is true for 
M, and consequently M (and with M every proper subgroup of G) has sub- 
groups of every possible order. 

It remains to demonstrate that G also has subgroups of every possible order. 
Let n be the order of N. The order of G is then g = g/n. Let d be a divisor 
of g. We shall prove that @ has at least a subgroup of order d. Let p be a 
prime dividing g/d. Then d divides g/p. If G has a subgroup S whose order 
is g/p, S has subgroups of every possible order and hence of order d; and S§ 
being in G, also G has subgroups of order d. It will then be sufficient to demon- 
strate that if p is a prime dividing g, G has at least a subgroup of order 9/p. 


Received November 22, 1939. 
1Oystein Ore, Contributions to the theory of groups of finite order, this Journal, vol. 5 
(1939), pp. 431-460. 
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Since g = ng, p divides g; hence G@ has at least a subgroup S of order g/p. If 
S contains N, G has the subgroup S = S/N, whose order is 9/p, and the theorem 
is demonstrated. If, on the contrary, S does not contain N, it is easy to prove 
that G/N = Gis simply isomorphic to S/J, I being the intersection of N and S. 
On the other hand, S and every subgroup of S have subgroups of every possible 
order; and, since the order of S divides g, S/I and G, simply isomorphic to S/T, 
have subgroups of every possible order. Hence G has a subgroup at least of 
order p, and the theorem is completely demonstrated. 

Consequently, Ore’s theorem can be restated as follows: 

Let G be a group such that G, and every subgroup of G, has subgroups of every 
possible order. Then G is a group with conformal chains, and conversely. 


Rome, ITALY. 
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GENERALIZED CURVES 


By E. J. McSHanr 


The present paper is the first of a sequence of three, the principal object of 
the sequence being the establishment of existence theorems for Bolza problems 
in the calculus of variations. These existence theorems will be of sufficient 
generality to apply to problems with fixed end points and with variable end 
points, and also to include isoperimetric problems. 

The scheme of proof here adopted might be called the method of the auxiliary 
problem. In very broad outline, it is as follows. The problem is to minimize 
a functional f(z) on a class S of elements z. To show the existence of a solution, 
the range of the functional f is extended to a larger class S* of elements possess- 
ing more desirable properties than S; specifically, a kind of local compactness. 
By use of these properties of S* it is shown that there exists an element 2 of 
S* which minimizes f(z) on S*. Next we find the necessary conditions which are 
satisfied by 2» as a consequence of minimizing f(z). Under suitable hypotheses 
on f these conditions will imply that x is a member, not merely of the extended 
class S*, but of the original class S. Thus 2» is the minimizing element which 
is the solution of the original problem. 

In this note and its two successors we shall study single-integral problems by 
introducing an auxiliary problem. The original class S of curves will be en- 
larged to the class S* of generalized curves, invented by L. C. Young;''*"* and 
each of the three papers of the sequence will develop one of the three steps out- 
lined in the general proof-pattern. In this first paper we develop the theory of 
generalized curves, and show that they possess a compactness property which 
leads us readily to an existence theorem in the class of generalized curves. In 
the second paper we shall develop the theory of the calculus of variations as 
extended to generalized curves, obtaining (for Bolza problems) analogues of 
the multiplier rule, the Weierstrass and Clebsch conditions, and the Dresden 
corner condition. In the third paper we set forth additional hypotheses on 
the integrands involved which guarantee that the minimizing generalized curve 
is actually a curve in the ordinary sense. In all three papers we shall consider 
only problems in parametric form. 

I wish here to express my thanks to Professor L. M. Graves, who read the 
original manuscripts and suggested a number of improvements; for instance, the 


Received November 28, 1939. 

1L. C. Young, On approximation by polygons in the calculus of variations, Proceedings 
of the Royal Society, (A), vol. 141(1933), pp. 325-341. 

2L. C. Young, Generalized curves and the existence of an attained absolute minimum in 
the calculus of variations, Comptes Rendus de la Société des Sciences et des Lettres de 
Varsovie, Classe III, vol. 30(1937), pp. 212-234. 

3L. C. Young, Necessary conditions in the calculus of variations, Acta Math., vol. 
69(1938), pp. 239-258. 
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replacement of the previous definition of generalized curve by an equivalent 
formulation (§2) more appropriate for use here. 


1. Heuristic discussion. If we are trying to establish an existence theorem 
for, say, an isoperimetric problem, we naturally must consider the class of 
rectifiable curves (or some subclass) and the integrals, of the usual type of the 
calculus of variations, taken along such curves. There are obvious advantages 
in topologizing the space of rectifiable curves in such a way that the integrals 
along them will be continuous. This can be done in many ways; but, to reduce 
the troubles of finding a convergent minimizing sequence, we shall choose the 
weakest topology in which all integrals are continuous. In other words, we 
shall say that a sequence {C,} has Cy for limit if and only if ‘(C,) tends to 
(Co) for every integral ‘F(C). The space of rectifiable curves is thus given a 
topology; in fact, it is even a metric space. However, it is not complete. Less 
precisely expressed, it would clearly be an advantage to us if for every sequence 
{C,} with the property that {{F(C,)} converges for every integral ‘F(C) of the 
calculus of variations, there would exist a curve Cy such that C, —~ Cy. This 
is not the case; so, as usual, we invent new entities to fill the gaps. These new 
entities are the generalized curves of L. C. Young. 

Consider, for example, the sequence of curves 


(1.1) r=2(t)=t, y= yn(l) (0 Sts 1), 


in which y,(¢) vanishes at 0, 2/2n, 4/2n, --- , 1, is equal to 1/2n at 1/2n, 3/2n, 
..+, (2n — 1)/2n, and is linear on each interval [p/2n, (p + 1)/2n], so that 
y,, is alternately +1 and —1. If F(z, y, 2’, y’) is any integrand, we easily 
compute 


1 1 

(1.2) lim [ FCs, yn, tn, yn)at= [ 3{PG,0, 1, 1) + FG, 0, 1, -1)} a 
neo 0 0 

If the curves (1.1) are to approach a limit, the integral along this limit must 

therefore equal the right member of (1.2). The formation of this integral may 

be thus described. In the integrand function F(z, y, x’, y’) we first substitute 

for z, y the limits 


X(t) = t, yo(t) = 0 


of the functions (1.1); this gives a function F (x(t), yo(t), 2’, y’) of t, 2’, and y’. 
Next, for each ¢ we form a certain average of values of F(xo(t), yo(t), 2’, y’); 
namely, the arithmetic mean of the values at 2’ = 1, y’ = 1 and at 2’ = 1, 
y’ = —1. The right member of (1.2) is then the integral of this average. 
This would suggest that the notion of generalized (plane) curve C> should 
contain two essential elements; first, a pair of functions 29(t), yo(t); secondly, a 
description of an averaging process to be carried out on the values of F(z0(t), 
yo(t), x’, y’) in order to compute the number which can be called the integral of 
F along Co. These two elements are not independent of each other. In the 
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specific example under discussion, if we choose F(x, y, x’, y’) = x’, we find that 
the average of the values of F is 1, which is x4; likewise the average of the values 
of y’ is 0, which is ys. A moment’s reflection will show that this is not fortui- 
tous; such a connection must exist in order for the integrals of x’ and y’ to be 
continuous. 


2. Definition of generalized curve. Before setting forth our definition of 
generalized curve it is desirable to introduce some notation. 

The letters y, r (with or without suffixes) will stand for vectors in »-dimensional 
space: y = (y',---, y’), r = (r',---, 7"). The repetition of a Greek-letter 
affix other than v requires summation over all values of that affix; thus 


Yate = Yala t +> + yarn. 
The length of a vector is denoted by enclosing it between vertical bars; thus 
|r| = rh 


Let Q be the aggregate of functions (r) defined and continuous for all r. 
Let ON] be a functional which assigns a real number to each element & of the 
class Q. The functional 9N{%] is 
(2.1) distributive, if for all real numbers a, , a2 and all pairs of elements %,, &, 
of Q the equation Maid; + aeb2] = a,MN[%,] + a2Dil[%.] holds; 

(2.2) non-negative, if DN[4] = O for all non-negative functions (r) in Q; 
(2.3) determined by the values of © on a set R, if for every pair 4, , $2 of functions 
of Q which coincide on R the equation 9N{4,] = Mi[%.] holds. 

The following remarks are evident. 


Lemma 2.1. If MN[*] is distributive, it is determined by the values of ® on R if 
and only if MN[*] = 0 for every continuous function which vanishes on R. 


Lemma 2.2. If ON[&] is distributive and non-negative and determined by the 
values of ® on a set R, then 
(2.4) MN[%:] S ON[.] provided that 4,(r) S #2(r) on R; 
(2.5) | M[%] | = Ml] + |]; 
(2.6) | ON[#] | S M1] {l.u.b. | &(r) | on R}; 
(2.7) if Bo, &, --- are functions of Q, and ®,, converges to & uniformly on R, then 
lim ON[,] = MU{4}. 
We can now write our definition of generalized curve.‘ 
~ 8) A generalized curve is a system consisting of a set of functions y'(t) (a S$ t S b; 
= 1,---, v), a subset M of the interval {a, b] with measure b — a, and a func- 


sonal ‘ON{t; | defined for all t in M and all continuous #(r), and possessing the 
following properties. 


*L. C. Young, loc. cit. (footnote 2), p. 231. 
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(2.8a) The functions y'(t) are absolutely continuous on |a, b| and possess finile 
derivatives on M. 

(2.8b) For each t in M, the functional Mt; &] is distributive and non-negative, 
and is determined by the values of (r) on a bounded set of values of r. 

(2.8c) For each t in M, 


Mt; r'] a y(t) (7 = 1, ‘= & v). 


(2.8d) For each continuous function ®(r), the functional Mit; &] is measurable 
on M. 

In (2.8c) the notation may be slightly confusing. The functional Dit; 2] 
does not depend on a number r'; on the contrary, by Mt; r'] we mean the 
number S(t; &] which is determined when for ® we choose the particular con- 
tinuous function defined by the equation (r', .-- , r") = r’. Occasionally we 
shall meet this situation again; we shall write SN{t; (r)], but shall always mean 
the value of DU{t; &] at some particular function #(r). 

The generalized curve defined in (2.8) will be denoted by 


(2.9) C*: [y(t), M[t; &], M). 


In this notation the interval [a, b] can be thought of as the closure M of the 
set M. The ordinary curve y = y(t) (a < t S b) will be called the track of C*, 


3. Integrals along generalized curves. We shall usually be interested in the 
generalized curves whose tracks lie in some particular closed set FE, and in 
integrals whose integrands F(y, r) are defined and continuous for all y in E 
and all r. However, we can avoid verbosity by always supposing that the 
range of F has been extended so that F is defined and continuous for all y and 
allr. If F is positively homogeneous of degree 1 in r, so that 


(3.1) F(y, kr) = kF(y,r), k20, 


for all y in E, we can first find a continuous function (y, r) which coincides 
with F(y, r) when y is in E, and we can then define 


V(y, 7) - #(y, r/|r|)-\r| if |r| # 0, 
¥(y, 0) = 0. 


The function ¥ is easily seen to be defined and continuous for all (y, r) and to 
be positively homogeneous of degree 1 in r. Also, if y is in E, the functions 
V(y, r) and F(y, r) are equal. Thus 

(3.2) there is no loss of generality in supposing that all integrand functions are 
defined and continuous for all (y, r). 

For brevity, we shall say that 

(3.3) F(y, r) is a “parametric integrand” if it is defined and continuous for all y 
and all r, and is positively homogeneous of degree 1 in r. 
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Given a parametric integrand F(y, r) and a generalized curve (2.9), we 
define 


(3.4) F(c*) = | Onl; Fy, rt, 
M 

provided that the integral exists. It is usually more convenient to write 
b 

(3.5) s(c*) = [ ole; FW, 2) a, 


the integrand being given the value zero on the complement of M. 

By the definition (2.8), the function 9M {¢; | r |] is non-negative and measurable 
on M. If it is summable, we say that C* is rectifiable, or has finite length, and 
we define its length to be 


b 
(3.6) (cr) = [ omte; |r hae 
If C* has finite length, so has its track; and the two lengths satisfy the inequality 
b b 
.7) [ivolas [ omte;|r nae 


For by the Cauchy-Schwarz inequality we have r‘y” < |r|-|y/|. Hence, by 
(2.3b, c), for tin M we have 


yy” = | y’ | Me; |r|), 
so that | y’| < Mt; |r|]. Integration yields (3.7). 


The next lemma expresses an important property of rectifiable generalized 
curves. 


Lemma 3.1. If C* is a rectifiable generalized curve, and ®(t, r) is defined and 
continuous for all t in [a, b] and all r, the function ON{t; H(t, r)] is measurable 
on M. 


Let [a, b] be subdivided into n equal subintervals A, , --- ,4n,. by points 
tno = @,tna,--+ tan = 6. Define 


Balt, 1) = Do Wllns, rIxaall 


where x,,:(¢) is the characteristic function of the interval A,,,. Then 


MU; &alt, 1] = Dy MLE; Hltns, 7)] xnst 
is measurable on M, by (2.8d). For each & in M the value of DU [th ; &] is deter- 
mined by the values of on some sphere | r| < k, and on this sphere the func- 
tions ®,(é%, r) tend uniformly to $(4, r). By Lemma 2.2, the measurable 
functions Nt; ,(t, r)] tend on M to Mft; H(¢, r)], which is therefore measur- 
able on M. 


Lemma 3.2. If C* is a rectifiable generalized curve and F(y, r) is a parametric 
integrand, the integral ‘$(C*) of equation (3.4) is defined. 
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Let K be an upper bound for the absolute value of F(y(é), 7) on the bounded 
closed set [a S$ ¢ S b, |r| = 1). By homogeneity we have 


| F(y(@t), r)| S$ K\r| (astsb). 


Hence by Lemma 2.2 
(3.8) | Mit; F(y(O, r)] | S KOM[E; | r |] 


for alltin M. Since by Lemma 3.1 the function 9N{t; F(y(4), r)] is measurable 
on M, inequality (3.8) proves it summable. 


4. A topology in the space of generalized curves. In the introduction we 
have mentioned the topology which we shall use. 

(4.1) The rectifiable generalized curve Co is the limit of the sequence {Cx} of 
rectifiable generalized curves if 

(a) the Fréchet distance between the track of Co and that of C% tends to zero as 
n— ©, and 

(b) for every parametric integrand F(y, r) it is true that 

lim F(C%) = F(Co). 

Correspondingly, we shall adopt the following definition of identity of gen- 
eralized curves. 

(4.2) The generalized curves C} and CY are identical if 

(a) their tracks are identical (i.e., have Fréchet distance zero), and 

(b) F(C3) = F(CT) for every parametric integrand F(y, r). 

The conditions (4.1a) and (4.2a) have been added for convenience in our 
proofs. It could, however, be shown that they can be greatly weakened, and 
if Co is non-degenerate, they can be entirely omitted without changing the 
theorems later to be proved. 

With these definitions, the space of generalized curves is an £*-space, in the 
terminology of Kuratowski. It is in fact more than that; it is metrizable. 
However, this fact is of no immediate use to us, so we relegate its proof to the 
appendix (§12). 

The convention (4.2) of identity permits us to prove the following lemma. 

Lemma 4.1. If C* is a rectifiable generalized curve (2.9), and k is a positive 
number, we may suppose without loss of generality that for all t in M the func- 
tional Mt; &] depends only on the values of (r) on the sphere |r| = k. 


If é(y, r) is any function continuous in (y, r), we define #,(y, r) to be the 
function which is positively homogeneous of degree 1 in r and coincides with 
&(y, r) when |r| = k: 


(yr) =k" |r| oy, kr/|r|), |r| > 0. 


(4.3) &(y, 0) = 0. 
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This is easily seen to be continuous. Moreover, if #(y, r) is already positively 
homogeneous of degree 1 in r, the identity 


(4.4) #,(y, r) = By, r) 
holds. 

We now define Co by the formula [y(t), Di[t; &], M], where 
(4.5) Molt; &] = Ot; &,]. 


Since #, is determined by the values of @ on the sphere | r| = k, so is Diy[t; 4]. 
The system Co evidently satisfies (2.8, b); by (4.5) it satisfies (2.8d), since 
, is continuous; and by (4.4) it satisfies (2.8c). Thus Co is a generalized 
curve. The curves C* and Cp have the same track, and by (4.4) we have 
(Co) = F(C*) for every parametric integrand; so Co is identical with C*. 
This completes the proof. 

Let us say that 
(4.6) a generalized curve C*: [y(t), OU{t; &], M] ts an isomorph of an ordinary 
curve if for almost all t in M the functional ON{t; &] depends only on the value 
of © at a single spot r;. 
We can then prove 


Lemma 4.2. If the rectifiable ordinary curves C and the isomorphs C* of ordinary 
curves are set into correspondence by letting each C* correspond to its own track, 
the correspondence is one-to-one. Moreover, for every parametric integrand F(y, r) 
we have 


b 

4.7) [ Fao, a) a = [ ont; Po, iat 

If Mt; &] depends only on the value of &(r) at r;, by (2.8b) it has the form 
(4.8) Mt; 6] = aP(r,), a20. 
By (2.8c) this implies 
(4.9) ar; = y"’(t) (t= 1,---,»). 
If F(y, r) is a parametric integrand, equations (4.8) and (4.9) yield 

Mit; F(y(d), r)] = aF (yd), re) 


(4.10) 


F(y(), y’(O). 


This holds for almost all ¢ in [a, b], so (4.7) follows by integration. 
If two isomorphs CY , Cz of generalized curves both correspond to C: y = y(t) 
(a St S b), the curve C is the track of both ordinary curves, and by (4.7) 


FCT) = FC?) 


for all integrands F(y, r). Thus by (4.2) the curves are identical. This com- 
pletes the proof of the lemma. 
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Thus we see that our generalized curves form an extension of the class of 
ordinary curves in the same way that, for example, the real numbers form an 
extension of the class of rationals. 


5. Elementary change of parameter. Let C*: [yi(r), Slur; &], M,] be a 
generalized curve, wherein M;, is the interval [a; , b,], and let r = 7(t) be a 
function defined and absolutely continuous on the interval a < ¢ S b and 
satisfying the conditions 


(5.1) r’(t) > 0 for almost all ¢, 
(5.2) ) r(a)=a, 7(b) =d. 


We wish to define the concept of a change of parameter on C* from r to ¢; 
such a change, under the above hypotheses on 7(t), will be called an elementary 
change of parameter. 

The new equation of the track will be 


(5.3) y = y(t) = w(r(d) (a St <b); 


the functions y(t) are then absolutely continuous. Because of (5.1) the func- 
tion r(t) has an absolutely continuous inverse,’ so for almost all ¢ in [a, b] the 
point z(t) is in M,. Let M be the subset of [a, b] for which 7’(¢) is defined 
and finite and 7(t) isin M,. This set has measure b — a, and on it 


(5.4) y(t) = yi(r(t))-7'(. 
Thus (2.8a) is verified. 

For ¢t in M we define 
(5.5) Mit; &] = Mu[r(d); #]-7’(2). 


If we set &(r) = r’, equations (5.5), (5.4) and (2.8c) give ON[t; r’] = y’(t), so 
the new system satisfies (2.8c). Condition (2.8b) is evident. For (2.8d) we 
can either use the facts that 7(¢) has an absolutely continuous inverse and 
that 7’ is measurable, which with (5.5) give the measurability of DU[t; ]; or 
we can use the theorem on change of variables, 


by b 
[0 mntes 6, nde = [onal ; #0, 11 7° at 
(5.6) . i 
= [ Mr; #0, »)1 a. 


This gives (2.8d) if ® is independent of 7, and it also informs us that every 
integral ‘F(C) is invariant under elementary change of parameter. This invari- 
ance, together with equation (5.3), which states that the tracks y = y;(7) 
(a, S r S by) and y = y(t) (a St S b) are identical, assures us that the condi- 


5C. Carathéodory, Vorlesungen tiber reele Funktionen, p. 584, Satz 3. 
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tion (4.2) for identity is satisfied, so that an elementary change of parameter 
gives us back the same curve in a new representation. 
The following lemma will be useful in proving compactness. 


Lemma 5.1. If 
C*: [y:(r), Malt; &], My] 
is a rectifiable generalized curve, for every positive ¢ the curve C* has a representation 
C*: [y(t), MN[t; &], M) 

such that M is the interval (0, 1] and 
(5.7) Mit; |r |] S L(C*) + « 
for all tin M. 

Denote M, by [a, b], and define 


U(r) = {2(C*) + 7 / " (OMule; |r|] + eb — a)“} ar. 


Then the image of the intervala S 7 S bisO0 St 
change of parameter from 7 to ¢ gives, by (5.5), 


Mt; 6] = Malr() ; B{L(C*) + €} 
Malr(t); |r|] + (6 — a)’ 


valid for all ¢ in the set M of measure 1. For #(r) = |r| this yields (5.7). 


IIA 


1. The elementary 





6. A compactness theorem. The following theorem is an obvious conse- 
quence of (4.1b). 


TuHreoreM 6.1. If F(y, r) is a parametric integrand, then the integral ‘F(C*), 
regarded as a functional on the space of rectifiable generalized curves, is continuous. 


L. C. Young* has proved a theorem of considerable interest in itself, which 
we shall merely state without proof, since we do not use it. In our termi- 
nology, it is as follows. 


THEOREM 6.2. The set of isomorphs of ordinary curves is everywhere dense in 
the space of rectifiable generalized curves. 


Our next theorem’ states a compactness property essential in the later proofs 
of existence theorems. 


THEOREM 6.3. Let Ey be a bounded closed set in y-space, and let N be a number. 
The set of generalized curves C* whose tracks lie in Ey and whose lengths do not 
exceed N is a compact set. 


6 Loc. cit. (footnote 2), pp. 225, 233. 
7 This is closely related to a theorem of L. C. Young (see p. 224 of the reference in 
footnote 2). 
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Let Ci , Cz , --- be a sequence of generalized curves satisfying the hypothesis. 
We must show that there exists a subsequence which converges to a limit 
curve Co ; this limit curve will evidently have its track in Ep , since Ep is closed, 
and will have length at most N, since the length-integral is continuous by 
Theorem 6.1. 

For each n we introduce on C* the parameter of Lemma 5.1, with « = n™. 
Then ce has the representation 


Cr: [yn(t), Malt; 2], Mal, 
where M, is the interval [0, 1] and 
(6.1) Mult; |r|] $ LCR) +n sN+1 


for alltin M,. We also suppose, as by Lemma 4.1 we may, that 
(6.2) for all t in M,, the value of DW,[t; ] is determined by the values of &(r) on 
the set |r| = 1. 

First we choose a subsequence of {C,}, retaining the notation of the original 
sequence, such that 
(6.3) yn(0) converges to some limit as n tends to infinity. 
This is possible because of the boundedness of E,. Let #(y, r) be an arbi- 
trary function continuous on (y, r)-space. By Lemma 3.1, the functions 
M(t; (y.(t), r)] are measurable on the respective sets M,. If H is an upper 
bound for the absolute value of © on the bounded closed set [y in Ey , | r| = 1), 
by Lemma 2.2 and (6.1) we have 


| Malt; (yn(t), 7)] | < HOMalt; |r|] < H(N + 1). 
Hence the integrals 


t 
(6.4) en(t) = [ Malt; (ys), 7) at 
are defined and satisfy the inequality 
| rts 
(6.5) | en(te) — galt) | = | Malt; (yn(t), r)] dt) S HN +1) |h—-4| 


if t; and t are in [0, 1]. So the functions ¢,(¢) all satisfy the same Lipschitz 
condition; and since ¢,(0) = 0 they are uniformly bounded. By Ascoli’s 
theorem, there is a subsequence (we continue to use the notation of the original 
sequence) which converges uniformly to a limit function go(¢): 

(6.6) lim ¢n(t) = go(t), uniformly on [0, 1]. 

It is possible to find a denumerable collection [®,,(y, r)] of continuous func- 
tions such that for every continuous function #(y, r) and every positive « 
there is a ®,, of the collection which differs from ® by less than ¢ on the set 
[yin Ey, |r| = 1). We prefer to write this in the equivalent form 


(6.7) | &(y, r) — Only, 7) | < el r| (yin Ey, |r| = 1). 





(6 
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From the preceding paragraph we see that, by use of the diagonal process, we 
can select a subsequence of {C *} (we continue to use the notation {C*} for the 
subsequence) such that for each m the sequence of functions 


(6.8) Pnm(t) = l Malt; Pn(yn(t), r)] dt 


converges uniformly as n — ~ to a Lipschitzian limit function ¢go,m(t). 

For each m the function ¢go,,(t) has a derivative except on a set of measure 
zero. The sum of these exceptional sets is still of measure zero; discarding it, 
we are left with a set M of measure 1 on which all the functions g,»(t) are 
differentiable. 

Let (y, r) be a continuous function. Given a positive «, we choose an m 
for which inequality (6.7) holds. From the uniform convergence of the ¢n,m(t), 
there is an m such that if p and q both exceed m the inequality 
(6.9) | Pp.m(t) — a,m(t) | < € 


holds for all ¢ in [0, 1]. From (6.4) and (6.7), with Lemma 2.2, the inequality 


| Gn,m(t) any) ¢n(t) | s [ | Male; ,(yn(t), r)] 7 Mult; (y, (2), r)] | dt 
(6.10) < [ Malt; | Sulyn, 7) — &(ya(t), r) [J at 


1 
< ef Malt; |r [dt < eN 


holds for all n. Combining (6.9) and (6.10) yields 
(6.11) | ep(t) — a(t) | < (2N + l)e, 
whenever p and g both exceed m. This implies the uniform convergence of 
¢n(t) to a limit function g(t). Thus for our chosen subsequence we have the 
simultaneous uniform convergence of all indefinite integrals of the form (6.4) 
to limit functions. 

Again, let ®(y, r) be an arbitrary continuous function. For an arbitrary 
positive number ¢ we select an m such that inequality (6.7) holds. Then the 
functions 


(6.12) dy, r) a ®,(y, r) rh... | r \, (y, r) = n(Yy, r) + ¢ | r | 


are respectively negative and positive for y in Ey and|r| = 1. With the help 
of Lemma 2.2, statements (6.1) and (6.12) imply that 


Malt; P(yn(t), 7)] — Malt; Pa(yn(t), 7] — €(N + 1) 
<0 < Malt; S(ya(d), r)] — Malt; Pa(yn(t), 7)] + (N + 1). 
On integrating and using definitions (6.4) and (6.8), this shows that the functions 
(6.14) galt) — en.m(t) — (N+ 1)t, galt) — enm(t) + (N + Lt 


(6.13) 
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are respectively non-increasing and non-decreasing. Passing to the limit, we 
see that the same is true of the functions 


(6.15) got) — go.m(t) — (N+ 1)é, — golt) — gom(t) + (N + 1)t. 


Therefore the first of functions (6.15) has a non-positive upper derivative, and 
the second has a non-negative lower derivative. In particular, since ¢o,m(t) 
has a derivative at t& , we have 


(6.16) Dego(to) — go,m(t) — €(N + 1) S$ 0 S Deolto) — go,m(lo) + «(N + 1). 
From this inequality we have at once 
(6.17) 0 <= Deo(tc) — Deol) S 2e(N + 1). 


This holds for all positive e, so the upper and lower derivatives of gp are equal’ 
and go(t) exists. That is, 
(6.18) for our chosen subsequence {Cx} and the fixed set M of measure 1, every 
function go(t) defined by (6.6) is differentiable at every point of M. 

We are now ready to define our limit curve Co. First, if we apply the fore- 
going to the function @(r) = 1’, we find by (2.8c) 


en(t) = yr(t) — yi (0). 


So by the preceding proof, together with statement (6.3), the y’,(t) converge 
uniformly to a Lipschitzian limit yj(), and this limit function is differentiable 
at each point of M. We shall use the curve y = y(t) (0 S ¢ S 1) for the 
track of Co ; condition (2.8a) is then satisfied, by (6.18). The functional 
Molt; &] will be defined to be the derivative at ¢ of the function go(¢) defined 
by (6.4) and (6.6). That is, for each ¢ in M and each continuous function 
@(r) we define 


(6.19) Molt; ] = 4 lim [ Malt; &] de. 


If we substitute r’ for @, we find that (2.8c) is satisfied. There is no difficulty 
in verifying (2.8b); and (2.8d) is satisfied because Dio[t; &] is the derivative of 
an absolutely continuous function. Hence the system 

Co : [yo(t), Molt; +], M] 


is a generalized curve. 
Let #(y, r) be an arbitrary continuous function, and let & be a point in M. 
Define 


V(r) = P(yo(), 7). 
If ¢€ is an arbitrary positive number, there is a neighborhood U of yo(%&) on which 
(6.20) |oy,r)-— ¥(r)| <elr|, [rf =1. 
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If n is large enough and (a, 8) is a sufficiently small interval containing & , the 
ares of track y = y,(t) (2 S t S B) liein U. Hence by (6.20) and (6.1) 


21) | f mate; oy.00, nae — f on.te; wOlae| < LW + 1) —a), 
or with notation (6.4) 
| {en(B) — gnla)} — {¥n(B) — vala)} | S e(N + 1)(6 — a). 
Passing to the limit, we get 
(6.22) — | {eo(8) — gola)} — {¥o(8) — Yo(a)} | S &(N + 1) — a). 
If we divide by 8 — aand recall that ¢ is arbitrary, this shows that the quotients 


ns ~ we oat we = we) 


have the same limit as a and 8 tend to &. But by definition the limit of the 
latter of these is Molto ; P(yo(to), r)]. Hence for all t in M we have 


(6.23) go(lo) = Molto ; P(yo(t), 7)], 
where gp is defined by (6.4) and (6.6). It follows at once that 
lim F(C%) = lim gn(1) = go(1) 


no 


(6.24) 


[ wat = [ amelr; o(0, Mat = (C3), 


Since the track-functions y,(t) converge uniformly to yo(t), this shows that C* 
converges to Co , and the theorem is established. 


7. Standard parameter. Although it is not necessary for our proofs, it is 
convenient to know that every rectifiable generalized curve has a representation 
in which the parameter is proportional to length of generalized arc. 


Lemma 7.1. If the generalized curve 


(7.1) C*: [y:(t), Malt; 4), Mi) 
a rectifiable, it has a representation 
(7.2): C*: [y(t), Mt; 2), M] 


with the following properties. 

(7.3) M is the interval 0 < t < 1. 

(7.4) For all t in M, the functional Mt; | depends only on the values of ® on the 
sphere |r| = 1. 

(7.5) For all tin M, 


Mit; | r |] = L(C*). 
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(7.6) For every continuous function (1, r) the integral of Dit; (t, r)| is differ- 
entiable at each t in M, and 


4 [ outs: 26, lat = one; 06, 0) 


If in Theorem 6.3 we let each C% be identical with C*, all the hypotheses of 
that theorem are satisfied, and the limit curve Co is identical with C*. So 
we need only show that the representation of Co arrived at in the proof of 
Theorem 6.3 has the desired properties. Throughout the proof, ¢ had the range 
{0, 1], so (7.3) is satisfied. Property (7.4) is trivial, because of Lemma 4.1. 
The existence of the derivative in (7.6) was stated in (6.18). The proof of the 
equation (7.6) is the same as that of (6.23), with trivial notational changes. 

Let (7) = |r|. 10 S a@ SB S 1, we have 


lim {gen(B) — gnla)} = go(8) — gol). 
That is, 
r 8 
J smtes | ride > [omnes |r Hae 
But by (6.1) 
lim [ Malt; |r |]dt < (8 — a) L(CB). 


no “a 


Hence 
B 
(7.7) J onal; |rlae = @ - @) (C3). 


In particular, (7.7) is an equality for a = 0, 8 = 1. Hence by addition it 
must also be an equality for a = 0,8 = tand fora = t,8 = 1. Thus 


[ * Melt; | rat = 2(CD). 


By differentiation, with (7.6), this yields (7.5). 

Another closely related special representation is described in the following 
lemma. 

Lemma 7.2. If C* is a rectifiable generalized curve, it has a representation (7.2) 
with properties (7.3) and (7.6), and with the additional properties: 
(7.8) for all t in M, the value of Mt; &] is determined by the values of & on the 
set |r|= L(C*); 
(7.9) for all tin M, ON{t; 1] = 1. 

Let us first consider the representation 


(7.10) C*: (y(t), Molt; ], M) 
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which has the properties (7.3) to (7.6). If £(C*) = 0, by Lemma 2.2 we must 
have Dio[t; &] = 0 for all tin M and all &. If we define 


M(t; &] = (0), 
we readily verify that 
(7.11) (y(t), Mt; &], M) 


is another representation of C* and has the desired properties. If &(C*) > 0, 
by Lemma 4.1 we can replace the representation (7.10) of C* by another repre- 
sentation (7.11) which satisfies (7.8). From the formula (4.5) it is evident that 
property (7.6) persists. To verify (7.9), we observe that on the sphere |r| = 
£(C*) the functions 1 and | r |/&(C*) coincide; hence, by (7.8), (7.5) and (4.5), 
for all ¢ in M we have 


Mit; 1] = OME; | r |J/L(C*) = 1. 


Following L. C. Young, we shall call the representation of C* described in 
Lemma 7.2 the standard representation of C*, and we shall call ¢ the standard 
parameter. Because of (7.9), in the standard representation of C* we can refer 
to the linear functional Dt; ] as a linear mean. 


8. Existence theorems. The existence theorems which we wish to establish 
in this section state that subject to suitable hypotheses, a class K of generalized 
curves contains a generalized curve Co such that* F(Co) < ‘F(C*) for all gen- 
eralized curves C* of the class K. 

Let u» denote the greatest lower bound of the integral ‘f(C*) on the class K. 

A minimizing sequence is a sequence of curves C* of the class K such that F(C*) 
tends to u. We shall assume that the following condition holds. 
(8.1) There exists a minimizing sequence {C*} such that for some finite number 
N the tracks of all the curves C*, lie in the sphere | y| < N and all the curves C* 
are of length at most N. 

This condition will be discussed in §9. 

It is now easy to establish an existence theorem. 


THEOREM 8.1. Let K be a closed class of generalized curves. Let F(y, r) be 
defined and continuous and positively homogeneous of degree 1 in r for all r and 
for all y in a closed set E containing the tracks of all curves C* of K. Let hypothesis 
(8.1) hold. Then if the class K is not empty, it contains a curve Co such that 
(Co) < F(C*) for all curves C* of the class K. 


As we saw in §3, we may suppose F(y, r) to be defined and continuous for 
all (y, r). Let {C2} be the minimizing sequence of hypothesis (8.1). By 
Theorem 6.3 there is a subsequence—we suppose it to be the whole sequence— 


* Compare L. C. Young, loc. cit. (footnote 2), p. 233. 
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which converges to a limit curve Co. Since K is closed, this curve is in the 
class K. By Theorem 6.1 we have 
FCs) = lim FCR) = y; 
and since u is the greatest lower bound of ‘f(C*) on the class K, our theorem 
is established. 
This theorem is easily extended to one of Bolza type. 


THEoreEM 8.2. Let the hypotheses of Theorem 8.1 be satisfied. Let g(z', --- , 2”) 
be defined and continuous on a closed point set P in 2v-dimensional space. For 
each curve 


C*: [y(t), Mt; (r)], M) 
of the class K let the point 
(y'(a), ads y'(a), y'(b), ete y'(b)) 


belong to P; we here denote the interval M by [a, b]. Then if the class K is not 
empty, it contains a.curve C* for which the functional 


(8.2) F(C*) + gly'(a), --- , y(b)) 
assumes its minimum value. 


The codrdinates y‘(a) and y‘(b) are continuous functionals of the curve C*, 
by the definition (4.1). Hence g(y'(a), --- , y’(b)) is also a continuous func- 
tional of C*. The same is then true of the sum (8.2), and the proof of Theorem 
8.1 can be applied at once. 


9. Discussion of the existence theorems. It is easy to impose conditions on 
the integrand F(y, r) which will insure the fulfilling of condition (8.1). For 
instance, we may require that the set E be bounded and that F(y, r) be positive 
for y in E and |r| # 0. Or, E being unbounded, we may require that there 
exist a positive number k such that the inequality 


F(y,r)2 K\r|Q+lyl)" 


holds for all y in E and all r. Moreover, the theorems of Hahn’ and Tonelli” 
can be extended without difficulty to generalized curves. 

Examples of closed classes K can be constructed by restricting the track 
alone. For instance, K may consist of the curves C* whose initial points lie 
in a given closed set A; and whose terminal points lie in a given set A2. Or we 
may require the point (y'(a), --- , y’(b)) to lie in a given closed set P in 2v-dimen- 


*H. Hahn, Uber ein Existenztheorem der Variationsrechnung, Sitzungsberichte Akad. 
Wiss. Wien, Mathem. Naturwiss. K1., Abt. II-a, vol. 134(1925), pp. 437-447. 

107,, Tonelli, Sull’esistenza del minimo in problemi di calcolo delle variazioni, Annali 
della Reale Scuola Normale Superiore di Pisa, ser. II, vol. 1(1932), pp. 89-99. 
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sional space, as in Theorem 8.2. Or we may require that the track of C* shall 
have a point in common with a given closed set. 

This is familiar. But the use of generalized curves permits the imposition of 
the condition that an integral 


(9.1) g(C*) = [ Mit; G(y(), r)] at 


shall have an assigned value y. For by Theorem 6.1, if $(C*) = y and C* 
converges to Cp , then $(Co) = y¥. 

An ordinary curve y = y(t) satisfies the differential equation g(y, y’) = 0 if the 
equation g(y(t), y’/(Q) = 0 holds for almost all ¢. This is equivalent to demand- 
ing that the integral of | g(y(t), y() | shall vanish. We adopt the last formula- 
tion as a basis for extending to generalized curves. If C*: [y(#), ON[t; &], M] 
is a generalized curve and ¢(y, 7) is a parametric integrand, we shall say that C* 
satisfies the differential equation 


(9.2) oy, r) = 0 

if the equation 

(9.3) J, sites | eu, ») Nat = 0 
M 

is satisfied. 


Since a differential equation (9.2) is expressible as an isoperimetric condi- 
tion (9.3), the curves satisfying such a requirement form a closed set. 
Again, a differential inequality 


(9.4) vy, r) 20 
can be written as a differential equation 
(9.5) e(y, r) = min (0, yy, r)] = 0. 


Hence the class of generalized curves satisfying a differential inequality (9.4) 
is a closed class. 

Finally, the product of any aggregate of closed sets is closed. It follows that 
if K is a class consisting of all curves lying in a closed set EZ, having a track 
which satisfies any finite or infinite collection of conditions of the type dis- 
cussed in the second paragraph of this section, and satisfying any finite or 
infinite collection of isoperimetric conditions, differential equations and differ- 
ential inequalities, then K is closed. 


10. Vectors carried by a generalized curve. The integral formulation (9.3) 
of the differential equation (9.2), although effective in §9, is not convenient for 
later use. In (1.2) we notice that the two vectors (1, 1) and (1, —1) are dis- 
tinguished by the fact that they, and they alone, are used in computing the 
mean. We shall say that these vectors are carried by the curve. In general, 
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if C*: [y(t), MN[t; &], M] is a generalized curve, and & is a point of the set M, 
we say that the vector 7» is carried by C* at y(t) if for every non-negative #(r) 
such that (ro) > 0, the inequality 


(10.1) Mt ; b(r)] > 0 


is satisfied. It is easily seen that the class of vectors carried at y(t) is a closed 
set, and by (2.8b) it is bounded. 

We now prove a lemma. 

Lemma 10.1. For each to in M, the value of DN{to ; &] is determined by the 
values of © on the set K of vectors carried by C* at y(t). 

If 7) is a vector not carried at y(t), there is a non-negative function (r) such 
that (ro) is positive and ON{[& ; &] = 0. The function @ remains positive on a 
neighborhood of 7. A denumerable set of these neighborhoods covers the 
complement CK of the set K. Thus we have a sequence {®,(r)} of non-nega- 
tive continuous functions such that 


while at each point ro of CK at least one ®, is positive. We may suppose that 
(10.3) lu.b. ®,(r) S$ 2-", 


since otherwise we can replace ®, by min [®,(r), 2 "]. It follows that the series 
do(r) = Do ®,(r) 

is ‘uniformly convergent. By (10.2) and Lemma 2.2, this implies 

(10.4) M[to ; Bo] = 0. 


The function %» is non-negative, and is positive on CK. 

By (2.8b), the value of DN[% ; &] depends only on the values of @ on some 
sphere |r| S H. Let &(r) be a continuous function which vanishes on K. 
It is easily seen that if ¢ is a positive number, there is a positive number N such 
that 

N®,(r) + € > | &(r) | 
for all r such that |r| <= H. By (10.4), 
| M[to ; &] | S Mlb ; | |] 
<= Mb ; 1). 
Since ¢ is arbitrary, the left member of this inequality must vanish, and the 


lemma is established. 
It is now easy to prove the following lemma. 


Lemma 10.2. The generalized curve C*: [y(t), OU[t; &], M) satisfies the differ- 
ential equation g(y, r) = 0 if and only if for almost all t in M the equation 
(10.5) e(y(t), r) = 0 
is satisfied for all vectors r carried at y(t). 
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If (9.3) holds, for almost all ¢ we have 
(10.6) Mt; | e(y(, rv) |] = 0. 


By definition, no vector at which | g(y(é), r) | > 0 is carried at y(t), so (10.5) 
holds for all vectors carried. Conversely, if (10.5) holds for all vectors r carried 
at y(t), from Lemma 10.1 we deduce equation (10.6). Since this holds for 
almost all ¢, equation (9.3) is satisfied. 

Another easy consequence of Lemma 10.1 is the following. 


LemMa 10.3. Let C*: [y(t), Dt; &], M] be a generalized curve. Let t be a 
point of M, and K(t) the set of vectors carried by C* at y(t). If &(r) is acon- 
tinuous function which is non-negative on K(t), either it vanishes for all r in K(t) 
or else 
(10.7) Mit; &] > 0. 

The functions #(r) and 

$o(r) = max (0, #(r)] 
coincide on K(t) by hypothesis, so by Lemma 10.1 we have MM[t; ¢] = 
Mit; bo] = 0. If equality holds, by definition of vectors carried no vector for 
which #9(r) is positive can be carried. That is, &(r) is non-positive on K(t), 
and the lemma is established. 


11. Some theorems on the existence of a minimizing ordinary curve. Let us 
say that a class K of rectifiable (ordinary) curves is quasi-closed if for every N 
the subclass consisting of these curves of K with length at most N is a closed 
class, in the Fréchet topology. In this section we shall consider the problem 
of minimizing an integral 


b 
(11.1) g(c) = [ Fy, wat 
in the subclass Ky of K consisting of those curves C: y = y(t) (a St S b) of K 


which satisfy conditions of the following types. 
(a) Isoperimetric conditions of the form 


b 
(11.2) [ Laly, at = re. 
(b) Isoperimetric inequalities of the form 


(11.3) | S60, at s vp. 


(c) Differential equations 
(11.4) erly, y) = 0. 
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(d) Differential inequalities 
(11.5) valy, y) SO. 


Subject to drastic requirements on the functions involved, we shall show the 
existence.of a curve which minimizes ‘f(C) in the class of curves satisfying the 
conditions listed. 

To begin with, we note that if for each y in a set E the functions ¢,(y, r) are 
linear on r and the functions ys(y, 7) convex in r, we can readily show that the 
aggregate Q(y) of vectors r such that 


(11.6) vr(y,7) = 0 and yaly,r) £0 


is convex for each yin E. These conditions on ¢, and y are sufficient, but not 
necessary, for the convexity of Q(y). We now suppose that our problem satis- 
fies the following requirements. 
(11.7) E is a closed set. 
(11.8) K is a quasi-closed class of rectifiable curves lying in E. 
(11.9) The functions F, La, Gs, gy, Ws are defined and continuous for all y 
in E and all r, and are positively homogeneous of degree 1 in r. 
(11.10) For each y in E, the aggregate Q(y) of solutions of (11.6) is convex. 
(11.11) For each y in E, the functions F(y, r) and Gg(y, r) are convex on Q(y) 
and the L(y, r) are linear on Q(y). 
(11.12) At least one curve of K satisfies conditions (a), (b), (ce), (d); that is, 
the subclass Ko is not empty. 
(11.13) There exists a minimizing sequence {C,} for ‘f(C) in the class K such 
that for some finite N all the curves C, lie in the sphere | y| < N and have 
length at most N. 

We can prove the following theorem. 


THEorEM 11.1. If hypotheses (11.7) to (11.13) are satisfied, the subclass Ko 
contains a curve Cy which gives $(C) its least value Ko . 

Let m be the greatest lower bound of the values of ‘f(C) on Ky. By hypothe- 
sis (11.13) there is a sequence {C,,} of curves of K lying in the sphere | y| < N 
and having length at most N, and such that ‘F(C,) tends to m. By Theorem 
6.3, we can choose a subsequence (we may suppose it to be the whole sequence) 
which converges to a generalized curve. We suppose that 


(11.14) Co : [yo(t), Molt; &(r)], M] 


is the standard representation of C>. From hypotheses (11.7) and (11.8) it 
follows that the ordinary curve 


(11.15) Co: y = wit) (0st <1) 


(the track of C>) lies in E and belongs to K. As we saw in §9, the generalized 
curve Co will satisfy the conditions 
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(11.16) " Mult; Fyo(t), lat = m, 
(11.17) f- Molt; La(yo(t), r)] dt = ya, 
b 
(11.18) J smelt; Galwel0), dt < vs, 
(11.19) ¢y(yo(t), r) = 0, 
(11.20) ¥s(yo(t), r) SO, 


the last two being understood to hold for almost all ¢ and for all r carried at 
yo(t). These last two conditions imply that for all ¢ in a set of measure b — a, 
all vectors 7 carried at yo(t) lie in the convex set Q(yo(t)). 

By Jensen’s inequality" in the geometric form the mean 


(Molt; r'], «++ , Mole; r”]) 


is in Q(yo(t)). That is, by (2.8¢), g(t) is in Q(yo(t)), and conditions (c) and 
(d) are satisfied by Cy. 

From the linearity of L.(y, r) we have 
(11.21) La(yo(t), yo(t)) = La(yo(t), Molt; r]) = Mult; La(yo(t), r)] 


for alltin M. On integration this yields 


b b 
J Lal, to) at = fF malt; Lelyo(, rat 


so that C satisfies condition (a). 
By Jensen’s inequality and hypothesis (11.11) we find 


(11.22) Molt; Ga(yo(t), r)] = Ga(yo(t), Yyo(t)), 


1 See, e.g., E. J. McShane, Jensen’s inequality, Bull. Amer. Math. Soc., vol. 43(1937), 
pp. 521-527. 

I wish to take this opportunity to publish the answer to a question raised in that paper. 
I there stated that I did not know whether the hypothesis that f(z) = c except on a 
negligible set was sufficient to insure that ¢(Mf) = M¢g(f). Professor Bohnenblust points 
out that the answer is in the negative. Let L be the class of all functions f(z) defined for 
all real z and having the limits f(1—), f(--1+) defined, and let Mf = ${f(—1+) + f(1—)}. 
The whole real axis is a negligible set, for the function 


f(z) =1-— |r], |z| <1, 
f(z) = 1, |r| 21, 


is everywhere positive and yet Mf = 0. Take g(z) = z*, f(x) = x. Then f(x) = 0 except 
on a negligible set (all x!), but Mg(f) = M(z*) = 1 # 0 = ¢(Mf). 
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for allt in M. Integration in (11.22) shows that Co satisfies condition (b), and 
this completes the proof that C is in K. By definition of m, we have 


(11.24) F(Co) = m. 


On the other hand, integration in (11.23) yields f(Co) < m. This, with (11.24), 
proves that (Cy) = m, so that Cy is the curve sought. 

Theorem 11.1 is essentially equivalent to several theorems in the literature.” 
Up to this stage in our study, the use of generalized curves in proving existence 
theorems for ordinary curves has only yielded a new proof of a known result. 
In a later paper we shall see that it is possible to establish theorems of a nature 
widely different from that of Theorem 11.1. 


APPENDIX 


12. Metrization of the space of generalized curves. Although it is not essen- 
tial for our purposes, it is interesting to notice that the space of rectifiable 
generalized curves, with the topology (4.1), is metrizable. Let us first select a 
special class of integrands: 

(12.1) (L, 1) is the class of all parametric integrands F(y, r) which on the point-set 
[all y, r such that |r| = 1] are at most 1 in absolute value and satisfy a Lipschitz 
condition of constant 1. 

Our distance definition is the following 
(12.2) For each pair Ct , C2 of generalized curves the distance || Ct , C2 || is the 
sum of (i) the Fréchet distance || y:(x), ye(x) || between the tracks of the curves, 
and (ii) the least upper bound of | F(CT) — (C2) | for all integrands F(y, r) in 
the class (L, 1). 

We verify at once that this distance is symmetric and non-negative, and the 


triangle inequality is easy to establish. In order that || CT, Cz || = 0, it is 
clearly sufficient (by (4.2)) that Cl = Cz. It remains to show that this is 
also necessary, and to prove that for every sequence Co, Ci, --- , the equation 


lim C* = Co holds if and only if lim |x, Co || = 0. 


Suppose that lim ||Cx, Co || = "0. Then by definition (12.2) condition (4.1a) 


is satisfied. Alen, 3 since the integrand | r | is in (L, 1), we have 


(12.3) lim | £(C%) — L(Ce) | = 0. 


Let F(y, r) be a parametric integrand. If A is an interval large enough to 
contain the tracks of all the C% and of Co, and ¢ is an arbitrary positive num- 
ber, we can find a polynomial P(y, r) such that 


(12.4) | Pty, r) fn Fiy, r) | Se 


12 See, e.g., L. M. Graves, On the existence of the absolute minimum in problems of La- 
grange, Bull. Amer. Math. Soc., vol. 39(1933), pp. 101-104. 
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for all y in A and all ¢ such that |r| < 1. On this set P(y, r) is Lipschitzian, 
so it can be extended to be defined and Lipschitzian™ on all of (y, r)-space. 
We now render it homogeneous by the formula (4.3) with k = 1; we thus ob- 
tain an integrand F,(y, r) = P,(y, r) which is Lipschitzian on the set of (y, r) 
such that |r| = 1, and satisfies the inequality 


(12.5) | Fi(y, r) — F(y,r)| S e|r| 


for all yin Mand allr. For a sufficiently small positive number 7 the integrand 
yF, is in (L, 1), so that by (12.2) the inequality 


| yFi(Cz) — vFi(Co) | < ve 
holds for all large n. This, with (12.5), shows that for all large n the inequality 
| F(Cz) — F(Co) | < eL(Cz) + eL(Co) + € 


holds. But, ¢ being arbitrary, this and (12.3) imply that lim F(C%) = (Co). 
Hence condition (4.1b) is also satisfied, and C? tends to Co. 

Incidentally, if || CT , Cz || = 0, then for the sequence C% (n = 2,3, ---) with 
C* = C? for all n we obviously have lim || Ct , Cz || = 0. Hence by the pre- 
ceding proof we know that C; — C7], and this is only possible if C: = CT. 

Conversely, suppose that || C% , Co || does not tend to zero; we must show 
that C* does not approach Co. We select a subsequence (retaining the nota- 
tion for the original sequence) such that || C% , Co || tends to a finite or infinite 
limit different from zero. If the Fréchet distance between the track of Cy 
and that of Co does not tend to zero, then by (4.1) C* does not tend to Co. 
If the Fréchet distance does approach zero, there must exist a positive « and 
(for each n) an integrand F, of the class (L, 1) such that 


(12.6) | F.(C*) — F(Co) | = «. 


Let U be a closed neighborhood of the track of C?. By Ascoli’s theorem there 
exists a subsequence of the F,, (we retain the original notation) which converges 
to a limit function Fo(y, r), uniformly on the set [yin U, |r| = 1]. Then for 
every positive number 7 the inequality 


| Fa(y, r) — Foy, r)| S y|r| 
holds for all y in U and all r. Hence 
(12.7) | Fa(Cz) — Fa(Co) | — | oC) — Fo(Co) | S v{L(Cr) + L(C*)}. 


13 E. J. McShane, Extension of range of functions, Bull. Amer. Math. Soc., vol. 40(1934), 
pp. 837-842. 
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If equation (12.3) is false, Ct does not tend to Co, since condition (4.1b) fails; 
and then our proof is complete. If (12.3) is valid, the sum in the braces in 
(12.7) is bounded, and by choosing y small enough we find that (12.7) and 
(12.6) imply that 


| Fo(C*) — H(Cs) | > Fe 


for all large n. Hence C* fails to approach C>.. This completes the proof 
that the metric (12.2) yields the topology (4.1). 


THE UNIVERSITY OF VIRGINIA. 
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THE APPROXIMATION OF FUNCTIONS SATISFYING A LINEAR 
PARTIAL DIFFERENTIAL EQUATION 


By StreraN BERGMAN 


1. Statement of the problem. The determination of the solution of a linear 
differential equation satisfying given boundary data is a classical problem in the 
theory of these equations. For instance, in the case of elliptic equations’ values 
on the boundary of a domain may be given, and it is necessary to search for the 
function which satisfies the equation inside the domain and which assumes 
the given values on the boundary (first boundary problem). If, moreover, 
these values are equal to zero, it is necessary in certain cases to determine a 
parameter in the equation for which there exists a non-identically vanishing 
solution which is zero on the boundary (characteristic value problem). In the 
case of hyperbolic equations, values of the function and of its first derivatives 
are known on the initial line, which is cut by every characteristic line at one 
point only; from these data it is necessary to determine the solution in a certain 
domain (Cauchy’s problem). In addition to the problem of the proof of the 
existence of solutions of this kind, there is the problem of finding a method of 
calculating numerically the desired solution from the given data.” 

In the papers [2, 5, 6, 7]* stress has been laid on a connection between func- 
tions F(x, y) satisfying a linear partial differential equation in two real variables 
z, y and certain classes of functions f(z) of one complex or real variable. In 
fact, given an equation L(U) = 0, it is possible to find a linear operation which 
transforms an arbitrary function f(z) of a certain class into a particular solution 
of L(U) = 0. As a well-known special case, we obtain a harmonic function 
(i.e., a function satisfying Laplace’s differential equation) if we take the real 
part of any analytic function f(z). 

This relation enables us to transfer certain theorems of the theory of functions 
of one variable to functions which satisfy a linear differential equation. In 
particular, we approximate arbitrary solutions of a differential equation by 
linear combinations of a system of particular solutions of the same equation; 
and in this manner deal with the problems mentioned above. 

The following two problems arise (both of which will be solved in the present 
paper) : 

(1) Given a differential equation L, to give a procedure for calculating a 


Received March 17, 1939. 

' Elliptic (hyperbolic) equation means linear differential equation of elliptic (hyper- 
bolic) type. 

* The proof of the existence of a solution often does not enable one to calculate this 
solution; e.g., if we use the method of choice. Often, also, the determination of the solu- 
tion along the lines indicated in the proof leads to enormous numerical calculations. 

* Numbers in brackets refer to the bibliography. 


537 








538 STEFAN BERGMAN 


system of particular solutions P, (n = 1, 2, --- ) of L with the property that, 
if U is an arbitrary solution of L regular in a domain %’, then,* for every 


Tt’ Cc ¥F and every e > 0, there exists an expression W = 7 a, P, such that 
v=1 
|U-W|seinT?. 
(2) To give a method for calculating the coefficients AS” in the linear form 
W, = > AS” P, such that W, converges for n > © to the desired solution 


y= 
of L. In the case of characteristic value problems, our procedure must permit 
calculation of the parameter in the equation for which there exists a solution U, 
different from U = 0, vanishing on the boundary. 

Notations. In this paper we designate by §° a convex domain of the plane, 
containing the origin; by f' its boundary, a curve which everywhere possesses 
a continuously changing curvature; in the usual manner we designate §° + f' 
by §. By s we denote the length of the arcs of f' beginning with a certain 
fixed point—for instance, the intersection of f' with the positive z-axis. 

Analytic functions of one complex variable z or u will be denoted by small 
letters and functions of z, 2 or z, 2; ¢, — by capital letters; e.g., f(z) is an analytic 
function of z; F(z) a function of z, Z (in extended form, F(z, Z)); and K(z, £) 
a function of z, 2; ¢, — (in extended form, K(z, 2;¢, &)). If the function depends 
in addition on a parameter 6 or t, we shall write it as K(z, ¢; 6) or F(z; ¢) in place 
of the extended form with all variables given explicitly. 

e will denote a positive number, arbitrarily small, or alternatively will denote 
the relation “‘is contained in”. 


2. Statement of some preliminary results. Before dealing with problems (1) 
and (2), we point out some preliminary results to be applied to the treatment 
of problem (1). Define : 


(2.1) G(U) = Uy + A(z, y)Uz + Bix, y)Uy + Cz, yU = 0, 


where U, = 0U/dz, Uy = dU /dy, and x, y are Cartesian codérdinates in the 
plane. Let S' represent a differentiable open curve in the plane of a complex 
variable ¢ which is contained within the circle | ¢| < 1 and which touches the 
real axis att = +1. 


THEOREM 1. Suppose A, B, and C are functions with continuous first deriva- 
tives, and that E(z, y, t) is a function with continuous second derivatives satisfying 
the equation 


(2.2) —(1 = ABR +7 By — 2u[BS, + DEY + FEY = 0, 


* The superscript number indicates the dimension of the manifold. A bar over T? and 
§* indicates that {? and §* are closed. 
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where 


D = D(&, y) 


n(x) — [ A(x, y) dy + B(z, y), 


Fz F(z, y) —A,(z, y) ma A(z, y) B(x, y) + C(z, y); 


and n(x) is an arbitrary function of a real variable x possessing continuous second 
derivatives. Then, if f(u) is an arbitrary function of one real variable u with 
continuous second derivatives, we have 


(2.3) U(z, y) = L E(z, y, Of (« ; 15°) (a —¢)> at, 
where 
(2.4) E(z, y, t) = E*(z, y, t) exp [ mc) _ [ A(z, y) av | (exp a = e*), 


is a particular solution of (2.1). (See [6], p. 1172.) 


In order to prove this, it is sufficient to show that the expression 


_ £ 
V(z, y) = [ E*(z, y, ds(e-'5*)a -— yt dt 
6! 
satisfies the equation 
(2.5) g*(V) 


We have 


Vz, + DV,+ FV =0. 


(26a)  V,= [ Ep fl — eat, 


(6b) Vy = [ ESS. - eat - [ Ex) = 8) fiat, 


since f, = —f,-[(1 — @)/(2zt)]. Integrating by parts in the second integral in 
(2.6b) and substituting the resulting expression, together with (2.6b), in (2.5), 
we find by (2.2) that g*(V) = 0. 

If E* can be represented in the form 


(2.7) : E* = Co + tayEi (z, Y; t), 


where E; is a function possessing continuous derivatives of the first order and 
Cy is a constant, we say that E is a generating function of the first kind. 

In the following, we shall consider equations (2.1) whose coefficients A, B, C 
are analytic in a sufficiently large four-dimensional domain |x| S r,|y| Sr 
(x and y here denote two complex variables). In this case, the following 
theorem has been established ((6], pp. 1173-1177). 
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THEOREM 2. For every equation G(U) = 0 (see (2.1)) there exist two generating 
functions E, = HiEp (k = 1, 2), 


H, = exp [mata - [ A(z, y) av, H2 = exp | mc) _ I ; B(z, y) ae, 


of the first kind such that 
(2.8) U(z,y) = [ [ae y, )f (15 ©) + male, y; do(v- 5\a- )>* at 


is a particular solution of G(U) = 0 if f(u) and g(u) are arbitrary functions of u 
possessing continuous second derivatives. Conversely, every solution U of G(U) =0 
may be written in the form (2.8) in the neighborhood of x = y = 0, where 

















= . , dW,(2u sin’ 6, 0) W,(0, 0) 
- flu) = 7E,(0, 0, 0) l onda“. -) Mir * 1 XL 
: a 2 . ,dW:2(0, 2u sin’ 6) 
gu) = 50, 0,0) l heer aed 
and where 
_ U@y) _ Ula, y) = 20.00, 0)Hi(e, ») 
ae Axle, y) 


We suppose from now on that E; and E, are generating functions of the first 
kind and that G' is the interval {—1, 1} of the real axis. In the case of gen- 
erating functions of the first kind, S' may contain the point ¢ = 0. In [6] (pp. 
1173-1176) E; and E; have been calculated in the form of infinite series. 

For elliptic equations we find analogous results. Let z = X + 1tY, 
Zz = X — iY, where X, Y again mean Cartesian coérdinates in the plane. 
We understand now by U, and U; respectively 


au aU , _1faU , aU 
~* (35 - iit), Ur = (20 +528), 


1/aU , #U 
_ Ate . m1): 
If we substitute z for x and Z for ; y in (2.1) and suppose that C(z) is a real fune- 
tion of z, Zand that A(z) = B(z), then this equation takes the form 
(2.10) L(U) = Uz + 2 Re [A(z)U,] + C(z)U = 


where “Re” means “the real part of”. Therefore, for every solution U of 
L(U) = 0 we obtain the representation 


(2.11) U(z) = Re| E(z; is(e.' ” “a= P) ‘at. 
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As is well known, every solution U(z), {2 = X + iY} ¢ }, of an elliptic 
equation L(U) = 0 is an analytic function of X and Y in ¥° ({10], p. 1320). 
Moreover, it is possible to prove that in this case the function f(u) of (2.11) 
is an analytic function of u = 3(X + iY)(1 — &) in F ({6], p. 1179). These 
results permit us to construct systems of particular solutions which are complete 
in the sense indicated in problem (1), §1. 

If L(U) = 0 is an elliptic equation, the system 


(2.12) Pon—e(2) = nl Ee [ E(z; t) ST a], 


a=1 

a=0 

is complete (see §3). In the case of a hyperbolic equation we can choose 
4." 1-fy? 

Yeon(z, y) = 2° 2" [ E,(z, y, a( >‘) dt, 

(2.13) 


By” — pr 
Vonsi(a, y) = 27 y" l _ Hala, y, 0) (’ r) dt, 


(n = 0, 1, 2, ---). 
3. Proof that the system (2.12) is complete. 
Lemma 1. Let® U(z) satisfy the equation (2.1) and be regular in §*. Then 


5 The fact that any solution U(z) regular in §? is also regular in the domain 3-33 of 
the space X,, Y:, X2, Y2, where X = X, + i¥,, Y = X2+ i¥2, and 


at = E[X: + (-1)*Y:2 = a, X2 — (-1)'¥2 = b, (a + ib) e $7] (k = 1, 2), 


has an essential importance in the proof of the assertion made above. It can be proved 
not only in the way indicated in [6], p. 1178, but also with the aid of the formula 


a J rr] 7 
2rU(2) = i [ v«. 7) ZO) _ yy MY 
fi ng ony 


+8 Re | A(¢)[cos (n, &) — i cos (n, »)|U(¢) V(z, on} fas 


where V is a solution of the adjoint equation 
Vez — 2 Re [AV]; + CV =0, ¢=&+ i, 


which in the neighborhood of ¢ = z has the same behavior as log | z — ¢ | (see [11], p. 515). 
The existence of such a solution V, regular in a sufficiently large domain except for ¢ = z, 
is established in [9]. 


® We recall the notations of §1, which we shall follow here. 
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there exists for every « > 0 a linear form in the P,, (see (2.12)), W(z) = y a.P,(z), 
k=1 

such that 

(3.1) | U(z) — W(z)| S «, ze ¥. 


Proof. As U(z) is regular in ’, it is also regular in an open convex domain 
ti > ¥. By §2 above, the function f(u) in (2.11) is a regular function of a 
complex variable uin §i. By Runge’s theorem, every regular function may be 
approximated by a polynomial. For every « > 0, there exists, therefore, a 
polynomial 


Pn(u) = ao + > (Gox-1 — taex)u* 


such that 
(3.2) |f(u) — pa(u)| S €/4rCi, ued, C, = maw (BG; t) |. 
268? 


By (2.11) and (2.12) 
|U(z) - > ax P,(z) 


2 f imtesd|-\s(2.! +) = p.(z.! sf) ia — &)at 
< Si (1 — Pf) dt =e. 


THroreM 3. Let §° be a domain in which there exists no solution of (2.10) 
which vanishes on the boundary other than U = 0. Let U(z) satisfy the equation 
(2.10) in %° and on f' possess boundary values ¢(s) which have continuous second 
derivatives. Then for every « > 0, there exists a linear combination W such that 
(3.1) is valid in the (closed) domain §’. 


Theorem 3 follows from Lemma 1 and 


LemMa 2. Every solution '(z) of (2.10) with the properties indicated in Theo- 
rem 3 can be approximated in § by another solution V(z) of (2.10) which is 
regular in §°. 


(3.3) 


IIA 


A 


Proof. 1. By the continuity of U in %’, for every « > 0, there exists a é 
such that for0 S 6 S db 


(3.4) | U(z) — R(z)| S 4e, zeh, R(z) = u( 7 ). 
R(z) satisfies the equation 


oo Rz + 2 Re [a + 6) 7A (45) R, | 


lll 


+ +a770( 2 ye L(R) + F(z) = 0 


1+6 





in 3 


(3.6) 


By o 
the f 
p. 12 


Sir 
we ¢: 
(3.7) 


wher 


dt 





SOLUTION OF LINEAR DIFFERENTIAL EQUATION 543 


in $3 = (1 + 6)%*, where’ 


F(z) = 2 Re {[o +6) "A ( :.) ~ Aw | : 


+ [a + y*e(;45) - ow) |p. 


By our hypothesis that there exists no “fundamental solution” of (2.10) in e, 
the functions ’, and U; are continuous in §° by Lichtenstein’s theorem ({10], 
p. 1285). 

Since A = A (-4,) and B, C, R, and their derivatives are bounded in e, 
we can, moreover, choose dj so small that 
(3.7) | Fa(z) | S €/2C2, ze, 


where C2 is a constant® to be determined later. 


(3.6) 





Fia. 1 


II. In order to complete the proof of Lemma 2 we require 


Lemma 3. Let S;(z) be a function which in ¥ satisfies the equation 


(3.8) L(S;) — F; = 0, 
and vanishes on the boundary fi of %}. Moreover, suppose 
(3.9) | Fs(z)| = M, ze Wi. 


Then there exists a constant Cz depending on L and §° (but neither on Ss nor on 8) 
such that 


(3.10) | Ss(z) | S CoM. 
7 We designate by (1 + 5)? the domain obtained from §? by the transformation 


2* = (1 + 8)z. 
* The C, (k = 1, 2, --- , 21) are appropriate constants. 
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Proof. A solution S;(z) of the elliptic equation satisfies the integral equation 


(3.11) MA = = ad, / Ky(z, $)Ss(¢) doy + Ni(2), 


ze%s, dw = dédn,f = — + in, 


(3.12) Ns(z) =2 rd, | ra (,% wt 5) der, 


where 


ae ye ae t 
(3.13) K,(z, 0) = 4C()@ ( +3 i r) 8 Re [a@e(4 Fi =I 


and G(z, ¢) is the Green’s function of ® (see [8], p. 536). 
In order to avoid the inconvenience of operating with varying domains ¥j 
we introduce, instead of z, ¢, 


(3.14) Z= a t= Ay 
(3.15) S3(Z) = S{Z(1+)], Ne (2) = Nila + 9)1, 
KY(@, 2) = ACU + ))G(Z, 2) — 5 Re AGU + 8))GE, Dl 
(3.16) AG. met: 0) 
~[Z—2| "(2-21 ° 


It is well known that S;(Z) also satisfies the equation 


(3.17) S3(Z) = A | / K3 (Z, Z)S3(Z) dog + Ns°(Z), Zed’, 
83 


where 


Ni@(Z) = N3(Z) + (1 += I/ Ki (Z, Z)N3 (Z) dw, 
(3.18) i 
+ ba8 | [ KI°@, DNF@) der 


(see [8], p. 356). 
We shall show that the expression DP[4(1 + 8)*x*] which is contained in 
the formula for the resolvent of (3.17) 


(3) a+ 4 
ri (z, Bi 
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theref 
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(see [8], p. 373) depends continuously on 6. For this reason, we consider the 
iterated functions K;‘"(Z, Z) (n = 2,3). Since A, and C are continuous and 
therefore bounded, and since 


|Z —Z|G(Z, 2) =|Z—2| llog|Z — 2| + T(Z, 2)) 


and 





|Z — 2|G,(Z, 2) = |Z —- x) {2ieels - Z| +e) 


0Z aZ 


are likewise bounded’ in %’, there exists a constant C, such that (see (3.16)) 





(3.19) |A(Z,Z)| SCs, |P(Z,2;6)| SC, ZeF, ZeF. 
Therefore, 
K;3(Z, Z) = Ko (Z, 2) 
(3.20) 2A(Z, S)Pi(S, Z; 8) + 45P,(Z, S; 8)P,(S, 2; 8) 
+o] [Z—S||S—Z| 


Since | A| S C,and | P; | S Cy, we obtain by a standard procedure ((8], p. 362) 

(3.21) K;°(Z, Z) = Ko (Z, Z) + 6P2(Z, Z; 8) log | Z — Z|, 

where 

(3.22) | P(Z, Z;6)| SCs, ZeF, LF. 
* The fact that this expression is bounded can be proved as follows: Let w(z) be the 


function which transforms §* into | w | < 1, taking the origin and the real axis into them- 
selves. We write 


Q(z, ¢) = Flog [w(z) — w(t)] — log [1 — w(z)w(s)) 


+ log (w(z) — w(f)] — log [1 — w(z)w(s))}. 
We then obtain 











ee Do -)\= bana | w(z) — w(¢) |-|w’(s) |- =e) 
et wz) |i} e-¢ i 
“|< — w(t) + o & ert | w(z) — ~" | e w(z) — w(t) |-| w’(s) | 


| —~ [ wz) — w(s) w 
s| 1 +| 9 (MO it | sw 


Since (w(z) — w(t))/(1 — w(z)w(t)) transforms the circle | w| < 1 into itself, we find 
that the absolute value of this fraction is <1, and according to a theorem due to Kellogg, 
| w’(¢) | and | (2 — £)/(w(z) — w(t)) | are bounded [12]. 











546 STEFAN BERGMAN 


By repeating these same processes, we obtain 
Ky (Z, Z) = Ko (Z, 2) + 6P,(Z, 4; 8); 
| Po(Z, Z;6)| S Ce, ZeF', ZeF¥. 


Ke oz, Z) being finite, there exists a constant C7 such that forO S 6 S & 
(59 sufficiently small) 


(3.24) | Ke°(Z, Z)| < C 


(3.23) 


The series for D§?[3(1 + 6)*x *] (see [8], p . 371, (5)) converges uniformly 
in 6 and from the uniform continuity of K; tog. Z) follows the continuity of 
D?[4(1 + 6)°x*] considered as a function of 6. Since Df?’(4r") = a ¥ 0, 
there’ exists an interval {0 <= 6 S 6} such that, for 6 <S & FS &, 
| DP [20 + 6)°x*]| = 3) a). It follows from (3.24) that 


(s)| Z (1 + 6)° 
Ds i 8x 


is a uniformly bounded function ((8], p. 372, (9)); hence we obtain for the 
resolvent of (3.17) 


] 6 
(3.25) ir? (z z; ha ) < Cs, Ze%, 2e¥. 


Since K}(Z, Z) and K;(Z, Z) tend to infinity like 1/| Z — Z| and log | Z — Z| 
respectively, it follows from (3.9), (3.12), and (3.18) that there exists a constant 
Cy such that 


(3.26) | N3(Z) | < CoM, Ze ¥. 
On the other hand ((8], p. 373, (13)) we have 


|st(@)| = |wi@| + C19 J ve (2,2; EO ve a) a 


< [Co + 4 + 8)°x °C, A(F)IM, 


A(’) being the area of §°. By setting C2 equal to this coefficient of M, with 
6 = 6, we obtain (3.10). 

III. By (3.5) and (3.8) we see that (R + S,) satisfies the equation 
L(R + Ss) = 0 in § and by a theorem of Picard ((10], p. 1320) it is thus 
regular in § C %}. Moreover, by (3.4), (3.7), and (3.10) we find that 


(3.28) |U-(R+S)|S|U-R|+|S| Se 


By choosing « arbitrarily small, we obtain Lemma 2. 


(3.27) 


4. First boundary problem. In this section we suppose that the equation 
(2.10) has no fundamental solutions in §’; i.e., that U = 0 is the only solu- 
tion of (2.10) which vanishes on the boundary f". 
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THEOREM 4. Let ¢(s) be the boundary values of a solution U(z) of (2.10) and 
suppose that d’o(s)/ds* is continuous. Let the coefficients AS" in the expression 


(4.1) U.(2) = 2) AS” P,(2) 
v=0 
be determined in such a manner that for every n the quantity 
(4.2) max | Uz) — U,(z) | 
will be a minimum. Then 
(4.3) U(z) = lim U,(2), zev. 


Proof. I. We denote the minimum of (4.2) by J,. By Theorem 3 it follows 
that 


(4.4) lim J, = 0, 


no 


since for every « > 0 we can find an expression >> B,P,(z) such that in ¥* 
v=1 


(and therefore on f') | U(z) — >> B,P,(z)| S «. Since J, < €L(f'), L(f’) being 
v=1 


the length of f' and ¢ an arbitrary positive number, (4.4) follows. 
II. V,(z) = U(z) — U,(z) satisfies the equation (2.10) in %’; therefore 


(4.5) fea ws z- / / Kolz, t)V a(t) deo + N(2), 
52 


where 


a2 





(ng being the interior normal) is the harmonic function which takes the value§ 
V,(z) on f' and Kp is given by (3.13) with 6 = 0. Since 


(4.6) | V.(z)| S ¢, zef', 
it follows that 

(4.7) |N(z)| S«, ze ¥. 
A procedure analogous to that of §3 leads us to the result that in 

(4.8) | U(e) — Uale) | = | Vale) | S Cu. 


Since « can be chosen arbitrarily small and Cy is independent of n, we ob- 
tain (4.3). 
Remark. In some cases we may replace (4.2) by 


(4.9) I. | U(z) — UR(2) |? ds, U*(2) = > BS” Pd), p>. 
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(The numerical determination of the BS’ is easier than that of the AS”. We 
can use (4.9) when the Green’s function H(z, £) of equation (2.10) for the 
domain %° possesses the er that 


(4.10) i aH, ¢ BY aeadbx<e, t+4ia1, zeR 
| OMe Pp Pp 

In this case, 

(4.11) U(z) = lim U%(2), ze FF. 


no 


Proof. We denote the minimum of (4.9) by I, ; since I, < J2L(f’), it follows 
that lim J, = 0, and using 
lp! ‘ Ip 
as] {fig - ur/ras] 
we obtain (4.11). 


jue — ure) s| f |MeP/ 
sd a ’ 

Remark. In the case of %° considered in this paper, hypothesis (4.10) is 
fulfilled for every p’ > 1, since by [9] there exists for every operator L and every 
§ a function N(z, ¢) which at the point ¢ = z has the same behavior 
as log | z — ¢ | and which is regular in a domain @* D F* except for this point. 
Therefore the second derivatives of N(z, ¢) are continuous on f'. By Lichten- 
stein’s theorem, the solution V(¢) of the adjoint equation of L which assumes 
the values N(z, ¢) on f' possesses continuous derivatives in §°. Since H(z, ¢) = 
N(z, ¢) + V(g), our assumption follows. 





(4.12) 


5. Determination of the characteristic values. A parameter \ now appears in 
the equation and values of \ (characteristic values’) are sought for which there 
exist solutions of the equation which vanish on f' without vanishing identically. 

We shall consider equations of the form 


(5.1) Li(U) = Uz; + 2 Re [AU,] + [C + AE]U = 0, 


where E = E(z) is positive and regular in a sufficiently large domain. Since 
E*(z; ¢) depends continuously on d (see [6], pp. 1173-1176), the functions 
P,(z) = P,.(z; d) defined by (2.12) also depend continuously on A. It is well 
known that (under appropriate hypotheses) there exists a discrete set of char- 
acteristic values Am (m = 1, 2, ---) and corresponding fundamental solutions 


@,,(z) of (5.1) with / / E®2,dw = 1. In order to determine \», and ©,(z), we 
32 
calculate AS” and 7” so that 
10 The characteristic values of the equation (5.1) differ from those of the associated 


integral equation (6.4) by the factor (27)-} (see [8], pp. 535, 536). By the characteristic 
values we understand here and in the following those of the differential equation. 





(5.2) 


(5.3) 


che 


WS 
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(5.2) max | >> AS”P,(z; r) | 
zef! =0 
will be a minimum, subject to the condition that 


(3) oN >> AMP,(e;7)] = | f p> A P,(2; 2)P E(@) deo = 1. 
2 


We shall designate this minimum by P,. For the determination of 7” and 
AS” we obtain a transcendental equation which possesses several solutions. 


TuEorEM 5. If, in using the procedure indicated above, we choose" 7” in an 
interval it’ = [r* < + S 1**] which contains one and only one characteristic value 
Am of (5.1) for each domain %’, then 


(5.4) lim 1 = Ap. 


no 
In order to prove this, we consider the expression 


where M,(p) denotes the minimum of 


(5.6) max | D> BS” P,(e; 0)| 


for a fixed p, subject to the condition that N[>> BS” P,(z; p)] = 1. 
p— | 


Lemma 4. For every characteristic value \» we have 
(5.7) lim M(p) = 0. 


om 
Proof. Suppose that G@ D F (see Figure 1) and that the characteristic 
values of (5.1) corresponding to @* do not belong to a closed interval [Am , d*). 
We write 


(5.8) T(U) = U,, + 2 Re [AU,] + [(C + PEI =0, pp e Aw, A*)- 
By Lemma 3 there exists a constant” C2 such that for every solution P(z) of 
(5.9) . TIP(z)] + Gz) = 0 

vanishing on the boundary of @’, we have 

(5.10) | P@)| $C: — |G) |. 


1 As we shall show, this is always possible for n sufficiently large. 
12 Since C2(r), + € {Am , A*} is continuous and positive, there exists a Ch > 0 such that 
CP S Ca(r), re (Am, A*}. 
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For every « > 0, we can choose a 4 so small and a p\" € [An, A*] so near to 
Am, Pp” ¥ Am, that 


(i) for 6 S & 

(5.11) |@n(z) — R(z)| She, ze FF, Re) = On (5 + ;) 
(ii) R(z) satisfies the equation 

(5.12) TIR@)— Fe =0, ze, BW=1+4F, 

and 

(5.13) |F(z)| S32, C2 = C(T, G’), 

where 


F(z) = 2Re {[o +8)7A (4, . ;) _ Ac) |r.) 


+[a +6) °C (3 + ;)- cw | R+ [ea + ay*n( 52 z ;) - nB) | R 


F(z) is defined in %’, but it is possible for F(z) to be prolonged in G’ so that it 
is three times differentiable there and so that (5.13) holds there. 

We construct the function S(z) satisfying the equation 
(5.15) T[S(z)] + F(z) = 0 


in @’ and vanishing on its boundary. By (5.10) and (5.13) we have in @* and 
so in §’, 


(5.14) 





(5.16) | S(z) | S 4 
(R + S) satisfies the equation 
(5.17) T[R(z) + S(z)] = 0, zef. 


Since the coefficients of T are regular functions of z, Zin §}, (R + S) is also 
regular in $j ((10], p. 1320) and so in ¥*. On the other hand, by (5.11) and 
(5.16), we have 


(5.18) |, -R—S|s |e, —R|+|S| S }e, ze ¥. 
Since (R + S) is regular in §*, by Lemma 1 we can approximate to (R + S) 
in §° by an expression P, = > B® P,(z; p™) in such a way that we have 
IR+S—P,| ShezeF¥. “Therefore, | @,,(z) — P,(z)| S « ze §. More- 
over, since / / E(z)®;,(z) dw = 1, we have 
32 
J f #ePic do - l+e, 
(5.19) 
jal SCue Cxs2] [| £@) bale) |do+ef [ Be) do, 
g2 g2 
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where dw = dz dy, and also 
| P(z)(1 + e)*| < el — Cre), zef'. 


Since we can get an ¢ arbitrarily small by choosing p'” sufficiently near to Am , 
(5.7) follows from M(p™) < ¢/(1 — Crise)! 


Lemma 5. Let p' be a closed interval containing no characteristic values \m 
(m = 1,2,---). Then there exists a constant Cys > 0 such that for p ¢ p', we have 


(5.20) M(e) 2 Css. 

Proof. Suppose (5.20) is false. Then there is a sequence p” (p = 1,2, ---), 
lim p” = 7)’, and of particular solutions V,(z; p”) = > a” P,(z, p'”) 
athtying (5.3) for which aif 
(5.21) lim lim max V,(z; ep”) = 0. 


po pro zef 
Every V, also satisfies the integral equation 
1 
(5.22) Vylesp') = 5- J] K (2, $50) Vales 0) dar + Gyo) 
where 
K(z, £30) = 41C@) + PPEWIGE, §) — 8 Re (AWG, Is} 


and 
di 1 . <P) aG(z, f) 
Gyp(2)  ~ if V,(z; p ) — ds; 


is the harmonic function which takes values V,(z; p\”) on the boundary f' 
({10], p. 1282). Since a harmonic function assumes its maximum on the bound- 
ary, it follows from (5.21) that 


(5.23) lim lim G,»(z) = 0. 


peo peo 


V,, also satisfies the equation 


Pp 1 Pp 
(6.24) Vie) = 2, J [5G FV) dar + G20), 


where 


G2) = Gy) + & | | KE, t50 G0) do 
(5.25) 8 


1 
+ fy ff KG £50) Go) dy 


nr 
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((8], p. 356). By a procedure analogous to that previously used, it may be 
proved that there exists a neighborhood n’ of 7) such that for p” en’, we have 
K%(z, 53) S Aolog|z—¢| +A, Kz, 550”) Side, zeF, Fe ¥, 


with all three A’s finite. 
Therefore, it follows from (5.23) that 


(5.26) lim lim G{>(z) = 0. 


po p90 
Moreover, by methods previously used, we obtain 
Pr, 530) S Cu, pen’, ze¥, 568. 


Since 


627) Valero) = [fr (c, 5105 A) OPO) dor + O9O, 208% 
g2 


and r is bounded, it follows from (5.26) that 
(5.28) lim lim V,(z; p™) = 0, zee. 


pe pre 


Hence 


po pe 


(5.29) lim lim / | E(z)Vi(z; p\) dw = 0. 
g2 


This is a contradiction of (5.3), and so (5.20) is proved. 


An 
én 





A no () 
Fie. 2 
Proof of Theorem 5. By Lemma 4 we have that 
(5.30) lim P, = 0, 


no 


where P, is the function defined by (5.2). On the other hand, 
(5.31) P, = M,(r‘”) 


(see (5.5)). By Lemma 5, to every closed interval AB + CD which does not 
contain any characteristic value \,, , there corresponds a positive 6 such that for 
every n, we have 


(5.32) M,(r) 2 M(r) 2 6, 7te€(AB + CD). 


From (5.30), (5.31), and (5.32) it follows that for n sufficiently large, r‘”” must 
belong to the complementary interval BC. Since an arbitrarily small neigh- 
borhood of A» can be chosen for BC, we obtain (5.4). 
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Remark. It is also possible to use, instead of (5.2), the minimum of 


(5.33) , | W,(z; 7) |* ds, W,(z; 7) = D> BS” P,(z; 7), k = 2, 


subject to the condition that / / E(z)W2(z) dw = 1. We denote this minimum 


g2 
by Rn. Let M“(p) = lim M{(p), where M{?(p) is the minimum of (5.33), 


for W, subject to the condition given and for fixed p. Since M{(p) 
(M..(p)}*L(f'), L(f), as before, being the length of f’, it follows that lim M“ (p) 


Am 


0 for every value of A,,. On the other hand, it follows from the relation 


#') / Dae] 
5/1) ou 


where p = p/2x (see [8], p. 382, (33)), that for every p * Am we have 
|z — ¢| T(z, £3) S C(p) < «©. By methods analogous to those of Lemma 3, 
we can prove that to every interval n', there corresponds a constant C,s such 
that C(p) < Cu, pen. 

As above, we obtain 


Il WA 


T(z, $; 6) = K(z,$) + aK°@, +P [> ( 
(5.34) 








+8 ff iKeo + 0K%, oi[D(2 
2 


638) Walese) = > ff KG, 55 +)Was +) dor + FO), 
§2 


where F(z) is the harmonic function which takes the values W,(z; 7) on f. 
From (5.35) we obtain 


636) Wales) = FO) +L ff (erie ih) Fol) de, 
2 


| Wale;r™) | S| Fo) | +All] [n(ariein) | ant” 
§2 
{J fio) dex}, Sink 


(5.37) - 


where 1/k + 1/k’ = 1, so that 


| Fp(2)| + Cw T(z) fork =2, 
| Fp(2)|+CxRi* fork > 2, 


(5.38) |W(2;7™)| < 
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where 
_— ; 
re) =[fJiz—r1 FF) dag | 
and 
J J BG@)W% do < [max | @) IMR + Cakes max [ | fis—srae] 
(5.39) 


+2[ Cw fir, |t*@ + 11d0}}, 
§2 


As has been proved in [5] (p. 104), for every domain §° there exists a constant 
Cis such that for every harmonic function, hence for F,(z), we have 


(5.40) J | | F,(z) |‘ dw S Cs [ /! F,(z) |* ds = Cig [ , | Walz; 7”) |* ds = CisRy. 


From (5.39) and (5.40) we obtain 


(5.41) — / / [W.(z; +P E(2) dw = 0, 
§2 


po n-rc0 


and this contradicts / / W*.E(z) dw = 1. 
52 


6. Determination of fundamental solutions. 
THEOREM 6. If we suppose in addition to the hypothesis of Theorem 5 that 
(1) (5.1) is a self-adjoint equation, 
(2) to \m belongs only one fundamental solution ®,,(z) with / / E(z)®3,(z) dw = 1, 
¥2 
then we have 
(6.1) @,,(z) = lim >> AM P,(z; 7), zey. 
no v=0 


Proof. Since (5.1) is a self-adjoint equation, it may be written in the form 


(6.2) Uz+ CU + rAEU = 0, E> 0, 
and there exists a function H(z, ¢) which satisfies the equation 
(6.3) Ua + CU =0 


for z € }, except at the point ¢, which vanishes on f', and which behaves like 
log | z — ¢| in the neighborhood of z = ¢. H(z, ¢), called the Green’s function 





of (6. 
p. 128 


(see (5 


(6.4) 


where 
(6.5) 

is the 
Since 
can pl 


LE) 
only 0 


(6.6) 


It f 


(6.7) 

In th 
S,(z, 
(5, §) 


the v: 


(6.8) 


More 


(6.9) 


can a 


(6.10 


(8), } 


(6.11 


at 


like 
stion 
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of (6.3) for %*, is symmetric in the pair of variables (z, 2) and (¢, &) ((LO}, 
p. 1289). 


Wales 7) = Do ASP, (2, +) 
v=0 
(see (5.2)) satisfies the integrai equation 


(n) 
64) Wales) = © | [ He, DEC W.G;*™) dur + FAO, 
g2 


where 
(6.5) PQ) = x | Was e)' 


is the solution of (6.3) taking on f' the values of eg 7”) ({10], p. 1289, (7)). 
Since there is no solution of (6.3), other than U = 0, which vanishes on f', we 
can prove in a way analogous to that of §3: 


Lemma 6. Let L(z) satisfy (6.3) in §°. There exists a constant Cy, depending 
only on (6.3) and %, so that 


oH A HH (2, $) 5 


(6.6) | L(z)| S Cw max | L(&) |, zee. 
It follows, therefore, from (5.30) that 
(6.7) lim F,(z) = 0, zeh. 


In the case of a kernel of the form E(z)H(z, ¢), one introduces another kernel 
Si(z, ¢) = H(z, ¢)(E(z)E(¢))' which is symmetric in the pair of variables (z, 2), 
(¢, ©) ({8], p. 457). Designating by (E(z))'Wm(z) the fundamental function for 
the value Am , we have 


(68) | [ Boyes) dor = dnp, de = 1, dup = 0, & > D. 
¥2 


Moreover, every function F(z) which can be represented in the form 


(69) Fe) = | [ He, DE®TE dex 
g2 
can also be developed in the uniformly convergent series 
(6.10) > v2) [ f BG)TC%.G) doy, 
rs - 


((8], pp. 461, 467). Since (6.4) can be written in the form 


™ 
(6.11) Wa) — Fe) = 5— | [ HE, DEOW.O dor, 
§2 
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we obtain, therefore, the development 





=. 2xh\” 
(6.12) W,(z) = F,(z) = p> X W,(z), 
(n) 
A = If [ BG)W.OWAG) dog. 


On substituting (6.12) in (6.4), we obtain 


ms 7 f [ ¥.CF.@E®) dey. 


(n) _ 
(6.13) h, x a 


If 7” converges to An , we obtain, designating b> + in. by 


b> . ¥.(2)| = | / / F.Q)(EO)' YS HWE 5, | 
; | , 





4 7) 


(6.14) <7” " J / Fa (S)E() dao: D0’ Vi) Oe — oy] 


“” cme || / J FUG)EG) dor D “ey, 


where 


Cx = max [A,./(A. — 7°”) (s = 1,2,---,m—1,m+1,---). 


The sum 


Yaxtwiwee = ff 86, 0816, 2) dor 
2 


is finite, since S,(z, ¢) is of the same order of infinity as log | z — ¢| (see [8], pp. 


452, 363). Therefore, by (6.7) and (6.14), we obtain 
n) 
(6.15) lim iy e Vv,(z) = 0. 


By (6.15), (6.7), (6.8), and 
(n) (n) 2 
(6.16) / / = Yale) +X = (e) + Fa) | E(2) dw = 1, 
R2 m se 





it follows that 


(6.17) lim hi”? = A= 


no 2a 


By (6.15) and (6.17) we get (6.1), (6.12), and (6.7). 





tinu 
leng 
W 


(7.2) 


(whe 
V, ¢ 
latin 


(7.3) 


shall 
(7.4) 

Sir 
prev 
(2.8) 


(7.5) 


A$ 


ore —~ 


pp. 
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7. Cauchy’s problem. In the case of a hyperbolic equation 
(7.1) G(U) = Un + A(z, y)Uz + Bla, y)U, + Cla, y)U = 0 


we shall determine values of U(x, y) for the domain NOR, limited by the ares 
NO, OR, and NR, from the values of U, U,, U, along the open curve NR, as 
given respectively by the functions $(s), x.(s) (k = 1,2). (See Figure 3.) Sup- 
pose that NR is a three times differentiable curve which is cut at most once by 
any line parallel to the axis of x ory. The x:(s) are assumed to possess con- 
tinuous derivatives of the third order. The parameter s designates the arc- 
length on NR, measured from R. 
We must now determine the A{” in 


(7.2) V,(2, y) - > AS’ yz, y) (n = 1, 2, “9 ), {z, y} «NOR 





(where y,(z, y) are the functions introduced in (2.13)) in such a way that the 
V, converge in NOR to the desired solution. Our method consists in caleu- 
lating the A‘” in (7.2) so that 


(7.3) [|e — V,) + (x - oF) + (x - vey las 


shall be a minimum. Designating this minimum by J, , we want to prove 
(7.4) lim J, = 0. 


no 


Since A, B, C are analytic functions of z, y, it follows from the hypothesis 
previously stated that U(x, y) is a twice differentiable function. According to 
(2.8) we separate U into two parts U = U; + U2, where 


Ui(z, y) = f E,(z, y, g(x." ; =) (1 — ¢) dt, 
(7.5) : 2 
ile, ) = [ wale, v,00(v- 5") a - ea 


(see (2.8)). It follows from (2.9) that, for —3a < & < 0, f(€) and, for —}8 < 
§ < 0, g(€) are functions possessing continuous first derivatives. Therefore, 
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for the corresponding closed intervals, f’(¢) = df(€)/dé and g’(é) = dg(&)/dé 
are continuous. Here a is the length of the arc NO and 8 that of the are RO. 
For every ¢, there exists a polynomial 


(7.6) 7?) = Dans! 
=1 

so that for —}a < & < O we have 
(7.7) iff) —TPO\s 
Let 

1 : 2 
(7.8) r@ = -[ TP @d& + FO. 
Since 

: 1 
7.9) -f ire - ar @sag ae s 
we obtain 
(7.10) | f(g) — TL (é) | S dae 
Therefore 


| Ui(2, y) — > Aan Prx(x, y) 


(7.11) s [lee ol-|y(2-*5*) — (245) a — era 


< [| EG, v, sin ¢)|-[f(4e cost 4) — TS (hz cos" 6) | de 
S ea | EK; — 
where | Ei |max = max | E,(z, y, ¢)|, and the pu(z, y) are the functions 
(zy) € NOR 
—1st<1 


introduced in (2.13). Furthermore, 


AUsC@, v) _ 5 gy, Waele, »)| 


dy k=0 . ay 
1} ae 
(7.12) < [ eee Y) | e5 5*)- 1 (z. 1) la ~ #7 at 
< a|e 


oy bie! 





and 


(7.1 


1g 


dt 


ns 


4 dt 
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and 
aU i(z, y) of > ds Opax(z, y) 
| ox k=0 ‘ oy | 
1 | 2 2) 
5 [| H|y(22 5) — reo) la - eta 
(7.13) 


+ [imte, v, 01-9 (2454) - 19 (2415*) a - ae 


| OE; | 
— 2 E max 
Seis. * vt | 
In the same manner, we can approximate U2, 0U2/dz, dU’2/dy by an expression 
Dd aaeyi¥er41(z, y) and its derivatives. 
k=0 


Therefore, there exists for given functions $(s), x:(8), x2(s) possessing con- 
tinuous derivatives of the third order and for every ¢ an expression W,(z, y) = 


> axvx(z, y) such that 
k=0 


2 2 
(7.14) re | — W,)’ + (x - We) + (x - we) Ja = Cue, 


where Cy is independent of n. Since ¢ can be chosen arbitrarily small, and 
since J, S Cue, (7.4) follows. 
We shall now prove that in the region NOR we have 


(7.15) U(z, y) = lim V,(2, y). 





Let H, (2, y) = U(a, y) — V.(2, y). We have 


| Halse, ve) — Halve, yo) | = | rab de + OH tay | 


oiiie « 0H, dx *? (aH, dy f 

eC (e aT +L Cea) a]) xu 
where P(xp, yp), Q(2e, Ye) are two arbitrary points on the curve NR, and L(PQ) is 
the length of the are PQ. Therefore, H,(z, y) are functions which, for (x, y) « RN, 
are uniformly continuous inn. Hence from lim if [U(z, y) — V,(z, y)' ds = 0 


no 


we deduce that at every point (z, y) « RN we have 


(7.17) lim [U(z, y) — V.(z, y)] = 0. 


no 


It remains to prove that (7.15) holds at every point M(ry, yw) of NOR. 
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Let H(a, y) be an arbitrary solution of (7.1) and R(z, y; é, ») be the corresponding 
Riemannian function; i.e., the solution of the adjoint equation 


(7.18) R, — AR; — BR, + (C — Ay — BR = 0 


which for = x and n = y, respectively, takes on the values 
” g 

7.19) Ree, ys2, 9) = exp| [" AG, 2) dr} Ree, y58 0) = exp| [Be w ar] 
u z 


It is well known that ((8], p. 149, (49)) 


H(xm, yu) = H(2e, yo) R(rm, Ym ; Xe, Yo) 


(7.20) +] R(rm, yu; & DHE, [BE ») dt — AC, ») dal 


ue n) ) Ram, Ym 5&, n) 
on ” 


+ [Reon ys 8, HE ae + [Hen 


If we put H,(2, y) = U(z, y) — V.(2, y) instead of H(z, y) in (7.20), we obtain 


sp 2 
lim H,(ae, ye) = 0, ~—idlim / | Hates 4 ds = 0, 


n-00 n—0 “89 dé ds 


. f*? aH, (é, 2) | a 
lim I. [ee ae ds = 0. 


Since R(xm , yu ; €, 7) is bounded, it follows from (7.20) and (7.21) that 
(7.22) lim H,(zmu, yu) = 0; 


n-?o 


ie., that (7.15) is true in NOR. 


8. Final remarks. I. Besides the fact that the expressions (4.1), (4.11), and 
(6.1) converge to the desired solutions, it is possible to give limits, depending 


upon n, for the minimum of max | U — W,,|, etc., by using results concerning 
zef! 


the approximation of functions of one variable which have been obtained by 
S. Bernstein, de la Vallée Poussin, Jackson, Walsh, and others. 

II. We notice that it is possible to proceed in an analogous way if mixed data 
are given instead of boundary values; e.g., if we know the boundary values of 
the desired function on a part of the boundary and the values of its derivatives 
on the complementary part. Furthermore, we can apply a similar method to 
the equation 


ote 


J 4 *U 


+ x t+ a(z, y,z)U = 0. 





Unde 
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Under suitable hypotheses on a(z, y, z), it can be shown that we have the 
representation 


1 pie . 
U(z, y, z) = Re [ | E(z, y, z, t, oil (atin cos t + iz sin t) 4] (1—7*)* dtdr 


instead of (2.11), where E is an appropriate function depending only on a. 
Obviously, the question of the convergence and completeness of the system of 
particular solutions must be investigated again. 

III. The method described in this paper may be used for various problems 
where numerical results are desired. For such purposes, it is useful to use me- 
chanical or electrical apparatus for the necessary numerical calculations. I 
shall treat the practical side of this procedure in a later work. 
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A COMPATIBLE INTEGRO-DIFFERENTIAL SYSTEM 


By Lowe. 8S. WINTON 
1. Introduction. This paper is concerned with the integro-differential system 
. i bed . a . . 
(1.1) L'[u(a:s)] = ah + @§(x:s)w(a:s) + / K;j(z:s, t)u’(x:t) dt, 
U'[u(x:s)] = aj(s)u’(a:s) + 8}(s)u’(b:s) 

(1.2) -_ . ; 
+ / [Aj(s, r)u’(a:r) + Bj(s, r)u’(b:r)] dr. 
#'(x:s), Ki(a:s, t), a}(s), B)(s), Aj(s, r), and Bi(s, r) are to be known and con- 
tinuous in the regions J,, [a S S$ b,a Ss SB), Jie (a Sx Sb, a J 8,t S 8B, 
J, {a < 8s S 6), and J,, [a S s,r < B). We seek a set u'(x:s), continuous and 
with continuous first partial x derivatives in J,, satisfying the non-homogeneous 
system 


(1.3) L‘{u(a:s)] = fi(z:s),  U"[u(x:s)] = X“(s), 
under the hypothesis that the homogeneous system 
(1.4) L'{u(x:s)] = 0, U"[u(a:s)] = 0 


is compatible of order k. 

M. T. Hu’ studied the incompatible case for a single equation and one bound- 
ary condition. §§2, 3, 4, and 5 consist largely of an extension to systems of 
equations of the results of his paper that are essential here. Since for the most 
part such generalizations are simple, we shall simply state results, elaborating 
only where the work is new or different. 

Our main concern will be to devise generalized Green’s functions H}(zx, y:s) 
and G}(z, y:s, t) analogous to those for compatible differential systems developed 
by W. W. Elliott.” In addition we shall devise auxiliary functions P}(x:s) and 
Qj(x:s, t) such that the solution of (1.3), when it exists, may be written in the 
form 


> > pb 
u'(x:8) -/ Hj(x, y:s)f’(y:s) dy +/ / G;(x, y:s, df’ (y:t) dy dt 
(1.5) P 
+ Pi(a:s)X*(s) + F Qi(x:s, t)X*(t) dt + Aui(2:s). 


Received April 18, 1939. 

1M. T. Hu, Linear integro-differential equations with a boundary condition, Transactions 
of the American Mathematical Society, vol. 19(1918), pp. 363-407. 

2W. W. Elliott, Generalized Green’s functions for compatible differential systems, Ameri- 
can Journal of Mathematics, vol. 50(1928), pp. 243-258. 
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In this the A’ are arbitrary constants and the uj(x:s) are the k linearly inde- 
pendent solutions of (1.4). These results are given in §§6 and 7. 

Throughout, the indices will have the following ranges: c, d, i,j = 1, --- , 7”; 
I,J =1,---,Injsy7,8 =1,---,k 

2. The integro-differential equations. 

THEOREM 2.1. The set of integro-differential swtebii 

L'{u(a:s)] = f'(x:s) 

has a unique set of solutions reducing to a set of assigned initial functions u‘(y:s) 
at some point y in the interval (a, b). This solution is given by 


8 
(2.1) w'(a:s) = Ri(a, y:s)u’(y:s) + / Si(ax, y:s, du’(y:t) dt + w'(a, y:s). 


In (2.1) 
’ z : eo : 
vite, vs) = | | Rice, e:oyp Ges) + J siz, es, arcesd at | ag 


and the functions Ri(a, y: s) and Si(zx, y: s, t) are defined as follows. Let 
r;(z:s) be, for each 7, a set of functions, continuous and with continuous x 
derivatives in J,, , such that 
i 
(2.2) arj(x:8) 
Ox 


and let them be so chosen that 


- ©5(2:s)ri(a:s) = 0, 





(2.3) W(x:s) = | rj(x:s) | #0 in Ey. 
Let , 

(2.4) did o co-factor of wo in W(a:s) 
then 

(2.5) Rj(x, y38) = pe(x:8)r§(y:8). 

Also, clearly 

(2.6) Ri(y, y:s) = 3}. 


By differentiating the identity 

r§(w:8)pe(a:s) = 
with respect to x, it may be shown that the p;(x:s) and thus, from (2.5), that 
the R(x, y:s), for each j, satisfy 


(2.7) oR; ate 9:9 8) + oi(x:s)Ri(x, yis) = 0. 
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Again from (2.5) 


aRj(z, y:8) 


(2.8) — &%(y:s)Ri(z, ys) = 0. 


In the system of Volterra integral equations 
: ; = fb ; ; 
(2.9) u'(z:s) = F*(x:s) + / / [—Ri(z, &:8)K5(E:s, t)}u’(E:t) dé dt 
y a 


let @}(x, &:s, t) be the resolvent system to the kernel system [—Ri(x, &:8)K3(é, 
s:t)]; then 


(2.10) Sila, yrs, ) = [ Oi(x, 8:5, ORIG, yi a. 
y 

Also we note that 

(2.11) Si(y, yzs, t) = 0. 


3. The boundary problem. As in Hu’s paper the determination of the 
u'(y:s) in (2.1) so that the u'(x:s) will satisfy 
U{u(x:s)] = X"(s) 
leads to the system of Fredholm integral equations 


‘ P , ae : 
(3.1) u'(y:s) = Pi(ys)F(y:s) + / Pi(y:s, )wi(y:0) df, 


in which the I'i(y:s), F‘(y:s), and P¥(y:s, t) are defined as follows. If 
gi(y:8) = ae(s)Ri(a, y:s) + B2(s)R§(b, ys), 


(3.2) hi(yzs, t) = — {Ad(s, )RS(a, y:t) + Bi(s, OR§(b, y:d) + ULLS,(x, y2s, O]}, 
Fi(y:s) = X*(s) — U‘fo(z, y:s)], 

and if 

(3.3) g(y:s) = |gi(y:s)| #0 inl, 

then 


co-factor of g}(y:s) in g(y:s) 
g(y?8) 





Ti(y:s) = 
and 
Pi(y:s, t) = Ti(y:s)h§(y:s, ¢). 
The condition (3.3) is the same as assuming that the system 
i ; du'(x:8) 
(3.4) l'[u(x:s)] = = 
W'[u(x:s)] = ai(s)u’*(a:s) + B5(s)u’(b:s) = 0 


+ $}(z:8)u’(z:8) = 0, 








(6), \ 


(6, 


the 


I}, 
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is incompatible for all s in J,. It is likewise independent of the initial point 
y, as it can be shown that 


g(y:s) = M(s)W(y:s), 


and we assume throughout that W(y:s) ¥ 0 in J,,. 
The order of compatibility of (1.4) is thus that of the homogeneous set of 
Fredholm integral equations 


: s . : 
(3.5) u‘(yis) = [ Pily:s, tui(y:t) dt, 


and the application of (2.1) will show that the Fredholm determinant’ D(y) of 
the kernel system P{(y:s, é) vanishes everywhere or nowhere in I, . 

If (3.5) is compatible of order k and has the linearly independent solutions 
ui(y:s), and if gi(y:s) denote the & linearly independent solutions of 


o.. 
(3.6) gi(y:s) = [ Pily:t, s)ey:t) dt, 


the adjoint set of equations to (3.5), we may state the following theorem. 


THEOREM 3.1. A necessary and sufficient condition that (3.1) have a solution 
when (3.5) is compatible of order k is that the F"(y:s) satisfy the conditions 


a . 
(3.7) / oi(y:s)Pi(y:s)F*(y:s) ds = 0; 
and, if these conditions are satisfied, the solution is given by 
P.. : 
(3.8) u‘(y:s) = Pi(y:s)F*(y:s) + / ai(y:s, OVS(y:t)F*(y:t) dt + A’uj(y:s), 


where the qi(y:s, t) form a pseudo-resolvent system to the kernel system P‘(y:s, t).* 


The condition (3.7) also serves as a necessary and sufficient condition that 
(1.3) have a solution when (1.4) is compatible of order k, and another more 
useful form of this condition will be given later. 


4. Integro-linear dependence. With Hu we say that the n U[u] given by 
(1.2), involving the 2n arbitrary continuous functions u’(a:s) and u’(b:s), will 
be said to be self integro-linearly dependent if there exists a set of functions 
C.(s), continuous in J,, and not all zero, such that 


8 ; 
(4.1) [ C.(s)U'{u(x:s)] ds = 0 


Charles Platrier, Sur les mineurs de la fonction déterminante de Fredholm et sur les 
systémes d’équations intégrales linéaires, Journal de Mathématiques pures et appliquées, 
(6), vol. 9(1913), pp. 233-304. 

‘ This follows from an extension to systems of Fredholm equations of a paper by W. A. 
Hurwitz, On the pseudo-resolvent to the kernel of an integral equation, Transactions of the 
American Mathematical Society, vol. 13(1912), pp. 405-418. 
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for all u’(a:s) and u’(b:s). If no such functions exist, the U'[u] will be said 
to be self integro-linearly independent. If in (4.1) the coefficients of the 2n 
arbitrary functions u’(a:s) and u’(b:s) are set equal to zero, we find a necessary 
and sufficient condition for the self integro-linear independence of the U“[ul; 
namely, that the set of 2n equations 


Cy(sdai(s) + [° Cir)Ailr, 5) ar = 0, 
(4.2) sa 
ciesis) + | C)BIC, 8) ar = 0 


in the C,(s) have no set of non-trivial solutions. 


TueoreM 4.1. If the U‘[u] are self integro-linearly dependent, the system 
(1.4) is compatible. 


For if such a set C;(s) exists, the set of functions 
gi(y:s) = C;(s)gi(y:s) 
satisfies (3.6), as may be verified by direct substitution. 


When there are 2n expressions of the form of (1.2), they will be integro- 
linearly independent if there exist no non-zero C;(s) such that 


B 
(4.3) [ C(s)U" [u(x:s)] ds = 0; 


that is, if the 2n equations 


Culsdails) +f Cu(P)ALCr, 8) dr = 0, 
(4.4) P 
Cale) Bi(s) + [ Culr) Bir, 8) dr = 0 


have no non-trivial solution. If 


lai(s) +++ ai'(s)| 


(4.5) a(s) = #0 inJ,, 


ee 


Bis) po Bs) 








the functions 
co-factor of a%(s) in a(s) 








ie a;(s) = a(s) ? 
nig) = co-factor of 8i(s) in a(s) 
a; $s) = a(s) 
will exist. (4.4) may then be written in the form 
8 
(4.7) Cle) + f CoA, sails) + BY(r, s)a?*(s)] dr = 0. 


Hence we have the following theorem. 





said 
2 2n 
sary 


‘tu; 


stem 


*gT0- 





COMPATIBLE [NTEGRO-DIFFERENTIAL SYSTEM 567 


TuEoreM 4.2. A necessary and sufficient condition that the U"{u] be integro- 
linearly independent, subject to (4.5), is that the Fredholm determinant’ to the 
kernel system of the equations (4.7) does not vanish. 


Also it is clear from the definition of integro-linear dependence that a neces- 
sary condition for the integro-linear independence of the U‘[u] and the U‘*"{u] 
is that both sets be self integro-linearly independent. 

It is important to show that, given the self integro-linearly independent set 
U‘{u], there can be found a self integro-linearly independent set U‘*"[u] such 
that the combined set U'[u] will be integro-linearly independent. As Hu was 
unable to give a general proof for this fact, we give the work in a somewhat 
detailed form. To show this fact we shall have need of 


THEoreEM 4.3. If the U'[u] are self integro-linearly independent, and if not all 
the n-rowed determinants in 


ai(s) +++ an(s) Bis) --- Ba(s) 
ai(s) --- an(s) Bi(s) --- Br(s) 


vanish together in J, , there exist no non-zero C,(s) such that 


(4.8) 





6.9) Cae) +f CAPIAGG, sails) + BYCr, dat*(0)] dr = 0, 


4.10) [F c.tntaser, 8040) + Bir, sazt{Geldr = 0. 


The non-vanishing of the n-rowed determinants in (4.8) is not a new restriction 
as it is a necessary condition for (3.3) to hold. It enables’ us to choose the 
a}**(s) and §}**(s) so that (4.5) is satisfied and thus so that the functions (4.6) 
exist. If (4.9) is multiplied by a}(s), (4.10) by a}*"(s), and the results are added, 
we have the first of equations (4.2). Similar use of 8}(s) and 6}*"(s) yields the 
second of equations (4.2). Under our hypothesis (4.2) has no non-trivial solu- 
tion. 


TuroreM 4.4. If the U'[u] satisfy the conditions of Theorem 4.3, there can be 
found self integro-linearly independent U**"{u] such that the combined set U"[u] 
will be integro-linearly independent. 


To show this we first write (4.7) in the form 


CAs) = [ICKKUr, 8) + Corl KIM, dr, 
(4.11) ; 


8 ; : 
Cuils) = | [CK Ar, 8) + Cor KGHC, 0) dr, 
5 Platrier, loc. cit. 


°G. A. Bliss, The problem of Mayer with variable end points, Transactions of the American 
Mathematical Society, voi. 19(1918), p. 312, auxiliary theorem. 
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in which 
Ki(r, s) = — Ai(r, s)ai(s) — Bi(r, s)a?**(s), 

(4.12) ; 

Kixi(r, 8) = — Al(r, s)ais4i(s) — Be(r, s)anti(s), 
and 

K?**(r, 8) = — A2**(r, s)a{(s) — B2**(r, s)az*(s), 
(4.13) ; 

Krti(r, s) = — At**(r, s)ai4i(s) — B2**(r, s)anzi(s). 


Under the stated conditions we can choose the a} **(s) and 67*‘(s) so that (4.5) 
is satisfied and thus so that the Aj} T(r, 8) and B;*"(r, 8) are uniquely determi- 
nable in terms of the K?*‘(r, s) and K%yi(r, s). Choose 


(4.14) nti, 8s) = 0, K7*(r, 8) = ¥4(8)04(r). 
In this the vi (s) are the k linearly independent solutions of 


, Pils 
(4.15) vi) = [ Kis, DY ar, 


and are to form a normalized orthogonal set. The o’(s) are determined as 
follows. Let the k linearly independent solutions of 


B 
(4.16) eds) = [ Kir, s)ec(r) dr 
be ¢j(s). Then by Theorem 4.3 the sets 

8 : 
(4.17) t(s) = [ef OKi adr, 8) dr 


are linearly independent. There thus exists at least one set o,(s) that is bi- 
orthogonal to the £7(s); that is, such that 


y 
(4.18) [oS (oeh(e) ds = 84. 


The choice (4.14) reduces (4.11) to the form 


B . . . 
CAs) = [ 1CKIKUCr, 8) + Corso OVC) dr, 
(4.19) i 
Cail) = / Cj(r)Ki,4:(r, 8) dr. 


Thus 


8 . 8 7B ; 
(4.20). x(a) = f Cy) Kir, 8) dr + [ [ C,(r)Ki,,e(r, t)o% (yi (8) dr dt. 





Ww 
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Multiply (4.20) by ¥}(s) and integrate. Since the ¥j(s) are normal orthogonal, 
we have 


(4.21) [ : [ ” Cult) K%as(r, tei (t) drdt = 0. 


Hence 
Ci(s) = Kg] (s). 


The K, may then be evaluated by means of (4.21) and with the aid of (4.18) 
they are found to be zero. Thus by (4.19) the C,(s) are all zero for this choice 
of K?**(r, s) and K*ti(r, s), and thus the A?**(r, s) and B?**(r, s) determined 
by (4.13) will give us the desired result. 


5. The adjoint system. The set of integro-differential expressions 


(5.1) Milo(x:s)] = -Se + &i(2:8)v,(2:8) + [ * Ki(est, a)v(ax:t) dt 


will be called the set adjoint to (1.1). For any two points z; and 2, and for any 
two sets of functions u'(r:s) and v,;(x:s) the following identity then holds. 


i [ {v(ax:s)L' [u(a:s)] — u‘(a:s)M;[v(z:s)]} ds 
(2) | , 
= / [u'(ae:8)v;(ae:8) — u*(x1:8)v;(21:8)] ds. 


We have also the symmetrical relationships 


Ri(z, y:s) = Ri(y, z:8), —-S}(z, y:s, t) = Shy, zt, 8), 


where the bar indicates the corresponding function for the adjoint. 
The boundary conditions that are to be joined to (5.1) are of the form 


Valo] = vi(s)uj(azs) + 4(s)v;(b:8) 
(5.3) jae , 
+ | ICi(s, roi(a:r) + Dis, r)oj(b:r)] ar. 
They will be so determined that for all u’(a:s), u’(b:s), v;(a:s), and v,(b:s), 


[ [u'(b:s)v,(b:s) — u‘(a:s)v,(b:s)] ds 


(5.4) 8 
- [ [U* [u]Ven—i4a lo] + U"** [ul V; [ol] ds 


in which the V2,_:4:[v] are n other expressions of the form (5.3). If the meth- 
ods of Hu’s paper are then followed, the following theorems can be proved. 
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TueoreM 5.1. For et..y two self integro-linearly independent sets of expres- 
sions U'[u] and U*"~**"[u] such that the combined set is integro-linearly independent 
and satisfies (4.5) there exist two unique sets of expressions V;{v| and Ven_ix:|v] 
which are integro-linearly independent and satisfy (4.5), and which with the U" [ul 
satisfy (5.4) for all u‘(a:s), u'(b:s), vi(azs), and v,(b:s). 

From (5.2) and (5.4) we can then write Green’s formula 

J ig 
[ / {u(x:s)L* [u(x:s)] — u'(x:s)M;[v(z:s)]} ds 
(5.5) ° s 
=f (UV ensealol + UV" [ul Viol} 


THEOREM 5.2. The V,{v] are determined except for integro-linear combinations 
when the U'[u] are given. 


That is, for any two choices Uj” **[u] and U3" *"[u] the following relations 
hold. 


Vib] = Vile) + MY @)VI0) + [NHC 2V3lolar, 
(5.6) m 
Vile] = Vile] + MP)V 30) + | NPG, »)V3Iolar. 


From these equations it is clear that the following theorem is true. 

TueoreM 5.3. If v;(x:s) is any set of functions satisfying Vijv] = 0, then 
for any two choices of U?"~*"{u] we have 

e Vin—cslo] = Von—salv). 

Again by Hu’s methods we can prove 


TueoreM 5.4. If there exist k linearly independent sets of functions v} (x:8) 
such that Viv") = 0, then the Ven—i+:[v”] form linearly independent sets. 


For purposes of notation we write Ven-i[v"] = Vi(s). 
The system 
(5.7) M {v(x:s)] = 0, Viv(z:s)] = 0 


will be called the system adjoint to (1.4). Its k linearly independent solutions 
will be written v?(z:s) when (1.4) is compatible of order k, this being consistent 
with the following theorem. 

TueroreM 5.5. The index of compatibility of (5.7) is the same as that of (1.4). 


It can be verified that k linearly independent solutions of (3.6) are given by 
gi (y:s) = V7(s)gi(y:s). 


If these values are substituted in (3.7) and the result simplified by (5.5), we 
find a more useful form of the condition that (1.3) have a solution when (1.4) 
is compatible of order k. 
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THEOREM 5.6. A necessary and sufficient condition that (1.3) have a solution 
when (1.4) is compatible of order k is that the f'(x:s) and X‘(s) be such that 


. +. 

(5.8) / / S'(x:s)v7 (x:8) drds = / X*(s) V7 (s) ds. 

Coroutuary 5.1. If (1.4) is compatible of order k, the semi-homogeneous systems 
(5.9) L'{u(x:s)] = f'(z:s),  U[u(x:s)] = 0 
and 
(5.10) L{u(z:s)] = 0,  U'{u(z:s)] = X*(s) 
will have solutions if and only if the f'(x:s) and X"(s) satisfy the respective conditions 

> fe 
(5.11) [ | re:sot(e:s) dzas = 0, 
and 
a 

(5.12) [ x@vz)as =o. 


We now state as a corollary to the corresponding lemma in Hu’s paper the 
following lemma which is used throughout this paper. 


Lemma I. If dj(s) and Di(s, t) are continuous functions such that 
" a 
di(s)o'(s) + | Dils, De" @ at = 0 


for every arbitrary, continuous set of functions ¢'(s), then 


di(s) = 0; Di(s, t) = 0. 


6. The generalized Green’sfunction. We seek two sets of functions H ‘(z, ys) 
and G;(z, y:s, t), independent of the f‘(z:s) in the semi-homogeneous system 
(5.9), such that the solution of that system may be written in the form 


u'(x:8) -f Hi(z, y:s)f’(y:s) dy 
(6.1) ie 
+f J Gite, vis, of G20 dyad + Aus (er), 


whenever (5.11) is satisfied. We complete our definition of the generalized 
Green’s functions with the following requirements. H}(z, y:s) is to be continu- 
ous throughout the regions 


(6.2) Ilasxr<yjaSs6]) and Lly<zrsbj;ass Ss § 


and possess continuous first partial 2 derivatives in those regions. At z = y 
they are to have a discontinuity of the type 


(6.3) Hi(y*, y:s) — Hi(y”, ys) = 6}. 
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The G}(z, y:s, 0) are to be continuous throughout J,.; and are to have con- 
tinuous first partial x derivatives throughout J; and J; . 


THEOREM 6.1. Generalized Green’s functions for the compatible system (1.4) 
exist and for each j they satisfy 


& Hi(z, y:s) + &4(x:8)Hi(z, y:s) = 0, 
(6.4) - 
ae(s)Hj(a, y:s) + Be(s)Hj(b, y:s) = 0 


and 

L:AG;(z, y:s, t)] = —Ki(x:s, )H5(x, y:t) + yi (x:8)v} (y22), 

UxlG;(x, y:s, t)] = —At(s, t)H§(a, y:t) — Bi(s, t)H5(b, y:t) + p(s)v7 (y:0), 
the y'(x:8) and p',(s) being subject to the conditions 


(6.5) 


(6.6) [ if vi(a:s)~i(x:s) dads — [ Vi(s)p\(s) ds + 85 = 0. 


A set of functions satisfying (5.11) is given by 


g' (x:8) vi (2:8) eee vi (x28) 





k 
(6.7) fi(z:s) = gv. a 
g° vt vt v eee vé v* 





for arbitrary continuous g‘(xz:s) and in which 


gv. = [forces (es) arcs, 
(6.8) yh 
viv? = [f v’(x:s)v2 (x28) dz ds. 


In (6.1) let the f'(x:s) be given by (6.7) and apply the L‘. It is found that 
if (6.1) is to be a solution of (5.9), 


ane , b pb. . 
69) f Ale, y:au:eay + [ [ Bie, x28, OF G20 dyat = 0, 
in which 
Ai(z, yis) = < Hila, y:s) + O{(x:s)Hi(a, y:s) = 0, 


(6.10) . 
B;(z, y:s, t) = L2,[G;(z, y:s, )] + K(a:s, )HG(2, y:0). 


(6.9) may be written in the form 


a 7 
(6.11) |oz vt) f Ala, y:)o"(y:s) dy + ff D-(z, y:8, g°(y:t) dy dt = 0, 
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in which 
| Bi(a, y:s,t) Pi(ais) «+. Pi(xris) | 
(6.12) Di(z, y:s, t) = | (yt Vee ++ UEDe | 0, 
sy) ahokoeeahet | 


if Lemma I is applied, where 
: we b ph 
Pi (2:8) =f Ai(e, y:sde2yie) dy + ff Bi(x, yis, v2 (yit) dy dt. 


Since the g'(x:s) are arbitrary and the | v7v? |, the Grammian of the sets of func- 
tions vf(x:s), does not vanish, it is necessary that’ 


Bi(z, yzs, t) = w}(x:8)v} (y:0), 


the yi (x:s) being k sets of arbitrary continuous functions. Similarly, if the U" 
are applied, the second conditions in (6.4) and (6.5) will be found necessary, 
the p(s) being arbitrary. 

It can readily be verified that a set of functions satisfying (6.3) and (6.4) 
are given by 


Hi(z, y:s) = —R&(z, y:s) Palys) G(s) Rib, yis), 9 t <y, 


(6.13) in ; ‘ 
H;(z, y:s) = Ri(z, y:s)Ta(y:s)ae(s) Ri (a, y:s), r>¥y, 


whenever the condition (3.3) is satisfied. As these are the ordinary Green’s 
functions’ for the incompatible system (3.4), these functions are unique. If 
(3.3) is not satisfied, these functions will not exist and thus (3.3) is a necessary 
condition for the solution of (5.9) in the form (6.1). 

By (5.8), (6.5) will have a solution if and only if 


[ 0} (x:s)[—Ki(x:s, )H5(a, y:t) + vi(ais)ei(y:8)] drds 


(6.14) ; 


= i V?(s)[—Ai(s, t)H5(a, y:t) — Bi(s, HF (6, y:t) + pi(s)vj(y:t)] ds. 
As an aid in simplifying this last we note that for arbitrary continuous f’(t) 


[ [ Vav—isalo”(a:8))[—AX(s, t)H;(a, y:t) — Bi(s, Hib, y:O1f°@ dtds 


B 
= [UG v9 f' OW rile") ds. 


7 For an argument such as this cf. W. W. Elliott, loc. cit. 
8M. E. Bounitzky, Sur la fonction de Green des équations différentielles linéaires ordi- 
naires, Journal de Mathématiques, (6), vol. 5(1909), pp. 65-125. 
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By (5.4), since the f’(é) are arbitrary, we have 


6 
6.15) / Von—iz1lv"(a:s)][—Al(s, OHS(a, y:t) — Bi(s, t)HG§(b, y:)] ds 


= v2 (a:t)H§(a, y:t) — v2 (b:t)H5(b, y:t). 


(6.14) then becomes, if we apply (5.1), (6.3), and the first equation of (6.4), 
b PB ; 8 . 
ol(y:d) + | [ [ ete:avile:s) dras — [ V2pi(8) as |ohyi0 ~ 


Since the v}(x:s) are linearly independent, we obtain (6.6) as a condition on the 
¥i(x:s) and the p}(s) for (6.5) to have a solution. This condition can be satisfied 
by a variety of choices of these functions; for example, the yj(x:s) as the nega- 
tive of sets bi-orthogonal to the v}(x:s), and the p;(s) zero. 

The continuity of the Gj(zx, y:s, t) is not apparent from equations (6.5), but 
if the first of that set is solved by means of (2.1), we find after simplification that 


. : , 
G;(z, y:s, ) = Ri(a, y:s)Gi(y, y:s, 0) + / Si(a, y:s, r)G5(y, y:r, d) dr 


Hi(y’, y:),2>y 


+ Si(a, yis, 0) + w)(x:s)v} (y:t) 








Hity ,y:t),2@ <y 


in which the H{(y*, yz) and H%(y", y:4) are the multipliers of Ri(x, y:s) in 
(6.13) in the indicated regions. Since all other functions in the above are con- 
tinuous, and since Sj(z, y:s, t) vanishes at x = y, the G(x, y:s, t) are con- 
tinuous at x = y and thus throughout J,,.: . 

The G}(zx, y:s, t) are not unique; in fact, by an analogous proof to the corre- 
sponding theorem in Elliott’s paper the following theorem can be proved. 


THEOREM 6.2. If Gj ,(x, y:s, t) is any set of generalized Green’s functions, then 
any other set Gj(x, y:s, t) may be written in the form 


(6.16) Gi(a, y:s,t) = Gi (2, y:s,t) + us(x:s)e}(y:t) a dj(x:s)v}(y:t) 
for some choice of ch(y:t) and dj(x:s). 


The following theorem is of interest in showing the connection that exists 
between a system of the type we are considering here and its adjoint. 


TuEoreM 6.3. The sets of functions Hi(y, x:s) and Gi(y, x:t, s) are generalized 
Green’s functions for the adjoint system (5.7). 


To show this let u‘(x:s) in Green’s formula (5.5) be the Gi(z, y:s, 0) satis- 
fying (6.5), and the v;(x:s) be any solution of 


(6.17) M {v(x:s)] = fi(x:s), V {v(a:s)] = 0, 
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the fi(z:s) being such that the conditions for a solution are satisfied. After 
simplification involving (6.3), (6.4), (6.5), (6.15), and (6.17) we have 


b b pf 
vj(y:t) = / HS (2, y:t)f-(x:t) dx + / / Gi(x, y:s, Of-(x:s) drds + B,v}(y:t), 
in which 
8 ) b 8 , 
Bs = | Von-sslole:s)loi(s) ds + ff oj(e:sviless) deds, 


Thus the definition (6.1) of generalized Green’s functions is satisfied and the 
theorem is proved. 


7. The auxiliary functions. We define the auxiliary sets of continuous func- 
tions P}(x:s) and Qi(zx:s, t) to be any two sets of functions, independent of the 
X‘(s) in (5.10), which will: enable us to write the solution of that system in 
the form 


. . . B . . 
(7.1) u'(x:s) = P§(a:s)X’(s) + / Q}(ax:s, t)X*(t) dt + Buj(x:s), 
whenever the X ‘(s) satisfy (5.12), the B’ being arbitrary constants. 
Such a set X‘(s) is given by 
ig) Vis) --. VO! 
7.2) Xi(e) = |OVe VeVe +++ VeVe| 
gv Vivi... vivtl 
in which the g‘(s) are arbitrary continuous functions in J, and 


8 
g Vi = / g°(s) V2(s) ds, 


B 
Viv = / V2(s) V8(s) ds. 


These last quantities are unique and form linearly independent sets by virtue 
of Theorems 5.3 and 5.4. Thus the principal minor in (7.2) does not vanish. 
If these values of X‘(s) are substituted in (7.1), and if the procedure used in 
Theorem 6.1 is followed, the following theorem is obtained. 


THEOREM 7.1. There exist sets of auxiliary functions P}(x:s) and Qi(x:s, t) 
which satisfy 


2 Pi(x:s) + i(x:s)PS(a:s) = 0, 
(7.3) ax 


ai(s)P§(a:s) + Bi(s)P§(b:s) = 3} 
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Li,[Q,(z:8, t)] = —Ki(zis, )P§(x:t) + a5(x:8)V} (0), 
UL[Qi(ais, )] = —Al(s, )P§(a:t) — Bi(s, )P§(b:t) + b4(s)V} (0) 
the a',(x:s) and the b,(s) being subject to the conditions 


(7.4) 


(7.5) [ [ v? (x:s)a;(x:s) dxds — [ V?(s)b}(s) ds = 87. 


A set of functions satisfying (7.3) is given by 
(7.6) Pi(x:8) = Ri(x, y:s)Pi(y2s), 


and these functions are unique since the differential system (3.4) is incom- 
patible and since Ri(z, y:s)I'§(y:s) may be shown independent of y by differen- 
tiation with respect to y. 

The set Qj(x:s, ¢) is not unique. It may be shown by a procedure entirely 
similar to that needed to prove Theorem 6.2 that the following theorem is true. 


THroreM 7.2. If Qi;(x:s, t) is one set of auxiliary functions, any other set may 
be written 


(7.7) Qi(xis, t) = Qij(xis, ) + us(w:s)eF(t) + di(x:s)V5(0), 
for some choice of c}(t) and d}(x:38). 

If we solve the system (7.4) by the procedure of §§2 and 3, the following 
theorem can be proved. 

THEeorEM 7.3. The Qi(xr:s, t) are determinable in the form 


ag a= | Ri y:saityss, ) + f° Six, ye, Nailin, 0 ar] ré(y:t) 


+ Si(z, yzs, OTF(y:t) + wi(z, y:s) VFO, 


where the wi(x, y:8) are defined by (2.17) for f'(x:s) = a3(x:8), and the qi(y:s, 0) 
are that pseudo-resolvent’ system to the kernel system P}(y:s, t) of (3.5) which 
satisfies 


aily:s, ) = Pi(y:s, ) + Ti(y:s){b§(s) — U* [ws(x, y:s)]} Vegi (y:2) 
(7.9) . 
+ [ Pius, nailysr, 0 dr, 
and 
8 
(7.10) gi(y:s, t) = Pi(y:s, t) — ui(y:s)¥}(y:t) + | q:(y:s, r)P§(y:r, t) dr, 


®*W. A. Hurwitz, loc. cit, 
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the ¥'(y:t) being given by 


B B 
Wy) = —f usynaiy:r, Oar + [usu PHly2r, Oar 
(7.11) ake 
4+ / / us(y:r)qa(y:r, s)P7(y:s, t) dr ds, 


provided that the u3(y:s) form a normalized orthogonal set. 


To show this it is only necessary to solve (7.4) by (2.1), simplify and apply 
the boundary conditions. If the result is multiplied by I'f(y:s) and g3(y:4), 
and if we let 


(7.12) Qi(y:s, Dgi(y:t) = gilyis, 8), 


we obtain (7.9). Green’s formula enables us to show that 
B . 
7.13) f —Pi(y:9){05(6) — U'aale, y: MVE gHy29) ds = a7. 


(7.10) and (7.11) may then be derived from (7.9) by a procedure like that used 
by W. A. Hurwitz’® in obtaining the conditions under which a function U(z, y) 
will be a pseudo-resolvent to the kernel of a Fredholm integral equation. The 
vi(y:4) satisfy a relation similar to (7.13) with the uj(y:) if these latter func- 
tions form a normalized orthogonal set. If then (7.12) is solved for Qé(y:s, 4), 
we have the desired result. 

The generalized Green’s functions defined by (6.4) and (6.5) and the auxiliary 
functions defined by (7.3) and (7.4) cannot be used together to write the solu- 
tion of (1.3), when it exists, in the form (1.5) unless certain simple restrictions 
are imposed on the aj(x:s) and 6}(s) of (7.4), if we suppose the yj(xz:s) and 
p(s) of (6.5) as given. 


THroreM 7.4. If (5.8) is satisfied, the solution of (1.3) can be written in the 
form (1.5) if and only if the a3(x:s) and bj(s) in (7.4) are given by 
(7.14) aj(x:s) = —yi(x:s); bi (s) = —pa(s), 
the ¥i(x:s) and p}(s) satisfying (6.5). 


That these conditions are sufficient is apparent from (1.5) if we apply the L' 
and U* and consider (5.8). To show them necessary consider the sets of 
functions 


| 0 vi(ais) +--+ ve(ris) | 





c vive «ee whe 
rs aes tes aes | 
le VeUe °** Uae 
(x:s) = — 
f [obo? | ? 


10W. A. Hurwitz, loc. cit. 
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and 


| O Vils) «+. Vi(s) 
c 6ovivi ... vivi 





in which the c’ are arbitrary constants. Then 


[ [ Fce:st(e:s) dzds = é, 
(7.15) « Ja 
/ V3(s)X‘(s) ds = c’, 


and (5.8) is satisfied. With these values in (1.3), if the L* are applied, we 
find that 
teh ; b pb ; 
[ Aic vegies) av + ff BiG, us, of: ayat 
(7.16) pie , 
+ Ci(x:s)X%(s) + / Di(e:s, t)X*() dt = 0. 


In the proofs of Theorems 6.1 and 7.1 we have shown that necessarily 
Aj(a, y:8) = 0, Bi (a, yzs, t) = i(xis)vz(y20), 
C}(x:s) = 0, Di(x:s, t) = aj(x:8)V3(t). 
The equation (7.16) is thus reduced with the aid of (7.15) to 
c'[vi(x:s) + aj(x:s)] = 0 


which equation, since the c’ are arbitrary, gives the first of the above conditions. 
The second of these conditions follows from a similar argument if we apply 
the U' to (1.5). We note in addition that if (6.6) is satisfied, these values of 
a}(x:s) and b3(s), given by (7.14), will satisfy (7.5). 
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THE RING OF AUTOMORPHISMS OF AN ABELIAN GROUP 


By Max SHIFFMAN 


Let A be an Abelian group (written additively) all of whose elements have a 
finite order. For the purposes of this study, it suffices to suppose that A is a 
primary group, of characteristic p. We shall consider only a restricted class 
of primary groups, namely, those for which every element different from 0 has a 
finite height.’ ; 

A first step in the study of the automorphisms is to describe those subgroups 
N which are mapped into themselves by all the (proper and improper) auto- 
morphisms a of A, Na C N. These will be called normal subgroups.” The 
construction of all the normal subgroups of A is contained in Part I of this 
paper. Every normal subgroup turns out to be generated by, and to be the 
intersection of, irreducible normal subgroups (Theorems 4, 5). 

Let o be the ring of all the automorphisms of A. In Part II, we establish a 
one-to-one correspondence between the normal subgroups of A and certain 
two-sided ideals of 0, the normal ideals. A right normal ideal r is a largest 
ideal which annihilates a given ideal a on the right, ie., for which a-r = 0. 
To every normal subgroup N of A corresponds the totality of automorphisms 
in 0 which map N into 0. This is shown to be a right normal ideal, and an 
inverse correspondence is established. Similarly for left normal ideals. Theo- 
rems 6, 7, 8 and 9 form the main results. 

The correspondence established between normal subgroups of A and normal 
ideals of 0 permits carrying over to normal ideals theorems on normal sub- 
groups (Theorems 10-14). The most noteworthy of these results are: 

the join and intersection of normal ideals are normal ideals; 

the two distributive laws hold for normal ideals; and 

every normal ideal is the join and also intersection of irreducible normal ideals. 

A similar theory might be developed for the group © of proper automorphisms 
of A, but it suffers from various defects. It is pointed out in §8 that such a 


Received October 6, 1939. 

1 The height of an element a is the largest number m for which the equation a = p™zr 
has a solution z in A. 

? The names “regular characteristic’’, ‘‘o-characteristic’’, etc. have been used for these 
subgroups. 

3 Characteristic subgroups have been described by Miller, Shoda, and Baer. Cf. G. A. 
Miller, Determination of all the characteristic subgroups of an Abelian group, Quart. Journ. 
of Math., vol. 50(1923), pp. 54-62; K. Shoda, Uber die charakteristischen Untergruppen 
einer endlichen Abelschen Gruppe, Math. Zeitsch., vol. 31(1930), pp. 611-624; R. Baer, 
Types of elements and the characteristic subgroups of Abelian groups, Proc. London Math. 
Soc., (2), vol. 39(1935), pp. 481-514. Our procedure is closely akin to that of Baer. 
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theory can only be understood if the group @ is considered as imbedded in the 
ring 0. 

It is instructive to compare the theory developed herein with the Galois 
theory of fields. In the latter, a one-to-one correspondence is established 
between normal subfields of a given field and invariant subgroups of the group 
of automorphisms of the field. In the theory of this paper, normal subgroups 
are mapped into normal ideals of 0; i.e., only special ideals of 0 are covered, 
whereas in the Galois theory every invariant subgroup is covered. Also, the 
Galois theory uses the structure of the group of automorphisms to determine 
that of the original field, whereas our theory should be applied to study the 
ring 0, use of the knowledge of the Abelian group A being made. 

Elements of A will be denoted by italic letters a, b, c, --- , automorphisms 
of A by Greek letters a, 8, y, --- , and ideals in 9 by German letters a, b, 1, r, --- . 
The effect of applying the automorphism a on the element a is written aa. 
The symbol {B, C, --- } will designate the group or ideal generated by the 
sets of elements B, C, --- ; [B, C, --- ] the intersection of the sets B, C, --- ; 
B CC or C > B means that every element in B belongs to C. 


Part I. Normal subgroups 


1. Introduction. We have restricted the Abelian group A to be a primary 
Abelian group all of whose elements (different from 0) have a finite height. 
With each element a (+0) of A there are therefore associated two numbers: 
n(a), its exponent order, such that p"a = 0 but p"® a ¥ 0; h(a), its exponent 
height, such that a C pA but a € p**'A. These will hereafter be called 
simply the order and height respectively of a. The element 0 will be consi- 
dered as having the order 0 and the height ~. 

We shall now set down, without proof, some well-known basic theorems for 
Abelian groups of this type.‘ Let A, denote the subgroup of A consisting of 
all the elements z of A whose order is not larger than n, n(x) S n; the subgroup 
pA, , where h < k, consists of all those elements x of A for which h(x) = h, 
n(x) Sk—h. Consider the subgroup A;. Since the order of every element (+0) 
of A; is 1, A; may be written as a direct sum of cyclic groups of order 1. Deter- 
mine this direct sum in the following way: let c,, (g = 1, --- ) be any basis of 


p’'A,/p’A,41; then set Ai = >. >> {ey} + Ai. Since A(c,,) = »v — 1, deter- 
v1 9g 
mine any element b,, of A such that c,, = p” by. It is a basic result that the 


m—1 
elements b,, of A are independent, so that one may form > > {b,} and 


v1 9g 


> > {b,.}. Furthermore, let B” be the “closure” of D> >> {b,,}, i.e, the 
v=m g 


vm g 


totality of elements x of A such that, for each i, there is an element 2; of 


‘Cf. H. Prifer, Zerlegbarkeit der abziéhlbaren primdren Abelschen Gruppen, Math. 
Zeitsch., vol. 17(1923), pp. 35-61; and §1 of Baer, Primary Abelian groups and their auto- 
morphisms, Amer. Jour. Math., vol. 59(1937), pp. 99-117. 
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> >d {b,.} for which h(x — x;) =i. Then it is a fundamental theorem that A 


admits the following direct decomposition, for each m,° 
m—1 
A= > DX {by} + B”. 
oo Wy 


Also, if x is any element of B”, then h(x) + n(x) 2 m. 

The elements b,, have the property that n(b,.) = »v and h(p”*b,) = » — 1. 
Elements with this property will be called primitive elements. That is, the 
element b of A is a primitive element if h(p'b) = ifor eachi = 0,1, --- , n(b) — 1 
(it suffices to know this only for i = n(b) — 1). Because of the freedom in 
the choice of b,, in the direct decomposition above, any primitive element of 
order vy may be selected as a b,,. In fact, if b: , --- , b¢ are primitive elements 
of different orders mn, , --- , m:, then p"’'b,, --- , p"* ‘by can be chosen as basis 
elements of p™*An,/p™Anjt, +--+, Pp’ An,/p™An,+1, respectively. Hence 
bi, --- , b, may be chosen as elements of the type b,, in the direct decomposi- 
tion above, where m is chosen larger than all the n;. Letting A’ be the sub- 
group generated by all the remaining basic groups in that direct decomposition, 
we get 


A= {bi} + ++ + {be} + A’. 


Thus, primitive elements of different orders form part of a basis of A. 


2. The invariants of an element. Normal subgroups. The element a’ is 
said to be homotopic to a if there is an automorphism @, proper or improper, 
of A which maps a into a’, aa = a’. If there is a proper automorphism 8 of A 
which takes a into a’, then a’ is said to be isotopic toa. The question of deter- 
mining when two elements are isotopic or homotopic will be answered by use 
of the following important lemma of Baer’s.* 


Lemma 1. Any element a of A can be expressed in the normal form 
t 
= > p bi, 
i=1 


where b; , --- , b; are primitive elements with orders n, + hy, --- , me + he respec- 
tively, andO Shi <---> << he, OS m<--- Sm. 


Proof. The lemma is true if a has the order 1, for then a is a multiple of a 
primitive element. Suppose it has been proved for all elements of order < n, 


and let n(a) = n + 1. Among all the multiples p‘a (¢ = 0, 1,---, n), let 
p”'a be the first which is a multiple of a primitive element, p"a = p” *”’b. 
Then the element a’ = a — p’’b has an order = n’ S n, and the lemma is 


5 A simple proof can be given using induction on the order of elements of A. 
6 See Baer, loc. cit. (footnote 3). 
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applicable to it. By writing a = a’ + p’ b, it is easily seen that the lemma 
is valid. 

The set of 2¢ numbers hi, --- ,A:, m1, --+ , % forms a complete set of in- 
variants of the element a, and can be expressed in terms of the heights of the 


t 
multiples p’a (j = 0,1, --- ,n(a) — 1). For, pa = >> p”***b; so that A(p’a) = 
i=1 


h; + j for that i determined by nin Sj < 1. 

The primitive elements b,, --- , b, in the normal form of a@ have different 
orders so that the theorem of §1 may be applied. It can then be easily shown 
that two elements a, a’ are isotopic if and only if the invariants h,, --- ,h:, 
nm, «++ , m; defined in Lemma 1 are the same for both elements.® The question 
of determining when an element a’ is homotopic to a will be incidentally an- 
swered in the course of §3. 

A subgroup N of A will be called a normal subgroup if it is mapped into 
itself by every automorphism a (proper or improper) of A, Na C N. The 
subgroup p"A; is clearly a normal subgroup of A since any automorphism of A 
never increases the order nor decreases the height of an element. The group 
generated by, and the intersection of, any number of normal subgroups is 
again a normal subgroup. All normal subgroups will turn out to be generated 
by the elementary normal subgroups p"A;, . 

For any element a of A denote the smallest normal subgroup containing a 
by N(a). Our method for studying the normal subgroups will be first to 
determine the structure of N(a) and then build any normal subgroup out 
of these.’ 

It is clear that N(a) must contain all the homotopes to a. On the other 
hand, the set of all the homotopes to a forms a normal subgroup of A. For, 
this set is a subgroup: if a’ and a’”’ are homotopic to a, i.e., da’ = a’ and aa”’ = a”, 
then a(a’ + a”) = a’ + a” anda’ + a” is homotopic to a. This subgroup is 
normal: if @ is any automorphism of A and a’ is any homotope to a, i.e., 
aa’ = a’, then the image of a’ is a’ = a’a = (aa’)a = a(a’a) which is homotopic 
to a. Since any normal subgroup N which contains a must contain N(a), we 
see that N(a) is exactly the normal subgroup of all the homotopes to a. 


3. The structure of the normal subgroup N (a). 


THeoreM 1. If a has the normal form 
t 
a= > p'd;, n(b,) = ni + hi, 


7 A similar procedure can be used to find all the characteristic subgroups of A (a charac- 
teristic subgroup is one which is mapped into itself by all the proper automorphisms of A); 
determine the smallest characteristic group C(a) containing the element a. It is found 
that C(a) = N(a) unless p = 2 and another condition is satisfied. Thus, if p ¥ 2, all 
characteristic subgroups are at the same time normal subgroups. See Baer, loc. cit. 
(footnote 3). 
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then 
N(a) = {p"Anns ++» PY Anta}: 
Proof. Since b,, --- ,b, are primitive elements of different orders, 
A = {bi} + {be} + --- + {be} + A’. 


Let x be any element of An;4,, , 80 that n(x) S n;+h;. The mapping bja = z, 
bi = 0 fori # j, A’a = O defines an improper automorphism a of A for which 
t 


aa = >, p'‘(bixe) = pix. Thus N(a) must contain every element pz of 
i=1 
PAnj+h; . Since this holds for every 7 = 1, --- , t, we have 
N(a) 2 {p' Ansa, “bes P'An,+n}. 


On the other hand, the group on the right side of the equation is a normal 
subgroup containing a, so that 


N(a) Cc {pA nth arte es P' Anh): 


The equality sign therefore holds and the theorem is proved. 

The element a’ is homotopic to a if a’ C N(a). By Theorem 4 below, this 
requires that each component p"’b’ in the normal form of a’ be contained in at 
least one of the subgroups P'iAns+r; (jg =1,---,2%. 


4, The structure of normal subgroups. Let N be any normal subgroup of A. 
N certainly is generated by the normal groups N(c) for all elements c in N. 
By Theorem 1, N is generated by groups of the type p"A,. For a given k, 
let hy(k) be the smallest Ah such that N contains p"A;, ; let ny(k) be the corre- 
sponding n, ny(k) + hy(k) = k. Then N is generated by the groups p’*“ A, 
(k _ 1, 2, 3, leat ). 

From the relations p"A, C p"Aiss, p'Ax > p*** Anyi, it follows, by setting 
h = hy(k + 1) in the first and h = hy(k) in the second, that hy(k) S 
hy(k + 1) S hy(k) +1. Hence, we also have 1 + ny(k) = ny(k + 1) 2 ny(k). 

Suppose that no primitive elements of order k’ exist in A. Then p” A, is 
generated by all the groups p"A, (k = n + h) for which h = h’, n S nn’ 
(= k’ — h’), and such that primitive elements of order k exist in A. For, on 

t 


the one hand, any element a of p”’ A, has the normal form > > p'‘b;, n(bs) = 
t=1 


n; +°h;, where h; = hi = h’, nm; S ms S n’; and on the other hand, p*’ A, D 
p’ Ansa for such h’s and n’s. Thus, N is generated by p"”™ A; for all relevant k’s. 
By a relevant order k is meant one such that primitive elements of order k 
exist in A. Hereafter we consider only such k’s. 


The above inequalities for hy(k), nw(k) are equivalent to hy(ki) S hw(ke), 


§ Let r be the number of independent primitive elements of order k in A. The order 
of p¥!A,/p*Acs: is p’ or r according as r is finite or infinite respectively. 
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ny(ki) S nw(ke) for ki < ke. The numbers hy(k), ny(k) form a complete set 
of invariants of N. 

TueoreM 2.’ Let h(k), n(k) be a set of non-negative numbers defined for all 
relevant k’s. The necessary and sufficient condition that there exist a normal sub- 
group N of A for which hy(k) = h(k), nw(k) = n(k) ts that 

(1) A(k) + n(k) = k; 

(2) h(ki) s h(ke), n(k1) s n(ke) for ki < ke. 

Then N is unique and is the group generated by all the groups p* A, , 
W@ | sss, GM, +++ 1. 


Proof. The necessity has already been proved, so that only the sufficiency 
remains. Define N as the normal subgroup generated by all the groups pA, . 
Then hy(k) S h(k), ny(k) = n(k) and we must show that the equality sign 
holds. Let b be a primitive element of order k, and let h be a number < A(k), 
so thatn = k — h > k — h(k) = n(k). The element p’b can belong to N 
only if 


pb = Lipa + Dp a,, 
isk i>k 
where n(a;) < j; by multiplying by p”™ this requires that 
pb ‘aa ys pane a; + > ” iia a;. 
isk 7>k 
Since n > n(k) = n(j) for j S k by condition (2), it follows that 
pd = > in Q;. 


i>k 
By condition (2) again, h(j) 2 h(k) > hforj > k, and the height of the right 
side is larger than n + h — 1 = k — 1. But this is contrary to the primitivity 
of b. Thus, p"b and therefore p"A; does not belong to N if h < h(k). Hence, 
hy(k) = h(k), nw(k) = n(k), and the sufficiency is proved. 
The uniqueness is a consequence of the representation of every normal sub- 
group N as generated by all the p'““A,. This completes the proof of the 
theorem. 


Corotuiary 1. If A is a direct sum of cyclic groups, A = > Dd {b,»}, where 
» @ 
bo» has the order v, then 
N= DD {pb}. 
’ g 
Proof. This follows by inserting the expression 


pA = OD tp by) + OL to dy 
wsk g y>k g 


9 Cf. Baer, loc. cit. (footnote 3). 
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in N = {.--,p'""A,,--- } and obtaining the minimum coefficient of a 
given b,,. 

a 3. Let ---,Ni,--- be a set of normal subgroups, and let N = 
{--+,Ni,---},M =[- ne ee Then 


(a) hy(k) = min hy,(k), nn(k) = max nw, (k); 
(b) hu(k) = max hy (k), nu(k) = min ny, (k). 


Proof. To prove (a) let h(k) = min hy,(k), n(k) = max ny,(k). They are 


non-negative numbers and satisfy condition (1) of Theorem 2 since ny,(k) = 
k — hy,(k) for every N;. To verify condition (2) of Theorem 2, let ki < ke, 
and determine N;, Nj so that 


nw ,;(ki) = max ny,(ki), hy je(ke) = min hy, (ke). 


Then 
h(ky) = min hy, (ki) S hy,-(ki) S hw,e-(he) = h(ka), 
and 


n(ki) = nw;(ki) S nw,-(ke) S max mn (ke) = (ks). 


There exists, therefore, a normal subgroup N’ with hy-(k) = h(k), nw-(k) = n(k). 

Since hy-(k) S hy,(k) for every k, N’ > N;; varying i, we obtain N’ > 
{---,Ni,--- } = N. On the other hand, hy(k) S hy,(k) because N > N; ; 
varying 7, we obtain hy(k) S min hy,(k) = hy(k) for each k, or N D N’. 
Thus, N = N’ and (a) is proved. 

Next consider (b). Set h(k) = max hy,(k), n(k) = min ny,(k). As in the 
proof of (a), but reversing the rdéles of A and n, there is a normal subgroup M’ 
with hu-(k) = h(k), nw (k) = n(k). Since hw(k) 2 hwy,(k) for every k, 
M’ C N; ; varying 7, we obtain M’ C[.---,N;,---] = M. On the other 
hand, hu(k) = hw,(k) because M C N; ; varying i, we get hu(k) > maxhy,(k) = 
hu (k) for each k, so that M C M’. Thus M = M’ and (b) is proved. 

Corotiary 2. If p'Ay = { ---,Ni,--- }, then at least one of the normal 
subgroups N; is pA, . 

Proof. By the previous theorem, h = min hy,(k) = hw,(k) for some N;. 
Hence, N; > p’A;. But p'A, > N;j, so that finally N; = p*Ay. 


Corotiary 3. The following distributive laws hold:° 
{Ni , No}, Ns] = {{Ni, Ns], (No, Nol}, {[Ni, Ne], Ns} = [{Ni, Ns}, (Neo, Ns}]. 


1° The extended distributive laws with any number of terms also hold. 
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Proof. By the previous theorem, we must prove that max [min (h; , he), As] = 
min [max (fA; , hs), max (he, hs)] and that a similar equation obtained by inter- 
changing max and min holds. This is easily done. 

The normal subgroup N has been represented as the group generated by all 
the p' A, , where hy(ki) < hw(ke), mw(ki) S nw(he) for ki < ke. We shall 
now obtain a minimum representation of N. Suppose that hy(ki) = hw(ke). 
Then p'*“?A,, D p’**?A,,, and p'***"A,, may be deleted from the set of 
groups generating N. Similarly, if ny(k:) = nw(ke), p"“* Ay, may be deleted. 
In carrying through these deletions, it may happen that hy(k) is constant, = h, 
for allk = s. In that case, all the groups p"*“ A; for k = s are to be deleted 
and replaced by p*A. This will be written pA, ; n will be taken equal to ~, 
and © will be called a relevant order of A ( is a relevant order, then, if the 
elements of A have unbounded orders). We thus obtain N as generated by 
the finite or infinite set of remaining groups p"‘A,,4,; , where 


Osh<---<h<.---, O<cm<---<Cn<--- Sa, 
and n; + h; = k; are relevant orders. Hence, we have 


THEOREM 4. Every normal subgroup N can be represented in a unique manner 
as 


N= {p"' Ansa /- re P Anth,  haison a 


where 

Qo0osh<---<h<---,0<cm<---Cn<c--- Ss «©; and 

(2) ni + h; are all relevant orders. 
The group pA; is contained in N if and only if it is contained in one of the gen- 
erating groups p"'An,4n,. Conversely, any finite or infinite set of numbers h; , ni 
satisfying (1), (2) uniquely determines a normal subgroup N. 


The similarity of Theorems 1 and 4 leads immediately to 


Corotuary 4. If the invariants h;, ni of N are finite in number (i = 
1, 2,---, t) (ae., of either hy(k) or ny(k) is bounded for ail k), then there is an 
element a such that either N = N(a) or N = {N(a), p"A} according as n, is finite 
or infinite respectively. 


Coroutuary 5. If the orders of the elements of A are bounded, every normal 
subgroup N is a subgroup N(a) for some element a. 


If the invariants h; , n; are infinite in number, N may be considered as the 
smallest normal subgroup containing the purely formal sum > p"*b; , where 
i=1 
the b; are primitive elements of order n; + h;. 
In all the above, the invariants h(k) and n(k) have played equivalent réles. 
We may therefore define the dual N’ to any normal subgroup N by hyw(k) = 
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ny(k), mw (k) = hy(k). It is evident that N is likewise dual to N’; and by 
Theorem 3, that 


Pe <a a ee Se | a 


Denote the dual of p"A, by ,A*; by calculating the invariants A(I), n(l) of 
p’ Ax , one easily obtains 


nA* = {A,, pA}. 
Thus, ,A‘ consists of all elements z such that p"x C p‘A. In particular, 
,A* = p’A and ,A® = Ay. 
By taking the dual of the various theorems, new theorems are obtained. 
The dual of Theorem 2 yields N’ = [--- , ay@A*, ---]; replace N by N’, so that 


N = [.---, ayn A’, -++]. Delete as in the proof of Theorem 4, obtaining 
N = [---, »,A"*™, ...], ete. These results are summarized in 


THEOREM 5. Every normal subgroup N can be represented uniquely as the inter- 
section of all the groups ny»A’, 


N =[---+, aymA’, -+>]. 
We also have a unique representation in the form 


NW @ [.-> , aA™™, ..<} 


where 

QMoeosn<---<n<---,O0O<ah<--- Ca <--- S w; and 

(2) n; + A; are relevant orders for each i. 
The group ,A* contains N if and only if it contains one of the groups »,A”**™*. 
Here, ,A* represents the dual of p"Ax and is given by 


nA* = {An, p’A}. 
The duals of Corollaries 2, 4 yield additional theorems. 


Part II. The ring of automorphisms 


5. The correspondences. We shall establish one-to-one correspondences 
between the normal subgroups of A and certain two-sided ideals of the ring o 
of automorphisms of A. Ideals of o will be denoted by i, j, ---, a, 6, --- 
normal. subgroups of A by N, Ni, ---. 

Let N be a given normal subgroup of A. Define r(N) as the set of all auto- 
morphisms a of A which map each element of N into 0, and [(N) as the set of 
all automorphisms 8 of A which map each element of A into an element of N:" 


? 


11 Similar correspondences have been discussed by Shoda and by Baer. See Shoda, 
Uber die Automorphismen einer endlichen Abelschen Gruppe, Math. Ann., vol. 100(1928), 
pp. 674-686; Baer, loc. cit. (footnote 4). 
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t(N) = set of all automorphisms a such that Na = 0; 

{(N) = set of all automorphisms 8 such that AB CN. 

It is easily seen that both r(N) and I[(N) are two-sided ideals. 

The inverse operations to r( ) and [( ) are the following. Let i be a given 
two-sided ideal of 0. Define R(i) as the set of all elements a of A which are 
mapped into 0 by all the automorphisms in i, and L(i) as the group generated 
by all the elements of the form a’a’, where a’ is any element of A and a’ any 
automorphism in i: 

R(i) = set of all elements a such that ai = 0; 

L(i) = group generated by all the elements a’ C Ai. 

It is easily seen that both R(i) and L(i) are normal subgroups of A. 

We shall try to determine when r and R, [ and L are inverse to one another. 

The following Lemmas 2, 3 are immediate consequences of the definitions. 


Lemma 2. (a) R(t(N)) DN, r(R(i)) Di; 
(b) LIUN)) CN, UL) Di 


Lemma 3. (a) If Ni C Ne, then r(Ni) > r(Ne), (Ni) CIN); 
(b) of i C j, then R(i) D R(j), Li) C LCi). 


Lemma 4, (a) r(R(t(N))) = ri), R(r(RW@)) = Rw; 
(b) UL(KW))) = UN), LULW))) = LW. 


Proof. First prove (a). Apply the operator r to both sides of the first in- 
equality of Lemma 2(a). By Lemma 3(a), r(R(r(N))) C r(N). But 
r(R(t(N))) > r(N) by the second inequality of Lemma 2(a). Hence the 
equality sign holds. Similarly for R(r(R(i))). 

The proof of (b) is similar to that of (a). 

Thus, the operations r and R are inverse to one another when applied to ideals 
of the type r(N) or to normal subgroups of the type R(i). Conversely, if these 
operations are inverse to one another when applied to the ideal i, then i is of 
the type r(N). For, if r(R(i)) = it, then i = r(N) for N = R(i). Likewise for 
the other operations. The question of when the operations r and R, [ and L 
are inverse to one another is therefore equivalent to the problem of determining 
what ideals are of the type r(N) or {(N) and what normal subgroups are of the 


type R(i) or L(i). 
6. The main theorems. The following basic theorem shows that every 
normal subgroup is of the type R(i) and L(i). 


THroreM 6.” (1) R(r(N)) = N. 
(2) L(U(N)) = N. 


Proof. Consider (1). By Lemma 2(a), it suffices to show that R(t(N)) CN, 
i.e., if a € N then a € R(r(N)). We shall construct an automorphism a 


12 Cf. Baer, loc. cit. (footnote 4). 
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which belongs to r(N), i.e., Na = 0, and for which aa # 0. This would show 
that a does not belong to R(r(N)). 


t 
Let hy(k), nv(k) be the invariants of N. Let a = D> pb;, n(b) = ni + 
i=1 
h; = ki, be the normal form of a. Since a € N, at least one p"'b; EN, so 
that h; < hy(k;), n; > ny(kj). Now, set A = {by} tere t {bi} + A’ = 
{b;} + A”, where A” is the direct sum of all the summands excluding {6,;}, 
and define the automorphism a by 


bja = p”*"'b; ’ A”“a = 0. 


t 
This automorphism maps a into aa = >> p"‘bia = p'**"*"b; # 0. We shall 
i=1 


show that Na = 0. 

Any element ¢ of A has the form c = sb; + c’, where c’’ C A”. Let p'c be 
an element of p"A,, so that n(c) < k. There are two cases to distinguish. 

(a) If k = k;, then p’c = spb; + p*c”’. Applying the automorphism a, 
we obtain p’ca = sp"*"i"b; which is 0 if h > h;. Thus, p'™”’ Aya = 0 since 
hy(k) 2 hy(ki) > h;. 

(b) If k < kj, then c = sp‘*“b; + c” and pc = spb; + p’c’, where 
n =k —h. Applying the automorphism a, we obtain p’ca = sp’ "*"*"b; 
which is 0 if n <_n;. Thus, p"™” Aja = 0 since nx(k) < ny(k;) < n;. 
Hence Na = 0. 

We have thus constructed, for any a not belonging to N, an automorphism a 
belonging to r(N) for which aa ~ 0. Therefore a does not belong to R(r(N)), 
and R(r(N)) C N. This proves the equality sign because of Lemma 2(a). 

We now prove (2). By Lemma 2(b), it suffices to show that L(I(N)) > N, 

t 
ie., if a C N, then a C L(((N)). Let the normal form of a be a = > pb; , 
=] 
where h; = Ay(ki). Let A = {bi} + --- + {b:} + A’, and define the auto- 
morphism 8 by 


bB = pb; (i =1,---,t, A'B=0. 
Now, any element c of A has the form c = sb; + --- + sd; + c’, so that 


cB = sp'**Yb, +... + sp'**b, CN. 
t 
Hencé AB C N and B belongs to I(N). The element >> p"***“b,; is mapped 
i=1 


t t 
by B into >> p*****)5.8 = > pb; = a. Therefore a C AB so that a C 
i=1 


i=l 
L((N)). This completes the proof of Theorem 6. 
We shall now characterize those ideals of the type r(N) or ((N). It is clear 
that 


U(N)-t(N) = 0 (but not r(N)-1(N) = 0}). 
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For, 
A(I(\N)-t(N)) = (AI(N))t(N) C Nr(N) = 0. 


That is, every automorphism of [(N)-r(N) first maps A into N and then N 
into 0, and so is the 0 automorphism. This property will serve to characterize 
the ideals [(N), r(N). 


Lemma 5. The necessary and sufficient condition that i-j = 0 is that 
L(i) C R(j). 


Proof. If i-j = 0, then 0 = A(i-j) = (Ai)j. The totality of elements Ai, 
and therefore the normal subgroup L(i) generated by them, is mapped into 0 
by all the automorphisms in j. That is, L(i) C R(j). Conversely, if L(i) C 
R(j), then A(i-j) = (Ai)j C L(WDji C R(pj = 0. Hence i-j = 0. 


THEOREM 7. (1) The totality of automorphisms a for which \(N)-a = 0 is 
exactly r(N). 
(2) The totality of automorphisms B for which B-t(N) = 0 is exactly \(N). 


Proof. First consider (1). The totality of automorphisms a for which 
\(N)-a = 0 forms an ideal j which contains r(N), so that (N)-j = 0 and 
j > r(N). By Lemma 5, [(N)-j = 0 implies L(((N)) C R(j). By Theorem 6, 
therefore, N C R(j). Applying the operator r to both sides of this inequality, 
we obtain r(N) > r(R(j)) > ji, using Lemmas 3(a) and 2(a). This, together 
with j > r(N), yields j = r(N). 

We now prove (2). The totality of automorphisms 6 for which 8-r(N) = 0 
forms an ideal i which contains [(N), so that i-r(V) = Oandi 2 I(N). By 
Lemma 5, i-r(N) = 0 implies L(i) C R(r(N)), or L(t) C N by Theorem 6. 
Applying [| to both sides of this inequality and using Lemmas 3(a) and 2(b), we 
obtain i C I(L(i)) C UN). This, together with i > I(N), gives i = I(N). 

The essential parts of this proof, the steps from L({(N)) C R(j) and L(i) C 
R(rt(N)) to N C R(j) and L(i) C N, respectively, are consequences of the 
basic Theorem 6. 

Ideals of the type r(N) or ((N) are therefore largest ideals which annihilate 
given ideals on the right or left respectively. Such ideals will be called normal 
ideals, and we are lead to the following 

DeFINiTION. An ideal rt is a right normal ideal if there exists an ideal a such 
that a-r = 0 and such that a-j = 0 implies j C r. An ideal | is a left normal 
ideal if there exists an ideal 6 such that [-6 = 0 and such that i-6 = 0 implies 
icl 

The right normal ideal r is exactly the ideal consisting of all the automorphisms 
a for which a-a = 0, and the left normal ideal | of all the automorphisms 8 
for which 8-6 = 0. Consider now the totality of automorphisms y which 
annihilate r on the left, y-r = 0. They form a left normal ideal { which con- 
tains a, so that [-r = 0 and! Da. The totality of automorphisms a which 
annihilate [ on the right, |-a = 0, is exactly r since |-a = 0 implies a-a = 0. 
Hence [.r = 0 and each is the largest ideal which annihilates the other. Like- 
wise, starting with any left normal ideal, there is the corresponding right normal 
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ideal. We thus have a pairing between right and left normal ideals given by 
{.r = 0, and each is the largest ideal which annihilates the other. 

By Theorem 7, the ideals r(N) and [(N) are right and left normal ideals 
respectively, and they are paired as in the preceding paragraph. We shall now 
prove the basic result that every right or left normal ideal is of the type r(N) or 
\(N) respectively. 


THEOREM 8. (1) An ideal r is of the type t(N) for some N if and only if tr is 
a right normal ideal. 

(2) An ideal { is of the type \(N) for some N if and only if | is a left normal 
ideal. 

Proof. We first prove (1). By Theorem 7 it suffices to show that any right 
normal ideal r can be written as r(N) for some N. Suppose then that a-r = 0 
and that a-j = 0 implies j; C r. By Lemma 5, a-r = 0 implies that L(a) C 
R(r). Applying the operator r to both sides of this inequality and using 
Lemmas 3(a) and 2(a), we get r(L(a)) > r(R(r)) D r. On the other hand, 
using Lemmas 5 and 2(a), we have a-r(L(a)) = 0 since L(a) C R(r(L(a))). 
Hence r(L(a)) C r and we must have r = r(L(a)). Thus, r = r(N) for N = 
L(a). 

In order to prove (2) it suffices to show that any left normal ideal [ can be 
written as [(N) for some N. Suppose that [-6 = 0 and that i-b = 0 implies 
ict. By Lemma 5, we have L(f) C R(b). Applying the operator [ to both 
sides of this inequality, we obtain | C [(L(1))) C [(R(b)). On the other hand, 
((R(b))-6 = O since L({((R(6))) C R(b). Hence {| = [(R(b)) and we have 
{ = I(N) for N = R(6). The theorem is now completely proved. 


THEOREM 9. (1) r(R(r)) = rif r is a right normal ideal; 
(2) (L(D) = Lif lis a left normal ideal. 


Proof. By Theorem 8, tr = r(N) for some N. Therefore, r(R(r)) = 
t(R(r(N))) = r(N) = r by Lemma 4(a), and this proves (1). 

By Theorem 8, | = [(N) for some N. Therefore, [(L()) = ((L(I(N))) = 
((N) = | by Lemma 4(b), and (2) is proved. 

The major results in this section are contained in Theorems 6,8 and 9. They 
show that the operations R(r) and r(N) establish the same one-to-one cor- 
respondence between all normal subgroups of A and all right normal ideals of 
o and that the operations L({) and I[(N) establish the same one-to-one cor- 
respondence between all normal subgroups of A and all left normal ideals of o. 
Furthermore, [(N)-t(N) = 0 and each is the largest which annihilates the other. 
Finally, it should be remarked that the results of this section all depend on 
Theorem 6, and that it is only in Theorem 6 that the structure of a normal 
subgroup WN of A is used. 


7. The normal ideals. We shall here develop further the theory of §6, and 
find properties of normal ideals. The symbols r, [ shall hereafter stand for 
right and left normal ideals respectively. 
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Let t, be any set of right normal ideals, [, the corresponding left normal 
ideals, and form the ideals [r,], [L], {t,}, {L}. It is easily seen that [r,] (and 
similarly [[,]) is a right (left) normal ideal. For, on the one hand {[,} -[t,] = 0, 
and on the other hand any automorphism which annihilates {[,}, {L}-a = 0, 
must belong to each tr, and so to [r,]. The ideals {r,} and {[,}, however, are 
not normal ideals in general. But there exists a smallest right normal ideal 
which contains {r,}, namely, the intersection of all the right normal ideals con- 
taining {t,}. Denote this right normal ideal by >> r,, or by t) + t2 +---. 


Similarly denote the smallest left normal ideal containing {I,} by ; ,, or 


l, + fb + ---. In keeping with this terminology, [r,] will be designated by 
[I t, or by t-te. --- ; similarly for [L,). 


THEOREM 10. (1) Under the correspondence N < rt, 


{}o]] and []o>. 
(2) Under the correspondence N <= |, 


{}oL and []e]]. 
Proof. (1) states that 
r({N,}) = ]] (W,), — e((N) = & e(W,) 


and 


R(I] &) = {R()}, RCO wv) = [R(o)). 


By Lemma 3, we have the first of these lines with the equality sign replaced by 
Cand > respectively, and the second line by D> and C. Applying the operator 
R to the first line, one obtains {N,} > R(I] r(N,)) and [N,] C RK r(N,)). 
These relations, together with the second line, yield the equality sign, 


(N.} = RIL e(N,)), IN) = RCL t(,)). 


This is exactly the second line of our desired result, where tr, = r(N,). Applying 
t to these equations yields the first of the desired lines. 

The proof of (2) is similar to that of (1). 

Theorem 10 permits carrying over to normal ideals the results obtained for 
normal subgroups in Part I. Corollary 3 of Part I yields the important dis- 
tributive law for normal ideals: 


TuHeoreM 11." (1) t-te + ts = (t1 + t3)-(t2 + ts), (ti + t2)-ts = thts + 
Te-T3. 
(2) Similar to (1) for left normal ideals. 


Proof. Apply the operator r to the equations in Corollary 3, and use Theorem 
10. (1) is obtained in which r; = r(N;) (¢ = 1, 2, 3). 


13 The extended distributive laws with any number of terms follow from footnote 10. 
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Theorems 4, 5 of Part I likewise yield important results. Define the normal 
ideals "t, at’, “ke, al’ by 


‘ry = t(p'A.), at’ = r(,A°), 
‘ae = U(p'A:), al = (,A*). 


Applying the operators r and { to Corollary 2 shows that ,t*, “i are >--irre- 
ducible and “r,, ,{° are []-irreducible. Irreducibility is understood in the 
following sense. 

Derinition. A right normal ideal r is called }>-irreducible if r = r, for 
some vy whenever t = >. t,. It is called []-irreducible if r = rt, for some 


vy whenever r = J] t,. Similar definitions are given for irreducible left normal 


ideals. 

Applying the operator r (and similarly [) to Theorems 4, 5 yields the fol- 
lowing: any right normal ideal r can be represented uniquely in the forms 
t= [[“‘r,,4., and r = > n,t"**"* (the n;, h; appearing in both these expres- 

‘ t 


sions are not the same). This ideal theory may be summarized in 

TueoreM 12. (1) The right normal ideals ,t* = 1(,A*) and "ty, = r(p"Ax) 
are respectively >- and |]-irreducible. Every right normal ideal can be repre- 
sented uniquely in the form 


r= pk pits 
= ny 


where 
(a) OS m<---<n<---,O<k<--- chk <--- S w3 and 
(b) nj + h; are relevant orders of A for each 1. 
Every t can also be represented uniquely in the form 
t= [1 tesa, 
where 
(a) OSh <--- Ch <--- , OSM <--+ CM <--- SF w; and 


(b) n; + h; are relevant orders of A for each i. 
(2) Similar to (1) for left normal ideals. 


We shall determine when >> r,, >> 1, coincide with {r,}, {1} respectively. 
t 

THEOREM 13. dr, = {t1, Te,-++, Ue}. 
v= 


Proof. It suffices to consider the case t = 2. Accordingly, let tr, = r(N1), 
te = r(Ne) and tr; + te = r([Ni, Ne]) by Theorem 10. Theorem 13 requires 
proving that any automorphism a for which [N;, Nz]ja = 0 can be written in 
the form a = B + y, where Ni8 = 0, Nex = 0. 

Let hi(k), he(k), h3(k) denote the invariants of Ni , Nz, [Ni , N2] respectively, 
where h3(k) = max hi(k), he(k). Let v’ be all those relevant k’s for which h;(»’) = 
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he(v’) = hi(v’); let »”’ be the remaining relevant k’s, for which h3(v’’) = hy(v’’) > 
he(v’’). Let b,, be a complete set of independent primitive elements as in §1. 
Define 8 for the basic elements b,, by 


Door = Dyer, gor = 0. 


This definition of 8 must be extended to the whole group A. 
Suppose that there are only a finite number of v’’, say all < K. For any 
m = K,set A = ), {b,,} + B” and extend @ linearly over A by taking B"6 = 0. 


v<m 
This defines 8 uniquely, no matter which m 2 K is taken. If there are only a 
finite number of »’, interchange the réles of N; and Ne. Consider finally the 
case when »’ and v” occur infinitely often. In particular, this requires that 
both h3(k) and n3(k) tend to » ask — «. Let a be any element of A, and 
choose any number m such that n3(m) = n(a). Set 


A=) {by} +B", a= 2 torbgr + c, 


v<m 


and define 


OB = >> toby B = Dy tyerDgerrar. 
vm v''<m 

The element c has an order n(c) < n(a) S n3(m); since c belongs to B”, h(c) + 

n(c) = mand we have h(c) = m — n3(m) = h3(m). Hence ca = 0 because 

p” A,a = 0. This shows that the elements > tg»*Dgya for all m such that 


v''<m 
n3(m) = n(a) are identical, and the definition of a8 is independent of the choice 
of m. Let a, a’ be two elements of A, and select any m such that n3(m) is 
greater than both n(a), n(a’). Then 
q’ = b tb» +e’ and a+a’ = yD (tor + tr) Dg» + (c+ c’). 
v<m vm 

Since n(a + a’) S n;(m), it follows immediately that (a + a’)8 = aB + a’Z. 
The automorphism £ is completely defined in all cases. 

It will now be shown that Ni8 = 0, Ne(a — 8) = 0. 

(1) Leta Cp"”°A,, ,i.e., n(a) S m(u") = nand h(a) = hi(u’) = h. Choose 
any sufficiently large m as above. We have 


m—1 
= Zz to» bg» + a top” "be + ¢, 
vght+n y>ht+n 


and 
—1 


ap = \® toy D Durr a + torr DP” Dgprr aw. 
v’'sht+n v’’>htn 

For v” < yp’, h = hi(u’) = alo”) = ha(v’’) so that pbya = 0; for v” > w’, 

n = m(u') < mv’) = ns(v’”’) so that p” "bya = 0. Hence a8 = 0, or 

pA,B = 0. Because h3(u’) = he(u’) = hi(u’), we also have p™ Ava - 

8) = — p*“A,B = 0. 
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(2) Leta C pA, , ie, n(a) S mo(u’) = nand h(a) = In(u’’) = h. 
In addition to the above expressions for a and a8, we have 


da = 2», top" Dera + PA top” "Dora 
¥. n+h 
since we have already shown that ca = 0. For’ < yw”, h = ho(u’’) = ha(v’) = 
ha(v’) so that p"by»a = 0; for »’ > uw’, n = no(u’) S no(v’) = ns(r’) so that 
p’ "bya = 0. All that remains in the expression for aa are the terms involv- 
ing v’; thus aa = a, or p*“’ A,.-(a@ — 8) = 0. Because hs(u"’) = Ai(u’) = 
he(u’”) we also have p"''?A,..8 = p"™'°A,..(8 — a) = 0. 
From (1) and (2) above, it follows that N18 = 0 and N2(a — 8) = 0. Set- 
ting a — B = y, we have a = 8 + vy where Ni8 = 0, Nxy = 0. The proof of 
the theorem is now complete. 


TuHEeoreM 14. If N,, N2 are such that hy,(k) S hw,(k) for all sufficiently large 
k, then (Ni) + (Ne) = {1(Ni), ((N2)}. 


Proof. By Theorem 10, it is required to prove that any automorphism a for 
which Aa C {N,;, Ne} can be written in the form a = 8 + y, where AB CN,, 
Ay CNe. Let i(k), he(k), h3(k) be the invariants of N,, Ne, {Ni, Ne} re- 
spectively. Let »’ be all those relevant k’s for which hs(v’) = hiv’) S holr’), 
and y” the remaining relevant k’s, for which h3(v’’) = he(v’’) < hi(v’’). The 
hypothesis of the theorem states that all »’ are < K. 

Set 


A = 2 {by} + B*, 
v<K 


and 
boa = >» is” by + ¢, 


v<ckK 


where c belongs to the group generated by pA, for allk => K. Since hs(k) = 
h(k) forallk 2 K,c CN,. Define 


bou8 = ) ten pr” Dov 
v' SK 
We have b,,8 C Ne, and 
by ula a 8) = L bg pr” Boor + c e Ni. 
w< 


Also note that p*b,-,8 = 
Let a be any element of y of order n, and select any m 2 n+ K. We have 


a= >> Sb» + Me, Sp “boy + d, where d belongs to B”; define 


ysn y>n 


agp = a Sov by B + = SP "Dor B. 


yan 
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This definition is independent of the m chosen, since p” "b,8 = Oify — n 2 K. 
It follows that (a + a’)8 = a8 + a’8 as in the proof of Theorem 13. 
It is clear that AB C N.. Furthermore, 


m—1 
ala = B) = p> Sgr by (a =, B) + p> SP "bala mets 8) + da. 


The element d belongs to B”, so that h(d) + n(d) = m = n+ K;since n(d) < 
n, we have h(d) => K. Henceda C p*{N, , Ne}, which is generated by p"*“”** A, 
for allk = K, and finally da C N,. It follows from the expression for a(a — 8) 
that A(a — 8B) C N,. The proof of Theorem 14 is complete. 

Of importance in connection with (2) of Theorem 12 is the following con- 
sequence of Theorem 14. 


t 
Coroiary 6. p> am, «= {'%G,, «+>, Ma). 


The question whether the relation {(Ni) + 1(N2) = {1(N:), (Ne)} holds with- 
out any restriction on N,, N2 remains unanswered." 

Let us note that both r(p"A) and [(A,) consist of all automorphisms a for 
which p"a = 0, and that these are the only ideals which are both right and 
left normal ideals. 


8. Concluding remarks. A similar theory for the group © of proper auto- 
morphisms of A can be developed. Consider the characteristic subgroups C of 
A, i.e., those subgroups which remain invariant under all the proper auto- 
morphisms a of A.” Define the corresponding subgroups of G: 

$(C) = invariant subgroup of all proper automorphisms a such that ca = ¢ 
for each element c of C; 

R(C) = invariant subgroup of all proper automorphisms 8 such that a8 — a C 
C for each a of A. 

The inverse operations, defined for every invariant subgroup © of © are: 

J(S) = totality of elements a such that aa = a for each a in S; 

K(S) = group generated by elements b of the form b = aa — a for some a of 
A and a of S. 

It can be shown that J($(C)) = C and K(R(C)) = C except for certain types 
of groups A. But the question of determining which invariant subgroups of 
@ are of the type $(C) or R(C) cannot be answered within the group ©. 

The theory for the group & can be subsumed under the theory for the ring 0. 
For, it is immediately seen that $(C) and R(C) consist of those proper auto- 
morphisms of the form 1 + r(C) and 1 + [(C) respectively, and that J(S) = 
r(S’), K(S) = (S’), where S’ is the set of automorphisms of the form S — 1. 


4 This relation is easily proved for certain types of groups A, e.g., if A is a direct sum 
of cyclic groups. 

18 See footnote 7. 

16 See Baer, loc. cit. (footnote 3), supplement. 
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Let a C Y(C), B C R(C); then a — 1 and B — 1 belong to r(C) and [(C) re- 
spectively, and (8 — 1)(a — 1) = 0orl + fa = 8+ a. Thus, an invariant 
subgroup & of G is of the type R(C) if and only if there is another invariant 
subgroup & of G such that & consists exactly of all the proper automorphisms 
8 for which 1 + Ba = 8 + a for each ain §. Similarly for §(C). The deter- 
mination of the invariant subgroups of @ of the type $(C) or R(C) therefore 
requires the operation +. 


Finally, our theory has immediate application to the study of matrix rings. 
For example, consider all two-rowed square matrices of the form 


, 
t u 
where r, s, t, u are integers taken modulo p’*, p’, p’, p’ respectively. This is 
isomorphic to the ring of automorphisms of the Abelian group 
A= {a}+{b}, where pa=0,pb=0. 


The normal subgroups, 20 in number,” are determined according to Part I. 
The right and left normal ideals are then immediately obtained. The ideal 
structure of these ideals is given by Theorem 12. 


New York UNIVERSITY. 
17 The number of normal subgroups of A has the power of the continuum if the orders 
t 
of the elements in A have no upper bound, and is (k; + )-]] (ki — kia + 1) if all the 


relevant orders of A are k, , ke, -+- , ke in the order of increasing magnitude. 








SYLOW THEOREMS FOR INFINITE GROUPS 
By RrINHOLD BAER 


There exists a class of results in the theory of finite groups whose proofs are 
obtained by the method of counting; i.e., one shows that, unless the theorem in 
question holds true, there is an impossible abundance—or scarcity for that 
matter—of subsystems with some property. The results obtained this way may 
be called “Sylow theorems” after their most important representative. Typical 
examples are the following facts: The existence of central-elements, different 
from 1, in finite p-groups ~ 1; the conjugacy of any two greatest p-subgroups 
of a finite group; P. Hall’s discussion of Sylow-systems of finite soluble groups 
and so on. 

Though trying to break away from the classical limitation to the investiga- 
tion of finite groups, one may still employ the methods used in the proofs of 
theorems of the Sylow-type to obtain results concerning groups which are re- 
stricted in no way as to size. Certain conditions concerning the subsystems 
investigated turn out to be needed for the applicability of these methods. 
They are, however, in general not necessary for the validity of these extensions 
of theorems of the Sylow-type. But in imposing the condition that finite sub- 
sets are contained in finite normal subgroups, a class of groups has been charac- 
terized for which a fairly complete theory may be evolved.’ 


Chapter I. Sylow subgroups 


1. The only theorem concerning finite groups which we are going to use in 
this chapter is the theorem of Cauchy stating that a finite group contains an 
element of order the prime number p if, and only if, the order of the group is divisible 
by p. All the other theorems on finite groups, excepting elementary ones, 
which will be used will be proved as special cases of theorems on groups which 
may be finite or infinite. 

We enumerate some of the notations we are going to use. If S is a subset 
and x an element of the group G, then S* = 2 ‘Sx. Two subsets U and V of G 
are termed W-conjugate, where W is also a subset of G, if there exists an element 
win W so that U = V”. This relation is symmetric, reflexive and transitive, 
whenever W is a subgroup of G. U" signifies the set of all the U“ for w in W. 

If S is a subgroup of the group G, then (S < G) is the normalizer of S in @ 


Received December 13, 1939; presented to the American Mathematical Society, April 
12, 1940. 

1In this connection the following papers ought to be mentioned: A. P. Dietzmann, 
Uber p-Gruppen, Comptes Rendus de |’Académie des Sciences de l’URSS, vol. 15(1937), 
pp. 71-76; A. P. Dietzmann, A. Kurosch, A. I. Uzkow, Sylow-sche Untergruppen von unend- 
lichen Gruppen, Recueil Mathématique, vol. 3(1938), pp. 179-184. 
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which consists of all the elements g in G satisfying S = S’, and G:S is the 
number of cosets (right or left) of G mod S; i.e., G:S is the index of S in G. 


2. If p is a prime number, then the group G is said to be a p-group if every 
element in G is of order a power of p. 

THEOREM 2.1. If G is a p-group, if S is a subgroup of G, and if G:S is finite, 
then G:S is a power of p.” 

Proof. (1) Assume first that S is a normal subgroup of G. Then G/S is a 
finite group all of whose elements are of order a power of p, since G is a p-group; 
and it follows from the theorem of Cauchy that the order of G/S, i.e., G:S, 
is a power of p. 

(2) Assume secondly that S = (S < G@). If w is an element in G which 
transforms every S’ (for g in G@) into itself, then we have g ‘Sg = wg 'Sgw 
or S = (gwg')'Sgwg so that gwg belongs to (S < G) = S. Hence w 
belongs to every S’ for gin G. If D is the cross-cut of all the S’, then D is a 
normal subgroup of G and G/D is essentially the same as the group of permuta- 
tions which the elements in G induce in the set of the S’. Since the number 
of elements in the set S° is exactly G:(S < @) = G:S, G/D is a finite group. 
Thus it follows from what has been proved in (1) that G:D is a power of p. 
Since S/D is a subgroup of G/D, and since G:S = (G/D):(S/D), it follows 
now that G:S is a power of p. (As a matter of fact, G = S, as we shall see 
later.) 


(3) As our theorem certainly holds true in case G:S = 1, let us assume that 
it holds true for all the subgroups T of G so that G:T < G:S. We distinguish 
two cases. 

Case 1: S < (S < G). We have in this case G:(S < G) < G:S, and it 
follows from the induction-hypothesis that G:(S < @) is a power of p. Since 
Sis a normal subgroup of (S < G@), since (S < G) is a p-group—as a subgroup 
of G—, it follows from what has been proved in (1) that (S < G@):S is a power 
of p; and hence G:S is a power of p, since G:S = [G:(S < G@)][(S < G):8]. 

Case 2: S = (S < G). In this case it follows from what has been proved 
in (2) that G:S is a power of p. 


THEOREM 2.2. If Gis a p-group, if S is a subgroup of G which is not a normal 
subgroup of G, if the set S° of conjugate subgroups to S is finite, then there exists 
a subgroup T of G which is different from S, conjugate to S and satisfies 
(S <G) = (T < @). 

Proof. The number of elements in S° is certainly G:(S < G). Hence it 
follows from Theorem 2.1 that the number of elements in S° is a power of p 
and is actually divisible by p, since it is ¥ 1. 

If T is any subgroup in the set S°, then the set 7“<® is a subset of S° and 
therefore finite and two sets T*<® and T’“<® are either equal or disjoint. 


*See Dietzmann, Kurosch, Uzkow, op. cit., p. 182. 
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If 7* is the cross-cut of (S < G@) and (7 < G), then the number of elements 

in T“<® is exactly (S < G):7*; and this number is a power of p by Theorem 

2.1. Since (S < G):S* = 1, it follows that there exists at least one T ¥ S 

in S*° so that (S < G):T* = 1. This implies (S < G) Ss (T < G); and since 

S and T are conjugate subgroups of G, it follows that (S < G) = (T < G). 
The following statement is a simple consequence of this theorem: 


Coro.iary 2.3. If G is a p-group, if S is a subgroup of G so that S < G and 
so that G:(S < G) is finite,* then S < (S < G). 


Corouiary 2.4.‘ If G is a p-group, if S is a subgroup of G so that S < G 
and so that G:(S < G) is finite, then there exists a normal subgroup N of G so that 
SsWN <G. 


Proof. This statement is certainly true if G:(S < G) = 1, since then S itself 
is a normal subgroup of G. Thus we may assume that it holds true for every 
subgroup T of G so that T < Gand G:(T < G) < G:(S < @). If 1 < 
G:(S < G), then it follows from the finiteness of G:(S < @) and from Corollary 
2.3 that (S < G) < ((S < G) < G) so that G:((S < G) < G@) < Gi(S < G@). 
Hence it follows from the induction-hypothesis that there exists a normal sub- 
group N of G so that (S < G) < N < G; and this completes the proof.’ 


3. A subgroup P of the group G is said to be a p-component of G if P is a 
p-group which is not a proper subgroup of any p-group contained in G. Since 
the identity is a p-group, one may verify as usual that there exist p-components 
of every group. 


Tueorem 3.1." If there exists one p-component P of G so that P® is a finite 
sel, then any two p-components of G are conjugate subgroups of G and the number 
of p-components of G is = 1 (mod p). 


Proof. Denote by Q some p-component of G; and denote by W the set of 
subgroups in the finite set P® which are different from Q. If R is some p-com- 
ponent in W, then R and Q are different. Since Q and R are both p-components 
of G, it is therefore impossible that one is a subgroup of the other. Thus there 
exists an element u in Q that is not contained in R. If R = uw ‘Ru, then the 
subgroup, generated by u and R, would be a p-group, since u is an element of 


3 T.e., the set S¢ of subgroups of G which are conjugate to S in G is finite. Cf. Theorem 
3.6 below. 

4 Cf. Theorem 3.7 below. 

5 The proof that a finite p-group, different from 1, possesses a central, different from 1, 
may be used to prove the following statement. If G is a p-group, and if F is a finite and 
normal subgroup of G which is different from 1, then F contains an element, different from 
1, which is contained in the central of G. Cf. the paper of Dietzmann (see footnote 1); 
and R. Baer, Nilpotent groups and their generalizations, Trans. Amer. Math. Soc., vol. 
47(1940), pp. 393-434. 

6 The first proof of this theorem has been given by Dietzmann, Kurosch and Uzkow in 
their paper cited in footnote 1. Our proof is rather different from theirs and is just an 
adaptation of the proof reproduced in H. Zassenhaus, Lehrbuch der Gruppentheorie. 
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order a power of p. But this is impossible, since R is a p-component. Thus it 
follows that the set R°® does not consist of one element only. Since R ¥ Q, 
it follows that Q is not an element in R°® so that R° < W. If R* is the cross-cut 
of Q and (R < G), then it follows now that Q:R* is thé number of elements 
in R®. Since Q is a p-group, it follows from Theorem 2.1 that the number of 
elements in R® is a power of p which is different from 1; and thus it follows 
finally that the number of subgroups in W is = 0 (mod p). If we apply this 
result first on the special case Q = P, we see that the number of subgroups 
in P* is = 1 (mod p). If there were a p-component V not contained in P%, 
applying the above result to Q = V, we should find that the number of elements 
in P* is = 0 (mod p). This being a contradiction, our theorem is proved. 

Remark 3.2. It has been pointed out’ that the condition of the theorem 
cannot be omitted without invalidating the theorem. That the condition is, 
however, not a necessary one may be seen from the following example: 

Denote by Z; for every integer 7 S 0 a cyclic group of order 2; and by H the 
free product of all these groups. There exists clearly one and only one auto- 
morphism g of H so that Z$_, = Z;. Let G@ be the group generated in adjoining 
to H an element y so that y ‘ry = 2* for every x in H. 

Clearly H contains all the elements of finite order in G. It is a consequence 
of Kurosch’s theorem’ on the subgroups of free products that the 2-components 
of H are just the subgroups Z; and those subgroups which are conjugate to 
some Z;. In G, however, all the Z; are conjugate so that all the 2-components 
of G are conjugate, though their number is infinite. 


Coro.uary 3.3. If P is a p-component of G, and if G:P is finite, then G:P 
is relatively prime to p. 


Proof. Clearly G:P = [G@:(P < G@)]-((P < G@):P]. That the first factor 
is relatively prime to p is a consequence of Theorem 3.1. That the second 
factor is prime to p may be proved as follows. P is a normal subgroup of 
(P < G); and it is at the same time a p-component of (P < G@). If (P < @):P 
were divisible by p, then it would follow from Cauchy’s theorem that (P < @)/P 
contains an element Pw of order p. Its representative w is clearly of order a 
power of p. Since w transforms P into itself, it follows now that a p-group 
is generated in adjoining w to P; and this is impossible. 


Corouiary 3.4. If P is a p-component of the finite group G, then the order 
of P is the highest power of p dividing the order of G. 


Proof. That the order of P is a power of p is a consequence of Cauchy’s 
theorem and the fact that P is a p-group. The other statements are now a 
consequence of Corollary 3.3. 

Remark. This last corollary may be stated in the following form: If G is a 


7 Cf. the paper of Dietzmann, Kurosch and Uzkow, cited in footnote 1. 

8 Another example can be found in the paper of Dietzmann, Kurosch and Uzkow. 

®A. Kurosch, Die Untergruppen der freien Produkte von beliebigen Gruppen, Math. 
Ann., vol. 109(1934), pp. 647-660. 
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finite group, then every p-component is a Sylow subgroup and conversely. 
(Sylow theorem.) 


Coro.iary 3.5. If P is a p-component of G so that the number of subgroups 
of G which are conjugate to P is finite, and if q is a prime number which does not 
divide the number of subgroups conjugate to P, 1.e., if gq and G:(P < G) are rela- 
tively prime, then there exists in every class of conjugate q-components of G one 
which is a subgroup of (P < G). 


Proof. Suppose that Q is some fixed g-component of G. Then the sets P’® 
for g in G are disjoint and finite (as subsets of the finite set P®). A set P’° 
contains Q:(P*)* elements, where (P’)* is the meet of Q and (P’ < G); and 
this number is by Theorem 2.1 a power of q, i.e., either 1 or = 0 (mod g). If 
this number were not 1 for any of the P’, then G:(P < G) would be = 0 (mod q); 
and this is impossible from our hypothesis. Hence there exists at least one 
element g in G so that P’* consists of one element only, i.e., so that Q < (P’ < G). 
But then Q” < (P < G); and this is our statement. 

Since every finite positive integer is divisible by but a finite number of prime 
numbers, the above corollary implies that (P < @) contains q-components of G 
for almost every prime number q, if G:(P < G) is finite. 


THEOREM 3.6. The group G is a direct product of p-groups if, and only if, 

(a) every element in G is of finite order; 

(b) there exists for every prime number p a p-component P of G so that the 
number of conjugates to P in G is finite; 

(c) every subgroup S of G whose index G:S is finite and different from 1 is a 
proper subgroup of its normalizer (S < G) in G. 


Proof. If G is a direct product of p-groups, then G is the direct product of 
uniquely determined p-components; and this implies (a) and (b). If S isa 
subgroup of such a group G, then S is the direct product of its subgroups S, , 
where S, is the meet of S and G, , and where G, is the set of all the elements of 
order a power of pinG. If G:S is finite, then G: S is the product of the numbers 
G,:S,. If G:S # 1 and is finite, then every G,:S, is finite and only a finite 
number, though at least one, of the numbers G,:S, is different from 1. It is 
a consequence of Corollary 2.3 that G,:S, # 1, though finite, implies that 
S, < (S, < G,). Since (S < G) is the direct product of the (S, < G,), this 
implies the necessity of condition (c). 

Assume now conversely that the conditions (a) to (c) are satisfied. If Pisa 
p-component, then P is the only p-component of (P < G) and we have therefore 
(P < G) = ((P < G) < G). If P possesses but a finite number of conjugates 
in G, then G:(P < G) is finite and it follows from (c) that G = (P < G), ice., 
P is a normal subgroup of G. Hence P contains every element of order a 
power of p, since by their adjunction to P a p-group is generated; and P is 
therefore the only p-component of G. It follows from (b) that there exists for 
every prime number p one and only one p-component G, and that G, contains 
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all the elements of order a power of p; and it follows from (a) that G is the 
direct product of the G, . 


THEOREM 3.7. The group G is a direct product of p-groups if, and only if, 

(a) every element in G is of finite order; 

(b) there exists for every prime number p a p-component P of G so that the 
number of conjugates to P in G is finite; 

(c) there exists to every proper subgroup S of G whose index G:S is finite a 
normal subgroup N of G so that S S N < G. 


Proof. Denote by G, the set of all the elements of order a power of p in G. 
If G is a direct product of p-groups, then every G, is a subgroup of G and G is 
the direct product of the G,. Conditions (a), (b) are satisfied as in Theorem 
3.6. If S is a subgroup of G, then S is the direct product of the meets S, of S 
andG,. If there exists one prime number p so that G,: S, is finite and different 
from 1, then it follows from Corollary 2.4 that there exists a normal subgroup 
N, of G, so that S, S N, < G,. If N is the direct product of N, and of the 
G, for gq # p, then N is a normal subgroup of G and S Ss N < G; and this 
proves the necessity of condition (c). . 

Suppose conversely that the conditions (a) to (c) are satisfied by the group G@. 
It is a consequence of (b) and of Theorem 3.1 that any two p-components of G 
are conjugate in G. Denote by P some p-component of G. If P were not a 
normal subgroup of G, then (P < @) < G, though G:(P < G) is finite (by (b)). 
Hence it follows from (c) that there exists a normal subgroup N of G so that 
(P <G) SN <G. Let w be any element in G that is not contained in N. 
Then P” < N” = N so that both P and P” are p-components of N. Since 
the number of p-components of G is finite, so is the number of p-components 
of N; and it follows from Theorem 3.1 that any two p-components of N are 
conjugate in N. Hence there exists an element v in N so that P = P*”’, and 
this implies that wv is an element in (P < G) and therefore in N. As v is in N, 
this would imply that w is in N; and we have a contradiction. Hence P is a 
normal subgroup of G; and it follows from (a) that G is the direct product of 
its p-components.” 


4. A group is said to be locally finite," if every finite subset is contained in a 
finite and normal subgroup. Examples of locally finite groups, containing a 
given number of elements, are easily constructed. If a p-group is locally finite, 
then it can be proved that it is nilpotent. The converse does not hold true, as 
may be seen from the following example of a group with Abelian central quotient- 
group which is not locally finite though all of its elements # 1 are of order p. 


10 Further criteria for representability of a group as a direct product of p-groups may be 
found in the author’s paper mentioned in footnote 5. 

11 This concept is different from the concept “‘local endlich’’ introduced by Dietzmann, 
Kurosch, Uzkow (op. cit., footnote 1). 
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This group G is generated by elements u; , v;, w fori = 1, 2, --- which are 
subject to the following relations: 


Pp 


=v= w’; 


UU; = UU, Udy = VIM, Uw = WU, Vz = ViVi; 


It is clear that the central of G contains all the elements u; so that the central 
quotient-group of G is Abelian. This implies in particular that all the elements 
in G are of order 1 or p, if p # 2; and if p = 2, then the orders of the elements 
are divisors of 4. A normal subgroup of G which contains w contains all the u; 
and is therefore infinite. 


THEOREM 4.1. A subgroup P of the locally finite group G is a p-component 
of G if, and only if, the following condition is satisfied. 

(*) The cross-cut of P and F is a p-component of F for every finite normal sub- 
group F of G. 


Proof. Suppose first that condition (*) is satisfied by P. If z is any element 
in P, then there exists a finite normal subgroup X of G which contains z, since G 
is locally finite. The element z is contained in the cross-cut of P and X; and 
this cross-cut is a p-group by (*). Hence z is of order a power of p and P 
isa p-group. If P is a subgroup of the p-group Q, and if w is an element in Q, 
then let W be a finite and normal subgroup of G which contains w. As Q is a 
p-group, it follows that the cross-cut of W and Q is a p-group. Since (*) is 
satisfied by P, and since P S Q, it follows that P and Q have the same cross-cut 
with W. Hence w is an element in P, i.e., P = Q and P is a p-component of G. 

Assume now conversely that P is a p-component of the locally finite group G. 
In order to prove that (*) is satisfied by P, we prove first the following 
statement.” 


(4.1.1) If N is a normal subgroup of the finite group M, and if K is a p-com- 
ponent of M, then the cross-cut of N and K is a p-component of N. 


Denote by L the cross-cut of Nand K. Then L is contained in a p-component 
L* of N, and L* is contained in some p-component H of M. Since M is finite, 
it follows from Corollary 3.4 that H and K are conjugate subgroups of M so 
that there exists an element g in M satisfying: H’ = K. Since N is a normal 
subgroup of M, we have N = N’. Since H is a p-group and L* a p-component 
of N, it follows that L* is the cross-cut of H and N. Hence L*’ = L and this 
proves that L is a p-component of N. 


(4.1.2) If F is a finite and normal subgroup of the locally finite group G, if the 
subgroup S of G is a p-group, then there exists a subgroup T of G which is a p-group, 
contains S, and whose cross-cut with F is a p-component of F. 


12 This result, of course, is well known. Cf., however, Corollary 4.2 below. 
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It suffices to prove the existence of a p-component 7* of F which contains 
the cross-cut S* of S and F and whose join 7' with S is a p-group. 

Assume first that V is a p-component of F which contains S* though its 
join with S is not a p-group. Then there exists a finite subset U of S so that 
the join of V and U is not a p-group. Since G is locally finite, there exists a 
finite and normal subgroup F’ of G which contains both U and V. Since U 
is part of the cross-cut of F’ and S, it follows in particular that the join of V 
and the cross-cut of S and F’ is not a p-group. 

Assume now that every p-component V of F which contains S* has the 
property that its join with S is not a p-group. Since F is a finite group, there 
exists but a finite number of p-components of F. Since G is locally finite, it 
follows that the join of a finite number of finite, normal subgroups of G is a 
finite and normal subgroup of G. Hence it follows from what has been proved 
in the preceding paragraph that there exists a finite and normal subgroup W 
of G with the following properties: F < W; if W* is the cross-cut of W and S, 
and if VY is a p-component of F which contains S*, then the join of V and W* 
is not a p-group. 

There exists, however, a p-component W** of W which contains W*. It is 
a consequence of (4.1.1) that the cross-cut V** of W** and F is a p-component 
of F, since W is finite and F is a normal subgroup of W. Clearly S* < V**. 
But this is a contradiction. Hence (4.1.2) holds true. 

That every p-component of a locally finite group satisfies (*) is a fairly obvious 
consequence of (4.1.2). 

The following statement is a generalization of (4.1.1). 


Corouuary 4.2. If N is a normal subgroup of the locally finite group G, and 
if P is a p-component of G, then the cross-cut of P and N is a p-component of N. 


Proof. Denote by P’ the cross-cut of P and N, and by F a finite and normal 
subgroup of N. Since F need not be a normal subgroup of G, we imbed F into 
a finite, normal subgroup of G whose cross-cut F* with N is a finite and normal 
subgroup of G too, since N is a normal subgroup of G. The cross-cut P” of P 
and F* is by Theorem 4.1 a p-component of F*. Since F is a normal subgroup 
of #'*, it follows from (4.1.1) that the cross-cut of P’ and F, which is just the 
meet of P’ and F, is a p-component of F. Since every subgroup of a locally 
finite group is itself locally finite, it follows now from Theorem 4.1 that P’ is a 
p-component of N. 

Suppose that N is a normal subgroup of the group G, and that g is an auto- 
morphism of N. Then g is said to be a normal automorphism of N, provided 
S = S® for every subgroup S of N which is at the same time a normal subgroup 
of G (and therefore of N). Every inner automorphism of G induces normal 
automorphisms in the normal subgroups. But the converse does not hold true. 

The normal automorphisms of locally finite groups G are exactly those which 
induce normal automorphisms in all those subgroups of G which are finite and 
normal at the same time, since G is the join of its finite and normal subgroups. 
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Thus the normal automorphisms of the finite, normal subgroups will be of 
particular importance. It may be remarked that normal automorphisms of 
the normal subgroup N of G induce normal automorphisms in every subgroup 
M of N which is normal in G. 

We are going to discuss properties P of normal automorphisms of the finite 
and normal subgroups which are subject to the following condition: 


(4.P) If H and K S H are both finite and normal subgroups of G, and if the 
normal automorphism g of H obeys property P, then the automorphism which g 
induces in K satisfies P. 


We shall have to discuss in the course of our investigation several instances of 
such properties P. 


THEOREM 4.3. If G is a locally finite group, if P is a property of normal auto- 
morphisms of normal, finite subgroups of G which obeys the rule (4.P), and if there 
exists corresponding to every finite, normal subgroup N of G a normal automorphism 
of N which satisfies P, then there exists a normal automorphism of G which induces 
in every finite, normal subgroup of G an automorphism, satisfying P. 


Proof. It will be convenient to introduce the following notation. If S is a 
normal subgroup of @, then an automorphism f of S is termed admissible, pro- 
vided f satisfies the following conditions. 

(i) f is normal. 

(ii) If F is a finite subgroup of S and a normal subgroup of G, then P is satis- 
fied by the automorphism which f induces in F. 

Using this terminology, we set out to prove the existence of admissible auto- 
morphisms of the group G. 

Since G is locally finite, there exists an ascending chain of normal subgroups 
G, of G with the following properties. 

(2) G,4:/G, is a finite group. 

(3) 4G, is for limit-ordinals » the set of all the elements contained in groups 
G, for wu < ». 

(4) G, = G. 

We are now going to construct by complete (transfinite) induction admissible 
automorphisms g(v) of G, so that g(p) and g(c) coincide on G, whenever p < ce. 
For the purposes of our inductive procedure it is necessary to impose a further 
condition upon these automorphisms. 

(iii) If F is a finite and normal subgroup of G, then there exists an admissible 
automorphism of F which coincides with g(v) on the cross-cut of F and G, . 

It is a consequence of the hypothesis of our theorem that g(0) = 1 meets 
the requirements (i) to (iii). Thus we may assume that g(u) has been defined 
for every » < v in such a way as to meet all our requirements. 

Case 1. v = r+ 1. There exists by (2) a finite and normal subgroup NV 
of G so that G, is the join of N and G,. It is a consequence of the hypothesis 
of our theorem that there exists at least one admissible automorphism of N; 
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and as N is a finite group, there exists at most a finite number of admissible auto- 
morphisms of N. Now we prove the following statement. 

(4.3.1) There exists an admissible automorphism v of N with the following 
property. 

(+) If H is a finite and normal subgroup of G, and if N < H, then there 
exists an admissible automorphism h of H which coincides with v on N and 
with g(r) on the meet of H and G, . 

If this statement were not true, there would exist corresponding, to every 
admissible automorphism f of N a finite and normal subgroup H = H(f) of G 
for which condition (+) would not be fulfilled though N = H. The join W 
of all the H(f) is a finite and normal subgroup of G, since there exists but a 
finite number of admissible automorphisms of N, and since G is locally finite. 
Hence it follows from the induction-hypothesis that we may apply (iii) upon W, 
G, , and g(r). Consequently there exists an admissible automorphism w of W 
which coincides with g(r) on the meet of W and G,. Since W contains all the 
H(f), and since every H(f) contains N, it follows that N is a subgroup of W, 
and that therefore w induces an admissible automorphism w’ in N. Since w 
is an admissible automorphism of W, it induces an admissible automorphism w’”’ 
in the subgroup H(w’) of W. This admissible automorphism w” coincides 
with w’ on N and with g(r) on the meet of H(w’) and G, , since w coincides 
with g(r) on the meet of W and G,. But this contradicts our choice of H(w’) 
so that our assumption of the falsity of (4.3.1) has led to a contradiction. 

Denote now by v a fixed admissible automorphism of N which satisfies (+). 
Then we may prove the following statement. 

(4.3.2) Suppose that D and E are any two finite and normal subgroups of G 
which are contained in G,. Denote by D’ and E’ the joins of N and D and 
of N and E respectively; and denote by d and e admissible automorphisms of D’ 
and E’ respectively which coincide with v on N and with g(r) on the cross-cut 
of G, and D’ or E’ respectively. Then d and e coincide on the meet of D’ 
and FE’. 

Denote by U the join of D’ and E’. Since N is a subgroup of U, and since U 
is a finite and normal subgroup of the locally finite group G, there exists by (+) 
an admissible automorphism u of U which coincides with v on N and with g(r) 
on the meet of G, and U. This implies that u, d and e coincide on N (with v), 
that u and d coincide on D (with g(r)), and that u and e coincide on E (with 
g(r)). Thus u and d coincide on D’; and u and e coincide on £’; and this 
implies ‘our proposition. 

If z is any element in G, , then there exists a finite and normal subgroup X 
of G which is contained in G, so that z is an element of the join of X and N. 
There exists by (+) an admissible automorphism of the join of X and N which 
coincides with v on N and with g(r) on X. It is a consequence of (4.3.2) that 
all these admissible automorphisms, independent of the particular choice of X, 
map the element x upon the same element x®”. If x and y are any two elements 
in G,, then there exists a finite and normal subgroup Y of G which is part 
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of G, so that both z and y are elements of the join of Y and N. It is a conse- 
quence of (4.3.2) that g(v) induces an automorphism of this join-group; and 
this implies that g(v) is an automorphism. In the same way one sees that g(v) 
is an admissible automorphism of G, . 

Suppose now that R is any finite and normal subgroup of G. Then the join 
K of R and N is a finite and normal subgroup of G. There exists a finite and 
normal subgroup D of G which is contained in G, so that the join of D and N 
contains the cross-cut of K and G,. If H is the join of K and D, then H isa 
finite and normal subgroup of G and the meet of H and G, is generated by D 
and N. There exists by (+) an admissible automorphism f of H which induces 
v in N and which coincides with g(7) on the cross-cut of H and G,. Since f 
therefore coincides with g(r) on D, it follows that f coincides with g(v) on the 
meet of H and G, ; and this shows finally that (iii) is satisfied by the admissible 
automorphism g(v) of G, which clearly induces g(r) in G, . 

Case 2. vis a limit-ordinal. In this case G, is the set of all the elements 
contained in groups G, for 4 < ». There exists therefore one and only one 
automorphism g(v) of G, which coincides with g(x) on G, for every » < v. It is 
readily seen that this automorphism is admissible and satisfies (iii). 

Thus we have succeeded in constructing the automorphisms g(v) for every ». 
Hence there exists in particular the admissible automorphism g(y) of G, = G; 
and this completes the proof of our theorem. 


THEeorEM 4.4. If G is a locally finite group, and if R and S are two p-compo- 
nents of G, then there exists a normal automorphism of G which maps R upon 8S. 


Proof. Suppose that F is a finite and normal subgroup of G. Then a normal 
automorphism of F is said to satisfy property P if it maps the cross-cut of F 
and R upon the cross-cut of F and S. This property P satisfies clearly con- 
dition (4.P). 

Since G is locally finite, it follows from Theorem 4.1 that the cross-cut of F 
and R as well as the cross-cut of F and S are both p-components of F. Since F 
is finite, there exists (by Sylow’s theorem) an inner automorphism of F which 
maps the cross-cut of F and R upon the cross-cut of F and S. Thus it follows 
that the hypothesis of Theorem 4.3 is satisfied by the property P. Hence 
there exists by Theorem 4.3 a normal automorphism f of G with the following 
property. 

If F is a finite and normal subgroup of G, then the cross-cut of F and R is 
mapped by f upon the cross-cut of F and S. 

Since, however, every element in G is contained in some finite and normal 
subgroup F of G, it follows that R is mapped upon S by f; and this completes 
the proof. 


TuEorem 4.5. (a) Any two p-components of the countable,” locally finite group 
G are conjugate subgroups of G if, and only if, there exists only a finite number of 
p-components of G. 


13 Whether or not this countability-hypothesis is necessary for the validity of Theorem 
4.5, the author has not been able to decide. 
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(b) The following statements are satisfied by every countable and locally finite 
group G. 

(b’) If the number of p-components of G is finite, then any two p-components 
of G are conjugate subgroups of G. 

(b’’) If there exists an infinity of p-components of G, then every complete set of 
conjugate p-components contains a countable infinity of elements, and there exist 
2®° different classes of conjugate p-components of G. 


Proof. (a) is an obvious consequence of (b). In order to prove (b) we prove 
first the following statement. 


(4.5.1) If G is countable and locally finite, and if there exists an infinity of 
p-components of G, then there exist 2*° »-components of G. 


Since G is countable and locally finite, there exists an ascending chain of 
finite and normal subgroups N(i) of G so that every element of G is contained 
in at least one of the groups N(7z) (¢ = 0, 1, 2,--- ), N(@O) = 1. 

It is a consequence of (4.1.1) that every p-component of N(i + 1) meets N (7) 
in a p-component; and every p-component of N(i) is contained in some p-com- 
ponents of N(i + 1). If H and K are two p-components of N(7), then there 
exists, by Corollary 3.4, an element g in N(z) so that H’ = K; and the inner 
automorphism, induced by g in N(i + 1), maps the set of p-components of 
N(i + 1) which meet N(7) in H upon the set of those p-components of N(i + 1) 
which meet N(z) in K. Thus there exists a finite positive integer f(7) with the 
property: corresponding to every p-component H of N(i) there exist exactly 
f(t) p-ecomponents of N(i + 1) which meet N(7) in H. 

If P is any p-component of G, then it follows from Theorem 4.1 that the 
cross-cut P(7) of P and N(i) is a p-component of N(z). These subgroups P(7) 
form clearly an ascending chain of subgroups so that every element in P is 
contained in at least one P(7). 

Suppose conversely that P(7i) is, for every 7, a p-component of N(7), that 
P(i) = P(i + 1), and that P is the subgroup of all the elements which are 
contained in at least one P(i). Since every finite and normal subgroup of G 
is contained in at least one subgroup N(j), it follows from (4.1.1) and from 
Theorem 4.1 that P is a p-component of G. This shows that the number of 
p-components of G is exactly the number of ascending chains of subgroups P(7) 
so that P(i) is a p-component of N(i). This number is, however, easily 
computed. For, if all the f(z) for k < ¢ are equal to 1, then the number is 
f(1) .--f(k) and is therefore finite. If it happens on the other hand for an 
infinity of i that f(i) ¥ 1, then there exist 2"° different such chains, i.e., there 
exist 2"° different p-components of G. This completes the proof of (4.5.1). 

To prove (b) we recall first that G is countable so that all complete classes of 
conjugate subgroups are countable. If one complete class of conjugate p-com- 
ponents of G is finite, then it is a consequence of Theorem 3.1 that any two 
p-components of G are conjugate. Now (b) is an obvious consequence of (4.5.1). 

Remark. It is comparatively easy to construct countably infinite and locally 
finite groups whose p-components are not conjugate. Let B(i) be some finite 
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group, containing more than 7 p-components. The direct product of the B(i) 
is countably infinite, locally finite and contains an infinity of p-components. It 
follows from Theorem 4.5 that not any two of its p-components are conjugate. 


Chapter II. Sylow bases 


5. The subgroups S, of G are said to constitute a Sylow-basis of G, if they 
satisfy the following conditions: 

(i) S, is a p-component of G. 

(ii) G is generated by the S,. 

(iii) If z is an element in the subgroup generated by S,,,--- , Sp,, then 
its order is an integer, not divisible by prime numbers different from pi, --- , px. 

Thus only groups without elements of infinite order may possess a Sylow-basis. 
Hall" has proved the following fundamental theorems concerning Sylow-bases 
of finite groups. 

(E) There exists a Sylow-basis of the finite group G if, and only if, Gis a soluble 
group. 

(C) Any two Sylow-bases of a finite group G are conjugate in G. 

(S) Any given Sylow-basis of any subgroup S of the finite soluble group G con- 
sists of the cross-cuts of S with the members of a suitably chosen Sylow-basis of G. 


The proofs in this chapter are largely effected by reduction to the finite case, 
whereas we avoided this method throughout the first chapter. 


6. This section is devoted to a generalization of the theorem (C) of §5. 


THEOREM 6.1. Jf there exists one Sylow-basis of the group G which possesses 
but a finite number of different conjugate Sylow-bases in G, then any two Sylow- 
bases are conjugate in G. 


Proof. Suppose that the p-components S, (for every prime number p) con- 
stitute a Sylow-basis of G which possesses but a finite number of different conju- 
gatesin G. If S is the set of these S, , g an element in G, then we denote by S’ 
the set of the S%. As there exists but a finite number of distinct S’, there 
exists only a finite number of different S$ for every p; and it follows from 
Theorem 3.1 that any two p-components of G are conjugate subgroups of G. This 
implies in particular that every set S} consists of all the p-components of G. 

An element u in G transforms every S’ into itself if, and only if, it transforms 
every S% into itself, i.e., if, and only if, it transforms all the p-components of G 
(for every p) into themselves. If U’ is the set of all the elements u with this 
property that u'S’u = S’ for every g in G, then U is a normal subgroup of G, 
G/U is essentially the same as a group of permutations of the set of all the S’ 
so that G/U is a finite group, since the set of the S’ is finite. 

Suppose now that 7 is some p-component of G, and that 7* is the subgroup 
of G/U which is represented by elements in 7’. Then 7* is a p-group, and 


4 P. Hall, On the Sylow systems of a soluble group, Proc. London Math. Soc., vol. 43(1937), 
pp. 316-323. 
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there exists therefore a p-component W* of G/U which contains T*. If 
T* # W*, it would follow from Corollary 2.3 that there exists an element w* 
in W* with the following properties: 7* = 7*"" and w*? is an element in 7%, 
though w* is not in 7*. Since all the elements in G are of finite order, there 
exists an element w of order a power of p so that w* = Uw. If tis an element 
in 7, then it follows from 7* = T*"" that w ‘tw = ut’ for win U and ¢ in T. 
As both u and ¢’ transform T into itself, it follows that w ‘tw is an element of 
order a power of p that transforms T' into itself. Since T' is a p-component of G, 
this implies that w ‘tw is an element in T, i.e., 7 = T”. Since w is therefore 
an element of order a power of p, transforming the p-component T' into itself, 
it follows that w belongs to 7’; and this contradicts our original choice of w. 
Hence we have proved that 7 represents a p-component of G/U. 

Assume now that B is a Sylow-basis of G, consisting of the p-components B, , 
that B; is the subgroup of G/U which is represented by the elements in B, , 
and that B* is the set of the B¥. If P is some (finite) set of prime numbers, 
then denote by B(P) the subgroup of G@ which is generated by the B, for p 
in P, and denote by B*(P) the subgroup of G/U which is generated by the B; 
for pin P. Then B*(P) is exactly the subgroup of G/U which is represented 
by elements in B(P) and it follows that B* is a Sylow-basis of G/U. 

Now it follows from (C) of §5 that S* and B* are conjugate in G/U, i-e., 
there exists an element v* in G/U so that S¢"” = B} for every prime number p. 
If »v is an element in G so that v* = Uv, t an element in S,, then v ‘tv = ub 
for u in U and b in B, ; and it follows as above that v ‘tv belongs to B, , since 
it is an element of order a power of p that transforms the p-component B, into 
itself. Hence S, = B, for every p, i.e., S° = B; and this completes the proof. 

Note that we have proved the following statement. 


Corouiary 6.2. If B is a Sylow-basis of the group G, if U consists of all the 
elements in G which transform every B’ for g in G into itself, then U is a normal 
subgroup of G and every Sylow-basis of G represents a Sylow-basis of G/U. 


The following statement is easily derived from this corollary. 


Coro.uary 6.3. If the group G possesses a Sylow-basis B so that B® is a finite 
set, and if S, is a p-component of G, then there exists only a finite number of prime 
numbers q so that the normalizer of S, in G does not contain every q-component of G. 


This statement is an improvement upon Corollary 3.5 and its consequences 
under the additional hypothesis of the existence of a Sylow-basis possessing 
but a finite number of conjugates. 


7. In this section we are going to investigate the Sylow-bases of locally finite 
groups. 

Lemma 7.1. The subgroups S, of the locally finite group G form a Sylow-basis 
of G if, and only if, the meets of the S, and N constitute a Sylow-basis of N for 
every finite and normal subgroup N of G. 
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Proof. If the S, form a Sylow-basis of the locally finite group G, and if N 
is a finite and normal subgroup of G, then it is a consequence of Theorem 4.1 
that the meet of S, and N is a p-component of N. Hence it follows from 
Corollary 3.4 that N is generated by the meets of N and the S,. If finally P 
is a (finite) set of prime numbers, then the join S(P) of the S, for p in P contains 
only elements whose orders are not divisible by prime numbers not in P; and 
consequently the same condition is satisfied by the meets of N and S,. Thus 
a Sylow-basis of N is formed by the meets of N and S,. 

Assume conversely that the set S, of subgroups of G satisfies the condition 
of this lemma. Then it is a consequence of Theorem 4.1 that every S, is a 
p-component of G. Since every element in G is contained in some finite and 
normal subgroup of G, it follows that G is generated by the S,. If finally P 
is a (finite) set of prime numbers, S(P) is the subgroup generated by the S, 
for p in P, and ¢ is an element in S(P), then there exists a finite set F of ele- 
ments so that every element in F belongs to some S, for p in P, and so that 
t is contained in the subgroup generated by F. Thus the smallest normal sub- 
group of G, containing F, is a finite and normal subgroup N of G, containing F 
and t; and now it follows from our hypothesis that the order of ¢ is not divisible 
by prime numbers, not contained in P. Hence a Sylow-basis of G is formed 
by the S,. 


Corouuary 7.2. If the subgroups S, of the locally finite group G form a Sylow- 
basis of G, and if N is some normal subgroup of G, then a Sylow-basis of N is 
formed by the meets of N and the S,. 


Proof. We note first that N is locally finite, since the meets of N and finite, 
normal subgroups of G are finite and normal subgroups of N. Suppose now 
that H is a finite and normal subgroup of N. Then H is contained in a finite 
and normal subgroup L of G. It is a consequence of Lemma 7.1 that the meets 
L, of L and S, form a Sylow-basis of L. The cross-cut K of N and L is a 
normal subgroup of L. Hence it follows that the meets K, of L, and K form 
a Sylow-basis of K. Since finally H is a normal subgroup of K, it follows that 
the meets H, of K, and H form a Sylow-basis of H. But H, is the meet of H 
and S, ; and now it follows that the meets of S, and N form (by Lemma 7.1) 
a Sylow-basis of N. 


THEOREM 7.3. If G is a locally finite group, then each of the following properties 
implies the others: 

(a) There exists a Sylow-basis of G. 

(b) If N is a finite and normal subgroup of G, then there exists a Sylow-basis 
of N. 

(c) Every finite and normal subgroup of G is soluble. 


Proof. Since the equivalence of (b) and (c) is a consequence of (E) in §5, 
we are concerned only with the equivalence of (a) and (b). That (b) is a conse- 
quence of (a) follows immediately from Lemma 7.1. Thus we assume finally 
that (b) is satisfied by the locally finite group G. 
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There exists an ascending chain of subgroups G, of G so that 

(i) Go = 1; 

(ii) every G, is a normal subgroup of G; 

(iii) G,4:/G, is a finite group; 

(iv) G, is for limit-ordinals v the set of all the elements contained in groups 
G, for wp < »; 

(v) G, = G. 

Then we are going to construct by complete transfinite induction Sylow-bases 
S,, of G, so that the S,, are for » < v just the meets of G, with S,,. Since 
S» = 1, we may assume that we have already succeeded in constructing the 
Sylow-basis S,, for «4 < v which meet our requirements. 

Casel. v= 7+ 1. In this case there exists a finite and normal subgroup N 
of G so that G, is the join of G, and N. It is a consequence of our hypothesis 
that there exists a Sylow-basis of N; and since N is finite, there exists a finite 
number of distinct Sylow-bases of N. Let 7, be some Sylow-basis of N; and 
denote by 7's the join of T, and S,,. Every finite and normal subgroup of G, 
is contained in the join of N and some finite and normal subgroup of G which 
is contained in G,. Hence it follows from Lemma 7.1 and Corollary 7.2 that 
the ’; form a Sylow-basis of G, , if a Sylow-basis of N’ is formed by the meets 
of N’ and the 7% , whenever N’ is the join of N and some finite, normal sub- 
group of G which is contained in G, . 

Suppose now that none of the possible systems 7'> forms a Sylow-basis of G, . 
Then there exists corresponding to each Sylow-basis T', of N a finite and normal 
subgroup W of G which is contained in G, so that the meets of 7} with the 
join of W and N do not form a Sylow-basis of this join. The subgroup V of G 
which is generated by all these subgroups W is finite, since there exists but a 
finite number of Sylow-bases of N; V is furthermore normal in G@ and part 
of G,. It is a consequence of Corollary 7.2 that the meets V, of V and S,, 
form a Sylow-basis of V. If U is the join of N and V, then it follows from (S) 
of §5 that there exists a Sylow-basis U, of U so that the V, are just the meets 
of V and U,. These U, meet N in a Sylow-basis N, ; and the U, are just 
the meets of U and N> (= join of N, and S,,). But this contradicts our choice 
of V; and thus it follows that the Sylow-basis S,, of G, may be extended to a 
Sylow-basis of G, . 

Case 2. v is a limit-ordinal. Then the joins S,, of the S,, for u < v meet 
all the requirements. 

Thus the S,, have been defined for every ». Since the S,, form a Sylow-basis 
of G, = G, this completes the proof. 

This criterion may be put into a different form. A group G has been termed 
metacyclic’® if there exists an ascending chain of subgroups G, , satisfying the 
following conditions. 


(i) G = 1 


16 Cf. R. Baer, op. cit., footnote 5. 
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(ii) G, is a normal subgroup of G,,; and G,4:/G, is a cyelie group. 

(iii) G, is for limit-ordinals v the set of all the-elements contained in groups 
G, for np < ». 

(iv) G, = G. 

Subgroups and quotient-groups of metacyclic groups are metacyclic; and 
finite metacyclic groups are the same as finite soluble groups. Thus it follows 
that locally finite groups are metacyclic if, and only if, each of its finite and 
normal subgroups is soluble. The conditions (a) to (c) of Theorem 7.3 are 
therefore equivalent to the following property of locally finite groups. 

(d) G is metacyclic. 


THEorEM 7.4. If G is a locally finite group, and if the subgroups S,; of G form 
(fori = 1, 2) a Sylow-basis of G, then there exists a normal automorphism f of G 
so that Sy» = Sta for every prime number p. 


Proof. If F is a finite and normal subgroup of G, then the normal auto- 
morphism g of F is said to have property P if it maps the meet of S,; and F 
upon the meet of S,. and F for every prime number p. This property P satis- 
fies condition (4.P). It is furthermore a consequence of Lemma 7.1 that the 
meets of F and S,; form fori = 1 or 2 a Sylow-basis of F; and it follows therefore 
from (C) of §5 that there exist normal (even inner) automorphisms of F which 
satisfy P. Hence it follows from Theorem 4.3 that there exists a normal auto- 
morphism f of G which satisfies S,. = S‘, for every prime number p, since 
every finite set of elements in the locally finite group G@ is contained in some 
finite and normal subgroup F of G. 


THEOREM 7.5. (a) Any two Sylow-bases of the countable, locally finite group G 
are conjugate in G if, and only if, there exists only a finite number of different 
Sylow-bases of G. 

(b) The following properties are satisfied by countable and locally finite groups G: 

(b’) If the number of Sylow-bases of G is finite, then any two Sylow-bases of G 
are conjugate in G. 

(b’’) If there exists an infinity of Sylow-bases of G, then every complete set of 
conjugate Sylow-bases contains a countable infinity of different Sylow-bases; and 
there exist 2®° different classes of conjugate Sylow-bases of G. 


The proof of this theorem is constructed on essentially the same lines as the 
proof of Theorem 4.5. 


Tue UNIvERsITY oF ILLINOIS. 





exis 


whe 





LAGUERRE POLYNOMIALS AND THE LAPLACE TRANSFORM 
By J. SHonat 
Introduction. The object of this paper is to study the Laplace transform 
( Pw) = [ &™6(u) du, R(t) > & > 0, 
0 
where 


[ e “| ¢(u) du 
0 


exists, by means of the orthonormal Laguerre polynomials 


2 2 oat 2 
(2) [ € “dnl(uldm(u) du = Sm,n (m,n = 0, 1, 2, ---). 


The connection between the Laplace integral and Laguerre polynomials has 
been exhibited by Widder [15]' who made use of it in order to obtain an inversion 
formula for the general Laplace transform 


(3) I e ™ da(u) (a(u) bounded, non-decreasing). 


Here we are concerned mainly with the uniqueness of the representation (1) and 
with the nature of F(t). Our discussion is based upon the now classical property 
of Laguerre polynomials expressed in Parseval’s formula 


[heap du = X AnBa, 
where 


A, = I ‘ e “fi(u)oa(u) du, B, = i! e “fo(u)on(u) du. 


(4), where the series converges absolutely, holds for any two functions 


fie(u) such that | e “| fi2(u) |? du exists’ (which implies the existence of 
0 


Received January 1, 1940; presented to the American Mathematical Society, December 
31, 1936. 

1 Numbers in brackets refer to the bibliography at the end. 

2 ¢(u) in (1) and also f(u), f:(u), *** are in general complex-valued functions of the real 
variable u; e.g., fi(u) = ¥i(u) + iv2(u), where the y’s are real. 
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I e “fia(u)u" du (n = 0,1, 2,---)). (A) yields, in particular, 


(5) [ e*|f(u) Pdu = > | ” eft) ga(u) du [. 


The use of Parseval’s formula enables us to establish the equivalence of the func- 
tional representation (1) to the class of functions belonging to (H2), | that is, repre- 


sentable in the region D: |z| < 1 by power series > cua", with 2 | 60 < @, 


The same considerations, combined with certain anit from the a of func- 
tions of a complex variable, enable us to treat the problem of uniqueness of the 
representation (1). Moreover, they yield many results from the theory of 
approximation—generalizations of Weierstrass’ Theorem obtained in entirely 
different ways by Szdsz [12] and Miintz [7]. 

Our procedure may be characterized thus: from uniqueness of the Laplace 
transform to approximation, while most writers on this subject use the reverse 
procedure—from approximation to the said uniqueness [6, 16].* 

1. Writing in (1) 


4 e “o(u) du = [ e PD b(u) du, 


we see that the existence of I e “| @(u) |? du implies & = }, ice., 
(6) R(t) > 3. 
We wish to apply (4) to the right member in (1). To this end, rewrite (1) as 


(7) PO = [ ete" $(u) du 
o 
By virtue of (2), we get at once 
(8) [re moaau =F (F= 1) =0,1,2,--, 
ete oi ~ 1) ¢,(u). 


Parseval’s formula now yields the fundamental relation 


F(t) = [ e™ g(u) du = - » > A, (¢- 1) ; R(t) > 3, 


t a=0 


(9) © 
A, = [ e “dn(u)o(u) du ( I e “| o(u) du exists). 


3 Cf. also a recent paper by W. Feller [2], also the work of Picone [9], Hille [3], Hille and 
Tamarkin [4], Paley and Wiener [8} and Tricomi [14], which have points in common with 
the present paper. The author is indebted to E. Hille for calling his attention to [3, 4, 
8, 9, 14]. 
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The series in (9) converges absolutely (the convergence of the series in (8) does 
not concern us here). 

We could write down (8) and (9) directly, making use of the generating func- 
tion for Laguerre polynomials 


1 zu/(1+2) po = n 
+e? LX da(u)z ; 
where we set 
(10) 2-5-1; |jz| <1 
(by (6)). (9) now becomes 
= 1 se ’ 4 
(11) ro =F(4.)= 049d ae, |z| <1, 
where, by (5), 
(12) > | A.) = [ e “| (u) Pdu < a. 
n=0 0 


It follows that the functions 
(13) wl) = De Anz", — wile) = (1 + zl) = 2 (Ana + Ande”, 
|z| € i (AL, = 0) 
both belong to (He). 
Conversely, given the power series > az", with >> |a, |" < ©, so that it 
n=0 n=0 


represents a function A(z) € (H2), (1 + z)A(z) can be represented as a Laplace 
integral (1), namely, 


(1 + z)A(z) = [ e ™f(u) du, 
(14) r , 
[ e “| f(u) |’ du exists; i= = R(t) > }. 
0 
By hypothesis, 
Qn = Ca + tdy, > ci < @, a2 < o. 
n=0 n=0 


By the Riesz-Fischer Theorem, there exist (real) functions ¥(u), Ye(u) such that 


dle) ~ i engal)s val) ~ D dagalu), 


[ e “vi(u) du = x a, [ e“yi(u) du = 2 &. 
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The desired répreséntation (14) is now obtained if we let 
flu) = lu) + w2(u), 


and observe that, by virtue of (4) and (10), where |z| < 1 implies R(t) > 3 
and vice versa, 


(1+ 2)A(z) = ; > An (; - 1) = [ e*.e "F(u) du = [ e “f(u) du. 


n=0 t 


We have thus established the equivalence of the two representations as 
described in the introduction. 

We conclude that in (1) F(1/(1 + z)) possesses all properties of functions 
€ (Hz) ((13], p. 244). 

Remark. The relation (11) may be considered as an inversion formula for 
(1) in the following restricted sense. F(t) being given, (11) enables us to find 


the coefficients A, in the expansion ¢(u) ~ >> A,@,(u), and the set {A,} 
n=0 

determines ¢(u) uniquely (disregarding nul-functions); ¢(u) may now be de- 

termined almost everywhere in (0, ©) as the limit in the mean of the sequence 


abihe y» Aiés(u) eT ee 


2. The question as to the uniqueness of the representation (1) evidently re- 
duces to the following one. Jf in (1) F(t) = [ e ‘“(u) du vanishes for a certain 
0 


infinite sequence of distinct values of t, can we conclude that ¢(u) vanishes almost 
everywhere in (0, «)? This, in turn, implies the vanishing of all A, in (11), 
hence the vanishing in D of the functions w(z), w;(z) as given in (13). To ab- 
breviate, we introduce the following 


Derinition I. ¢(u), for which [ e “| (u) |’ du exists, is said to satisfy 
0 


condition (0-z;) if the equations 
F(t) = r(;+.) = (1 + z)w(z,) = » Ant, |ze| <1 
1+% n=0 


(ex ¥ 2, k ~1;1,k = 1,2, .--) 


(see (11)) imply ¢(u) = 0 almost everywhere in (0, ~), in particular, at all 
points of continuity (that is, uniqueness of the representation (1)). 
TueoreM I. (i) Condition (0-z,) is satisfied if the set {z, = f — 1} (% 41, 
k Al, z # 21) has a limit point inside the circle |z| = 1. 
(ii) If lim | z| = 1, condition (0-z,) is still satisfied, provided the function 
k=o 


wi(z) = 2d Ane" = (1 + z)w(z) is bounded in D: |z| < 1 and TT || = 0. 
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(iii) Zf lim | z, | = 1, the condition (0-z,) does not always hold, if [] | z | > 0. 
k=0 k=1 


First consider (i). Here w(z), hence (1 + z)w(z), vanishes identically in D, 
and this implies, by virtue of (11) and (5), that [ e “| (u) P du = 0. 
0 


Next we prove (ii). Here again, w;(z), being bounded in D, vanishes therein 
identically, under the conditions stated ({1], p. 122), and the same conclusion 
as in (i) follows.* 

Finally, consider (iii). Construct a function (z) regular-analytic and 
bounded in D, hence of the class (H2) ({5], pp. 25-26), which vanishes at all 
points z, and yet does not vanish identically in D ((1], loc. cit.).° The same 
properties belong to the function. 


(15) (1 +.2)6() = > caz” = F(), (=> lz] <1, 


and by the preceding discussion, 


Fw = | “e™g(u)du, ou) ~ Dengalu) 


[ e “| (u) Pdu = > |e,|? > 0. 
0 n=0 


It follows that the vanishing almost everywhere in (0, ©) of ¢(u) is impos- 
sible, although F(&) = 0 (kK = 1, 2, ---). 

Remark. The function w;(z) = F(1/(1 + 2)) in (1) is certainly bounded in 
D, if | @(u) | S M in (0, ~), where M is a fixed number. In general, the condi- 
tion that a function >> B,z" be bounded in D can be expressed either in the 


n=0 
form of non-negativeness of certain determinants involving the B, ({1], p. 145) 
or in the ape form ((5], p. 17): 


| 3D Bus" | < fixed number B, |z| =1 (n = 0, 1, ---). 
cri k=0 i=0 


We now let 


thK=-au+tiyn, |z)|=1—-Y% (k = 1,2,---). 
The relation 1 + z = &' gives 
(16) Mele ce! > t0<n<D. 





re + Yk uty ; 


4 This conclusion holds even for less restricted w,(z). (Cf., e.g., P. Dienes, The Taylor 
Series, p. 237.) However, boundedness suffices for the subsequent applications. 


5 In Bieberbach’s example #(z) = U (z — zx)/(z — we), where ze = rpe*t, 0 < 5 < 
=1 
tm <1, lim rx = 1, we take wy = (2 — rz)e**. Then all conditions required are satisfied. 


Moreover, | (z — zx)/(z — we) | < 1, k = 1, so that | (z) | < 1, for|z| <1. 
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Hence, the two series 


re 00 223 a 
Lo=Ld-lad, Lars 


2 ae 
km1 TE + Yk 





converge or diverge together. Moreover, the convergence of [J | z: | is equiv- 
k=1 
00 
alent to that of >>». This leads to 
k=1 


THEOREM II. The conclusions of Theorem I (ii), (iii) hold, under the conditions 
stated therein, if the quantities t, = x, + tye (t%, > 3; kh = 1, 2,---) are such 


that >> (2x, — 1)/(xi + yk) (ii) diverges, (iii) converges respectively. In par- 
k=1 
ticular, the conclusion in (iii) holds if >> x," converges. 
k=1 


The substitution e “ = y enables us to extend the foregoing considerations 
to integrals of the form 


(17) fei « [ v' Wy) dy; [ Ivy) [dy exists, 


1 

Here again we say that ¥(y), for which [ | ¥(y) |? exists, satisfies “condition 
() 

(O-ux)”’ if the vanishing of f(u) in (17) for a given infinite set {ux} implies the 
vanishing of ¥(y) almost everywhere in (0, 1). 

THEOREM III. y(y) in (17) satisfies condition (0-y,), where 

m= &+im, & > — 3 (k = 1,2, ---), 

provided that the sequence of points {& = (ux + 1)' — 1} has a limit point 

inside the circle|~| = 1. The condition (0-u,) is not always satisfied if lim | & | = 

k=0 
1 and >> (2& + 1)/[(& + 1)* + ni] converges, in particular, if > (&+ 1)" 
k=1 k=1 
converges. 


3. We now turn to the theory of approximation. 
DerIniTIon II. An infinite sequence of numbers 


(18-C) we = & + im (kK = 0,1, ---), wo = 0; & > 0,k 2 1, 
or 
(18-L) we = & + im (k = 0,1, 2, ---); %& > —3,k 20, 


is said to be a base for C(0, 1) or L2(0, 1), respectively, if to any preassigned 


¢ > 0 there corresponds a linear aggregate c,(z) = > cxt"* + cyx**, with con- 
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stant coefficients, such that 
(19-C) | f(z) — en(z) | < 0 s2z38 1), 


(19-L) [ \fla) — en(z) Pde < 


(x“*-principal value; x’ = 1 for 0 < x < 1), for any f(z) «C(O, 1) or ¢ L,(0, 1) 
respectively.” 

When discussing various ways of approximating functions as in (19-C, L), 
the following lemma proves useful. 

Lemma. (i) If the sequence (18-C) is a base for C(O, 1), it is also a base for 
L.(0, 1) (also for L,(0, 1), p = 1). 

(ii) If the sequence (18-L) is a base for L2(0, 1), the sequence 

v4, = 0, ye = we + (1, Ve (k = 0, 1, 2, ---) 

is a base for C(O, 1). 

(i) is almost self-evident. Its proof, along customary lines, is as follows. 
If f(x) ¢ L2(0, 1), a continuous function ¢(x) exists such that 


l | f(z) — o(z) | dx < he. 


To this ¢(x) corresponds, by hypothesis, an aggregate c,(xr), as specified above, 
such that 

| d(x) — en(x)| < Ge! (0 <2 1). 
Hence, 


l | f(z) — e,(2) dx < 2) [ | fl) — o(z) dx + l | (2) — en(z) az} <«. 


We first prove statement (ii) for a function f(z) having in (0, 1) a continuous 
derivative. Then 


f(x) — f) - > cat + gait 


(20) z n 
=| [f’(u) - »» cr(ue + Iu" + cx(ie + 1)u"*]du O S21), 
lf@) -f@2""' - > 2” + or | 
(21) 


1 n 
< [ If’(u) — Deamu* + ru | du, 
0 k=0 
6 This means f(z) = yilx) + iW2(x), vi2(z) € co, 1) or ¢ L2(0, 1) respectively. We in- 


troduce here explicitly the conjugate z** for the following reason. | f(z) — } > Aiz** |<. 
=o 


in (0, 1) implies | f(x) — Diw| < «, also | f(x) — & §(Agz** + Ayx*) | < cin (0,1), 


if f(z) is real-valued. 
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where, by hypothesis, the right-hand term can be made < ¢, by a proper 
choice of n and the constants c, , c,. We proceed to extend our result to f(x) 
assumed only to be continuous in (0, 1). First, introduce the function fi(z) 
defined as follows: 


fix) = f(z) (0 <2 3s 1), 
fi(x) = f(\), lsrs1+hbh (b > 0, arbitrarily fixed). 

fi(x) being continuous in (0, 1 + 6), choose h > 0 and < b so that 
file + h) — filz)| <« OsSxrSx+hS1+5). 


With A thus fixed, we now introduce “Stekloff’s function” [11] 
ath 
(22) Fa) =) fw) dy O<x2<rths1+b). 
Then 
1 zth 
F@) -fA@is;f[ IAW -fh@idy<e OSe<rthsitd). 
Hence, 


(23) | F(z) — fz) | <e Os24<2r+hS 1). 


Now apply (21) to F(x), since F’(z) = ho "(fila + h) — fi(x)] is continuous 
in (0, 1). This, combined with (23), yields’ 


| f(z) — F(O)x""' — 7 cya”* + cpa” 





IIA 


| f(z) — F@)| +] F@) — F@s2"" - > cz” + q2"*| <« 


(O<2z2 1). 


TuHEeorEeM IV. In order that the sequence {l.} (k = 1, 2, ---) be a base for 
C(O, 1) or L,(0, 1), it is necessary that condition (0-l,) be satisfied for any 
v(x) ¢ L2(0, 1). 

If 


I y'*yy) dy = 0 Ge 1% ..d, 


7 In the proof of (ii) the underlying idea is due to Sz4sz, who applies (21) to 2" (1 a positive 
integer) and then completes the proof by means cf Weierstrass’ Theorem. The introduc- 
tion of Stekloff’s function in this and similar problems is very helpful. Thus, it enables 
us to prove Weierstrass’ Theorem for any continuous functions, once it is established for 
functions having a certain number of derivatives (by means of repeated integrals of the 
type (22)). The latter is readily achieved, e.g., by employing expansions in Fourier series. 
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then 
[ iva Pay = [ vO0@ - el dy 
0 0 
1 _ ies . 4 n 
s[[ivwra [iv - 0) Pa], aw) = Dav", 
0 0 k=1 
(24) ; c. = arbitrary constants. 
[vray s| [ive ay] 
0 0 
1 " ‘ 1 4 
fa] [ Wom -s) Pav + [ 1s) - eo? av} 
0 “0 
where f(y), continuous in (0, 1), is chosen so that 
[ \¥@) - $@) Fay <« 
Now, if {i} is a base for C(O, 1), by a proper choice of ¢,(x) we get 
1 1 4 
l | ly) ? dy < i |v*(y) iy | 7 (y > 0, arbitrarily small). 


(If {i} is a base for L2(0, 1), the same conclusion follows from (24).) If 


[ | ¥(y) |*dy = 0, our theorem is established. A contrary assumption leads 
to an absurd result; namely, 
[iv Pdy <q. 

THEOREM V. (i) In order that (18-C) be a base for C(O, 1), it is necessary 
that > (2 + 1)/[(é& + 1)° + ni] diverge. This condition may be replaced by the 
divergence of »» (& + 1)/(& + ni). (ii) If we add the condition & = 6 > 0 
for k = 1, the divergence of - (& + 1)/(E + nk) is both necessary and sufficient. 


The first part follows directly, by combining Theorems III and IV _and ob- 
serving that the convergence of > (& + 1)/(& + ni) implies that of Fa (2& + 


1)/{(é& + 1)? + ni]. We pass to the second part (sufficiency). 
Let a(x) be a real function, of bounded variations in (0, 1), such that 


(25) l y* day) = 0 (k = 0, 1,2, ---) 


(wo =0; m=&t+im; &256>0,k 21). 
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We may assume, without loss of generality, a(0) = 0. (25), written fork = 0, 
yields a(1) = 0. We get further, integrating by parts, 


= y"aly) | — me I y"* aly) dy, 


(26) 
[ val) ay = 0 ee eee 
0 
Letting 
=e" l = constant, 1 > : + : 
° ; | ‘ ee 
we transform (26) into 
1 
(27) [ e™“o(u)du=0, t =I, R(t) >} (k = 1,2, ---). 
() 


The function a(x) is bounded in (0, 1), hence ¢(u) in (27) is bounded in (0, ~). 
It follows that in (1), where (x) is the same as in (27), F(1/(1 + z)) is bounded 


in D. Observe further that the divergence of >> (& + 1)/(é + nz) implies 
k=1 


here that of >> (2lé, — 1)/{(lé&)* + (Im)*]. By Theorem II, ¢(u) necessarily 
k=1 


vanishes almost everywhere in (0, ~) and so does a(z) in (0, 1); in particular, 
a(x) vanishes at all points of continuity. Moreover, as we know, a(0) = 
a(1) = 0. Being of bounded variation, a(x) vanishes everywhere in (0, 1), 
with the possible exception of a countable set of points, not containing 0, 1. 
Letting in (25) 


= r(x) + 18, (x) (k ” 0, 1, 2, fr ); 
we get the equivalent relations 


(28) I rely) daly) = l sly) daly) = 0 (k = 0,1, 2, +++). 


The relations (28), where a(y) has the aforesaid properties, show by virtue of a 
theorem of F. Riesz [10] that any function which is continuous in (0, 1) may 
be approximated therein indefinitely by linear aggregates of the functions 


(rs(z) = 5a + 2), x(x) = 5 e* — 2} (k = 0, 1,2, ---). 


Thus, the statement (ii) concerning (18-C) is established. 
Remark. Since the two series > (& + 1)/(& + nb), ss t./(& + ni) con- 


verge and diverge together under caution (ii), we pew that the divergence 
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of Dd &/(& + ni) is necessary and sufficient in order that the sequence (18-C), 
k=1 


satisfying the conditions of Theorem V (ii), be a base for C(O, 1). 
As a particular case, we get the following results. The infinite sequence 
wo = 0, ui, me, --*, Mey -+> 3 we > O, lim yy > O, ts @ base for C(O, 1). The 
k=e 


sequence py = 0 < wi < pe < --- is a base for C(O, 1) of and only if } ue di- 
k=1 


verges [12,7]. Combining the previous results with our lemma, we derive cor- 
responding results for L2(0, 1). 


TuHeoreM VI. In order that (18-L) be a base for L2(0, 1), it is necessary tha! 
> 2 (2&. + 1)/[(& + 1)? + nil diverge. If, in addition, & = 6 > 0 fork = 0, 
k=0 


the divergence of . &./(ti + ni) is both necessary and sufficient (as for (18-C)).* 
k=0 


4. We close our discussion with the following remarks. 

(i) The above considerations can be readily extended to L,(0, 1), p = 1, 
also to any sequence of continuous functions defined in (0, 1) taking the place 
of {2"*, 2**}. 

(ii) Writing 


(17) flu) = l y' Wy) dy = [ y-y Wy) dy, 


we can discuss the representation (17) along the foregoing lines (uniqueness, 

approximation), making use of Jacobi polynomials ¢,(z; 0, 1; z). The results 

thus obtained may be applied to the Laplace integral (1), by means of the 
9 


u 


substitution e “ = y. 
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AN AXIOMATIC CHARACTERIZATION OF L,-SPACES 
By F. BoHNENBLUST 


1. Introduction. The spaces 

(a) lyn, lp. (1 S p < &), whose elements are finite or infinite sequences 
x = {&} with a finite norm || z || = (20 | & |’)"”, 

(b) L, (1 S p < @), whose elements are Lebesgue measurable functions 
over the interval (0, 1) with a finite norm (f | f(é) |? dt)"”, 

(c) any direct sum of (a) and (b) with the same number p, where the norm 
is given as the 1,2. norm of the norms of the components, 

(d) l..n, Whose elements are {&,--- , &,:} with the norm max (| &, |), 

(e) c, whose elements are sequences converging to zero with the norm 
max (| &, |), 
are examples of separable, normed, complete, linear spaces: (i.e., separable 
Banach spaces). They can be partially ordered by defining 2; < 22, if 
e” < ¢° for all n, when the space is a sequence space, fi(t) < fo(t) a.e. when 
the space is a function space. This partial ordering satisfies all axioms of §2. 
Finally, all these spaces have the following property: 


Property P. If a = a; + a2, where a; and az are orthogonal, if b = b; + be, 
where b; and be are orthogonal, and if 


au |] = [Oil], |] aa |] = | be |, 
then || a || = || bl. 
The purpose of the present paper is to show that this property is character- 
istic for the spaces considered. Precisely, we prove the 


THEOREM. Any partially ordered, separable, Banach space of at least three 
dimensions in which property P is valid is strongly equivalent (cf. §7 for termi- 
nology) to one of the above-mentioned spaces. 


Some results are also obtained when the separability is not assumed. 


2. Partially ordered spaces.’ 


2.1. Axioms. A linear space is said to be a partially ordered linear space 
if it satisfies the following axioms: 


Received January 2, 1940; presented to the American Mathematical Society, December 
2, 1939. 

1 Partially ordered spaces were considered first by F. Riesz (Proceedings of the Inter- 
national Congress of Mathematicians, Bologna, vol. 3, 1928, pp. 143-148) and by L. Kantor- 
owitch (cf., in particular, Lineare halb-geordnete Réume, Recueil Mathématique, new 
series, vol. 2(1937), pp. 121-165). The present paper is based on H. Freudenthal’s paper 
Uber teilweise geordnete Moduln, Proceedings, Amsterdam Academy, vol. 39(1936), pp. 
641-651. This paper will be cited as F. The axioms which we are postulating correspond 
to those in this paper up to and including (6.3). 
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Axiom 1. It is a lattice, in which every denumerable set, bounded from above, 
has a least upper bound, denoted by V S. 


Axiom 2. The order relation is invariant under translation and under multi- 
plication by positive numbers, whereas it is reversed under multiplication by —1. 


Axiom 3. There exists an element, denoted by 1, such that 1 A a = 0 is true only 
fora = 0. 

The order relation < of the lattice will be understood as an inclusion; i.e., 
it shall mean “less than or equal to’. As Freudenthal and Kantorowitch have 
shown, a partially ordered linear space is a distributive lattice. It is distribu- 
tive even with respect to denumerable sets, i.e., 


Va,A V bm = V [an A Dm, 
and a similar relation holds with inf and sup interchanged. 


2.2. Notation. With a few changes we adopt the notation of Freudenthal: 

(i) The element \-1 shall be denoted more simply by A. 

(ii) ag = Ova; a_ = OAa;|a| = a, — a_ = av —a. 

(iii) Two elements a and b of the linear space are said to be orthogonal if, 
and only if, |a|a|b| = 0. 

(iv) E is the Boolean algebra of all elements of the linear space for which 
0<e< landed (il —e)=0. 

(v) ela] = V [LA na,]. 


(vi) e(a; £) = ela — &] or more simply e(é), when no confusion need be feared 
as to the underlying element a. 

We state one result of Freudenthal explicitly, partly because it will be of 
frequent use to us and partly because of a misprint in its statement as it appeared 
in Freudenthal’s paper. For other results a reference, e.g., F(7.3), will be 
given. 

F(7.5) Let y, be a sequence of real numbers defined for all integers n, such that 
O S Yau — Yn S 83 ¥o = 0; lim yn = 4+@ as n tends to infinity. Then for any 
element a 


ba ynle(yn) sa e(yn41)] + * yale(yn) sas e(yn41)] 


Vi ynelyn) + A yall — e(yny)] < a 
n>9 n<0 


< » yne(¥n-1) + A yall — e(yn)] 


ve ynle(yn1) ™ e(yn)] + os yn le(yn—1) _ e(yn)]. 


Defining stepelements to be elements s of the form s = V anén + A anén, 
where the e, belong to EZ and are mutually crthogonal, we see from F(7.5) 





ich 


yn)] 
a). 


Cny 
7.5) 
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that corresponding to any element a and any real positive number 6 there exists 
a stepelement s for which 
s<a<cs+é. 


2.3. The function e(¢) = e(a; €). According to our notation (vi) each element 
a determines a function e(€) defined over the real numbers with values in EZ. 
Different elements determine different functions. The elements e of E play 
the réle of the planes of codrdinates and the function e() the réle of the coérdi- 
nates, or, more precisely, e(£) is the plane of those coérdinates which are greater 
than &. The main properties of the function e(£), all of which are contained 
implicitly in the paper of Freudenthal, shall be briefly enumerated. 


(2.3.1) e() < e(m) for < &. 

(2.3.2) ° [e(é)] = 0; y fe(é)] = 1. 

(2.3.3) e(é) a’ [e(n)]. 

(2.3.4) e(a-a; ~) = e(a;€/a) fora > 0. 

(2.3.5) e(—a;&) = V, [1 — e(a; —y)] = 1 — A e(a; — »). 
(2.3.6) e(a + b;&) = se le(a; p) A e(b; @)). 


The existence of the inf and the sup, even when they are to be formed over 
non-denumerable sets, can easily be established. In the last relation, in par- 
ticular, p and o can vary either over all real numbers or over any everywhere 
dense set. This relation is easily verified for stepelements and this result can 
be extended to the general case by making use of F(7.5). 

We give a proof of (2.3.5), since this relation does not appear as such in 
Freudenthal’s paper. Evidently we may assume — = 0. The relation takes 
then the form 

e[—a] + A ela + 9] = 1. 
q>0 


Thus it is a slight improvement of F(7.3). From the definition of the element 
ela] it is immediate that the left member of this relation is > 1. On the other 
hand, from F(7.4.3) it follows that e(—a; 1/m) < m(—a), and a fortiori 


(1 — m(—a),) A m(—a), <1 — e(—a; 1/m). 


Since e > 1 A —a implies e > (1 — m(—a),) A m(—a),, the alternate defini- 
tion of efa] (see F(7.2)) shows that 
(1 — m(—a),) A m(—a), < e[—al. 
Combining these two inequalities, we obtain 
(1 — m(—a),) A m(—a), < e[—a] — e(—a; 1/m), 
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and therefore for any positive integer n 

1A n(—a), A n(1/m — (—a)4) < e[—a] — e(—a; 1/m). 
This relation implies by (2.3.3) 
e[—a] A [A ela + 1/m]] 


= e[(—a)4] 4 [A e[1/m — (—a),4]] < el—a] — V e(—a;1/m) = 0, 
and equation (2.3.5) follows from it readily. 


3. Normed partially ordered linear spaces. P-spaces. A normed, partially 
ordered, linear space shall be a space as considered in the previous section in 
which, in addition, a norm is assumed, with respect to which the space is 
complete. We do not assume any of the axioms which Kantorowitch or Freu- 
denthal postulate and which correlate the norm and the partial ordering. On 
the other hand, we assume the following 


Property P. Jf a and b are two elements of the linear space which can be split 
up as the sum of two mutually orthogonal elements: 


a=@q+a,\a,|A|a|}=0; b=b + be, |bi|A|be| = 0, 


in such a way that || a; || = || bi || and || ae || = || be ||, then the norms of the ele- 
ments a and b must be equal. 


For simplicity we shall call any normed partially ordered linear space in which 
properly P is valid a P-space. 

In §8 of F it is verified that any element e of the Boolean algebra E induces 
a decomposition of the space as the direct sum of two subspaces: F = F, ® F;_,. 
Any two elements a and b, a in F,, b in F\_,., are orthogonal to each other, 
and if the space is a P-space, the projection P, induced by the decomposition 
will have a norm equal to one (assuming of course e ~ 0). In particular, 


THEOREM 3.1. If the elements a, tend to a according to the norm, their projec- 
tions P,(ax) will tend to P.(a). 


Finally we mention a theorem, which follows immediately from the results 
of §8 in F. 


THEOREM 3.2. If e, is a sequence of mutually orthogonal elements of E such 
that V e, = 1, then for any element a > 0 


a= V P,,(a). 
4. A functional equation. Let f be any function defined over the quadrant &, 
n = O of the (€, )-plane, which satisfies the following conditions: 
(4.1) S(ré, 7™) ” 1f(&, n) for any 9,7 2 0, 
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(4.2) S(é, 0) S f(#, 0’) forany # 2 §20,7' 2420, 
(4.3) S(é, 0) = f(n, &) for any & » 2 0, 
(4.4) f0, 1) = 1, 
and finally the functional relation 
(4.5) FE, f(a, ) = FFE, 0), 6) for any & 0, ¢ 2 0. 
Any such function generates a sequence {a,} (n = 1, 2, --- ) defined induc- 
tively by 


a = 1; @, = f(l,an1) forn> 1. 
This sequence is evidently non-decreasing. Furthermore we have 
LEMMA 4.1. anim = f(a@n, @m) for any integers n, m > 0. 


This is equivalent to a, = f(am, @n—m) for any n > l and any m = 1,2,.---, 
n— 1. For m = 1 the relation holds by definition, and the general case can 
be deduced by induction: 


On = f(em1 , An—mt1) = f(am—1, f(1, an—m)) 
_ F(FQ, Qm—1); Gn—a) = Slam ’ @a-m). 
LEMMA 4.2. @n:Qm = OQnm for any integers n,m > 0. 


The proof is again by induction, n being fixed and m varying from one to 
infinity. The lemma holds trivially for m = 1. Assuming it to be true for 
m — 1, we get 


Anam = a,-f(1, Om—1) = flan ’ Gunn = Anm-.- 


Lemma 4.2 is almost Hammel’s functional equation, but we are dealing with 
sequences rather than functions over real numbers. The monotone character 
of a, implies ag 2 1. Two cases can thus arise: 

Case 1: ag = 1; and 

Case 2: a2 > 1. 

The first case can be disposed of immediately. A repeated application of 
Lemma 4.2 shows that ae = 1 and thus that every a, = 1. Furthermore for 
any € (0 S — S 1) 


1 = f(1, 0) S f(l, &) = fl, 1) = 1, 
so that f(1, £) = 1. Finally, by making use of condition (4.1), 
f(&, 1) = max (&, 9) = (@ + 9°)” for p= . 
Let us consider now Case 2: a, > 1 for n > 1. 


Lemma 4.3. a, = n”? for some real number p > 0. 
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Proof. Let m and n be two fixed integers > 1. For any integer k > 0 
determine the integer h for which 
m* < nbi< mt. 
By Lemma 4.2 a, = ams, and similarly for k and h + 1. Hence 


hlog am S k log a, S (h + 1) logan. 


Substituting for h its expression in terms of k, dividing by k and letting k tend 
to infinity, we obtain 
log am _ 


log an 
log m 


log n° 
In other words log a,/log n is independent of n. In particular, if we put 
log az/log 2 equa! to 1/p, we obtain the desired result. 
Lemma 4.4. f(1, r””) = (1 + r)"” for any rational number r > 0. 
Proof. Put r = m/n, then 
f(L, m"? /n¥!?) = n-™p(n"?, mm") = fan , orm) 
= n(n + m)"” - (1 + r)"?, 
It is easy to extend Lemma 4.4 to all real numbers and finally to prove, in 
combination with Case 1: 
THEeorEM 4.1. Any function f satisfying the five conditions (4.1) to (4.5) is 
necessarily of the form 
fn =@ +7)” 
for some real number p (0 < p S @), 


5. Application to P-spaces. Let us assume that we are dealing with a 
P-space which is at least three-dimensional. For any two elements a, b > 0 
such that a A b = 0, a function f., of two variables &, 7 = 0 can be defined by 

| b || 
a9) = Ero +are7|- 
foot’ 9) = 8 7gi + po] 
The property P shows that this function does not depend on the choice of the 
elements a and b. Accordingly, the indices a, b shall be dropped and the 
function will be denoted simply by f. Although f is defined for all values of &, », 
we shall always restrict ourselves to non-negative values. For any rt > 0: 


(5.1) f(r, rn) = h(E, 0). 
(5.2) S(&, 0) S f(#, 0!) whenever €S & and 9 S17. 


Assume first § = ¢’. In this case the relation (5.2) is true, because the element 
§-a/||a|| + -b/|| b || lies on the segment of endpoints ¢-a/|| a || + 7’-b/|| 6 || 
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and £-a/||a\| — 7’-b/||b||. These endpoints have by property P the same 
norm. Similarly if 7 = 7’. Then 


S(é, 0) S f(&, 0’) S f(#', 7’). 
(5.3) S(E, 0) = fan(E, 2) = foa(n, &) = f(n, &). 


It is readily shown that the more general property P, referring to sums of 
any finite number of elements instead of only two, is a consequence of this 
special case. Accordingly, if a; > 0 (¢ = 1, --- , m) are mutually orthogonal, 
the function f of m variables &; 


SG, +++, &m) = [De7% rail 
does not depend on the choice of the a; and in particular the function f is sym- 
metric in the &;. Since the P-space has been assumed to be at least three- 
dimensional, we can take m = 3. For & > 0 we have 





_ || fra &2d2/|| a2 || + 3a3/|| as || | 
IE HG, B)) = | ot Soneealbes &) Tee Taal Gaae/l alll | 


= [De%, | = f(és, &, &). 


The symmetry of f then implies 


(5.4) S(f(Ei, &), &) = fle, (Ee, &)). 
Finally 
(5.5) f(i, 0) = 1. 


The function f is of the type considered in §4. Consequently for some p 
0 <ps ~), 


HE, 0) = (+ 7)”. 
The convexity of the norm requires of course p 2 1. By induction we prove 


THEOREM 5.1. Corresponding to any P-space of dimension = 3 there exist® 
a real number p (1 S p S ©) such that for any mutually orthogonal ai 


(¢ = 1, --- ,m) 
I] Qu as |] = (20 | as |)”. 


6. Generalized L,-spaces. p finite. As Freudenthal remarked, to any 
Boolean algebra EF, where the inf and the sup exist for denumerable sets, there 
exists a partially ordered linear space whose Boolean algebra is the given one. 
We find it necessary to consider the construction of such a space in more details. 

Let E be given. An element of the linear space F shall be any function e(é), 
defined over the real numbers with values in the Boolean algebra E and which 
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satisfies the conditions (2.3.1), (2.3.2), and (2.3.3) of §2. Addition and multi- 
plication by real numbers are defined by (2.3.4), (2.3.5) and (2.3.6). With 
these operations the functions e(¢) form a linear space F. The elements e of 
the Boolean algebra can be imbedded in F: 


(1 when é < 0, 
e— e(&) = <e when 0 S ~— <1, 
0 when 1 < é. 


The zero of E becomes the zero of F. 
If we define an order in F by 


ex(€) < e2(€) of and only if ex(€) < e2(€) for every &, 


the space F is partially ordered. The unit element of EF can be used as the 1 
of the space F. 

Let us consider now a proper measure or dimension function’ y(e) in E; ice., 
a function yu(e), real valued, defined over E and satisfying 


(6.1) u(e) = 0, = 0 ¢f and only if e = 0, 
(6.2) ym u(€n) = w(V e,) for any sequence e, of mutually orthogonal elements of E. 


DEFINITION 6.1. A positive element a of F, given by e(&), will be said to be 
p-integrable (1 S p < ~) if there exists a sequence y, , ¥o = 0,0 S ¥n41 — Yn S 4, 
lim yn = +, as n tends to infinity, such that 


X vemlelra) 4 [1 — elyaudD) < ©. 


DEFINITION 6.2. An element a of F is p-integrable if the element | a| is 
p-integrable. 

Evidently every element of E is p-integrable; furthermore, if a and b are 
p-integrable, then also a-a, a V b,a”b, a + bare p-integrable. Finally V a,, 
A a, are p-integrable if the sequence a, is bounded by a p-integrable element 
of F. It is hardly necessary to verify these statements in detail. 


THEOREM 6.1. The p-integrable elements form a partially ordered linear space 
whose Boolean algebra is E. 


There are no difficulties in introducing an integral starting from the ap- 
proaching sums of Definition 6.1. With such an integral we introduce a norm 
for the space of p-integrable elements. 

DeFIniTION 6.3. The norm || a@||, of a > 0 is defined as the 


lim (30 v2 wle(yn) A [1 — eras)” 


2 Cf., e.g., J. v. Neumann, Continuous geometries, Proc. Nat. Acad. Sci., vol. 22(1936), 
pp. 92-100. 
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as the mesh 6 of the subdivision tends to zero. For any element a 


llallp = llla@lll- 


The proof that || a ||, exists and has all the properties of a norm follows too 
closely the classical methods used for Lebesgue L,-spaces to be repeated here. 
The completeness of the space can also be shown, the limiting element of a 
Cauchy sequence is given, of course, by the o-convergence of Kantorowitch.* 

Derinition 6.4. Any such normed partially ordered linear space shall be 
called a generalized L,-space. 

Property P is valid in any generalized L,-space; in other words we have 

THEOREM 6.4. Any generalized L,-space is a P-space. 

The converse of this theorem is true when the real number corresponding to 
the P-space is finite. First of all we remark that in L, the norm of a stepelement 
is given by 

II 8 ll> = || Vanen + A anen |lp = [20 | on [?u(en)]"”. 
Assume now that F is a given P-space with the norm || a ||. 

Lemma 6.1. Suppose a, 2 0, e, are mutually orthogonal in E, and V e, = 1. 
Assume also that either 

(A) an€n < b, b in F, or 

(B) Deak || en |? < x. 

N 

Put sy = V an-€n, then s = V ane, exists and sy tends to s according to the norm 
1 

in F, 

Condition (A) implies condition (B). For if (A) is valid, s exists and the 
series in (B) is bounded by || s ||”. It suffices thus to verify the lemma assuming 
condition (B) to hold. In this case the sequence s, is a Cauchy sequence and 


there will exist a limiting element ¢. By Theorem 3.1, for any element e of E, 
P.(s,) tends to P.(t). In particular 


P(t) = lim Pe, (8) = amem, 
and by Theorem 3.2 t = V an-én. 
If the a, = 1, condition (A) is valid for b = 1 and we obtain 
Corouiary 6.1. The function u(e) = || e ||” is a proper measure function in E. 
The corresponding space L, can be introduced. 


Coro.uary 6.2. The stepelements belonging to F belong to L, , and conversely. 
Their norms in F and in L, are equal. 


It is only a restatement of the equivalence of conditions (A) and (B) in the 
preceding lemma. 


3 (Added March 6, 1940.) Such spaces have been considered more exhaustively and 
under more general assumptions by F. Wecken (Math. Zeit., vol. 45(1939), pp. 377-404) 
and by J. Olmsted in an article as yet unpublished. 
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Lemma 6.2. Every element in F belongs to L, and || a\|, < || a]|. 


By F(7.5) there exist stepfunctions such that 
8 < |a| < 82. 
Lemma 6.3. Every element in L, belongs to F. 


Let a be any element in L,. The stepelements are everywhere dense in L, . 
There exists a sequence s, which tends to a according to the norm in L,. The 
8, form a Cauchy sequence in L, and by Lemma 6.2 a Cauchy sequence in F. 
There exists an element 6 in F which is the limit of s, in F. By Lemma 6.3 
this element 6 is in L, and 


|b — Sa |lp S [|b — snl. 


Thus the s, tend to b in L, and b must be equal to a. The proof shows also 
that the stepelements are everywhere dense in F and finally 


THEOREM 6.5. Any P-space whose characteristic number p is finite is an 
L,-space, provided it is at least three-dimensional. 


7. Special cases. Two Banach spaces are said to be equivalent if there 
exists a norm preserving one-to-one correspondence between their elements. If 
the spaces are partially ordered, and the correspondence can be chosen to be 
also order preserving, they will be said to be strongly equivalent. Naturally 
we do not assume that the unit elements are transformed into each other under 
the correspondence. If the Boolean algebra is atomistic (i.e., if corresponding 
to any element e of E, different from the zero element, there always exists an 
atom contained in it) there will be a countable number of atoms, and it is 
easily seen that the P-space is strongly equivalent to a finite dimensional 1,- 
space (ordered according to the codrdinates) or to the infinite dimensional 
one. 

It is possible to decompose our Boolean algebra into a sub-Boolean algebra 
containing all the atoms and a complementary one free of atoms. If the P-space 
is separable, this complementary algebra will also be separable and following 
Freudenthal’s method‘ for Hilbert space, we see that the corresponding 
L,-space is strongly equivalent to the classical L,-space on the interval (0, 1). 
We obtain thus 


THEOREM 7.1. Any separable P-space of dimension = 3 whose characteristic 
number p is finite is strongly equivalent to either 

(i) the finite dimensional ly,» , 

(ii) the infinite dimensional l, , 

(iii) the space L, over (0, 1), or 

(iv) the direct sum of (i) and (iii), or (ii) and (iii). 


4H. Freudenthal, loc. cit., pp. 650-651. 
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8. P-spaces with p = ~<. For any finite number of mutually orthogonal ele- 
ments a, --- , @, of a P-space with p = «, the norm of their sum is the maxi- 
mum of the norms of the terms. This relation can be applied to the sums 

eV ee = 1 + (eg A €1) = 2 + (er €3), 
where ¢; and é2 are any two elements of the Boolean algebra of the P-space. 
If e¢: < e2, we obtain in particular || e; || < || e: ||. In the general case: 


|| 1 Ve || = max [|| e1 ||, || ee A er ||, |l ee ||, || ex ee UI] 


Il 


max [|| ¢1 ||, || ¢ ||]. 


By induction, this equation is easily generalized to any finite number of e’s. 
It remains true even for an infinite sequence e, , if || e, || ~ 0 as n — ~; for 
in such a case the partial V’s form a Cauchy sequence. In other words, the 


norm of the P-space determines in E a measure function y(e) = || e || with the 
properties: 

(8.1) u(e) 2 0; ule) = 0 #, and only if, e = 0, 

(8.2) u(en) > 0 asn— © implies u(Ven) = max yu(e,). 


These two properties will turn out to be characteristic. But before discussing 
this point, we investigate the further properties of HE under the additional 
assumption that the P-space is separable. Any subset of a metric, separable 
space is separable, thus the Boolean algebra FE will also be separable. 


THEOREM 8.1. A Boolean algebra is necessarily atomistic if it has the following 
properties: 

(i) V, A exist for denumerable sets. 

(ii) There exists a measure function p(e), satisfying (8.1) and (8.2). 

(iii) The Boolean algebra is separable (with respect to the topology of the metric 
d(e, f) = ul(e rf’) v (e’ A f)] induced by (ii). 

We remark that it will be sufficient to verify that the Boolean algebra pos- 
sesses atoms. For, the subalgebra of all elements less than a given element 
will satisfy the same conditions of the theorem. 


Lemma 8.1. If a is any element of a certain set A, and if for any a there corre- 
sponds an element e. of E such that 

(i) ea € 0, 

(ii) ¢a A es = O for a # 8, 

(iii) w(ea) 2 6 > 0, 
then the set A is finite. 


Let A be infinite. Its cardinal number is at least Ny. There will exist thusa 
sequence é, with the properties (i), (ii), (iii). For any function f defined over 
all positive integers and whose values are either 0 or 1, we form the element 


0 
ep = V &”, where ec = 0, e. = en. 
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If f and g are two different functions, they will differ for a certain integer m, 
say f(m) = 0, whereas g(m) = 1. It is readily shown that the element e,, is 
< e,e;, and thus that the distance between the elements e; and ¢, is at least 6 . 
Let now z, be everywhere dense in E. Corresponding to each f we construct 
the set X, consisting of all elements z, which are at a distance less than 46 
from e;. No such set is void and they are disjoint. The sets X; and thus the 
functions f could be enumerated, and this is a contradiction. 
Lemma 8.1 obviously implies 


Lemma 8.2. If forain A 
(i) a # 0, 
(ii) ea Neg = O for a # 8B, 
then the set A is denumerable and for any enumeration p(e.) ~ 0Dasn— ~., 
Making use of the condition (8.2) imposed on the measure function, we obtain 


Lemma 8.3. If e. is any class of mutually orthogonal elements of E, the V ea 
exists and u(V ea) = max p(éq). 

Lemma 8.4. If an element e of E is such that 0 # f < e implies u(f) = ule), 
then the Boolean algebra determined by e is finite. 


Proof. It is sufficient to verify this lemma for e = 1 and u(e) = 1, ie., to 
verify that the Boolean algebra is finite if the measure of every one of its ele- 
ments is 1, with the exception of the zero element. We prove first that E has 
atoms. Assume there are no atoms. Let e: be any element # 0 and # 1 and 
choose e, inductively to satisfy the conditions 

(i) €n < (1 VeeV +++ V €n-1)’, 

(ii) en # Oand # (eV eV --+ V en-1)’. 

We would obtain an infinite sequence of mutually orthogonal elements of meas- 
ure 1 against Lemma 8.1. Every subalgebra will have atoms; in other words, 
E is atomistic. Finally Lemma 8.1 again guarantees that there can be only a 
finite number of atoms. 


Lemma 8.6. If there exists in E an element e and a positive number 6 such that 
for any element f < e either 
uf) Sule) — 56 or pf’ re) S ule) — 4, 
then there exists an atom < e. 


Again we may assume that the element ¢ is the unit element 1, and let us 
assume u(1) = 1. Let e. be a well-ordering of all elements of E. Define f. by 
transfinite induction as follows: 


é1 if u(e:) =1-46, 
si . otherwise. 
If for a certain 6 all f, with a < 6 are already defined, put 
f 4 if eg Afa = 0 for every a < Band ple) S 1 — 4, 
2= 


0 otherwise. 
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Any two f, corresponding to different indices are orthogonal. By Lemma 8.3 
V fa exists (let us call it f), and 


u(f) = max w(f.) S 1 — 6. 


We see in particular that f ~ 1 and therefore that f’ = 0. The Boolean algebra 
determined by f’ contains at least two elements. Let g be any one element of 
it, different from 0. For a certain a, we must have g = éa,. Since f’ is ortho- 
gonal to every f., g is a fortiori orthogonal to every f.. In particular, it is 
orthogonal to f., , and since g ¥ 0, f., must be the zero element. From the 
definition of f., we see also that u(g) > 1 — 6. From our assumption in the 
lemma follows u(g’) S 1 — 6 and finally from property (8.2) of the measure 
function follows u(g) = 1. In other words, the Boolean algebra determined by 
f’ satisfies the conditions of Lemma 8.3. It is therefore finite, and f’ being dif- 
ferent from 0, it must possess atoms. 

It is now very easy to verify Theorem 8.1. Let us assume that EZ has no 
atoms. Then by the last lemma, corresponding to any element e and any 
e > 0, there exists e; and é , 2 A e: = 0, e; V eg < e and such that y(e:) 2 yw(e) — 
€, u(ee) 2 w(e) — «. We can determine inductively a sequence e, as follows: 
é, : any element for which u(e:) > 3, u(er) = 1; 
€ni On < (€1€2 --+ Cn-1)’, w(€n) >3, and p(leree --- en]’) = 1. 

This existence of such a sequence is in contradiction to the result of Lemma 8.1. 
Lemma 8.2 gives us furthermore 


THEOREM 8.2. The number of atoms in E is at most denumerable. 


We return to the consideration of the separable P-space. Its Boolean algebra 
is atomistic, with atoms ¢,, --- ,é,, --- , either finite in number or denumer- 
able. Every element of the space is a stepelement, with the codrdinates a, . 
If there are only a finite number of atoms, the norm of any element will be given 
by 

|| @ || = max [| as | || en |{]; 


and the P-space is strongly equivalent to 1... Next we consider the case 
where there exists an infinite number of atoms. The same argument with which 
we proved Lemma 8.1 shows that in this case | a |,-|| e, || must tend to zero as 
n tends to infinity. Conversely if the a, are chosen arbitrarily, but so as to 
satisfy a, || e, || —> 0, there will exist an element of the P-space, whose coérdi- 
nates are the chosen a,. This is true, for the partial sums will form a Cauchy 
sequence. This fact allows us also to state that the norm is given by the same 
expression as in the finite case. We formulate these results in 


THEOREM 8.3. If the P-space is separable, and if its characteristic number p is 
infinite, then the space is strongly equivalent to either 

(i) the finite dimensional l,.,, , or to 

(ii) the space of sequences converging to zero, with the maximum of the absolute 
values of the codrdinates for the norm. 
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9. General P-spaces, p = ~. ‘The separability is no longer postulated in 
this section. 


THEOREM 9.1. Let E be a Boolean algebra, for which V , A exist for bounded 
denumerable sets, and in which a measure function p(e), satisfying (8.1) and (8.2), 
is defined. There exists a P-space, with p = ~« and with Boolean algebra E, 
such that in E the norm and the measure function coincide. 7 


The construction of the P-space is not unique. We give one example. An 
element of the space is any function e(£) satisfying (2.3.1) to (2.3.3) for which 


E-w(e(é)) and  —€-u(1 — e(é)) 


are bounded. The least upper bound is taken to be the norm of the element. 
Addition and multiplication by real numbers are again defined by (2.3.4) to 
(2.3.6). The space thus obtained will satisfy all conditions required in Theorem 
9.1. The verification of this fact is straightforward and will be omitted. 

The space which we constructed corresponds, evidently, to the space of 
bounded sequences, and accordingly it will be denoted by m(E, »). Other spaces 
could have been constructed, in particular, the space corresponding to sequences 
converging to zero. In a certain sense, however, the spaces m(E, u) are 
universal. 

THEOREM 9.2. Let F be any P-space with p = « and let m(E, yu) be the space 
constructed over the Boolean algebra of F and the measure function given by the 
norm of F. The functions e(£) determined by the elements of F all belong to m(E, yz). 


We may rephrase this: 
Any P-space is a linear subspace of its corresponding m(E, pu). 


It should be remarked, however, that this imbedding in m(E, y) is unsatis- 
factory in the sense that the metrics in F and in m(E, uw) may not coincide or 
may even be incomparable. 

F(7.5) shows that we may restrict our proof to positive stepelements s = 
V aren, Where the a, tend to infinity with n. Property P, for p = ~, implies 
an || en || S || ||, and hence || e, || ~O0asn— «. Finally, for — > 0, 


£|| e(€) || = €|| Ven || = max || en || S Lub. an || en || S || 8 |]. 
a@,n>t a@n>t 


A similar proof holds for negative stepelements, and the result can be extended 
to any element. 
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RESIDUATED DISTRIBUTIVE LATTICES 
By Morcan Warp 


I. Introduction 


1. Although the lattice analogues of E. Noether’s decomposition theorems 
for the ideals of commutative rings are independent of the modular or distribu- 
tive condition,’ it is of interest to consider the decompositions when such con- 
ditions are imposed. We study here the frequently occurring case when the 
basic lattice is distributive.’ 

Let S be a residuated lattice in which the ascending chain axiom holds. If 
every irreducible of S is primary, © is called a “‘Noether lattice’’; for such lat- 
tices, all the decomposition theorems of general commutative ideal theory are 
valid. For brevity, call such a lattice an N-lattice. 

If a > b in © if and only if there exists an element c such that ac = b, © is 
called a “principal element lattice”, or for short a P-lattice. A P-lattice is 
distributive (W-D [1], Theorem 13.2) and so is every lattice in which any one 
of the following three equivalent conditions holds (W-D [1], Theorem 13.1): 


(1.1) a:bUb:a =i; a:(bNc) = azb U are; (b Uc):a = bia Ucia. 


Here 7 is the identity element of the lattice. 

A P-lattice is necessarily an N-lattice (W-D [1], Theorem 13.3). There exist, 
however, finite residuated lattices in which conditions (1.1) hold but which are 
not N-lattices. A Noether lattice in which conditions (1.1) hold will be called 
a “semi-arithmetical lattice”, or SA-lattice. 


2. Our main results are as follows. Necessary and sufficient conditions that 
an N-lattice be a P-lattice are, first, that an element be irreducible if and only 
if it is a power of a prime; and secondly, if p is a prime and q any proper divisor 
of p, then gp = p. A necessary and sufficient condition that an N-lattice be 
an SA-lattice is that any two primaries of the lattice be either coprime or else 
divisible one by the other. 

In both types of lattice, the Noether decomposition of an element as a cross- 
cut of primary components is unique; this unicity is not a property of an arbi- 
trary distributive Noether lattice as we show by an example, contrary to a 
statement in W-D [1]. 

In both an SA-lattice and a P-lattice, every element has a unique reduced 


Received January 29, 1940. 

1 See the paper Ward-Dilworth [1] cited at the close of this article. We shall refer to 
this paper as W-D [1]. Numbers in brackets refer to the list of references at the end. 

* The previous investigations in Ward [1], [2] appear here as special cases. 
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multiplicative decomposition into a product of primaries. A Noether lattice 
which is both an SA-lattice and a P-lattice is an arithmetical lattice, that is, a 
direct cross-cut of simple chains (see W-D [2] or W [1]). But not every arith- 
metical lattice is a P-lattice, nor is every residuated lattice with ascending chain 
condition which is a direct product of simple chains a Noether lattice. 

A simple instance of a P-lattice is a commutative ring in which every ideal is 
principal; if the ring is also a domain of integrity, it is an SA-lattice as well. 

The plan of the paper is indicated by the chapter headings. We assume the 
reader is familiar with the notation and terminology of W-D [1]; we shall adhere 
to this save that we employ x U y and xf y instead of (z, y) and [z, y] for union 
and cross-cut, and we call divisor-free elements ‘‘simple”’. 


II. Principal element lattices 


3. The following three lemmas are valid in any residuated lattice with ascend- 
ing chain condition, and may be proved as in the ideal theory of commutative 
rings. 


Lemma 3.1. If qis a primary element of S, there exists a prime p such that 


(3.1) p>q>p, gqpp. 
k here is a positive integer. p is called the prime corresponding to q, and is 
uniquely determined by (3.1). 


Lemma 3.2. If q is a primary element of S, and a is any element such that 
q > a, then q:a is primary and corresponds to the same prime as q. 


Lemma 3.3. If q is a primary element of S and p is the prime corresponding 
to q, and a is any other element of S, then 
(3.2) q:a = q if and only if p p a. 


Now let S be a principal element lattice or P-lattice. It is shown then in 
W-D [1] that 


(3.3) if a > b, then b = a(b:a). 

It is also shown ia W-D [1] that every P-lattice is a Noether lattice; we state 
this result as a lemma: 

Lemma 3.4. In a P-lattice, every irreducible element is primary. 


It will be recalled that the irreducibility here is with respect to the cross-cut 
operation. 


4. THroreM 4.1. An element of a P-lattice is primary if and only tf it is a 
power of a prime. 
Proof. \et q be primary, p its corresponding prime. Let & be the least 


power of p for which (3.1) holds. We prove by induction that q = p*. 
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If k = 1,q = p' = p. Assume the theorem proved for all primaries q’ cor- 
responding to p such that 


pq 2p (lss<k). 


By Lemmas 3.2 and 3.3, g:p is primary, corresponds to p and is not equal 
tog. Since g:p > p*", q:p = p' by the hypothesis of the induction. Hence 
q>p*",sothattt+12k,t2k—1. Butsinceg:p D p*',t sk —1. 
Hence t = k — 1, g:p = p*’. But p Dq. Hence by (3.3), ¢ = p(q:p) = 
pp’ od p*. 

We need an additional lemma to prove conversely that every power of a prime 
is primary. 

Lemma 4.1. If p is a prime of a P-lattice and p**' # p*, then p‘':p* = p. 


For we have by hypothesis, (3.3), and the trivial inclusions p* D p‘*"’ 


(i) pS # p'; 

(ii) p’* = p*(p*"*:p'); 

(iii) p:p* > p. 

By (iii) and (3.3), p = (p*"*:p*)(p:(p""':p'))._ If p*":p* # p, pp p*:p', 
so that by Lemma 3.3, p = p:(p‘**:p*). Hence 


(4.1) p = (p'"':p*)p. 


Multiply both sides of (4.1) by p*' and apply (ii). Then p* = (p**':p*)p* = 
p'*' and (i) is contradicted. Hence p**':p* must equal p. 

We now prove the second part of the theorem by induction. Let p be a prime. 
Then p' = pis primary. Assume that p* is primary, k = 1. Then p** is 
primary. For assume the contrary. Then we have (i). 

Furthermore, there exist lattice elements a and 6 such that 

(iv) p*** D ab, p*" Da, p'*" pW’ (s = 1, 2, 3, ---). 

Hence p > ab, p > b, so that p’ Dab. Then p* Da. For otherwise since p* 
is primary and p is prime, p’ > b’ for some s, so that p Db. If p‘ Da, then 
a = pq where p > qg by (iv). Hence p*':a = p*":(p'g) = (p':p'):q = 
p:q = p by Lemmas 4.1 and 3.3. But since p**' D ab, p**:a Db, or p Db, a 
contradiction. Hence p**’ must be primary, and the proof is complete. 


The following theorem may also be readily proved by induction: 


> p'p, 


THrorEM 4.2. In a P-lattice, every primary element is cross-cut irreducible. 

An element s of a residuated lattice is said to be ‘“multiplicatively irreducible” 
if s = zy implies s = x ors = y. 

THEOREM 4.3. In a P-lattice, an element is multiplicatively irreducible if and 
only if it is a prime. 

Proof. It is evident that every prime is multiplicatively irreducible. To 
prove conversely that every multiplicatively irreducible element is a prime, we 
shall need the following lemma. 
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Lemma 4.2. If for every element x of a residuated lattice b:x = b or i, then b 
18 @ prime. 

For assume that b > ac and b pa. Then b:a # i, so that b:a = b. But 
then b:c = (b:a):c = b:ac = i, so that b Dc. Hence b is a prime. 

Now let p be any multiplicatively irreducible element of S. Then if p is 
simple,’ p is a prime. For since p:z > p, either p:z = p or p:z = 7 for every 
x of S, so p is a prime by Lemma 4.2. 

Assume next that p is multiplicatively irreducible but not simple. Let a be 
any element of S such that p:a ¥ i. Then p:a = p:d, whered =aUpDp, 
d # p. But then by (3.3), p = (p:d)d = (p:a)d. Hence since p is multi- 
plicatively irreducible, p:a = p. Thus p is a prime by Lemma 4.2. 


Coro.tuary. If p is a prime of a P-lattice and q any proper divisor of p, then 
(4.4) qp = Pp. 
Proof. Since q > p, q # p, p = (p:q)q by (3.3). But p:q = p. 


5. We shall now give the decomposition theorems in a P-lattice. If the 
ascending chain condition holds in a lattice S, for every element we have a 
cross-cut representation 


(5.1) a=sNseNh..-Ns, 


where each s is irreducible, and no s divides the cross-cut of the remaining s. 
If S is distributive, it is well known that this decomposition is unique. 

In a Noether lattice, every irreducible s is primary, and we obtain from (5.1) 
a decomposition into maximum primary components by grouping together all 
primaries belonging to the same prime: 


(5.2) a=aNnan.--Na. 


Here q; corresponds to the prime p; , and p; , pe, --- , pi are distinct, although 
they may divide one another. In any other such decomposition of a, the number 
of primary components is the same, and the primes are the same. We shall 
refer to (5.2) as a ‘‘Noether decomposition” of a. The other cross-cut decom- 
positions of a into isolated primary components and into coprime components 
readily follow from the Noether decomposition as in the instance of ideal 
theory. 

The following theorem follows immediately from the identity of the primaries, 
irreducibles and powers of primes in a P-lattice, and the fact that every P-lattice 
is distributive (W-D [1], Theorem 13.2). 


THroreM 5.1. Ina P-lattice, every element a has a unique reduced decomposi- 
tion into a cross-cut of powers of distinct primes: 


(5.3) a= pr N pen... pf". 


* A lattice element is said to be ‘‘simple’’ if its only divisors are itself and the identity. 
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A multiplicative decomposition of a, 
a = bybe --- by, 


is said to be reduced if for each b; , bibe - - - Di_abigi --- b, 4 a. This definition 
implies that no b = a, so that a multiplicatively irreducible element will admit 
of no such decomposition. 


THEOREM 5.2. Ina P-lattice, every element has a unique reduced multiplicative 
decomposition into a product of powers of distinct primes: 


(5.4) a = pi'p2*--- pr’. 

Proof. We shall prove by induction that 
(5.5) pi’ N pz? ... MN pitt = pips? --- prt 
if pi, P2, --- , pr, are distinct primes of S. The theorem will then follow from 
Theorem 5.1. 

(5.5) is true when! = 1. Assume that it is true for any | — 1 distinct primes 
of S. Select from pi, pe, --- , p. a prime not divisible by any other prime; 


let it be pi. Then if a = pf N px? N...f pf', pf’ Da. Hence by (3.3), 
a = pi'(a:pr'). 

Now a:pr = (pi? N pz? N..- A pt):p! = pripr N priprt Nn... 
pi':pi'. But pr':pr' = 7, and by Lemma 3.3, pj‘: pf! = pf! (j ¥ 1). Hence 
a:pr' = pz? N...f pr! = pz* --. pf! by the hypothesis of the induction. 
Thus a = pi'p2? --- pr‘, and the proof is complete. 

THEOREM 5.3. There exist distributive Noether lattices in which the Noether 
decomposition of an element into a cross-cut of primary components is not unique, 


Proof. Consider the lattice % (Figure 1) with the following multiplication table 


el 
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It is easily verified that the postulates for a multiplication given in W-D [1], 
pp. 336-337 are all satisfied, so that % is residuated. An inspection of the 
multiplication table shows that p and r are primes in % while q: , g2, q are pri- 
maries corresponding to p. Since p, qi , gz, 7 are the only irreducible elements, 
2 is a Noether lattice. It is evidently distributive. However, the element z 
has two distinct decompositions into primary components, z = qi Mr, z = qfMr. 

If the decomposition (5.1) into cross-cut irreducible elements is unique, severe 
conditions are imposed on the lattice structure; in fact the lattice must be a 
Birkhoff lattice of a peculiar type (Dilworth [1]). On the other hand, we may 
have a unique Noether decomposition (5.2) for every lattice element with 
hardly any restriction on the lattice. For it is easily seen that a sufficient condi- 
tion for a unique Noether decomposition (5.2) of a given lattice element a of 
an N-lattice is that none of the primes belonging to a divide one another. Hence 
in a Noether lattice in which every prime is simple, the Noether decomposition 
is always unique. But such a lattice is the direct cross-cut of Noether lattices 
containing exactly one simple element. Now it is shown in W-D [1], Theorem 
8.1 that a lattice with only one simple element may always be residuated. If 
the lattice is finite with null element z, the corresponding multiplication is easily 
shown to be ab = aif b = 7; ab = bif a = i; ab = z otherwise. Hence every 
element save 7 is primary, and the lattice is a Noether lattice. Since the lattice 
is otherwise arbitrary, we may construct by direct cross-cuts finite Noether 
lattices with unique decomposition of almost any desired complexity of lattice 
structure; in particular, the lattice need not be distributive, modular, nor a 
Birkhoff lattice. 


6. THEorEM 6.1. Necessary and sufficient conditions that an N-lattice be a 
P-lattice are 

(i) every primary is a power of a prime; 

(ii) if p is a prime and q a proper divisor of p, then gp = p. 

Proof. The necessity of these conditions is established in §4. Let S be an 
N-lattice in which (i) and (ii) hold, and let @ and b be any two elements of it 
such that a D> b. It suffices to exhibit an element c such that ac = b. 

Noether decompositions of a and b exist of the forms 


a= pr N pen... pf, b= st NN... 1 sft, 


where pi, --- , p, are distinct primes and s,, --- , 8 , distinct primes. 
As in the proof of Theorem 5.2, we may show by induction that these decom- 
positions imply the existence of multiplicative decompositions of the form 
a= pip: ate pi, b= 93198 — spt 
Since a > b, each p divides some s. But if p > s, p ¥ s, ps = s. Hence 
p*s = s, p*s* = 8°. If p Ds, p = 8, then if s is the only prime which belongs 
to b which p divides, p* > s° or p* D p’. Ifa = B, p* = p’ so that we may 


replace p* by p® ina. If a < B, p® “p* = p® = s*. If p divides some other 
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prime in b, say s’, by the first case p*s” = 8", Theelement cis thus constructed 
by selecting for each p the power s° of which it is a divisor (save in the case 
p = s when we select the power s* * or s’ = i according as 8 > a or B S a), 
and then taking the product of these powers. 


III. Semi-arithmetical lattices 


7. Let S now denote a residuated lattice with ascending chain condition in 
which any one of the three following conditions hold: 


(7.1) a:bUb:a=i;  a:(bfNc) = a:b Uaie; (b Uc):a = bia Vera. 


It is proved in W-D [1] that these three conditions are equivalent to one another 
and imply that © is distributive. It was also proved in W [2] that a sufficient 
condition for (7.1) is 


(7.2) a:(a:b) = a Ub. 


THEOREM 7.1. Let © be a residuated lattice with ascending chain condition in 
which conditions (7.1) hold. Then any two primaries of S are either coprime or 
else one contains the other. 


Proof. Let p and q be any two primes of S. By Lemmas 3.2 and 3.3, 
p:q = pori,q:p = qorit. By (7.1), p:q Uq:p = i. Hence any two primes 
of S are either coprime or else one divides the other. 

Now let a and b be any two primaries of S such that neither a > b norb Da. 
Then a and b are coprime. For otherwise, there exists a prime r such that 
rDaUb,sothatr Da,r Db. Hence if p and q are the primes of Lemma 3.1 
which correspond to a and b respectively, r > p,r Dg. Hence p > qorg > p. 
But by Lemma 3.2, p > a:b, q > b:a. Hence if p > gq, p > a:b, p D bia, 
and this contradicts (7.1). Similarly g > p leads to a contradiction of (7.1), 
and the proof is complete. 

The following simple example shows that the conditions (7.1) do not imply 
that S is a Noether lattice. Consider a chain of four elements i, a, b, z with 
i>a>b>z. Definea multiplication ry by ry = yxz;ry = rif y = 1; zz = z, 
aa = a,ab = bb = z. This lattice is residuated. (The values of x:y are given 
in W-D [1], p. 339, example III.) Furthermore since either z > y or y > 2, 
z:y U y:x = i, so that (7.1) holds. Every element is cross-cut irreducible. 
But z > ab, z > b, z Pp a” for any n, so that z is non-primary. 

Derinition. A Noether lattice in which conditions (7.1) hold is said to be semi- 
arithmetical. 


We refer to such a lattice as an SA-lattice. 


THEOREM 7.2. A Noether lattice is semi-arithmetical if and only if any two 
primaries of the lattice are either coprime, or else one divides the other. 


Proof. The necessity of the condition is proved in Theorem 7.1. To show 
its sufficiency, let a and b be any two elements of a Noether lattice S. Then 
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a and b have Noether decompositions into cross-cuts of primaries. But since 
of any two primaries with a common factor one divides the other, the primaries 
in any reduced representation are coprime in pairs, so that the cross-cut repre- 
sentation is also a product representation. We may accordingly write 


a=nn---NaNaN---Ns =q--- usi--- 8, 
b an---NaNan..-Nt, = aqi--- gah--> te; 
where the gq, s, g’, ¢ are primaries and 


qUs=qUt=sUqd =sVt =i, 


qi U gq; =i, qi Ug; =i (i,j =1,---,k;t AQ), 
& Us, =i, tUh =i(uv=1,---,l;uAv;p,w=1,---,mp#w), 


while either g; > qj or q; > qi - 
Then by elementary properties of the residual 


a:b = qi:b nN tee nN 8,2), qib = qu: (qi) - (1:9) 291 ’ 


where 7 = q2--- Gili --- tm. Since q is primary and relatively prime to each 

of q2,--+,4%, ti, +--+, tm, it is relatively prime to their product 9. Hence 

by Lemma 3.2, q:9 = q so that q:b = qitqi. In like manner, q2:b = 
, , . 

2242, +--+ 5 Qe:b = qetqe, While 5::b = 5, --- , 8::b = 8,. Hence 


aib=qian---NaigANanN.--Ns. 
In like manner 
bia = gimN---NaaNan.--Nt,. 


Since either q’:q = ior q:q’ = i, the primaries appearing in these decomposi- 
tions of a:b and b:a are coprime in pairs. Hence a:b U b:a = i and © is 
semi-arithmetical. 


THEOREM 7.3. In a_ semi-arithmetical lattice, every primary element is 
irreducible. 

Proof. Let q be primary, and let p be its corresponding prime. If q is re- 
ducible, we have a reduced decomposition 


q=anNnen.--Nae, k = 2, 


where the q; are irreducible and no q; divides the cross-cut of the remainder. 
Since the q; are primary, they are accordingly relatively prime in pairs. Hence 
ifm=aN---Na,g2an,¢ap hu. Hence gq > qi for some integer s. 
Therefore, p > q. Similarly p > q2, and this contradicts the coprimeness of 
1 and q2. 


THEOREM 7.4. Ina semi-arithmetical lattice S, every power of a prime is cross- 
cul irreducible and primary. 
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Proof. Let p bea prime of S and g = p* any power of p. If q were reducible, 
we would have with 1 = 2 


q=uNnan---Nq = qae--- a, 


where the q; are primary and coprime in pairs, and no q; equals g. Clearly p 
contains exactly one q; ; let it be q: , and let 9 = q2--- qi. Then p U@ = i. 
Hence q Uq@ = i. Hence q:4 = q, so that g:q: = (q:9):qm = 929m = 9:¢ = 1, 
a contradiction. 

These results give us the following decomposition theorem. 


THEOREM 7.4. In a semi-arithmetical lattice, every element may be uniquely 
expressed either as a cross-cut or a product of irreducible elements which are coprime 
in pairs. 


8. The structure of a semi-arithmetical lattice is largely determined by the 
structure of the semi-ordered set of its prime elements. For consider a chain 
of elements of 


(8.1) A see 


where each q is primary and contains all the g which follow it. Since the ascend- 
ing chain condition holds in S, any such chain is well-ordered. For convenience, 
we shall assume that the chain begins with the identity element of S, and 
terminates with the null element, if the latter exists. We shall furthermore 
assume that all the elements of the chain are distinct, and that the chain is 
complete in the following sense: If q’ is the immediate successor of g in the chain 
and q > b > q’ in the lattice, then either gq = b or g’ = b or b is non-primary. 
We call such a chain a “complete chain of primaries’ of S. Every element of 
such a chain is cross-cut irreducible by Theorem 7.3. 

The following properties of complete chains of primaries follow easily from 
the definition : 

(i) The second element of the chain is a simple element of S and hence a 
prime. 

(ii) If q lies in the chain and 6 is any primary contained in q, b lies in the chain. 

(iii) Every such chain is a residuated sublattice of S and hence a semi-arith- 
metical lattice. 

(iv) Two such chains either have no element in common save the identity, 
or else- coincide completely from a certain point on. 

(v) An element of a chain is a prime if and only if it has at least one prime 
divisor distinct from the prime divisors of all its predecessors in the chain. 

(vi) Two primaries of the chain with the same set of prime divisors correspond 
to the same prime in the sense of Lemma 3.1, and this prime belongs to the 
chain. 

(vii) A non-simple element is a prime if and only if it belongs to more than 
one complete chain of primaries. 
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Consequently the first element other than the identity common to two com- 
plete chains of primaries is always a prime. 

(viii) If an element of the chain is a prime, all the primaries corresponding 
to it belong to the chain, and form with the identity element a semi-arithmetical 
sublattice of S. 

It follows from the decomposition theorems that the residuation in a semi- 
arithmetical lattice is completely determined if it is determined for any two 
primary elements of the lattice. Now if g and q’ are primary, either they are 
coprime or else they belong to a complete chain of primaries. If they are co- 
prime, g:q = q, 7:¢ = 7 by Lemma 3.3. If q’ Dq, q/:q¢ = 7. On the other 
hand, q:q' = q if q’ > q and gq, q’ correspond to different primes in the chain. 
Hence we see that the residuation over S is completely determined if it is 
specified in those sublattices of S consisting of all the primaries corresponding 
to a given prime and the identity. The distribution of these sublattices in S 
is given by the semi-ordered set of all prime elements of S, in that each sub- 
lattice corresponds to a covering of prime elements in the semi-ordered set. 


9. We shall conclude by showing that in an Archimedean lattice, condition 
(7.2) (whose combinatorial consequences we developed in the earlier paper 
W [2]) determines the residuation of the lattice uniquely. 

For consider the sublattice consisting of 7 and all the primaries belonging to a 
given prime p. Since © is Archimedean, the sublattice may be arranged in a 
sequence 


Jo, 1, G2, °°" 5 Qny Qnti,***, 


where go = 7, qi: = p and qn covers gnyi ifn 2 1. The sequence terminates with 
qw if and only if there is a finite number N of primaries belonging to p. 

Consider any primary q of the sequence. Evidently q.:q: = q@ if 1 = k. 
The k + 1 residuals gx:qo , Qe2q1, --+ » Qe:Q are all distinct. For if 1, m < k, 
then by (7.2) qi = qi U qe = qe: (qe2q), Im = Gm U ge = Ge:(Ge2qm). Hence 
if qetq: = Qe?Qm, Qi = Gmnorl = m. But each residual q:q, contains gq and if 
l < k, it is primary and belongs to p by Lemma 3.2. Also if g: > dm, Qk?Qm 
qe:q:.. Hence if 1 S k, qetq: = qe-1. Thus we have in general 


gn ifk—-n20, 
Jo ifk—n <0, 


so that the residuation in the sublattice is determined. By W-D [1], Theorem 
5.1, the associated multiplication is found to be 


Qk-Qn = 


Qi = Qk+t, 


if the number of primaries is infinite, and if the number is finite and equal to 
N, 99: = G41 OF Gy according ask +1 <= Nork+l2WN. Hence if we write 
p’ = i, it follows that q, = p*, so that every primary is a power of a prime. 
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The residuation in the remainder of the lattice is then determined by the 
results of §8. 


REFERENCES 
R. P. Ditworru. 
1. Lattices with unique irreducible decomposition. To appear shortly in the Annals 
of Mathematics. 
M. Warp. 
1. Structure residuation, Annals of Mathematics, vol. 39(1938), pp. 558-568. 
2. Residuation in structures over which a multiplication is defined, this Journal, vol. 
4(1937), pp. 627-636. 
M. Warp anp R. P. Ditworrs. 
1. Residuated lattices, Transactions of the American Mathematical Society, vol. 
45(1939), pp. 335-354. 
2. The lattice theory of ova, Annals of Mathematics, vol. 40(1939), pp. 600-608. 


CALIFORNIA INSTITUTE OF TECHNOLOGY. 








FUNDAMENTAL SYSTEMS OF SOLUTIONS FOR LINEAR DIFFERENCE 
EQUATIONS 


By M. G. Moore 


Consider the differential equation with constant coefficients 


DL af’ (x) =0. 


p=0 
If the function exp (tz) is to be a solution, its substitution into the equation 
shows that ¢ must then be a zero of the polynomial 


Dd et’. 


p=0 
Further, with each of the zeros is associated an exponential function which 
satisfies the differential equation, so that, in general, there exist n distinct ex- 
ponential solutions. Also, all possible solutions of the equation may, in general, 
be expressed in terms of these exponentials, and simply as linear combinations. 


Consider now the generalized difference equation 
N 


(1) 8 e.S(z + a) = 0, 


p= 
with constant coefficients and with complex spans a,. Again seeking solutions 
of the form exp (tz), we substitute into (1) and find that ¢ must be a zero of the 
function 


h(t) = > c, exp (a,t). 


On the other hand, if ¢ is a zero of h(t), exp (tx) is a solution of (1). 

It is natural to inquire now into the possibility that the analogy between 
these two functional equations can be extended to a consideration of the 
“general” solution of (1). 

That the analogy cannot be perfect is immediately evident when we consider 
the particular equation 

f(z + 1) — f(z) = 0 
and notice that the number of its exponential solutions (exp (2mmizx), m integral) 
is infinite. In this case, then, not only do we find solutions by taking linear 
combinations of these exponentials, but it is possible to arrive at still others by 
taking the limits of converging sequences of such linear combinations. The 
problem of how extensive a class of solutions is thus obtained is exactly the 
problem which is attacked by the best-known part of the theory of Fourier 
series. If we use the well-known set of Fourier orthogonality relations as the 
Received January 30, 1940; presented to the American Mathematical Society, April 15, 


1939. 
652 





solu 





SOLUTIONS FOR LINEAR DIFFERENCE EQUATIONS 653 


basis of its method for obtaining coefficients, the Fourier theory deals with the 
problem so effectively as to make it clear that these properties of orthogonality 
are among the most powerful tools of mathematics. 

If we are to deal with the solutions of (1) with a degree of success comparable 
to that already attained for periodic functions, it seems likely that we shall 
need to use closely analogous methods; that is, that we must employ relations 
of orthogonality, or of biorthogonality, satisfied by the exponential solutions of 
(1). It would then be possible to assign coefficients to very general types of 
solutions of the equation. There should be some expectation of being able to 
utilize such coefficients in the study of the possibility of approximation. 

Such properties of biorthogonality have actually been obtained by the 
author,’ and will be applied here to the treatment of the question of the exist- 
ence of a “fundamental system” of exponential solutions’ when the function h(é) 
has only simple zeros, while the corresponding situations which involve multiple 
zeros will be treated with equal success. 

Although the spans a, are not restricted to be real, we may take them so, and 
the function to be approximated will still be defined on curves (or in regions) in 
the complex plane, not necessarily coinciding with the real axis.’ 

Let c, and a, (u = 1, 2, --- , N) be arbitrary complex constants except that 
c, ~ 0, a, ~ a, for » # v, and N = 2. Let w(m) be the order of the zero t,, 
of h(t). We have methods then for obtaining formal expansions of functions in 
terms of the solutions z* exp (tmz) (¢ = 0, 1, 2, --- , w(m) — 1) of (1). Suffi- 
cient conditions for the convergence of these formal expansions (conveniently 
called F-series) are given in (M), where the partial sum of the F-series of an 
“arbitrary” function f(z) is given in the form (with the point a at our disposal) 


in; p> Cn [ ” ya) [ eee 0 A(t)}™ dt das. 


Here C, (s = 1, 2, --- ) is a contour which, except for a bounded portion of its 
length, is a circle of radius s, and on which 


|e "h(t | > m (u = 1,2,---, N), 
m, being a positive quantity independent of s.‘ 


1M. G. Moore, On expansions in series of exponential functions, American Journal of 
Mathematics, vol. 62(1940), pp. 83-90. We refer to this paper as (M). 

2 See G. Valiron, Sur les solutions des équations différentielles linéaires d’ordre infini et 
a coefficients constants, Annales Scientifiques de |’Ecole Normale Supérieure, (3), vol. 
46(1929), pp. 25-53, for a study of the fundamental solutions of differential equations of 
infinite order. The solutions which he considers are analytic in certain circles. 

3 For the case where they do coincide with the real axis, see T. Kitagawa, On the theory 
of linear translatable functional equaiions and Cauchy’s series, Japanese Journal of Mathe- 
matics, vol. 13(1936), pp. 233-332. Kitagawa also refers to various other authors. 

‘ For the real problem, the F-series is a special case of Kitagawa’s Cauchy series. See 
Kitagawa, loc. cit. For other properties of h(t), see R. E. Langer, On the zeros of exponen- 
tial sums and integrals, Bull. Am. Math. Soc., vol. 37(1931), pp. 213-239. See also R. D. 
Carmichael, Systems of linear difference equations and expansions in series of exponential 
functions, Trans. Am. Math. Soc., vol. 35(1933), pp. 1-28. 
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We may suppose that h(0) ~ 0, for otherwise, if y is any constant for which 
h(—y) ¥ 0, we may replace h(t) by H(t) = h(t — y), and f(z) by F(z) = f(z) 
exp yz, and our new problem of approximation is equivalent to the old one. 

Let the complex numbers 7 (k = 1, 2, --- , M) be so defined that m = ne“* 
(n positive, 5, real), let R; be an infinite ray projecting from the origin, but not 
including the origin, and let R; and m be so defined that R(mt) (R denoting the 
real part) is positive for ton Ry and Rix: , where Rui: = R,. Also, let R; pass 
through no zero of h(t), and let it be different from all rays on which R(a,t) = 
R(a,t) (u # v). Let Cys be the contour made up of portions of R,, C,, and 


Ris. Then |e h(t) | (u = 1, 2,---, N) is bounded away from zero on 
Cx. , the bound being independent of k and s. 
Let a“ be the value a, (u = 1,2, --- , N) for which R(a“’t) > R(at) (a # 


a,) for t on R;. 

Let x be arbitrary in each term of the sum 2; = (a, — a“), the number of 
terms also being arbitrary. Let 2; lie on a rectifiable arc from x to a, on which 
f(a:) is defined and to which we shall refer as the arc (z, a,). Let all possible 
points a, — a” + 2 — 2, + 2, lie in an angle with vertex at the origin and 
lying interior to the reflex angle formed by the rays from the origin through the 
points 7, and m_;, and let a, — a“ + x — x; + 3, also be bounded away from 
the origin except when a, — a” + 3; = 0. 


THEOREM 1. Let the above hypotheses hold and let f(x:) have a continuous 
second derivative on closed (x, a,) (u = 1, 2,---,N). Then, 


_gevte-aus 
2 lim lim — ia x [= dt dx 2). 
@) 70 sro 2mt =? > Hay) Che hOTO +: + nt) 1 = f@) 

Proof. Any portion of R, (k = 1, 2, --- , M) of bounded length contributes 
zero to the value of (2) as » — 0 because of a cancellation of integrals having 
opposite directions over R; , so that we shall neglect the portion of R, lying within 
a distance 7' (T to be independent of s and 7) of the origin. We define D,, to 
be the remaining part of C;, after we have neglected this portion of R, and the 
corresponding portion of R,4:, and we take 7; as the point on R, for which 
|T.| = T. 

The left side of (2) may then be written, upon repeated integration by parts, as 


lim lim . > f [> + i? — (h(t))™ 


770 8-0 Qri k=1 t 


S(a,)e** ee 7 ay faders! | di 
a ee 


The first term in the bracket, by Cauchy’s integral formula, contributes f(z) 
to the value of (3). 

The arc of C, on D,, contributes zero for the values of each of the other terms 
because of the presence of I'(1 + mé) in the denominator and the boundedness 
of | e**/h(#) | for all u and for all ¢ on C, for all s. 


(3) 
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If we write {h(t)/c ee as the reciprocal of a binomial 1 + 
[A(t) (0) — 1] and expand by the binomial theorem for sufficiently large 
ton R;,, we find that in the last term of (3) we may obtain an expansion of 
e‘“***-*)*/h(t), a representative term of which (except for a constant coefficient) 
is z(t) = exp {[a, — a” + 2 — x, + ,]t}. Further, by taking 7 sufficiently 
large, we find that, except for a finite number of terms, the expansion not only 
is uniformly convergent when |t| > 7 and ¢ is on R;,, but every term ap- 
proaches zero in an exponential manner as 7’ — ©. We need consider, then, 
only a finite number of terms of the form z(#). By the hypotheses of the theorem, 
there exists a 7; (| 7;| = 1) for which | 2(T,)| < 1, R(m7T:) > 0, and 
R(m1T;) > 0 (the hypotheses having been chosen to bring this about). The 
integral which remains, then, for each of the finite number of terms which do 
not approach zero for large 7’, can be replaced by an integral from 7; to T;, 
and from 7’; to C, on a ray from the origin. The first part of the path of integra- 
tion, being bounded in length, contributes zero to the value of the integral, 
while on the second, the value of the integral becomes zero with 1/7 because 
of the presence of ¢ in the denominator and the boundedness of other factors. 
The other terms of (3) are treated similarly, the z(¢) (in those cases) approaching 
zero exponentially for large ¢ on the ray from the origin through 7; . 


THEOREM 2. There exist values m and a rectifiable arc A passing through the 
points a, , a2, --- , ay such that, if f(x) is defined for x, on A, and if xis on A 
but ts a point a, for no value of wu, the hypotheses of Theorem 1 are satisfied. 


Proof. Take any line L through the origin not parallel to any one of the 
finite set of lines joining the points a, and a, (u # »). 

Let 5e be a positive quantity smaller than each of the acute angles which 
L makes with these lines. Then if 6 is a real number which is defined so that 
the point e“ lies on L, take 6; = 5 — 3¢, 62 = 6 + €, 63 = 8 + 47 — 3c, & = 
5 + x + «, while the arguments of points of R, , Re , Rs , Rs respectively are to 
be — 6 + 34 + 2c, —5 + 4m — 2e, — 5 — 4x + ee, — 5 — 4a — Qe. 

Now take A to be an arc joining the points a, (u = 1, 2, --- , N) and witha 
continually turning tangent which makes an acute (or right) angle = 4¢ with L 
at all points of A. We suppose that the notation is so chosen that a, = a” and 
that a is one end-point of the arc, ay is the other end-point, and ag, --- , aw-1 
are distributed in order between these two points. The reader may now com- 
plete the proof of the theorem without difficulty. 

The nature of the hypotheses on A clearly enables us to state 


THEOREM 3. There exists a rectifiable arc K containing the points (a, ae, 
- , ay) such that, if f(x1) is defined for x, on K, a lies on an interval B of K on 
N 


which > Cuf (X11 — a1 + a) is defined, and for which (a; + c, ay + c) is anare A 
a=l 
for all values of c for which a, + c ts on B. 


THeoreM 4. Let the hypotheses of Theorem \ hold and let 
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N 
(4) Dd ef(a: + a — a) = 0 
pol 
for x, on B. Then the limit expressed in (2) exists uniformly for x — ay + a 
(u = 1, 2, --- , N) on any closed interval of open B. 


Proof. The expression (2) is already known to be independent of a, for a on K. 
Now, the substitution of a, + c for a, (¢ a constant such that a + c lies in open 
B) changes the value of (2) by an amount which is conveniently written as the 
limit of a linear combination of terms of the form 


ayte e(tete—at 
7 iy efter) | mora a 


et at 


-[ Deaf + ay) wora +e ™ 


N 
which vanish, since > Cf (ti + a) = 0. 
p= 


For z on any closed interval Q (of open B) for which the distance between 
no two points is as great as | a; — az |, there evidently exists a c such that when 
the points a, are replaced by the points a, + c, the interval Q lies between 
a, + cand ay + con K and contains no point a, + c (u = 1, 2,--- , N). 

The reader may now see for himself that all limiting processes hold uniformly 
for zon Q. Any closed interval B, of open B is the sum of a finite number of 
intervals Q, so that the convergence is uniform for z on B,. The proof for 
xr — a + a (uw = 2,--- , N) on B, is similar. 

Noting now that continuous functions may be approximated uniformly by 
sequences of functions having continuous second derivatives, and that inte- 
grable functions and various subclasses of the class of integrable functions may 
be approximated in various ways by functions which are continuous, we state 
the following theorem, which may be given more precise meaning by the reader: 


THEOREM 5. Let f(x) be defined and integrable for x — a, + a (u = 1,2,---, 
N) on B and let (4) hold for x on B. Then f(x) may be approximated by linear 
combinations of the solutions x*e'"* of (1). 


For the difference equation f(z + 1) — f(x) = 0, it is seen that the solutions 
may in particular be approximated by trigonometric functions if the curve on 
which f(z) is defined has a continually turning tangent and a bounded slope. 
The reader may see for himself that the slope can also have discontinuities if 
suitable restrictions are substituted for that of continually turning tangent. 

As a particular case of the results expressed in the preceding theorems, it is 
worth while to mention the result: 

THeoreM 6. Let f(x) be defined and analytic in N regions G, (u = 1,2, --- , N) 
defined so that G, contains the point a, on its interior, and let (4) hold for x in G, . 
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Then there exist subregions of G, (including a,) in which f(x) may be approximated 
uniformly by linear combinations of the solutions x*e'™* of (1). 


Referring to (M) and to the definition of the F-series, we find other results 
by methods similar to those already used. We state them without proof. 


THEOREM 7. Let f(x) be analytic throughout an open region U containing the 
polygon P (the smallest closed convex polygon containing a, , --- , ay , and let (1) 
be satisfied for x in a neighborhood of the origin. Let P be the smallest closed convex 
polygon containing a set of points 8, which are so defined that 8, — a, + a, isa 
point of P (u,v = 1,2,---,N). Then if P contains P and is contained in U, 
the F-series converges uniformly to f(x) in P. 


THEOREM 8. Let f(x) be an integral function which satisfies (1). Then its 
F-series converges to f(x) throughout the finite plane, the convergence being uniform 
in any closed region. 


INDIANA UNIVERSITY. 








SUFFICIENT CONDITIONS FOR VARIOUS DEGREES OF 
APPROXIMATION BY POLYNOMIALS 


By J. L. WausH anp W. E. SEWELL 


1. Introduction. Let E be a closed limited point set in the plane of the 
complex variable z = x + iy, and let the function f(z) be defined on E. Let 
{pn(z)} be a sequence of polynomials in z of respective degrees n,’ whose con- 
vergence to f(z) is to be considered. The study of the relation between regions 
of convergence and geometric degree of convergence to f(z) on E of the sequence 
p,(z) on the one hand, and regions of analyticity of f(z) on the other hand, is 
in a relatively satisfactory state in the literature.? But the more delicate study 
of the relation between the degree of convergence both on E and elsewhere of 
the sequence p,(z) on the one hand, and the continuity properties of f(z) on the 
boundary of the region of convergence on the other hand, has only recently been 
undertaken. It is the object of the present paper to contribute to this latter 
study. 

To be more explicit, let the complement (with respect to the extended plane) 
K of E be connected, and regular in the sense that K possesses a Green’s func- 
tion G(z, y) with pole at infinity.* Then the function w = g(z) = e@*?*"=™, 
where H(z, y) is conjugate to G(z, y) in K, maps K conformally (not nncesnalle 
uniformly) onto the exterior of the unit circle y in the w-plane so that the points 
at infinity in the two planes correspond to each other. We denote by C the 
boundary of E and also denote generically by C, the locus G(z, y) = log p > 0 
or | ¢(z)| = p > lin K. This notation is convenient in separating the study 
of approximation by polynomials into several problems. 

Let the function f(z) be assumed analytic merely in the interior points of E; 
Problem a is the study of the relation between degree of convergence of p,(z) to f(z) 
on E on the one hand, and continuity properties of f(z) on C on the other hand. 
In the real domain this problem has been extensively studied;* the complex 
domain has received less attention.’ 


Received February 21, 1940; presented to the American Mathematical Society, Sep- 
tember, 1936. 

1A function which can be expressed in the form aoz" + a,2*"! + -++ + ay is called a 
polynomial in z of degree n; we do not assume apo ~ 0. 

2 See for instance Walsh [1]; here and elsewhere numbers in square brackets refer to 
the bibliography at the end of this paper. 

The reader is referred to that same work (Walsh [1]) for terminology not explicitly 
defined in the present paper. 

3 See for instance Walsh [1], pp. 65 ff. 

4 See for instance Bernstein [1, 2]; de la Vallée Poussin [1]; Jackson [1]. 

5 See Sewell [1, 2, 3]; Curtiss [1, 2]. Jackson [2, 3] deduces the order of Tchebycheff 
approximation from approximation as measured by an integral. 
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Let f(z) be analytic throughout the interior of some C, ; Problem B is the study 
of the relation between degree of convergence of p,(z) to f(z) on E on the one hand, 
and continuity properties of f(z) on C, on the other hand. In the case where f(z) 
has poles or essential singularities on C, , Problem 8 has been studied by various 
writers; if the function f(z) has a bounded generalized derivative on C, , or if 
some derivative of f(z) satisfies a Lipschitz condition on C,, Problem 8 has 
been studied less extensively." The main purpose of the present paper is to 
study Problem 8, when f(z) or one of its derivatives is assumed to satisfy a 
Lipschitz condition of order a (0 < a S 1) on C,; we establish results con- 
cerning degree of convergence on E. 

An additional problem which we shall call Problem y is the study of the degree 
of convergence on C, and on Cy (1 < p’ < p) (but not on E) of polynomials arising 
out of the study of Problem 8. As far as the present writers are aware, there are 
no previous results in the literature on this problem, except perhaps in the 
special case of Taylor’s series. 

We remark here that results on approximation to analytic functions by poly- 
nomials in the complex variable are analogous to, and have application to, 
results on approximation to harmonic functions by harmonic polynomials. The 
writers hope shortly to indicate in detail this relationship for Problems a, 8, 
andy. ° 

We shall now be more explicit about the new results of the present paper. 


2. Summary. Suppose f(z) is analytic interior to C,, continuous in the 
corresponding closed region or regions. In Chapter I (§3) we establish the 
formula 


3 wna(z)if(t) — P,(t)] dt ae 

(1) f(z) — prlz) = a I, pe ee z interior to C,, 

where w,(z) = (z — 2:)(2 — 22) --- (2 — Zny1), where the z; are arbitrary points 
interior to C, , where P,(z) is an arbitrary polynomial of degree n, and where 
p.(z) is the unique polynomial of degree n which interpolates to f(z) in the 
points z;. Equation (1) enables us to employ known results on degree of 
approximation of polynomials P,(z) to f(z) on C, (i.e., Problem a) to obtain 
new results on degree of approximation of polynomials p,(z) to f(z) on E (i.e., 
Problem 8). 

Chapter II (§§4-6) is devoted to a study of asymptotic properties of poly- 
nomials whose roots are assigned points of interpolation; the latter are 
chosen in various cases as equally distributed points, roots of the Faber, Tche- 
bycheff, and orthogonal polynomials, and the poles of lemniscates. Our 
primary object in Chapter II is to show that the function p"w,(z)/w,(t) [or 


(0°"/| wa(t) |?)- [ | w,(z) |? |dz| for the orthogonal polynomials] is uniformly 


® Especially de la Vallée Poussin {1], Faber [2], Bernstein [1, 2], Sewell [3]. 
7 Sewell [3], Walsh and Sewell [2, 3, 4]. 
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bounded for z on E and ¢ on C,, where the z; are the points of interpolation 
mentioned. 

Chapter III (§§7-9) contains the main results of the paper, namely, the actual 
application of formula (1) and its corollaries by the use of the asymptotic rela- 
tions of Chapter II. We thereby establish quite definitive results on Problem 8 
when f(z) or one of its derivatives is assumed to satisfy a generalized Lipschitz 
condition on C, . 

The general question of the relation between Lipschitz conditions on C, and 
Lipschitz conditions in the corresponding closed regions is considered in §10. 
In the latter parts (§§11, 12) of the concluding Chapter IV (§§10-12), we 
consider (§11) Problem y, the behavior on C,, of the various polynomials defined 
in Chapter III. In §12 we finally obtain inequalities on the error in the case 
of best approximation, and thereby prove that the results of Chapter III are 
in a sense the best possible. 


Chapter I. General inequalities on polynomial approximation 
3. Fundamental formula and algebraic inequalities. Our primary object in 
this section is the proof of 


THEOREM 3.1. Let E be a closed limited point set whose boundary is denoted 
by C, and whose complement K is connected and regular. Let C,, p > 1, bea 
level locus of Green’s function for K with pole at infinity. Let f(z) be analytic 
interior to C, and represented interior to C, by the Cauchy integral over C,. Let 


the points 2, Z2, +--+ , Zn41 lie interior to C, , and let us set 
(3.1) wn(z) = (2 — z1)(z — 2) --+ (2 — Zn4s). 
Then we have 


02) 10) - n= a fe NOG 


where P,,(z) is an arbitrary polynomial of degree n, and where p,(z) is the unique 
polynomial of degree n which interpolates to f(z) in the points z; . 


z interior to C,, 





Here C, may consist of several rectifiable Jordan curves, mutually exterior 
except perhaps for a finite number of points.* 

Under the hypothesis of Theorem 3.1 we have the Lagrange-Hermite inter- 
polation formula (e.g., Montel [1] or Walsh [1]): 


(3.3) fe) — pale) = / wn(2)f(t) dt 


2ni Jc, wa(t)(t — z)’ 


In particular we may set f(z) = P,(z) in (3.3); then the two polynomials p,(z) 


z interior to C,. 


8 Of course formula (3.2) holds also even if the integral is taken not over C, but over a 
much more general curve or set of curves, when f(z) is assumed represented by the corre- 
sponding Cauchy integral. The more general formula has no application in the present 


paper. 





(3. 
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and P,(z) each of degree n coincide in the n + 1 points z; and are identically 
equal, so we have” 


wn(z)P,(t) dt a 
(3.4) 0= Oxi ff walt) — 2)’ z interior to C,. 


If we subtract (3.4) from (3.3) in its original form [i.e., without particularizing 
f(z], we obtain (3.2) and the theorem. 
By inspection of (3.2) we now have the useful inequality 


(3.5) |f(z) — p,.(z)| Ss 5 f Seni \f(t) — P(t) |-| dt | 














: z interior to C,. 
|wa(t) |-|¢ — 2| , 
THEOREM 3.2. Under the hypothesis of Theorem 3.1, the inequalities 

(3.6) | f(z) — Pa(z)| S en, zonC,, 
(3.7) wn(2) < * zon EandtonC,, 

w(t) 
where M is a constant independent of n, t, and z, imply the inequality 

Mie, 
\f(@) — palz)| Ss —*, zon£, 





where M, is a constant independent of n and z. 
By means of the Hélder inequality 


(3.8) [res < (/ \F J ial) 0<a<l, 


we find from (3.2) 
|f(z) — pa(z) | 


(39) < x( I. eee " -\at\) ( [ [MO — Palo vlatl) 


0 < a < 1, z interior to C,. 
Inequality (3.9) is important in that it permits us to use a known degree of approzxi- 
mation by polynomials P,,(z) to f(z) as measured by an integral over C, (for instance, 
polynomials P,,(z) of best approximation on C, in the sense of least p-th powers) 
to obtain results on Tchebycheff approximation to f(z) on E: 


THEOREM 3.3. Under the hypothesis of Theorem 3.1, the inequalities (3.7) and 
(3.10) [ is - PA |". at s a, 0<a <1, 
Cp 


® Equation (3.4) exhibits an orthogonality relation, perhaps of some interest in itself, 
between the polynomial P,(/) and the rational function 1/[w,(t)(¢ — z)], where z is an arbi- 
trary point interior to C,. Of course (3.4) admits of direct proof. 
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imply the inequality 


if(e) — pale) | < s Me, —) 


where M, is a constant independent of n and z. 
By taking conjugates in (3.2) we’ have by use of (3.2) itself 


[se — pat tiael = ga [lesa fee | 


This formula gives an evaluation of the error in the sense of least squares on C, 








| del. 


an evaluation involving w,(z) on C merely through / | wn(z) |? | dz |. 
c ° 
TuHEoreM 3.4. Under the hypothesis of Theorem 3.1, the inequalities 
\f(z) — Pa(z)| Sen, zonc,, 
[ lone) Flde| s 6, lea) 2 ae for ton C,, 
c 


imply the inequality 
M 1 - én 





[ \f(z) — paz) P| dz| < 


where M, is a constant independent of n. 


The significance of Theorems 3.2, 3.3, and 3.4 lies in (i) showing the existence 
of sequences of polynomials p,(z) which converge to f(z) on C with a certain 
degree of convergence, and (ii) studying the degree of convergence of the ex- 
plicit polynomials p,(z) found by interpolation to f(z) in variously chosen 
specific sets of points z; . 


Chapter II. Roots of polynomials as points of interpolation 


4. Equally distributed points. Let the boundary C of £ consist of the mu- 
tually exterior rectifiable Jordan curves C; , C2, --- , C,, assumed to be smooth 
in a sense later to be made more precise. In the notation of §1 we have G(z, y) = 
log (2° + y’)' + Go(x, y), where G(x, y) approaches a constant value —g as 
(x, y) becomes infinite. If we set V(x, y) = G(x, y) + g, we have” 


1 aV 
(4.1) Viz, y)= [ ele) logrds, a) = 2, 
c On 
where n is the exterior normal for C, where r = |z — ¢|, ds = | df|, andz = 


xz + ty is an arbitrary point of K. Indeed, we shall prove 


Lemma 4.1. Suppose C has a tangent at every point, suppose 0G/dn is uni- 
formly bounded and measurable on C, and suppose there exists a constant Q such that 


10 See for instance Walsh [1], pp. 68 ff., an ‘exposition which is followed closely in this 
section. The method is due to Hilbert, Fejér, Szegé, and others. Compare also Montel [1]. 





( 


1” 


wh 


} uni- 
h that 


in this 
tel [1]. 





APPROXIMATION BY POLYNOMIALS 663 


(4.2) [J as| = alte - sh 


where the integral is taken along C, and where Q is independent of {, and {+ ; the 
integral in (4.2) signifies the integral over the shorter of the two paths over C con- 
necting £; and $2, where {, and {2 lie on the same C;. Then equation (4.1) is 
valid also for z on C. 


We assume | 0G/dn| S M on C. Let % = 2 + ty be fixed on C. Since 
V(a, y), when suitably defined on C, is known to be continuous in the closed 
region K + C, it is sufficient for us to prove that 





: eV, -ila—gtl, _ 
(4.3) in [ _ log | rakes 
where z; is in K and lies on the normal to C at a. The existence of the in- 
tegral in (4.3) will appear in the course of the proof. 

Let » > 0 be arbitrary, but so small that we have y <1 and log 
(1 — 7) > —». From this it follows that we have also log (1 + 7°) < 7. 
Let Ci be the set of points ¢ on C such that | ¢ — z | = 9, and let C2 be the set 
C — Ci. Weshall choose z; in such a way that we have | z: — z | < 9°, whence 
it follows that we have for ¢ on Ci 


at) <la-—alt+la—$| 














< <1+7, 
\Za— f| |zo— $| etre 
a—-f\yla—ftl—-la—al 2 
| > >1-7, 
ln t| = |zo— ¢| a . 
‘log |#—1)| < ton Ci 
| lz — fl , ’ 
aVv la—$ | 
(4.4) | se oe tog |=" as) = Mt, 


where / is the length of C. 
For ¢ on C3 we have 


~ 
| 
x 
BS 
lA 


l¢ — 2) +la—alsatn’, 


— 
(-) 
a 
ime 
is 
& 
ll 


log |¢ — z| — log |¢ — 20| 


< log (n + n°) — log |¢ — 2. 


Let C3 lie in a closed double sector of angle 2a < x with vertex z ; such a 
sector exists by virtue of the existence of a tangent to C at z. Since z, lies on 
the normal to C at 2, we may assume (by a possible further restriction on 7) 
that z; lies on the bisector of the exterior angle of this sector. Since the distance 
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from ¢ on C3 to this bisector is no greater than | ¢ — z |, and is at least as great 
as | { — | cos a, we have 

lf —a| 2 |$ — 2| cosa, 


c-* 
f — 20! 





> log cos a, tonC:. 





log, 


In sum, we may write for ¢ on C; 


on | < —log cos @ + log (n + 1°) — log |¢ — |. 





1 | 
og — Z| 


By (4.2) the path of integration is of length not greater than 2Qn, whence 


fo tog |#= lds < —2MQz log cos a + 2MQz log 7 
cs an lz~—¢ 











(4.5) zota 
+ 2MQq' — 2MQ [* log | — z0|-la¢ 


where the last integral is interpreted as an ordinary definite integral rather 
than a line integral; inequality (4.5) implies the existence of the second member 
of (4.1) for zon C. The right member of (4.5) may be written 


(4.6) —2MQn log cos a + 2MQn log » + 2MQn’ + 2MQ[n — 7 log al, 


which by suitable choice of 7 can be made as small as desired. 

That is to say, if « > 0 is given, we choose » with 0 < » < 1 so that we have 
log (1 — »') > —7, so that (4.6) plus Ml» is less than ¢, and so that the double 
sector with vertex z has the properties prescribed. For z; in K on the normal 
to C at z and with | z; — z | < 7’, the first member of (4.5) plus the first member 
of (4.4) is less than «, so (4.3) is established. 

In equation (4.1) we assume that 9V//dn exists, and is uniformly bounded and 
measurable on C. We set 


a(F) 
(4.7) Up = [ ei(s)ds, = u($) = I ¢i(s) ds. 
For definiteness and simplicity in exposition we henceforth frequently assume 


vy = 2; the extension to arbitrary finite v is immediate and is left to the reader. 
By the fundamental properties of the function u we know (op. cit., p. 71) 


(4.8) U = [ au = 1, 

The boundary C of E consists of the Jordan curves C; and C;, and we set 

du =}, du = 1-4, 0<A<1. 
Cs 


C1 


Of course the function w = ¢(z) which maps K onto the region | w| > 1 is not 
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uniquely determined, and even when chosen is multiple valued; but if we choose 
a particular branch, the map sets up a correspondence between C, and an arc 
of length 2, of the circle y:|w| = 1; we may choose the function g(z) and 
the branch so as to measure the are of length 27, from any preassigned point 
of y, corresponding to any preassigned point of C,. Similarly, we obtain a 
correspondence with similar properties between C: and an arbitrary are of y of 
length 2x(1 — A); each of these ares is to be taken as closed at one end, open 
at the other. Thus we obtain a one-to-one correspondence between the points 
of C and the points of y, a correspondence which is continuous on C except at a 
single point of C; and a single point of C, , and which is continuous on y except 
at the points of y corresponding to those two points of C,; and C; , respectively. 
This correspondence, once chosen, is to be temporarily fixed during our sub- 
sequent discussion; we shall eventually need another similar correspondence. 
Certain continuity and differentiability properties of the correspondence can be 
obtained from the continuity and differentiability properties of C alone. We 
are interested in these properties merely in the neighborhood of C and y; we do 
not need continuity properties in regions remote from C and y. 
Equations (4.1), (4.7), and (4.8) yield 


1 
V(z, y) = [ log r-du, zin K, 
0 
so by definition of the definite integral we have for z in K 


V(z, y) = lim * (log m + log re + --- + logr,), 


where 7, T2,---, 7, are the distances from z to the n points £, of C which 
correspond to the n equidistant values k/n (k = 1, 2, --- , n) of u in the interval 


(0, 1); of course the points ¢,, depend on n, but for simplicity that dependence 
is not indicated in the notation. Otherwise expressed, the points ¢,, may be 
considered as the transforms of the roots of unity on y, and the points ¢,, are said 
to be equally distributed" on C. 

Let us now write 


@n—1(2) = (z 7 H(z = $2) cipalbe (z ten fn); 
we wish to find an asymptotic expression for this function, for z on C or in K. 


Let z.= y¥(w) be the inverse of w = ¢(z), and let us set fn = ¥(Wn), Wm = 


2rim/n 





e . We introduce the notation 
9) o, = Sete) _ WC) — Ww) ]bv(00) — v(ws)] «+ bw) — 4600] 
oe a. (w — w;)(w — wa) +++ (w — wy) ’ 


Equation (4.9) suggests a convenient continuity condition: 
DeFINITION 4.2. The set C of mutually exterior Jordan curves C; , C2, ---,C, 


1! See for instance Walsh [1], pp. 70 ff. The term is due to Fejér. 
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will be called a contour provided each C; has a tangent at every point; provided 
the function 


(4.10) log | Vw) — viw') | 


w— w’ 


for each possible definition of ¥y(w) and y¥(w’) is locally bounded in the two- 
dimensional sense for | w| = 1 and | w’ | = 1 in the neighborhood of each point 
of continuity of ¥(w); and provided the function (4.10) satisfies on each are 
7; of y:| w| = 1 corresponding to a curve C; a Lipschitz condition” of order 1 
in w, uniformly with respect to w’ on any closed arc of | w’ | = 1 interior to a 
Yk- 

On each are 7; of y corresponding to a curve C; a single branch of ¥(w) is to 
be used here. 

The interpretation and significance of this definition require some discussion. 
Each are 7; is closed at one end, open at the other end; such end-points are 
points of discontinuity of ¥(w), for on one side of such a point the value z = 
¥(w) lies on one C; and on the other the value z = ¥(w) lies on a different C; . 
This unusual and purely accidental character disappears if interpreted geomet- 
rically, thanks to our requirement that the Lipschitz condition shall be satisfied 
no matter how y(w) is defined, that is to say, no matter which point of each C; 
is chosen to correspond to an end-point of y;, and no matter where the latter 
lies on +. 

The Lipschitz condition demanded may be written 

| | ry | r\ | 
| | w We— W 


| -_ 
— ws |, 


where A is independent of w:, w2, and w’. Choose w, as that end-point of 
yi which belongs to 7: , choose w, as a fixed interior point of y;, and choose 
w’ as a variable point of the other are 7; having w; as an end-point. When 
w’ approaches w, , the distance | ¥(w:) — ¥(w’) | is the distance from a point 
of C; to a point of C; , hence is bounded from zero, so the expression 
‘v(wi) — ¥(w’) 
| W— w’ 
becomes infinite. When w’ approaches w , the expression 
'W(u2) — ¥(w’) 
We — w’ 
is bounded, so the left member of (4.11) becomes infinite, and (4.11) cannot hold 
uniformly with respect to w’ with w’ merely restricted by the equation | w’ | = 1; 
this is our justification for requiring in Definition 4.2 uniformity with respect 





2 A function f(z) defined on a set E is said to satisfy a Lipschitz condition of order a 
(0 < @ S 1) if there exists M such that | f(z:) — f(z2) | S M | 2: — 22 |* whenever 2; and 2: 
lieon E. Unless otherwise stated, a Lipschitz condition is considered to be of order unity: 
a = 1, 
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to w’ merely for w’ on any closed are of | w’| = 1 interior toa y,. But we 
suppose here too that this condition holds for every choice of a point of C, 
corresponding to an end-point of 7, that is to say, for an arbitrary choice of 
the correspondence between y and C. 

Strictly speaking, the function (4.10) is not defined if w = w’. However, let 
us assume (4.11) valid, where now w’ as well as w; and w» lies interior to a 
particular are y;. Denote by W:(w;) any limiting value of the function 

'¥(wi) — ow’) | 
leg | ———— | 
| Wy — WwW 
as w’ approaches wy; ~ w.. By the uniformity of (4.11) and the continuity of 
¥(w) for w = w, it follows that W,(w)) is finite and 


(4.12) ‘Wilw) — log ees < S9 || |< Alw, — wa. 
If we allow we to approach w, , it follows from (4.12) that 
og | ¥Mu2) - ¥(wi) | | 
S| We — Wi | 


approaches the finite limit Wi(w;). Hence W:(w;) is uniquely determined. By 
a change of notation in (4.12) we have 


‘Wilw) — log vow ai ¥ (we) | | < 


= A| W1— We |, 
Wi — We 
whence, by (4.12) itself, 
(4.13) | Wi(wi) — Wi(we) | S 2A | wi — wel, 


a Lipschitz condition of order unity for the function W,(w) on any are y;. 
When w’ approaches w; , both points lying on the same 7; , it follows from the 
fact that C; has a tangent that 
om ES - vw) 


uw, — w’ 








approaches a limit. Consequently when w’ approaches w, , the function 
(4.14) log [Mw = vw | =n log | 29 — ced (wi) — so 
w’ _— W,— Ww 


approaches a limit, properly denoted by log ¥’(w:), where the derivative ¥’(w,) 
is defined in the one-dimensional sense on 7; and is different from zero. 
The function 


‘+ iarg| 


¥(w:) — ¥(w’) 


w, — w’ 


considered as a function of w’, with | w’| 2 1 and w, a fixed interior point of 
Y;, is continuous in the two-dimensional sense on any closed arc of | w’ | = 1 
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interior to y; except perhaps in the point w’ = w,, it approaches the same 
limit when w’ on 7; approaches w, in either sense, and by Definition 4.2 it is 
bounded in the two-dimensional sense in the neighborhood of w,. It foilows 
from a theorem due to Lindeléf that the limit in the two-dimensional sense 
exists as w’ exterior to y approaches w;, , and is ¥/(w;) # 0; the derivative ¥/(w:) 
is now a derivative in the two-dimensional sense. 

The first member of (4.14), considered as a function of w’, is continuous and 
its real part satisfies a Lipschitz condition of order unity on any closed are of 
| w’ | = 1 interior to y;. Hence by a theorem due to Privaloff [1]"* the pure 
imaginary part of that function (and therefore also the function itself) satisfies 
on any such arc a Lipschitz condition of every order a (0 < a < 1). It follows 
by the reasoning used for inequality (4.11) in the proof of (4.13) that we have 
on the are considered 


(4.15) | log ¥’(wi) — log ¥’(we) | S Ai | wi — we |*. 
In the further study of ¥’(w) we shall use 


Lemma 4.3. Let log @(w) satisfy a Lipschitz condition of given order 
a (0 < a S 1) onaclosed proper subare of |w| = 1. Then on that arc the func- 
tion ©(w) also satisfies such a condition. 


Our hypothesis involves the boundedness of log @(w), a consequence of the 
inequality 
| log &(w:;) — log &(we) | S Bi | wi — we |*. 


The continuity of @(w) on the are considered is a consequence of the continuity 
of log ®(w) there. For w; — we sufficiently small, namely, | #(w:) — (we) | < 
A-min | &(w) | (0 < A < 1), we have 


Joo RM) | _ | Cus) — (0s) | 1 (ws) _ i 
| ( 1) + 


B(w2)|~ [On| |) 2 NC) 








|. 





13 The theorem of Privaloff is ordinarily stated for the conjugate v(z) of a function 
u(z) which is harmonic for | z | < 1, continuous for | z | S 1, with a Lipschitz condition of 
order unity on the entire circumference |z| = 1; but we shall now prove that if u(z) is 
harmonic in the deleted neighborhood of a closed arc A of that circumference, continuous on A 
in the two-dimensional sense, and satisfies a Lipschitz condition of order unity on A, then 
the conjugate v(z) defined on A so as to be continuous there satisfies on any closed proper 
subarc of A a Lipschitz condition of every order a (0 < a < 1). Let u:(z) be defined on 
| z | = 1 equal to u(z) on A, and satisfying a Lipschitz condition over the whole circum- 
ference (it is sufficient to take u:(z) exterior to A as a linear function of arc length), and 
then let u:(z) defined by these boundary values be continuous for |z| < 1, harmonic 
for |z |< 1. By the original form of Privaloff’s theorem, the conjugate v,(z) satisfies a 
Lipschitz condition of order a on |z| = 1. The function u(z) — u;(z) is harmonic in the 
deleted neighborhood of A, continuous on A and equal to zero there, and can be extended 
harmonically across A. The conjugate v(z) — v:(z) satisfies a Lipschitz condition of 
order a on any closed proper subare of A, hence so also does v(z) itself. 
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This last factor is of the form 


log ¢ 
lp—il? ls -1] <A<1, 
and hence is bounded from zero, whence by virtue of our hypothesis we have 
(4.16) | &(w;) — b(we) | S Bl wi — w |* 


for w; — we sufficiently small. By the general inequality 
l&+ &\?s 2? [hi |? +] &/"), p2 il, 


and by use of (4.16) for two pairs of points (w; , we) and (we , w;), with we between 
w, and w;, we may write 


| &(w;) pa (ws) < eo (w;) pa (we) a 
+ | (w2) — (ws) |/*] < 2°°°/*BY {| w, — we | + | we — ws |]. 


No matter what proper subare of | w| = 1 is considered, the ratio of the are 
www; to the chord ww; has a positive upper bound b which is independent of 
the points w; , W2 , ws ; we have 


(4.17) 


| wy _- We | + | We — Ws | Ss b| w: a Ws |, 
whence by (4.17) 
| b(w,) _ (ws) | < B’ | W,— W3 A 


where B’ does not depend on w; , w,, and w;. By virtue of the uniform con- 
tinuity of the function @(w) on the are of | w| = 1 considered, it is now clear 
that use of (4.16) for a suitably chosen finite number of pairs of points w; and 
We yields the conclusion of Lemma 4.3. 

The restriction in Lemma 4.3 that the closed are considered should be a proper 
subare of | w| = 1 is unnecessary, for if the are is the entire circumference, the 
proof just given requires only obvious modifications. 

A further preliminary result is 


Lemma 4.4. If C is a contour, the function p(w) exists and is continuous in 
the two-dimensional sense on any closed arc interior to a y; , is different from zero 
on such an arc, and satisfies there a Lipschitz condition of every order a (0 < a < 1). 


We have already shown the existence in the two-dimensional sense of the 
derivative ¥/(w) on the are considered; the continuity in the one-dimensional 
sense of ¥/(w) and Lipschitz condition of order a there are a consequence of 
(4.15) and Lemma 4.3; it follows from (4.15) that ¥/(w) # 0 on y;. 

The continuity of ¥/(w) in the two-dimensional sense remains to be estab- 
lished. For z on C we write ds = |dz|,z = p(w), 


dz _ '(w) dw 
(4.17a) ds |¥’(w)||dw|’ 
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The functions ¥/(w), 1/ | ¥/(w) |, dw/ | dw | all satisfy Lipschitz conditions of 
some order with respect to w, so dz/ds satisfies such a condition. We have 
also 


Jwx— wil sfdw = f° 8 < Kila a! 
a, —— 

where K;, is suitably chosen and is independent of w; and w: , and where w; = 
w(8;), We = w(se). Consequently z(s) has the property that z’(s) exists and 
satisfies a Lipschitz condition of some order with respect to s. This property 
holds on every are of C. It now follows from an important theorem due to 
Kellogg [1] that y’(w) exists and is continuous in the two-dimensional sense on 
|w| = 1. This completes the proof of Lemma 4.4. 

It follows from Lemma 4.4 that if C is a contour, dV /dn is uniformly bounded 
and measurable on C. Moreover, if C is a contour, we have on C the equations 
z = ¥(w) and (4.17a), so are and chord are equivalent infinitesimals, and (4.2) 
is valid for suitably chosen Q. Thus the conditions of Lemma 4.1 are fulfilled. 

For reference we now state another lemma (Walsh and Sewell [1]). 


Lemma 4.5. Let f(x) be continuous in the closed interval 0 S x S a except for 


a finite number of finite discontinuities. Let f(x) satisfy one and the same Lipschitz 
condition of order unity in every subinterval of continuity. Then we have 


[sear - 2 seam = ™, 


where M is a suitably chosen constant depending on the constant in the Lipschitz 
condition and on the sum of the discontinuities of f(x) but independent of n. 


Let now C be a contour. With the notation (4.7), equation (4.1) may be 
written for z on C (see Lemma 4.1) 


(4.18) [ log r-du = V(z,y) = 9, 

where r = |z — ¢|, and where ¢ = ¢(u) is the running variable on C for the 
integration. Equation (4.18) may also be written in the form 

(4.18’) | orn 08 Hee) — Hw) |-du = 9, 

where w lies on the circle |w| = 1. These two equations are to be considered 


identical. A consequence of this convention is that in (4.18’) we assume a 
one-to-cne correspondence between the points of | w’ | = 1 and the points of 
C; but this correspondence is, as we have already said, not uniquely determined. 
The function ¥(w) itself is not uniquely determined, and once it has been 
determined is not single valued (perhaps infinitely many valued) on | w| = 1. 
We do not assume any necessary connection between the various branches or 
determinations of ¥(w) employed on the various ares y;, provided that the cor- 





he 
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respondence between points of | w’ | = 1 and points of C is continuous on each 
such are and in the large is one-to-one. 

In equations (4.18) and (4.18’) we have w’ = g(z) = e”**”’*, where V’ is 
conjugate to V in K, whence for z on C and | w’ | = 1, we have dw’ = w'(dV + 
idV’), |\dw’| = dV’ = (dV/dn) ds = 2x du. 

A special case of equation (4.18), valid by Lemma 4.1, occurs when C is the 
circle |w| = 1: 


1 


Qn jw’|=1 


(4.19) log | w — w’|-|dw’| = 0, 
for w on the cirele | w| = 1. By virtue of the map of the original region K 
onto |w| > 1, equations (4.18) and (4.19) can be combined into the form 


(w) — ¥(w’) 
4.20 [ lo v . —_— — -du = 
(4.20) sia Ol Oo a 9; 
where w lies on the circle |w| = 1. 
Since C is a contour, the integrand in (4.20) satisfies on each y; a Lipschitz 
condition with respect to u or w’, uniformly for w on each closed are interior to 
ay.. Equations (4.20) and (4.9) yield by Lemma 4.5 for | w| = 1 or z on C 


1 M 
_ , Go _ <= ° 
g 7 08 | Te | S—, |ng — log|r,|| S M; 


it follows from the proof of Lemma 4.5 that M can be chosen as independent of 
both n and w, where w lies on an arbitrary closed arc interior to a y; , or in other 
words when z lies on any closed proper subare of any C;. Consequently, by 
use of a new correspondence between y and C, involving new points of C; as 
images of the end-points of the y;, it follows that these inequalities are valid 
for suitable choice of M, uniformly for all z on C;. 

When such a new correspondence is set up between y and C, care must be 
taken not to alter the geometric significance of the pointsf,,0nC. This geometric 
significance is to be fixed once for all by the original correspondence. The 
constant M which occurs in Lemma 4.5 involves merely (a) the constant in the 
assumed Lipschitz condition, and (b) the sum of the magnitude of the finite 
jumps of the function integrated; but M does not depend on the value of the 
numbers b and ¢, if f(x) is supposed periodic with period a and if we replace 
the conclusion of Lemma 4.5 by 


| ¢° a M 
[saz — 2D slak/n)| = ™, 
ito n n 
where the summation is extended over the N points ak/n in the interval 
bs 2<c,withe —b <a. The new correspondence, say between y; and C,, 
“ For definiteness we chose the points w» = ¢({m) as the n-th roots of unity; they may 


equally well be chosen as the n-th roots of a number 8, of modulus unity but which varies 
with n. 
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is best broken into a correspondence (suggested by the original correspondence 
between y; and C;) between two arcs of C; and corresponding ares of 7; for w 
on each such arc of y the conclusion of Lemma 4.5 as just interpreted is valid; 
the Lipschitz condition with respect to w’ on the integrand of (4.20) holds uni- 
formly for w on each of these two ares of y except for w in the neighborhoods 
of one end-point of each arc; these two neighborhoods correspond to one-sided 
neighborhoods of a single point on C, , a point different from the exceptional point 
of C, under the original correspondence between y; and C,. Thus the inequalities 
involving r, are established uniformly for all w on y; or y;, thus for all zon C, or C;. 
By taking exponentials, we now obtain 
sy -u — {e"*(w" — 1) 


< e™ a" ¢ |———..— | se”. 
| tT. | : @n—1(2) 





Another form of these inequalities is slightly more convenient: 
| wna(z)| < e“*™ | w" — 1| S Me™, 
(4.21) 
| @ns(z) | 2 Mee"? | w" — 1], 
where | w| = 1 and z lies on C.” We have proved 


Lemma 4.6. If C is a contour, inequalities (4.21) are uniformly valid, where 
|w| = 1 and z lies on C. 


For z on C,, equation (4.1) may be written 
[ tog \2 — ¢\du = log » +o, 
whence from Lemma 4.5 * 
| 1 M’ 
‘log p +9- * tog | ona) | s - 


(4.22) 0 < Mie” p” S | wns(z) | S Mse™’p”, zonC,. 


The derivation of (4.22) requires much less than that C be a contour, merely 
that the function 


log |z — £ | = log | z — ¥(w) | 


satisfy uniformly for all z on C, a Lipschitz condition with respect to u or w, 
on each y;. It is sufficient (compare Lemma 4.9 below) if | z — ¥(w) | satisfies 
such a Lipschitz condition, for which it is sufficient if ¥(w) itself satisfies such a 
condition ; the existence and continuity of ¥/(w) on | w| = 1 are ample to ensure 
this; compare inequality (4.29) below. 

Merely a part of the conclusions in (4.21) and (4.22) is summarized in 


4 Similar inequalities have been obtained by Curtiss [1] in the case that C is a single 
Jordan curve and where the mapping function ¥(w) has a second derivative satisfying a 
Lipschitz condition of order a > 0. 
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THEorEM 4.7. Let C ! be a contour, and let the points z, be equally distributed 
onC. Then we have 


wn(z) 
wn (t) 


where My is a constant independent of n, z, and t. 


Theorem 4.7 is one of the principal results of the present paper, to be applied 
several times below. 

Since we have made Definition 4.2 fundamental in our present discussion, 
it is desirable to go into further detail concerning the properties of contours. 
Our next aim is to establish 


THEOREM 4.8. Let the function | [¥y(w) — y(w’)]/(w — w’)| be uniformly 
bounded from zero for | w| = 1 and | w’ | = 1, and on each closed arc of y interior 
to a y; let’® y/"(w) be continuous. Then C is a contour. 


< Mo 


” oe 





zonC,tonC,, 








In Theorem 4.8 (as in Theorem 4.10 below) we naturally assume an inter- 
pretation similar to that of Definition 4.2 relative to the various choices of the 
maps of C onto y. 

In the proof of Theorem 4.8 it will be convenient to have for reference 


Lemma 4.9. Jf on a closed finite interval of the axis of reals or a closed arc of 
the unit circle the function f(x; , X2) is positive and satisfies a Lipschitz condition 
of given order a (0 < a S 1) in x uniformly with respect to x : 


| f(a, t2) — f(zi,m)| $< M|a—-— 21 |’, 


then log f(x: , 22) satisfies on that interval or arc a Lipschitz condition of order a 
in 21, uniformly with respect to 22. 


Since f(z; , 22) is positive and continuous on the given point set, that function 
is uniformly bounded from zero there: f(z, t2) > m > 0. We have the 
expansion 


log f(z: , x2) — log f(xi , X2) 


(4.23) — f(a, v2) — f(xi, 22) {! ah Ke t%) — f(xi, == Per 


fo | & oo 2 PF 


which is valid provided | [f(z:, x2) — f(zi, 22)]/f(zi, v2) | < 1; this inequality 
is satisfied uniformly for z; sufficiently near x,. Furthermore, it follows from 
the boundedness of f(z:, 22) that the Lipschitz condition on log f(z: , z2) need 
be established only for x; — 2, sufficiently small; compare (4.17). For | 2; — 
a, | < 6 we have from (4.23) and from the Lipschitz condition on f(x; , 22) 





1% We denote as usual the p-th derivative of f(z) by f(z), and also use the notation 
Iz) = f(z), JP) = f(z), f/() =f"). 

In Theorem 4.8 and below, the requirement of the continuity of y’’(w) can be somewhat 
lessened; it is sufficient if y’’(w) is integrable and bounded, by obvious modifications of the 
proof given. 
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\log f(z, 22) — log f(x1, 22) | < = la. — 24 rs + = la, — 2 |" + s+], 


provided 6° < m/M. We read off at once the Lipschitz condition on log 
f(x: , x2), including uniformity with respect to 22. 

In proving Theorem 4.8 we shall use the mean value theorem of Darboux 
[1]: Let f(z) and f’(z) be continuous along the line segment from 2 to z ; then we 
have 


(4.24) fla) — f(z) = Ma — 2)-f'lzo + ea: — %)], 

whereO0 < ¢ S$ 1,{A| $1. If f(z) is also continuous, replacement of f(z) by 
f(z) — (2 — a)f'() yields 

(4.25) f(z) = f(zo) + f’(z0)(21 — 20) + Me — 20) flo + eles — &)). 


A method of proof of (4.24), quite different from that of Darboux, is the follow- 
ing. By integration along the segment from 2 to 2; we may write 


sla) — la) = | $'@)-de, 


(4.26) | f(zs) — (eo) | < | 21 — 20 |-max | f’(2) |; 


this is essentially equation (4.24).” If the curve (assumed to have a con- 
tinuously turning tangent) on which we study f(z) is no longer the line segment, 
inequality (4.26) remains valid provided we replace | z1 — 2 | by the length of 
the curve, whence 


(4.27) sles) — flee) = 9"@) | del, 


where z’ is some point on the curve. Likewise equation (4.25) may be re- 
placed by 


21 2 
(428) flex) = flee) + f’(e)(er — #) +") ( [le !) 
z0 
where we have |X| < 1, where the integral is taken over the curve considered, 
and where z’ lies on this curve. 
If the function f(z) is studied on a circular arc on which z and 2; lie, we may 
use the inequality 


21 
[ \ae| < tele - 203 
z0 


we assume here that the arc considered is not greater than a semicircle; in the 
contrary case we construct the subsequent proof in several steps as in treating 
(4.17). Thus (4.27) takes the form 


1 It is possible to establish (4.24) where 0 < « < 1 by reasoning slightly more refined 
than that given, but this distinction does not concern us in the present paper. 
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(4.29) Sl) — f(z) = Abr) (a — a)f"(2’), 
and (4.28) takes the form 
(4.30) (ex) = fo) + f’(e0)(z1 — 20) + ACHR) (er — 20)°f'"(2’), 


with |A| S 1. 
Under the hypothesis of Theorem 4.8 we now write 


(4.31) ¥(w, w’) = ¥(w) — vw’) 
w— W 
(4.32) W'(w, w!) = = ww) = Ww) — Hw')] 
. ’ (w aire, w’)? ’ 


where the accent indicates differentiation with respect to w. Let the points 
w and w’ both lie on a closed subare interior to y; ; then it follows from (4.30) 
and (4.32) that ©’(w, w’) is uniformly bounded unless w = w’. Considered 
as a function of w, the function ¥(w, w’) is continuous, even in the point w = w’ 
provided we set ¥(w’, w’) = y’(w’). 

In the derivation of (4.27) and (4.28), the existence or non-existence of f’(z) 
or f(z) at a single point may be disregarded, provided f’(z) or f’’(z) exists 
otherwise, is uniformly bounded, and is continuous. It then follows from (4.29) 
that W(w, w’) satisfies a Lipschitz condition 


| ¥(w, w’) — ¥(we, w’) | S L| ws — wr | 


for w, , W2., w’ on the closed subare interior to y; , or even if w’ lies on a closed 
subare interior to a y,, k # j. The Lipschitz condition in w on the function 
(4.10) uniformly with respect to w’ now follows from Lemma 4.9 by means of 
the inequality 


|| Y(wr , w’) | — | W(we, w’) || S| ¥(wr, w’) — Y(we, w’) |; 


the fact that ¥(w, w’) is bounded from zero is part of our hypothesis. 

The existence of ¥’’(w) on | w| = 1 implies the continuity of ¥/(w) there, 
hence implies that C; has a continuously turning tangent. It follows from the 
method of proof of (4.13) that y’(w) satisfies a Lipschitz condition on the arc 
considered. It remains, however, to prove boundedness of the function (4.10) 
for |w| = 1 and |w’| 2 1. We proceed as in the proof and application of 
Lemma 4.4; the inequality ¥/(w) # 0 is a consequence of the hypothesis that 
¥V(w, w’) is bounded from zero. It now follows from the theorem of Kellogg [1] 
that ¥/(w) exists and is continuous in the two-dimensional sense in the neigh- 
borhood of |w| = 1. Since ¥’(w) is different from zero on | w| = 1, it follows 
that y’(w) is different from zero in the neighborhood of |w| = 1. Use of the 
transformations w, = 1/w, w; = 1/w’ and then equation (4.24) for the seg- 
ment w,w; shows that the function 


¥v(w) — ¥(w’) 


w— w’ 
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is uniformly bounded for | w| = 1 and | w’ | 2 1 in the neighborhood of points 
of continuity of ¥(w); we use here the boundedness of y’(w) and the fact that 
in the derivation of (4.24) the boundedness and continuity of the derivative 
are sufficient even if the derivative fails to exist at a single point.” Further 
use of the transformations w,; = 1/w, w; = 1/w’ gives a convenient path, 
namely, the line segment joining w; and w;, for use; the transformations 
z = ¥(w), z’ = ¥(w’) then show by means of (4.27) that the function 
w-w _ oz) — of’) 
vw) — vw’) az 
is uniformly bounded at points of continuity of ¥(w), for | w| = 1 and | w’ | 2 1. 
Thus the function (4.10) is locally bounded for | w| = 1 and | w’| 2 1 in the 
neighborhood of points of continuity of ¥(w). Theorem 4.8 is established. 
Still another sufficient condition may be mentioned: 


THEOREM 4.10. If the function 
(4.33) - [2-H] 


satisfies on each closed arc interior to every y; a Lipschitz condition, then C is a 
contour. 


The Lipschitz condition on the function (4.33) implies at once the corre- 
sponding Lipschitz condition on the function (4.10), the real part of (4.33). 
By the method of proof of (4.13) and by Lemma 4.3 it follows that ¥’(w) exists 
on any closed arc interior to 7; and satisfies a Lipschitz condition there, and 
moreover that ¥’(w) is different from zero. The boundedness of the function 
(4.10) follows from Kellogg’s theorem by means of (4.17a) and the later reasoning 
already given. This completes the proof of Theorem 4.10. 


5. Tchebycheff, Faber, and orthogonal polynomials. Let C be an arbitrary 
Jordan curve. Let 7,(z) = 2" + az" + --- +, be the uniquely determined 
polynomial of that form for which 


max [| 7’,(z) |, z on C] 


1% This method enables us to establish the following theorem: 

Let C be an analytic Jordan arc (this restriction can be lightened); let the function y(z) be 
analytic in a one-sided neighborhood of C, continuous in the corresponding closed region R. 
For a particular interior point z’ of C let y'(z’) exist on C in the one-dimensional sense, and 
suppose 

lim sup v’'(z) 


2-2’, z interior to & 


is bounded. Then the difference-quotient [y(z) — ¥(z’)|/(z — z’) is bounded in the two-dimen- 
sional sense for z interior to R, and the derivative y'(z') is a two-dimensional derivative. 
The last part of this theorem is a consequence of a theorem of Lindeléf. 
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is least; then 7',(z) is called the T’chebycheff polynomial of degree n belonging to C; 
of course the corresponding terminology is appropriate also if C is replaced by 
its closed interior C; the Tchebycheff polynomials of degree n belonging to C 
and € are identical. 

Faber [2] has established the essence of 


THEOREM 5.1. Let C be an analytic Jordan curve, and let T(z) be the Tcheby- 
cheff polynomial of degree n igi to C; then we have 
T(z) | <x 
iT.@ | = s 
where M is a constant independent of n, z, and t. 
Here and henceforth (Theorems 5.3, 5.5) we assume p so chosen that no zero 
of one of the polynomials involved lies on C,. 


Theorem 5.1 is an immediate consequence of Faber’s equation involving the 
usual mapping function ¢(z): 


zonC,tonC,, 


_ T(z) 
5.1 lim ———.- = 1, 
ond a [oF 
uniformly for z on or exterior to C. 
Let now E be chosen as the closed segment —1 S z S 1 of the axis of reals. 
The Tchebycheff polynomial rey as above) belonging to E of degree n is 


T(z) = a 


indeed, Faber [2] shows that the Faber and Tchebycheff polynomials (the Faber 
polynomials are defined below) both for this segment and for all ellipses with 
the foci +1 and —1 are given by this formula. The zeros of 7,,(z) are known 
to lie on E (see for instance Pélya-Szegé [1], vol. II, pp. 75 and 266). It follows 
from this formula and from Faber’s relation (5.1) for z exterior to E that we 
have uniformly on any closed set exterior to E 


2" T(z) 
no [g(z)]" 
since e* = } for the segment. We have established the well-known 


THEorEM 5.2. If E is the segment —1 S z S 1, the Tchebycheff polynomial 
T(z) of degree n belonging to E satisfies the inequality 


cos (n cos z); 





=, 


j)2al2)| =< M —-lszsl,toC,, 


where M is a constant independent of n, t, and z. 


For an analytic Jordan curve Faber [1] has studied also other polynomials 
F,(z) of respective degree n, which we shall call the Faber polynomials. He 
establishes the relation 
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F,(2) 
m = 
ne [p(z)]” 
uniformly for z on or exterior to C. We shall proceed to derive a slightly 
weaker relation, valid even if C is not analytic. 
DeriniTion 5.1. If C is a Jordan curve, and if in the notation already intro- 
duced the function 


(5.2) 








, 
53 oT .. * 
™ Vo) = vw) ~ w= w 
is bounded on | w| = 1 uniformly with respect to w’ for | w’ | = 1, and if (5.3) 
is expressed for |w| > 1 and |w’| = 1 by the Cauchy integral over | w| = 1, 


we shall say that C is of type A. 
Faber’s polynomials F,,(z) are defined by the identity 





ww) _, © Son 
(5.4) —;" 1 p> Fyyi(z)-w*, 
an expansion valid for | w | > | g(z) |, thus valid for | w| = p > 1 and for zon C. 


A comparison function can be written 


w af oo w’ ~ P 
sto 7 (E) |w| > Jw’. 
The coefficient of w“' is bounded here for all w’ even if we take | w’| = 
|w| = 1. 

If the conditions of Definition 5.1 are fulfilled, it follows from the Cauchy 
inequality that the coefficients in the expansion of (5.3) in powers of w are 
bounded uniformly with respect to w’ for all | w’ | = 1, so the functions F,(z) 
defined by (5.4) are also bounded uniformly for all | w’ | = 1, where z = ¥(w’), 
that is to say, are bounded uniformly for z on C. The uniform boundedness 
on C, of p"/F,,(z) follows as proved by Faber, so we have established 





TueoreM 5.3. If C is acurve of type A, we have for the Faber polynomials F,,(z): 
[Fale)| <M 

| F,(t) p” 
where M is a constant independent of n, t, and z. 


zonC,tonC,, 


In relation to Theorem 5.3 it is of interest to prove 
TueoreM 5.4. Let C be a Jordan curve, let y'(w) be different from zero on 
|w| = 1, and let y’’(w) exist and be continuous on |\w| = 1. Then C is of 
type A. 
We write (5.3) in the form 
—wly(w) — yw’) — (w — w’)¥'(w)] 
(w — w')[¥(w) — ¥(w’)] 








—_— | 
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i) 


which by (4.30) can be expressed for |w| = 1 and | w’| = 


a\ w(w — w’)p’"(wo) 
(5) ae idee 


The continuity of ¥/(w) follows from the existence of ¥’’(w); use of the trans- 
formation w = ¢(z) and equation (4.27) implies that (w — w’)/[¥(w) — ¥(w’)] 
is uniformly bounded on C; consequently the function (5.3) is uniformly bounded 
for wand w’ on|w| = 1and|w’| = 1. Asin the proof of Theorem 4.8 it now 
follows that y’(w) is continuous and different from zero throughout the neigh- 
borhood of |w| = 1, hence throughout the closed region |w| 2 1. The 
continuity of (5.3) in the two-dimensional sense considered as a function of w 
for |w| = 1 and for w’ fixed with | w’| = 1, w # w’, follows at once. 

With the factor w suppressed, the function (5.3) may be written in the form 


(5.3’) fur(w) — fur(w’ ) 


w— w’ 








Su’ (w) = = P= per rae) v ‘(w), Su(w’) = 1. 


Continuity of y/(w) in the two-dimensional sense and use of (4.26) after the 
transformation w, = 1/w together with Lindeléf’s theorem show that y’(w) 


on |w| = 1 is a two-dimensional derivative; compare the latter part of the 
proof of Theorem 4.8. The function (5.3’) is uniformly bounded for w and w’ 
on |w| = 1 and | w’| = 1; the function f,..(w) considered as a function of w 
for w’ fixed on | w’ | = 1 is continuous for|w{| 2 1. It follows from Theorem 


10.1 below that the function (5.3’) is uniformly bounded for all | w’ | = 1 and 
for all |w| = 1. This is sufficient for the expression of (5.3) as the Cauchy 
integral over |w| = 1, valid for |w| > 1 and |w’| = 1. Theorem 5.4 is 
established. 

Let now C be an analytic Jordan curve, and let w(z) be positive and con- 
tinuous on C. Szegé ({1]; §§16.4, 16.5) defines polynomials Q,(z) of respective 
degrees n = 0, 1, 2, --- , such that the coefficient of z in Q,(z) is real and posi- 
tive, polynomials normal and orthogonal on C in the sense that the integral 


tf Qn(e)QuCu(e) | L= [ \ael, 


is equal to unity or zero according as m and n are or are not equal. Szegé 
then proves that Q,(z) is given asymptotically by 


i 
(55) ante) ~(£) be @Meer/ae), 
where w = ¢(z) is the function previously considered, and where A(z) is analytic 


and different from zero in K even at infinity, positive at infinity, and where 
| A(z) |? is continuous in K + C and equal to w(z) on C. The asymptotic rela- 
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tion (5.5) is valid uniformly for z on any closed set exterior to C, in the sense 
that the ratio of the two members of (5.5) approaches unity uniformly. If A(z) 
is analytic in the closed exterior of C, the relation (5.5) is valid uniformly also 
on C and even in a sufficiently small neighborhood in the interior of C. 

As a first consequence of (5.5) it may be remarked that although the roots 
of Q,(z) need not lie in E, those roots must lie for n sufficiently large interior 
to any preassigned C,. A second consequence of (5.5) is formulated as 


TueoreM 5.5. If C is an analytic Jordan curve, we have the uniform inequality 








(5.6) 0 < mp” < | Q,(z) |, zon, ; 
if also A(z) is analytic in the closed exterior of C, we have the uniform inequality 
(5.7) 0.0 = p”’ zon C, t on C,. 

Inequalities (5.6) and (5.7) enable us to apply Theorems 3.4 and 3.2 


respectively. 
If now E is taken as the closed segment —1 < z S 1 of the axis of reals, with 
weight function unity, the orthogonal polynomials are those of Legendre: 


[ P,,(z)P,,(z) dz = 2/(2n +1) orO 


according as m and n are or are not equal. The asymptotic formula is well 
known and may be taken as 

Py(z) ~ (2eny 42" — 1) He + — 1), 
valid uniformly on any closed set having no point in common with E. On £ 
itself there is the inequality | P,(z)| < 1. 


TueoreM 5.6. If E is the segment —1 S z S 1, we have the uniform inequality 
for the orthogonal polynomials P,,(z): 





(5.8) 0 < mp’n' <|P,(z)|,  zonC,. 
Moreover, we have the uniform inequality 
| P,(z) | Mn 
P.O < ”? zon E,tonC,. 


We remark too that a result similar to (5.8) holds for the polynomials p,(z) 
normal and orthogonal on E: —1 S z S 1 with respect to a weight function, 
which is arbitrary except for certain continuity conditions (Szegé [1], p. 290): 


(5.9) 0 < mp” < | p,(z) |, zonC,. 
Inequalities (5.8) and (5.9) are sufficient for the application of Theorem 3.4. 


6. Poles of lemniscates. A lemniscate I, is defined as a locus of a point z 
under the conditions 





ith 


rell 


wy 


lity 
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(6.1) T,:|p(z)|=u>0, plz) = (2 — Bi)(z — Be) --- (2 — &), 


the numbers u and §; being fixed. A lemniscate then consists of a finite number 
of Jordan curves which are mutually exterior except possibly for a finite number 
of points each of which may belong to several of the Jordan curves; the Jordan 
curves are analytic except at such common points; see for instance Walsh [1]. 

It is natural to study a polynomial of degree n = md — 1 interpolating to a 
given function in each of the points & counted m times. Then we have in the 
usual notation for w,(z) = [p(z)]” 


(6.2) wale) | = (“) . zonT,,tonT,,. 

| 1 ; 
The mapping function w = ¢(z) for the exterior of the lemniscate I, is precisely 
[p(z)/u]*”, so C, is the locus | p(t) | = up’, and (6.2) can be written 


| wa(z) ay eee 
(6.3) | wall) = ™ = pe zon C, ton C,. 


If we relinquish the requirement n = mA — 1, wesetn+1=gQ+r(O0s 
r < i); the points of interpolation shall be the 8; each counted g times, and in 
addition the points 8; , B2,---, 8. We may write for z on IT, and ¢ on T,, 


|wn(z)| _ (m\" | (@ — Bi) --- @ — B,) 
| wa(t) | (“) | (t— fi) --- @-8B,) | 


1 
The second factor in the right member is uniformly bounded, so we have 


lant) | < ae (oc a (0 
(6.4) ‘on(t) | < u(*) < u,(*) , zonT,,tonT,,. 


If C denotes I, and C, denotes I,, , this last member may be written M;/p”. 











Chapter III. Degree of convergence, Problem 8 


7. Jordan curves. We now reach the principal results of the present paper, 
notably application of the formulas and inequalities of §3 combined with the 
inequalities on polynomials considered in §§4—6, to derive results on degree of 
convergence on a set EF when the given function is known to be analytic not 
merely on E but also throughout the interior of some C, , and is assumed to 
have. certain continuity properties on C,. We shall have frequent occasion to 
employ the following theorem due to Curtiss [2] and relating to Problem a:” 


THEOREM 7.1. Let E be a closed limited point set bounded by a finite number 
of mutually exterior analytic Jordan curves C. Let f(z) be continuous on E, 
analytic in the interior points of E, and let f\”(z) for p = 0 defined in the one- 
dimensional sense on C be continuous on C and satisfy on C a Lipschitz condition 

’ If C consists of a single analytic Jordan curve, this conclusion (7.1) can be established 


for the case p = 0, 0 < @ < 1, by choosing the p,(z) as the arithmetic mean of ordern 
corresponding to the development of f(z) in the Faber polynomials belonging to C. 
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of order a (0 < a@ £1). Then there exist polynomials p,(z) of respective degrees 
n= 1,2, --- , such that 


M 
(7.1) [f@) — pol) S «= zon E, 
where M is a constant independent of n and z.” 


It is of interest in connection with Theorem 7.1 to study the relation between 
one-dimensional derivatives and two-dimensional derivatives on C, and also to 
study the continuity in the two-dimensional sense of such derivatives; this 
study we postpone until §10. We remark here, however, that in proving 
Theorem 7.1 Curtiss assumes that f‘”(z) is continuous on C in the two-dimen- 
sional sense, which we prove in §10 to be a consequence of the continuity of 
f(z) on E and the continuity of f(z) on C in the one-dimensional sense. 

Let C be a Jordan curve or several Jordan curves whose interiors are mutually 
disjoint. We say that f(z) is of class L(p, a) on C, where p is a non-negative 
integer and where 0 < a S 1, provided f(z) is analytic interior to each of the 
Jordan curves composing C, is continuous on the corresponding closed set, and 
if the function f(z) exists and satisfies on C a Lipschitz condition of given 
order a. 

An immediate consequence of Theorems 3.2, 4.7, and 7.1 is 


THEOREM 7.2. Let E be a closed limited point set bounded by a contour C, and 
let C, also be a contour.” Let the function f(z) be of class L(p, a) (0 < a@ = 1) 
on C,. Let p,(z) denote the unique polynomial of degree n which interpolates to 
f(z) in n + 1 equally distributed points of C. Then we have 


(7.2) \f(2) — pa(z)| Ss op zon E, 


where M is a constant independent of n and z. 


20 We mention now an incidental application of Theorem 7.1 to Problem a. Jackson [2] 
under the present hypothesis on C and E assumes that p(z) is a non-negative measurable 
bounded function with a positive lower bound. If p > 0 is given, he shows that if f(z) 
is continuous on E, analytic in the interior points of EZ, and if there exist polynomials 
Pn(z) of respective degrees n such that | f(z) — pn(z) | S «n on E, then the polynomials 
L,(z) of respective degrees n which minimize 


[eter see) ~ baled rae 
Cc 


satisfy the inequality | f(z) — La(z)| S Mn?e,, z on E. If f(z) satisfies the conditions 
of Theorem 7.1, we therefore have | f(z) — Ln(z) | S M/n?*=-"?, z on E. 

A similar remark applies to the corollary to Theorem 12.1. 

21 Throughout the present paper we suppose C’, to have no multiple points, for Theorem 
7.1 has never been established for the case of Jordan curves with multiple points. 

But results in the direction of a converse of Theorem 7.1 (such as Theorem 12.2 below) 
present no great difficulty even if C, has multiple points; indeed, the original method of 
proof shows that on an analytic Jordan arc a suitable degree of convergence by polynomials 
implies condition (12.14) on any closed subarc. 
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In §5 we indicated that for a suitably restricted Jordan curve C some roots 
of the Tchebycheff, Faber, and orthogonal polynomials of degree n belonging 
to C may, for small n, lie on or exterior to a given C, ; but when C, is given, all 
roots of such polynomials for n sufficiently large lie interior toC,. For the valid- 
ity of the usual proof of (3.3), however, it is necessary that all the points of 
interpolation lie interior to C,. Consequently, if f(z) is given analytic interior 
to a particular C, , continuous on the corresponding closed set, the polynomials 
p»(z) of interpolation in the roots of the Tchebycheff, Faber, and orthogonal 
polynomials need not be defined when n is small, but surely are defined when 
n is sufficiently large. This restriction on n is ordinarily not serious, however, 
for we may define f(z) artificially in any way at the points of interpolation on 
or exterior to C, ; such an inequality as (7.2) or (7.3) below, if valid for n suffi- 
ciently large, remains valid for all n provided the constant M is suitably altered. 
This convention is to be understood in the immediately succeeding the- 
orems. 


THEOREM 7.3. Let E be the closed interior of a Jordan curve C, let the function 
f(z) be of class L(p, a) on C, (0 < @ S 1). Let C be analytic and consider the 
Tchebycheff polynomials T,,(z) belonging to C, or let C be of type A and consider 
the Faber polynomials F,,(z) belonging to C, or let C be analytic and consider 
the polynomials Q,(z) normal and orthogonal on C with respect to a positive analytic 
weight function. In these various cases let p,(z) denote the polynomial of degree n 
which interpolates to f(z) in the n + 1 roots of Tnss(z), Frsi(z), or Qnys(z). Then 
we have for n sufficiently large 
73) \s@) — pale)| se 


pta pn’ zon E, 


where M is independent of n and z. 


Theorem 7.3 is a consequence of Theorems 3.2 and 7.1, taken in the various 
cases together with Theorems 5.1, 5.3, and 5.5. In the last case, interpolation 
in the roots of the Q,4:(z), where we still suppose the weight function positive 
and analytic on the analytic Jordan curve C, even more can be said of the con- 
vergence of the sequence p,(z). Contrary to our usual custom, let us for the 
moment use the notation C, for the locus | g(z) | = v even if v is less than unity; 
the function ¢(z) is analytic on C, so C, now has a meaning for »y < 1 but 1 — » 
sufficiently small. It follows from the fact that the asymptotic formula (5.6) 
is valid even in a sufficiently small neighborhood interior to C, that we have 
also for n sufficiently large and for » < 1 but 1 — » sufficiently small 


(7.4) Ifts) — pale)| = 207 


neta p” ’ 
where M, is independent of n and z. The methods already used yield (7.4) as 
well as (7.3). 
Another result on interpolation in the roots of the Q,(z) follows at once from 
Theorems 3.4, 5.5, and 7.1: 


zoncC,, 
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THeoreM 7.4. Let E be the closed interior of an analytic Jordan curve C, let 
the function f(z) be of class L(p, a) (0 < a S 1) on C,. Let p»(z) denote the 
polynomial of degree n which interpolates to f(z) in the n + 1 roots of the poly- 
nomial Qnii(z) of the set normal and orthogonal on C with respect to a positive and 
continuous weight function. Then we have for n sufficiently large 


[ \s@) - poe) Peldel $ ape 


when M is independent of n and z. 
Of course the boundedness of 


[ le. P-ae', 


used in the proof of Theorem 7.4, follows from the boundedness on C of the 
reciprocal of the weight function and the normality on C of the Q,(z). 

We study the case of orthogonal polynomials in more detail, using now for 
simplicity the norm function unity. Let us say that a function f(z) analytic 
interior to a rectifiable Jordan curve C and continuous” in the corresponding 
closed region is of class F, on C if the numbers 


nt. [ QW del (n = 0,1,2, +5 > 0) 


are uniformly bounded. If we set 


ax = | fQ@)|de|, Sule) = Zw QG, 
it follows (Walsh [1], pp. 108, 112, 119) that S,(z) converges in the mean to 
f(z) on C and that we have 


[ se) - 8.0) Pde | = 2 lw 


Consequently, if f(z) is of class F, on C, we have for q > 3 


75) [@ - se Plals 


a result on Problem a.” 

This definition of class F, is similar to the notion of order of a function f(z) 
defined by Hadamard [1] and employed also by Mandelbrojt ({1], Chapter VII; 
[2]) when C is the unit circle. If f(z) = >> axe‘, |z| < 1, the order w of f(z) 
on C is defined as 


2 In certain cases this requirement of continuity may be somewhat lessened, provided 
boundary values exist in a certain sense. Compare Smirnoff [1], Keldysch and Lavrentieff 
[1], as well as the study of class H2 by Walsh [1]. 

%3 It is obviously possible to study also orthogonality as measured by a surface integral 
and to obtain similar results. 
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. log | ax | 
= —— 1 
? on op log k rh 
sow — 1 and q are closely related. 


Inequality (7.5) taken together with Theorems 3.3 and 4.7 gives 


THEOREM 7.5. Let E be the closed interior of a Jordan curve C which is a 
contour. Let f(z) be analytic interior to C,, continuous in the corresponding 
closed region, and of class F, on C,. Let p,(z) be a polynomial of degree n inter- 
polating to f(z) in n + 1 equally distributed points on C. Then we have 


M 
(7.6) | f(z) — Piz) | = net pn’ zon C, 
where M is independent of n and z. 


The results analogous to Theorem 7.5 are valid and immediate, when under 
suitable hypothesis on C we interpolate to f(z) in the roots of the Tchebycheff, 
Faber, or orthogonal polynomials belonging to C.™ 

It happens that we establish the same inequalities (7.2) and (7.6) for a func- 
tion analytic interior to C, continuous in the corresponding closed region, which 
satisfies a Lipschitz condition of order gq — } on C as for a similar function of 
class F, , assuming 0 < g — 4} S 1. It is not to be supposed, however, that 
these two classes are identical. 

Thus, let f(z) = (1 + z)* (0 < @ < 4), where we choose the branch which is 
real when z is real and positive; then f(z) is analytic for | z| < 1, continuous for 
|z| $1. The function f(z) satisfies on C:|z| = 1 a Lipschitz condition of no 
order 8 > a, and yet the binomial theorem” shows f(z) to be of class Fi, on 
{z| = 1. 

However, it is true that if f(z) is analytic for | z | < 1, continuous for | z| < 1, 
and satisfies on C:|z| = 1 a Lipschitz condition of order a (0 < a S 1), then 
f(z) is of class F, ; this follows from the analogous theorem concerning Fourier 
coefficients, which is well known; also if f(z) satisfies a Lipschitz condition of 
order aon C (0 < a S 1), then f(z) is of class F,,.. Likewise if C is an analytic 
Jordan curve and f(z) is of class L(p, a) on C it is true that f(z) is of class Fy... 
For we have from Theorem 7.1 in the notation already introduced 


[\s@) - 8.@)Plael = 3 lal s f ise - © Plael s 


nt+1 n2ptia! 





whence | a, | < M/n?**. 


* We remark that for the case that C, is the unit circle and p,(z) the polynomial inter- 
polating to f(z) in the origin (which is also the n-fold root of the Tchebycheff, Faber, and 
orthogonal polynomial with unit weight function), inequality (7.6) can be improved. 
Suppose f(z) = p> a,z*, where | ax | S M/k«; then on C: | z | = 1/p we have 


| f(z) — palz)| = I 


Ms = 
a 2* | s — isi ¢ =. 
1 net ,oR 
2 See Dienes [1], p. 24. 
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The significance of the results established in §7 is two-fold, as has already 
been remarked: (i) we have determined inequalities for the convergence of 
specific sequences of polynomials, (ii) we have existence theorems for sequences 
converging with at least a certain degree of convergence. 

In the special case that the curve C of Theorem 7.2 is the unit circle, the 
same degree of convergence as is indicated by (7.2) is exhibited by the partial 
sums of the Taylor development of the function f(z) (see Walsh and Sewell 
[3}). This is a further result concerning item (i), and likewise a method dif- 
ferent from those presented in Theorems 7.2-7.5 for treating item (ii). It 
may be mentioned, however, that for the unit circle C interpolation in the roots 
of Tchebycheff, Faber, or orthogonal polynomials (with norm function unity) 
is also interpolation in the origin, and leads to the Taylor development; in this 
sense, the further result just mentioned is contained in Theorem 7.3. Still 
another method for establishing this degree of convergence (7.2) as proved in 
Theorem 7.2 for C the unit circle is the direct comparison (Walsh [1], §7.1) 
of degrees of convergence of polynomials interpolating in the origin and poly- 
nomials interpolating in the roots of unity. 

A simple conformal transformation enables us to use item (i) and consequently 
item (ii) for the unit circle in studying corresponding results for the segment 
—1 <= zs 11. This method has previously been used (compare Walsh and 
Sewell [3]) and satisfactory results obtained. Hence we shall not carry out this 
method in the present paper, but shall continue with the application of the 
methods of §3. In §8, then, the emphasis is on item (i) rather than item (ii). 


8. The segment —1 < z <1. The special interest of the results about to be 
proved is that they complement the classical results” on real variables. 
Theorems 3.2, 5.2, and 7.1 yield 


THEOREM 8.1. Let E be the segment —1 S z S 1, so that C, is the ellipse with 
foci —1 and +1 and with semi-sum of axes p > 1. Let f(z) be of class L(p, a) 
(0 <a Z1)onC,. Let p,(z) be the polynomial of degree n which interpolates 
to f(z) in the n + 1 roots of the Tchebycheff polynomial cos [(n + 1) cos z]/2". 
Then we have 


\f(2) — palz)| 


nPta pn (-1sS34 0), 


where M is a constant independent of n and z. 


Theorems 3.1, 5.6, and 7.1 yield 


THEOREM 8.2. Let E and f(z) satisfy the hypothesis of Theorem 8.1 and let 
pr(z) be the polynomial of degree n which interpolates to f(z) in the n + 1 roots 
of the Legendre polynomial Py4:(z). Then we have 


26 Compare Bernstein [2] and de la Vallée Poussin [1]. 
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Us) — pale) | S Gomi (-1 <2), 


where M is a constant independent of n and z. 


Theorem 8.2 is a more favorable result than can be obtained by the standard 
method” from Theorem 8.1 by the use of Lagrange’s interpolation formula on 
the segment —1 < z S 1 for interpolation by a polynomial p,(z) of degree n 
to a function f(z) in the n + 1 roots of the Legendre polynomial P,,4:(z): 


pale) = 3 fled), Se) | S Mown (-1<2< 1). 


The conclusion of Theorem 8.2 holds if the P,(z) belong to a large class of 
Jacobi polynomials. 
Again, Theorems 3.4, 7.1, and inequality (5.9) yield 


THEOREM 8.3. Let E and f(z) satisfy the hypothesis of Theorem 8.1, and let 
Pn(z) be the polynomial of degree n which interpolates to f(z) in the n + 1 roots of 
the polynomial Q,.4:(z), orthogonal on E with respect to a suitable weight function. 
Then we have 


(8.1) [ 9) - pe) Fae s 


= 2pt2a p" ° 


where M is independent of n and z. 


We state now a final result on the segment, a consequence of Theorems 3.3 
and 5.2, and inequality (7.5). 


THEOREM 8.4. Let E satisfy the hypothesis of Theorem 8.1, and let f(z) be of 
class F, on C,. Let p,(z) be the polynomial of degree n which interpolates to 
f(z) in the n + 1 roots of Trsi(z). Then we have 


\N@) — pal) | SA (-1 S25), 


where M is a constant independent of n and z. 


9. Lemniscates.” Theorems 3.2, 3.3, and 3.4 apply at once to the case of 
lemniscates, by virtue of the inequalities of §6. In particular, Theorems 3.2, 
7.1, and inequality (6.4) yield 


THEOREM 9.1. Let p(z) be the polynomial p(z) = (z — 81) --- (2 — By), and 
let T, denote generically the lemniscate | p(z)| = » > 0. Let T,, consist of a finite 
number of mutually exterior analytic Jordan curves. Let f(z) be of class L(p, a) 
(0<a<Z1)onT,,. Let p,(z) be the polynomial of degree n which interpolates 
to f(z) in then + 1 (= s&XQ + 7,0 S r < AX) points, namely, the B, , Be, --- , Br 


27 Shohat [1]. 
* Cf. Walsh and Curtiss [1], and also a forthcoming paper by Curtiss. 
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counted each s + 1 times and the points B,4: , --- , 8, counted each s times. Then 
we have for each u (0 < uw < mw) 

nid 
(9.1) te -r@is M(*), cont, 


where M is independent of n and z. 


We may here set p = (u:/u)'”, where p has the usual significance. 

Of course the unit circle is a lemniscate with a single pole at the origin. It is 
of interest to note that in this case we have (9.1) on T',, although on T,, = C, 
we have only” 

M ae n 





If@) — palz)| S 


Chapter IV. Further results 

10. Lipschitz conditions. Continuity properties of f(z). We now proceed 
to discuss the relation between both Lipschitz conditions and derivatives on 
the boundary of a Jordan region, and the corresponding conditions in the closed 
regions. We shall make essential use of Theorem 10.1 below, which is in the 
main due to Warschawski [1]; in addition, the present writers have received 
orally some valuable suggestions from Dr. Warschawski concerning the material 
of the present section. 

Let C be a Jordan curve of the z-plane, whose interior is denoted by R; let 
the set R + C be denoted by C. Let the function f(z) be analytic in R, continu- 
ous in C. If z is a point of R, the derivative f’(z) exists for the value z = % 
and is continuous there. But if z is a point of C, there are three different limits 
that can be considered appropriately: (i) the one-dimensional derivative of 
f(z) on C is 

z-*z9, zon C sa — 2 
provided this limit exists; (ii) the two-dimensional derivative of f(z) is 

lim 4G) = fle) 

z-+z9,z inc z2— 2 


(10.2) 


provided the limit exists; (iii) the derivative f’(z) is continuous in the two- 
dimensional sense at z = % if we have 
(10.3) lim _f’(z) = f’(a), 

2—2z9,2 in C 
where f’(z) is defined either in the sense (i) or (ii). The purpose of the present 
section is the study of relations of equality among these three limits (i), (ii), 
and (iii). We have thus far mentioned only f’(z) but analogous questions 
obviously arise for higher derivatives. 


29 Compare Sewell [1]. 
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THEOREM 10.1. Let R be the interior of a Jordan curve C, let R + C be denoted 
by C, and let f(z) be analytic in R, continuous in C. Let a be fixed, withO < a <1, 
and suppose for all z and x # z on C we have 


(10.4) f(z) — feo; S (20) <L, 


| @—a)* 
where L is independent of z and z; then this inequality is valid for all z and z in C. 


Theorem 10.1 is a slight generalization of a theorem due to Warschawski [1], 
namely, Theorem 10.1 with the hypothesis (10.4) for z fixed on C and & arbitrary 
on C, and the conclusion (10.4) for this fixed z and for z arbitrary in C. In 
proving the generalization we shall need to employ Warschawski’s form of the 
theorem. 

Case I: a = 1. For 2 fixed in R, the function of z: 


F,,(z) = = fey 5 # 2, F,, (zo) = f' (2), 


is bounded in the neighborhood of z , hence is analytic for z in R even for 
z = z, and is continuous for z in C. But for z in R and z on C we 
have (Warschawski) 


(10.5) | F.,(2) | < L 


whence the inequality (10.5) holds for z in R and z in R. Thus inequality 
(10.4) is known for both z and z on C, one of these points on C and the other 
in R, and for both points in R. The proof is complete in Case I. 

Case Il: a < 1. For z fixed in R, the function of z: 


f(z) — f(a) 


— %)* 





P,,(z) = log "@ 





is single valued and harmonic throughout the interior of R except when z = % : 


m 2) = fo) | _ 


a2 —[z—2/* 





and except at points z for which f(z) = f(z); the latter set of points D has no 
limit point in R (we exclude the trivial case f(z) = f(z)); at a point of D the 
function P,,(z) becomes negatively infinite. If z in R approaches a point z, of 
C for which f(z:) = f(z), the function P,,(z) becomes negatively infinite. If z 
in R approaches any other point z, of C, the function P,,(z) is continuous there 
in the two-dimensional sense, and hence (Warschawski) its value is not greater 
than log L. Then the superior limit of P.,(z) as z in R approaches C is not 
greater than log L, so by the maximum principle for harmonic functions we have 
P,,(z) S log L for z in R whenever P,,(z) is defined. Thus inequality (10.4) 
is known for both z and z on C, for one of these points in R and the other on 
C, and for both of those points in R, with 0 < a@ <1. Theorem 10.1 is now 
completely established. 








690 J. L. WALSH AND W. E. SEWELL 


We shall employ Theorem 10.1 in the proof of 


THEOREM 10.2. Let R be the interior of a Jordan curve C, let R + C be denoted 
by C, and let f(z) be analytic in R, continuous in C. Suppose further that f(z) 
has a derivative f'(z) in the one-dimensional sense at each point z of C. If 


fle) — fleo)| 


(10.6) ee 


is uniformly bounded for all z and z on C, then for every z on C we have 


lim 2) —f@) _ 4, f@) —S@) _ f(z); 


z—>zg,2in€ z2— z—>29, zon C Z2— 2 


that is to say, the two-dimensional derivative f'(z) exists on C and is equal to the 
one-dimensional derivative f' (zo). 


Theorem 10.2 follows at once from Theorem 10.1 and a well-known theorem 
due to Lindeléf, for if zo is fixed on C and z lies in C, the function (10.6) is uni- 
formly bounded (Warschawski); this function approaches one and the same 
limit when z on C approaches z from either direction. Consequently the limit 
exists in the two-dimensional sense. 

If we modify the hypothesis of Theorem 10.2 so that f’(z) shall exist in the 
one-dimensional sense merely at a particular point 2 , and if the function (10.6) 
is uniformly bounded for this fixed z and for z arbitrary on C, the proof and 
conclusion remain valid, by use of the theorems of Warschawski and Lindeléf. 

Closely related to Theorems 10.1 and 10.2 is a result on boundedness of the 
difference-quotient: 


THEOREM 10.3. Let C be a rectifiable Jordan curve with the property that there 
exists a number k > 1 such that if r denotes the distance | z,; — 22 | between any 
two points of C and s denotes the shorter arc of C joining z, and zz , then we have 


(10.7) : < k. 


Let f(z) be continuous on C and have a bounded derivative on C in the one-dimen- 
sional sense: | f’(z)| S M. Then for z and z, on C we have 


S() — Sa) < Mk. 
| Ze 21 | 


Theorem 10.3 follows at once by (4.27) (see Saks [1], p. 207). 
Another theorem is complementary to Theorems 10.1 and 10.2: 


THEOREM 10.4. Let R be the interior of a Jordan curve C, let R 4- C be denoted 
by C, and let f(z) be analytic in R, continuous in C. Let f(z) have a continuous 
derivative f'(z) in the one-dimensional sense on C, and suppose there exists a con- 
stant M such that 
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(10.8) Sem) = Sled! < a, 
| Ze—Z@ | 


for arbitrary z, and z on C. Then (by Theorem 10.2) the one-dimensional 
derivative f'(z) on C is also a two-dimensional derivative. Moreover, we have for 
a on C 
lim _f’(z) = f’(z); 
z-—z9,zinC 
that is to say, the function f’(z) is continuous in the two-dimensional sense on C, 
hence continuous in the two-dimensional sense in C. 


Theorem 10.3 shows that the inequality (10.8) is here a consequence of in- 
equality (10.7) for the curve C. 

Let the function z = \(w) map | w| < 1 conformally onto R. Consider for 
a fixed positive 6 the function 


3) = SAC w)] — fw) 
(10.9) F(w, 6) = (cw) — X(w) , 
which is analytic in | w| < 1, even in the point w = 0 when suitably defined 


there, and is continuous in |w| < 1. Then F(w, 6) can in | w| < 1 be repre- 
sented by the Poisson integral: 





‘ SP ai (1 — r°) d0 — 
(10.10) F(w, 6) = on [. F(e"™, 4) [a7 basta w = re. 


From (10.9) it follows that for fixed w in | w| < 1, we have 
(10.11) lim F(w, 8) = f’(2))-xw)5 
6—0 


this equation is also valid for fixed w on | w| = 1, where the second member 
now indicates one-dimensional derivative taken along C: 


(10.12) lim F(e®, 6) = s’[ae”)). 


This latter function in (10.12) is known to be continuous on | w| = 1. 

In equation (10.10) we keep w fixed, |w| < 1, and allow 6 to approach 
zero. The function F(e”, 6) is by (10.8) bounded uniformly for all 6 and @. 
It follows by the Osgood-Lebesgue theorem that we may take the limit in 
(10.10) under the integral sign as 6 approaches zero, making use of (10.11) 
and (10.12): 


(013) srw) = 2 [prey 25 Oe wm re 

, 20 Js 1 + r? — 2rcos (@ — a)’ 
Equation (10.13) is the representation of a function by Poisson’s integral, the 
function f’[A(e”)] being a continuous function of @. It is then well known that 
these functional values, continuous with respect to 6, are taken on continuously 
in the two-dimensional sense by the first member of (10.13): 
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lim f’[A(w)] = fe], 


wet? jwi<l 
or for z on C, 
lim — f’(z) = f(a); 
z—>zp,zinR 

the corresponding equation holds for z on C, so Theorem 10.4 is established. 

The special case of Theorem 10.4 in which C is assumed analytic (here in- 
equality (10.8) is always valid, by Theorem 10.3) has recently been proved by 
the present writers [2]. The special cases of Theorem 10.4 where C is the unit 
circle had been previously established by Hardy and Littlewood [1]. 

The following result is an immediate consequence of Theorems 10.4 and 10.1: 


THEOREM 10.5. Let R be the interior of a Jordan curve C, let R + C be denoted 
by C, and let f(z) be analytic in R, continuous in C. Let the p-th derivative of f(z) 
exist in the one-dimensional sense on C and be continuous on C. Also let 
if) — f(z) 
z2— 2 
be uniformly bounded. Then the two-dimensional derivatives f'(z), f(z), ---, 
f(z) exist on C and are continuous in the two-dimensional sense in C. If 
f(z) satisfies a Lipschitz condition of order a on C (0 < a < 1), then f” (z) satis- 
fies this same Lipschitz condition in C. 

Under mild conditions on C, the uniform boundedness of (10.14) for k = 
0, 1, 2,---, p — 1 is a consequence of the existence and continuity on C of 
f(z), by Theorem 10.3. 


(10.14) 





, zandzonC,k = 0,1,2,---,p—1, 


Chapter V. Further problems 


11. Problem y. In §1 we defined Problem y as the study of the convergence 
on C, or C,- of a sequence of polynomials whose degree of convergence is given 
on the closed limited set E whose boundary is C. 

Suppose for definiteness that the complement of E is connected and regular, 
and let us assume 


(11.1) | f(z) — pa(z)| S en, zon E,n = 1,2,---, 
where €n41 < €, and where p,(z) is a polynomial of degree n.‘ Then we have 
also 
| Pn4s(z) — pr(z)| S 2e,, zon E, 
whence by the generalized Bernstein lemma (Walsh [1], pp. 77-78), 
(11.2) | Pags(z) — pa(z) | S 2ew"™, zonC,,v> 1. 


If «, approaches zero as n becomes infinite, we have uniformly for z on E 


(11.3) f(z) = prlz) + [pa(z) — prlz)] + [ps(2) — pa(z)] + ---. 
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If >> «.»"* converges, we may consider the second member of (11.3) to define 
f(z) on C, , hence also throughout the closed interior of C,. By (11.2) we have 


(11.4) \f(z) — palz)| Ss 2> ev, zon C,. 


The method just indicated can be applied to all the sequences of polynomials 
studied in §§7-9 when the degree of convergence on E is known. It is not 
essential that the complement of E be simply connected. We formulate ex- 
plicitly a consequence of Theorem 7.2: 


THEOREM 11.1. Let C and C, be contours, let f(z) be of class L(p, a) (0 < a S$ 1) 
on C,. Let p,(z) be the unique polynomial of degree n which interpolates to f(z) 
in n + 1 equally distributed points of C. Then if p = 1, we have 


M; 


(11.5) [f@) — pale) | S 


zonC,, 


where M, is independent of n and z. 


There is a similar consequence of Theorem 7.3, which in the notation of that 
theorem is 


THEOREM 11.2. Let C be a Jordan curve, let f(z) be of class L(p, a) (0 < a S 1) 
on C,. Let pn(z) be the polynomial of degree n which interpolates to f(z) in the 
n + 1 roots of Tn4:(z), where C is analytic, or in the n + 1 roots of Fn4:(z), where 
C is of type A, or in the n + 1 roots of Qn4:(z), where C is analytic. Thenifp = 1 
we have (11.5) satisfied, where M, is independent of n and z. 


Inequality (11.4) was derived under the hypothesis (11.1), concerning the 
modulus on E of the maximum deviation of p,(z) from f(z). If approximation 
is measured by an integral of a power of the deviation, a similar inequality can 
be obtained (compare Sewell [4]). Let C be a rectifiable Jordan curve, let 
p,»(z) be a polynomial of degree n, and suppose (m > 0) 


(11.6) [\s@) - pa) lae| se (n = 0, 1,2, +++), 
where €,4: S €.. By general algebraic inequalities (Walsh [1], p. 93) we have 
| \ossCe) — pale) I" |de| < Naet, 


where N 1 is independent of n. By an integral analogue of Bernstein’s lemma 
(Walsh [1], p. 92) we now have 


| Pnia(z) — Pa(z)| S New",  zonC,,»>1, 


where N is independent of n and z. If >. ¢.v”"*’ converges, we may as before 
use (11.3) to define f(z) on C,, hence also on and within C,. The function 
thus defined must coincide with f(z) on C almost everywhere, for the integral 
of the m-th power of the absolute value of the difference is zero. Thus we have 
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(11.7) fl) — palz)| < n> a aa? ss 


As an application of (11.7) as a consequence of (11.6) we state from Theorem 
7.4: 


THEOREM 11.3. Let C be an analytic Jordan curve, let f(z) be of class L(p, a) 
(0 < a <1) onC,. Let p,(z) denote the polynomial of degree n which inter- 
polates to f(z) in the n + 1 roots of the polynomial Q,4:(z) of the set normal and 
orthogonal on C with respect to a positive and continuous weight function. Then 
if p = 1 we have (11.5) satisfied, where M, is independent of n and z. 


It is to be noted that the number » used in deriving (11.4) as a consequence 
of (11.1) and in deriving (11.7) as a consequence of (11.6) requires no knowledge 
of the number p defined in terms of the function f(z), namely, p is the largest 
p’ such that f(z) is analytic throughout the interior of C,- ; the number r is en- 
tirely arbitrary, subject to the inequality v > 1, and can be employed with a 
given sequence p,(z) whenever >, ¢,v"*' converges. For instance, the method 
of proof already given shows that under the conditions of Theorems 11.1, 11.2, 
or 11.3 we have 
M’»" 

(11.8) \f(z) — pr(z)| S aio on 9 zonC,, 1 <v<p, 
nPta on 
where M’ is independent of n and z. 

This last remark can also be established by the results of §3. For instance 
under the hypothesis of Theorem 4.7 we have by the conclusion of that theorem 
and by Bernstein’s lemma the inequality 


(11.9) eA | s —, zonC,,tonC,, 





where Mo is independent of n, t, and z. Under the hypothesis of Theorem 
11.1, Theorems 7.1 and 3.2 (in which EZ is now taken as the closed interior of 
C,) then yield (11.8). In proving (11.8) under the conditions of Theorem 11.3, 
we make further use of the lemma on integrals of polynomials (Walsh [1], p. 92), 
applied now to Q,4:(z). 

Still other results on Problem y are to be established in §12. 


12. Best approximation. Examples. If £ is a closed limited point set on 
which the function f(z) is continuous, the polynomial K,(z) of degree n of best 
approximation to f(z) on E in the sense of Tchebycheff is that polynomial (known 
to exist and to be unique if EF contains at least n + 1 points) of degree n for 
which 


max [| f(z) — K,(z) |, z on E] 


is least. If we have at hand a specific polynomial p,(z) of degree n such that 
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| f(@) — Pale) | 


then we obviously have 


lA 


Gs» zon E, 


(12.1) | f(z) — K,(z)| S en, zon E. 


This remark enables us to state some immediate results on the convergence of 
the sequence K,,(z). 

THEOREM 12.1. Let C be a contour, a finite line segment, or a lemniscate, and 
let C, consist of a finite number of mutually exterior Jordan curves. Let f(z) be 
of class L(p, a) (0 < a S 1) onC,. 

If K,(z) denotes the polynomial of degree n of best approximation to f(z) on 
C, in the sense of Tchebycheff, we have 


(12.2) Ife) — K,(z)| < ere eed. 


If L,(z) denotes the polynomial of degree n of best approximation to f(z) on C in 
the sense of Tchebycheff, we have 


(12.3) \f(z) — L»(z)| s om zon C, 

(12.4) Isle) -— Late) sO" zon C,,1 <9 <p, 
nPt@ pn 

(12.5) Ife) — Lae)| st, zon, 


where the validity of (12.5) requires p > 1. The numbers M, M,, M2, Mz; are 
all constants independent of n and z. 


Inequality (12.2) follows from Theorem 7.1, due to Curtiss. Inequality (12.3) 
follows from Theorems 7.2, 8.1, and 9.1, under the respective conditions on C; 
inequality (12.3) is valid if C is a lemniscate, even if that lemniscate has multiple 
points. Inequality (12.4) is a special case of (11.8), and follows from (12.3) just 
as (11.4) follows from (11.1). Inequality (12.5) is a special case of (11.4) and 
is similarly proved from (12.3). 

Instead of studying approximation in the sense of Tchebycheff, we may also 
study approximation in the sense of least m-th powers, with m > 0. Poly- 
nomials of best approximation of prescribed degree always exist, and are unique 
ifm > 1. The method of proof by comparison is useful in obtaining the rela- 
tion analogous to (12.1); we derive the inequality 


(12.6) [ \f(z) — K,(z) |" |dz| S én, 


where K,(z) now denotes the (or a) polynomial of degree n of best approxima- 
tion in the sense of least m-th powers, and where we assume the existence of a 
comparison sequence of polynomials p,(z) of respective degrees n with the 
property 
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[ Ws) — pale) de) os. 


We shall establish the 


Coro.tuary. Let C, and C,, and f(z) satisfy the conditions of Theorem 12.1, 
Let m be positive. 
If K,(z) denotes the polynomial of degree n of best approximation to f(z) on C, 
in the sense of least m-th powers, then we have 
m) ai M 
(12.7) [ (9) — Kal) Ide | $ er 


If L,(z) denotes the polynomial of degree n of best approximation to f(z) on C in 
the sense of least m-th powers, then we have 


™ M 
(12.8) [[\9@) - L6@) del s Sopa 
Mov" 
(12.9) | f(z) "_ L,(z) | <= ptapn? zon C,, 1 < v < Pp, 
nPtay 
M 
(12.10) | f(z) — Latz)| s nPret —T zonC,, 


where the validity of (12.10) requires p > 1. The numbers M, M,, M2, Mz are 
all constants independent of n and z. 

Inequality (12.7) is a consequence of (12.2); inequality (12.8) is a consequence 
of (12.3); inequalities (12.9) and (12.10) are special cases of (11.7), in the light 
of (12.8) in the réle of (11.6). However, the integral analogue of Bernstein’s 
Lemma as hitherto formulated (Walsh [1], p. 92) applies merely to a single 
Jordan arc or curve C; the proof of (11.7) for the present purposes requires a 
new lemma which contemplates the case that C consists of several components; 
the original proof of that analogue does not generalize directly to the present 
situation: 

Lemma 12.1. Let C consist of a finite number of mutually exterior analytic 
Jordan curves, and let p > 0 be arbitrary. There exists a number L’ such that 
the inequality 


[i Pa) ae | = 17, 
c 


where P,(z) is a polynomial in z of degree n, implies 
| P,(z) | = L’LR", zonCr, 
where L’ depends on C and R but not on n or P,(z). 


As usual we denote by K the complement with respect to the extended plane 
of the closed interior of C, and by ¢(z) the mapping function for K. The func- 
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tion | P,(z)/{e(z)]" |” is single valued and continuous throughout the closure of 
the region K of the extended plane, even at infinity if suitably defined there, 
and is subharmonic in K. This function is not greater than the function which 
coincides with it on C and is continuous on K + C, harmonic in K. Conse- 
quently we have for z in K 


P,(z) ? | Pale’) PG 9 » paG 
‘fee! = Oe Je! fee P| an as = 5- | 1P ole’) P 5 os 


where G(z, 2’) denotes Green’s function for K with pole in the point z and z’ 
is the running coérdinate on C. For z on Cz, the function dG/dn on C is uni- 
formly bounded, say not greater than L, in absolute value, so we may write 
from our hypothesis 





Pa(e) |” <1 P 
\[e(z)]" | = 5, aL’, zon Cz. 
For z on Cex we have | g(z) | = R, so the conclusion of Lemma 12.1 follows at 


once. 

The restriction that C shall be composed of analytic Jordan curves is a matter 
only of simplicity. Let us suppose for instance that C is composed of a finite 
number of rectifiable Jordan ares or curves with the property that 


Pei 
| 8G | 0 
[ | an | <a<l, 


exists and is uniformly bounded, say not greater than L,, for zon Cg. Then 
we may write by the Hélder inequality (3.8) and by the subharmonic property 
of the function | P,(z)/[e(z)]”" |°’, 


del Po gf | Ped OO gg (| PED Pah (s|20)"" ay) 
rior Shelter on Salis *) Ulan 


s L*.Ly~. 


The previous reasoning is valid in establishing the conclusion of the lemma. 

The behavior of G/dn on C, with respect to continuity, integrability, etc., 
is entirely similar to the behavior on C of 0G,/an, where G,; now indicates 
Green’s function for the exterior of the various single components of C, with 
pole at infinity. For if the components of C are denoted by C,, C2, ---,C,, 
we map successively onto the exterior of a circle (so that the points at infinity 
correspond to each other) the exterior of C, , the exterior of the transform of 
C, , the exterior of the last transform of C;, and so on. Each of these trans- 
formations but one is analytic on each C,. The last map provides a trans- 
formation of K onto a region bounded by a finite number of analytic Jordan 
curves; in this latter situation dG/dn is analytic on the transform of C. 

Of course the restriction on dG/dn or even the requirement that C be recti- 
fiable may be omitted in Lemma 12.1 provided the original inequality is replaced 
by the inequality 
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/ | Pa(z) r dus Pr, 
c 


in the notation of §4. 

If C is a contour, the function dG/dn is continuous on C and is uniformly 
bounded for z on Cx ; if C is a lemniscate or line segment, some power greater 
than unity of dG/dn is integrable on C and the integral is uniformly bounded 
for z on Cx ; in either case the remarks supplementary to Lemma 12.1 apply; 
the conclusion of the corollary follows. 

Analogues of Theorem 12.1 and its corollary, when we now require that f(z) 
shall be of class F, on C, instead of requiring a Lipschitz condition on f(z), 
can be proved at once and are left to the reader. 

For the special case that C is a circle or line segment, Theorem 12.1 and its 
corollary can be established by relatively elementary methods, as can also 
Theorem 12.2 below and its corollary (see Walsh and Sewell [3, 4). 

For comparison and contrast with Theorem 12.1 we state a result (Walsh and 
Sewell [2]) which concerns both Problem 8 and Problem y, and is proved by 
the method used in proving (11.4): 


THEOREM 12.2. Let E with boundary C be a closed limited point set whose com- 
plement K is connected, and is regular in the sense that there exists a function w = 
¢(z) which maps K conformally but not necessarily uniformly onto |w\| > 1 so 
that the points at infinity correspond to each other. Let the locus C, consist of a 
finite number of mutually exterior analytic Jordan curves. Let f(z) be defined on 
E, and for n = 1, 2, --- let a polynomial p,(z) of degree n exist such that 


(12.11) | f(z) — pa(z)| < ot zonE,0<a sl, 


where M is a constant independent of n and z, and where p is a non-negative integer. 
Then when suitably defined exterior to E, the function f(z) is analytic in C, and 
continuous in the corresponding closed region. We have the inequalities 


(12.12) \f@) - ro) s Sr, seaC., 1 <5 <o, 
(12.13) Ise) — pale)| = Mt, zone,; 


a consequence of (12.13) is that the p-th derivative f(z) exists on C, in the one- 
dimensional sense and satisfies there the condition, for | 2: — 22 | sufficiently small, 


(12.14) | f (es) — f@) | SL | a — 22|*+| log | zr — 22| |’, zrandzonC,, 


where 8 = Oif a < land B = 1 tf a = 1, and L is a constant independent of 2 
and z.. 


Comparison of Theorems 12.1 and 12.2 shows that they are not exact converses 





ger. 
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each of the other, for there is a discrepancy of unity in the exponents of (12.3) 
and (12.11). This discrepancy is inherent in the nature of the problem, as we 
shall now proceed to show. Expressed in other words, we shall show that if 
we restrict ourselves to degree of convergence on C or E as measured by such an 
expression as M/n'p", then for arbitrary a (0 < a < 1) the inequalities (12.3) 
and (12.11) in Theorems 12.1 and 12.2 cannot be improved. 

Let us choose 


2 2 2 2 
f@ = -{ log (1 -de= [(2+ 5454 +) de 
(12.15) 2. 2* 
a at * a” Bie |z| <1, 
= (1 — z) log (1 — z) +z. 
If C is the circle | z| = }, and if p,(z) represents the partial sum of degree n of 


the Taylor development of f(z), we have 


- 1 i< 1 1 

(12.16) | f(z) — paz) | < a k(k + 1)2'4 = 3 oe De nBQn’ 

Inequality (12.16) is precisely of the form (12.11), with p = 2, p = 0,a = 1. 
It will be noted that f’(z) is not continuous on C,: |z| = 1, and that f(z) does 
not satisfy a Lipschitz condition on C, of order unity, but rather a condition of 
form (12.14) with a = 1. Thus Theorem 12.2 for the case p = 0, a = 1, can- 
not be improved, in the sense mentioned. 

For the case p = 0,0 < @ < 1, we replace (12.15) by the equation 


f@) = (1-2) =D a2", le) <1, 


from which it follows (Dienes [1], p. 24) that we have 


Consequently we may write for z on C: |z| = 3 


Is) - Yas*| s > ee 





This inequality is of the form (12.11), with p = 2, p = 0; it will be noted that 
f(z) is continuous for | z | < 1 and satisfies on C, : | z| = 1 a Lipschitz condition 
of order a but of no higher order. Thus Theorem 12.2 for the case p = 0, 
0 < a < 1, cannot be improved, in the sense mentioned. 

For arbitrary positive integral p and 0 < a & 1 it is also true that Theorem 
12.2 cannot be improved in this same sense; suitable counter-examples (Gegen- 
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beispiele) are obtained by taking successive integrals of the functions just 
studied.” 

As a corresponding example in the opposite direction, we take the illustration 
(similar to one used by Hardy and Littlewood [1] for another purpose) 
CJ 2" 
f= 2’ 
which is analytic for | z | < 1, continuous for | z| < 

Qa 


further restricted. Let a be arbitrary, with 0 < 
sufficiently large by the inequality” 


gle en 1 <Q. 


(12.17) fe) = Nepi > Nk, 


1; the integers m are to be 
<1. We define m4: for k 


this definition is consistent with the requirement 4: > m for all k, for the in- 
equality k + 1 < 2“~”!* for k sufficiently large follows from the inequality 


log (k + 1) 
k-1 


which is satisfied for k sufficiently large. Moreover, the relation 
gkle ae g&-via > 1 


is satisfied for k sufficiently large, and is merely the equivalent of the inequality 


, 1 
a> (Gite — jy" 


Whenever we have m S n < m4, the partial sum s,(z) of degree n of the 
Taylor development of f(z) is 


. log 2, 
a 


k 2” 
j=0 2 e 
30 Whenever the function f(z) = doavz* is analytic for | z| S r, and the numbers a, are 


non-negative, we obviously have 


max [| f’(z) — De baa |, | 21 =r|]= ba 
=-1 


k=n 


= nd, ayr*! = n-max [| f(z) — »» a,2*|,|2| =r) /r. 
Whenever the function f(z) = Doane" is analytic for | z| < r we also have 


n co) 
\f'(z) - 2 ka,z* |?-| dz | = 2xr k?| a, |2r2*-? 


k=n+1 


p> 2k sal 
2 2 2 = — 
Biewe 2, lee | 


these two integrals represent the measure of best approximation on | z | = r in the sense 
of least squares to the respective functions f’(z) and f(z). 


J 


sl=r 
= 3 k \2. dz . 
| f(z) > a,2* |?-| de | 


sl=r 





la 


ar 


can 


in- 


ity 


the 


, are 


r|/r. 


| dz |; 


sense 
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whence we have on |z| = 1 for k sufficiently large 
If@) - a2) |S p+, 5 5. 
(ney — 1)" ~ ne 


It follows (Walsh and Sewell [2]) that f(z) satisfies on | z| = 1 a Lipschitz con- 
dition of order a. Choose now for definiteness p = 2, let C be |z| = 1/p, and 
let L,{z) be the polynomial of degree n of best approximation to f(z) on C in 
the sense of Tchebycheff. We set 


€, = max || f(z) — L,(z) |, z on C]. 


The polynomial s,(z) is the polynomial of degree n of best approximation to 
f(z) on C in the sense of least squares, so we have 


re > [ |f(@) — Ln(e) Pde | & ff fe) — sae) I lde 


For the particular value n = m4, — 1 this yields by (12.17) for & sufficiently 
large 


. 1 1 1 
> > aa ae ai 
elias x, 22". 277 sd Demetri, Qet2 — DB, Dnk+ 1-2, Dak—2? 
én > vale 
(12.18) " 8-2".n2" 


That is to say, inequality (12.18) obtains for an infinite sequence of indices n, 
so for the function f(z) defined by (12.17) it is not possible to replace (12.3) by 
any inequality of the form 


| f(z) — Laz) |S on »  zonc, 
with a’ > a, or even by any inequality of the form 
If) - In) | ™™., zone, 


where n(n) approaches zero as n becomes infinite. Thus Theorem 12.1 for the 
case p = 0,0 < a < 1, cannot be improved, in the sense mentioned. 

For class L(0, 1) Theorem 12.1 cannot be improved in this same sense, for 
suppose it could be shown that for every function of class L(0, 1) on C, the 
second member of (12.3) could be replaced by M,p "n~*, where 8 is some number 
greater than unity; we shall reach a contradiction. For the integral F(z) of 
the special function f(z) considered above, with 0 < a < 8 — 1, 


2 njtl 


- pate zZ 
PO) = 2 5m, $1)" 


+t We remark incidentally that it follows from Hadamard’s gap theorem that here f(z) 
cannot be continued analytically beyond the circle | z| = 1. 
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which belongs to class L(0, 1), we have for the Tchebycheff polynomial L,(z) 
for F(z) on C: |z| = 4 by the kind of reasoning already given 
max [| F(z) — L,(z) |, z on C] = aa 

where m is positive and independent of n; thus for this particular function F(z) 
of class L(0, 1) the second member of (12.3) cannot be replaced by Mip "n’. 
Consequently Theorem 12.1 cannot be improved, in the sense considered, for 
the case p = 0, a = 1. This remark then holds for 0 < @ < 1; it holds for 
arbitrary positive p and 0 < a@ <& 1 by replacing the specific functions f(z) al- 
ready used by successive indefinite integrals of those functions. 

The corollary to Theorem 12.1 modifies that theorem by introducing integral 
measures of approximation instead of the Tchebycheff measure of approxima- 
tion. There is a similar corollary to Theorem 12.2: 


Coro.uary. Let E be a closed limited point set whose boundary C is a contour, 
and let the complement K of E be connected. Let the function f(z) be defined on E, 
and for n = 1, 2, --- let a polynomial p,(z) exist such that we have (m > 0) 


(1219) f 1$@) — POM dl S rernge «= 2M EO <a S1, 


where M is a constant independent of n and z, and where p is a non-negative integer. 
Then when suitably defined or redefined, the function f(z) (originally determined by 
(12.19) on C only almost everywhere) is analytic interior to C, and continuous in 
the corresponding closed region. We have the inequalities (12.12) and (12.13); 
a consequence of the latter inequality is that f°” (z) exists on C, in the one-dimensional 
sense and satisfies there the inequality (12.14). 


This corollary is established by interpreting (12.12) and (12.13) as special 
cases of (11.7), proved from the remarks on Lemma 12.1; the consequence of 
(12.13) follows from a result previously published” (Walsh and Sewell [2]). 

It is of course obvious that the conclusion (11.7) as well as the conclusions 
of the corollaries to Theorems 12.1 and 12.2 are not affected if we measure 
approximation by the integral of m-th powers with a positive continuous norm 
function. 

In the sense in which inequalities (12.3) and (12.11) cannot be improved in 
Theorems 12.1 and 12.2, it is also true that the corresponding inequalities 
(12.8) and (12.19) of their corollaries cannot be improved, at least for the case 
m = 2. This fact can be shown by use of the examples already employed, by 
essentially the methods already used. The fact that these various inequalities 
cannot be improved has been previously stated in the literature (Walsh and 
Sewell [3, 4]); the statement is hereby justified. 

We return to the general topic of Theorem 12.1. Let C, be for definiteness 
the unit circle. Let the function f(z) be of the form 


3 We need not assume here that C, is a contour, by virtue of the remark made in con- 
nection with Theorem 7.2. 
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(12.20) f(z) = (2 — 2)?** + file), 


where 2 lies on C, and fi(z) is analytic in the closed interior of C, , and where 
p is integral,OQ <a <1. It may be proved (Dienes [1], p. 24) that the coeffi- 
cients a, in the Taylor development >, a,2” of f(z) satisfy the inequality | a, | < 
M/n”***", and hence that we have for the polynomials L,(z) of degree n of best 
approximation to f(z) on C: |z| = 1/p < 1 in the sense of Tchebycheff 


max [| f(z) — L,(z) |, zon C) S max [| f(z) — ys a,2z" |, zon C] 


(12.21) = max[| >> az*|,zonC] 
k=n+l1 


M, . ba Mz 


= nptetl , Sa, p* ont nPrtatipn * 


This degree of convergence is greater (by the factor 1/n) than we should have 
any reason to expect from our general Theorem 12.1." In this sense it is true 
that analyticity of the function f(z) on C, , except for an algebraic singularity 
of the kind indicated in (12.20), has the same effect on degree of convergence 
on C as does a Lipschitz condition on f*”(z) of order a throughout the extent 
of C,. But it is to be remembered also that the sum of a function of type 
(12.20) and a function analytic interior to C, , continuous in the corresponding 
closed region, whose (p + 1)-th derivative on C, satisfies a Lipschitz condition 
of order a, also exhibits degree of convergence for the Tchebycheff polynomial 
at least as great as that indicated by (12.21). In that sense, it is not necessary 
to have analyticity of f(z) on C, except for the algebraic singularity to ensure 
(12.21); the Lipschitz condition of order a on f”*”(z) is sufficient. 
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INTEGRATION IN ABSTRACT SPACE 
By R. L. JEFFERY 


1. Introduction. The problem of integration in abstract space has been 
approached from many angles." The most interesting, from the standpoint of 
simplicity and usefulness, is that of Bochner. He considers functions f(x) on a 
range of measurable sets to a complete normed vector space X. The function 
f(x) is measurable if it is the limit of a sequence of finite-valued functions, and 
is integrable if it is measurable and if the real function || f(z) || is summable. 
There are some simple functions to which Bochner’s theory does not assign an 
integral, one of which is: 

Let X be the space of bounded functions z(t) on0 S ¢S1. Let f(x) = x(d), 
where z(t) = 0,0 < ¢ < 2, x(t) = 1,2 S t S 1, and let || f(z) || be the least 
upper bound of | z(t) |,0 < ¢ < 1. 

The difficulty here is that f(x) is not the limit of a sequence of finite-valued 
functions. The theory set forth by Birkhoff has all the generality that can 
reasonably be hoped for. It is, however, somewhat removed from the sim- 
plicity that characterizes the work of Bochner and the classical theories for real 
and complex variables. The present paper started in an attempt to formulate 
Bochner’s definition of a measurable function in terms of the behavior of the 
function apart from its relation to any sequence. The outcome is a theory of 
integration which is equivalent to that of Birkhoff, and consequently includes 
that of Bochner, while the developments are more in the spirit of the classical 
theories for real and complex variables. 


2. Definition of integrability. Let X be a complete normed vector space. 
Let E be any set of elements z on which a measure function has been defined. 
For the sake of definiteness we take E to be a bounded Lebesgue measurable set 
in Euclidian space, and x the points of FZ. Let f(x) be a function defined on E 
to X. We first define integrability for bounded functions. 

Let f(x) be bounded on E. If there exists a sequence of measurable sets 
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I"(E) = ef, ez, --- with eve? = 0,1 ¥ j, D0 me? = mE, me? > 0asn— @, 
and for which 
(1) lim f(&?)me? 


exists, where éj is any point on e; , then this limit 7 = 7'(f, E) is the integral 
of f(z) over E. 

The question at once arises as to the uniqueness of 7’; for this definition has 
little interest unless it can be shown that 7’ is the same for all choices of II"(Z) 
for which the limit (1) exists. This independence of T we establish. We first 
simplify the notation by writing II"(Z) = II(Z) = e, e,---,& = &, and 
lim Do f(é?)me? = lim D> f(éi)me; , and prove 


Tazorem I. If for i(E) lim >) f(&)me; = T, and for '(E) lim 
> s(ei)m(ez) = T’, then T” = T. 


We shall need the fundamental 


Lemma I. Let B,, B.,---, B, be a finite number of bounded sets in X, Bi , 
Be, --- , 8B, elements of the respective sets B,, B., --.,B,. Let B be the locus 
of all vector sums of the form 


B=—Bi+hB+---+Ba, 


and p(B) the least upper bound of || 8 — 8’ || for 8 and B’ any two elements of B. 

Let a;; (¢ = 1, 2,---,n;j = 1, 2, --- , ki) be sets of positive numbers such thal 
> ai;= A. If Bi; (j = 1,2, ---, ks) are elements of B; , and B any element of B, 
2 


then 
p> »» a:;8;; — AB\| S Ap(B). 


For each value of i let the numbers a;; represent the lengths of intervals 
placed end to end from left to right in the order aj, a2, --- , a, over the 
linear interval 0 S ¢ S A. For all values of i and j project the end-points of 
the intervals a;; onto the interval 0 < ¢ < A. These projections form on 
0<t<S Aa finite set of intervals, d; , d, , --- , and any d; represents the common 
part of intervals a;;, , aij, , --- , @;, for some set of values of j; , je, --- , jn, Ji 
on the range 1, 2,--- ,k;. Accordingly we set d, = dj,...;,. Thus dj,...;, is 
defined for all combinations of values of j;j2--- jn for which the intervals 
Gij,, Gij,,--- , 3, have a common part with length > 0. For other com- 
binations of ji, je,---,jn (ji = 1, 2,---,ki) let dj,...;5, = 0. Then 
d;,...;, = A, and 

dn 


ayes 


ks 
Do de aiBii = ae dj,--+in (Bij, + Boj, + +++ + Bnj,)- 
yn 


¢ j=1 
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Since #i;, + --- + Bnj;, 18 a point B;,...;, of B, and > d;,...;, = A, we can 
atte 

write 


|| > > ai;8i; — AB | 


i=1 j=1 


| dj,--+i, (Bj,- ++i oe 8) | 
p yy dj, ++ +n | Bi,-++in =“ § | 


lA 


lA 


Ap(B). 
This is the theorem. 


Corotuary I. Let e, 2, ---,@n be any n disjunct measurable sets on the 
measurable set E, &; any point one; , and s = > ™ S(&:)me; , where f is bounded on E. 
Let en, C2, «++ , ix, be a subdivision of e; into disjunct measurable sets, £4; any 
point on e:;. Then 


| > 2 s&s) me;; — 8 | < max | z. { £(&) — fE) }me; ll, 


for &; and &; any two points on e; . 


Let f(é)me; = B;, where — ranges over e;. Set me;; = ajyme;. Then 
pe a;; = 1, f(é:;)me; is a point 6;; in B; and s is a point in B, where B is the 
? 


locus of all sums of the form >> S(&i)me;. Hence 


n ik oo) ie os 
p> 2 S(&ime; = > > aif (ime; = p> ais Bis, 


and since ¥ a;; = 1, Lemma I applies directly to give the corollary. 


? 

We now return to the proof of Theorem I. Since f is bounded, there exist 
sets €;, €2, --- of II(E), and sets e;, e2, --- of II’(E), and positive integers n 
and | such that if we delete from the sets ¢, + 2 + --- ten,er: tes+--- $e; 
all the points which are not common to both sets, we have 


o J & sede -Tll<s. | 2D S(Es)mei — T'||<«, 


where e; and e; now represent the deleted sets, and &; and £; are any points of 
e; and e; respectively. From (1) we get 


l 
(2) || De 14) — FE Imex] < 2, || DELVE) — FED mer || < 26, 
where &, & are any two points on e;, &, & any two points on e;. Let 


ei; = ee; , and &;; be any point on e;;. Then by Corollary I, Lemma I, and 
(2) we have 
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| > 2D Sesi)mess on > f(g)me || < 2, 


! > > S(&ij)mey — 2, S(Es)met || < 2. 
These give 


n l 
|| 2 flees — De fleemes || < 4e, 
and this, with (1), gives || 77 — 7’ || < 6e. Since e is arbitrary, it follows that 
T’ = T, and Theorem I is proved. 


3. Extension to unbounded functions. 

Let f(x) be finite almost everywhere on E, and let g be the measurable subsets of E 
over which f is bounded. If for every g T(f, g) exists and there is a point T in X 
such that 


lim T(f,9) = T, 
mg—-mE 
then f is integrable over E to the value T = T(f, E). 


4. Properties of 7'(f, E). 

THeoreM II. Jf E, and E, are disjunct measurable sets on X, and f is such that 
T(f, E:) and T(f, E2) both exist, then T(f, Ei + E:) exists and is equal to 
T(f, Hi) + T(f, Ee). 


To prove this theorem let g be any measurable set on E = E, + E: over which 
fis bounded. Write g = g: + ge, where gi = gE., ge = gE,. Then any 
sequences II(g:) and II(g2) combine to form a sequence II(g), and from this it 
follows at once that 7'(f, g) exists and is equal to T(f, g:) + T(f,g2). Hence 


lim TO, g) = lim T(f, 9) + lim T(f, 92), 


and from this it follows that 7'(f, Z) exists and T(f, EZ) = T(f, Ei) + T7(f, E:). 


TuHeoreM III. Let X be a complete normed vector space, E any bounded measur- 
able set, f(x) a function on E to X and integrable over E. Then f is integrable 
over every measurable subset e of E. 


Let gi: , gz, --- be a sequence of measurable sets g, C e, f bounded on g, , 
and mg, — me, and let ¢; , cz, - - - be a sequence of measurable sets with c, C ce, 
the complement of e on E, f bounded on c, and mc, — mee. Since f is in- 
tegrable over E, it is integrable over c, and g,. Then by Theorem II, f is 
integrable over cn + gn’ for all n and n’, and 


[ sa = [ saz + [ fac. 
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By the definition of integrability of f over E there exists N such that 








[ fax — | fae ta n>QN. 
| Cnton gE 
It then follows that 
| [ saz - f fdz|| < 2% n,n’ > N. 
| gn On’ i 


Consequently 7T(f, g,) is a Cauchy sequence in X, and since X is complete, has 
a limit point in X. It is now necessary to show that this limit is independent 
of the sequence g,. Let gi, gz, --- be another such sequence on e. There 
then exists N such that 


(er oad 


Hence 
| fra - [see 


and this shows that the limit is the same for either sequence. We now can 
conclude that if g is any measurable set on e over which f is bounded, then 
T(f,g) tends to a limit as mg — me. Consequently f is integrable over e. 


THEOREM IV. Let f be integrable over E and let e be an element of the measurable 
subsets of E. Then 





<6 | 








[fa - [tae| < . san 








< 2, n>N, 








lim | fdz = 0. 


me->0 Ye 


By Theorem III f is integrable over both e and ce. If ¢ is given, it follows 
from the definition of integrability of f over EZ that if e is a measurable set on E 
with me sufficiently small, and g is a measurable set on ce such that f is bounded 
over g and mg is sufficiently close to mce, then 


[ree frees |e fre 


These relations give 


(1) | [saz [tae 


By Theorem II 
[ta = [sa -f f dz, 
e E ce 


and this with (1) and the fact that ¢ is arbitrary gives the theorem. 


<«. 








< 2. 
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TueorEeM V. If E is any measurable set over which f is integrable, and e the 
measurable subsets of E, then T(f, e) is a completely additive set function over E. 


Let €:, €2, --- be a sequence of disjunct measurable sets on E, > @& =e, 
and e¢, + --- + e, = E,. By Theorem III, f is integrable over e and E,, 
and by Theorem II, 


Xf tac =f saz, [tact J saz=[sac= ff sae. 


But m(e — E,) — 0. Theorem IV and the foregoing equalities now give the 
desired result. 


5. Integrable functions. In this section we study classes of integrable func- 
tions. There is first defined a class of restricted functions, and on this is based 
a class of measurable functions. 

The bounded function f(x) on E to X is restricted if there exists a positive real 
number R such that to any « > O there corresponds a sequence R(E) of disjunct 
measurable sets €; , €2, --- with me; < «, ) ® me; = mE, and 


IX 4G) - SEDI <R, 


where &;, and &;, are any two points on ¢;,. 
Lemma II. If f(x) is restricted on E, then for any sequence R(E) 
| >> {£4 — f&)me; || < 2R (maximum of me;). 


In considering the sum 
S. = 2 (06) — fE)\me, 


there is no loss of generality in assuming that the quantities me, , mez, --- , men 
are in decreasing order of magnitude. We write 


S(&) — f(s) =o, a = A,. 


i=p 
Then || A, || < R, and 
Sn = GnMen + Pn—-1Men1 + +--+ + Gime 
= Agen + (Ana — An)mena + +++ + (Ar — Aa)mey 
— A,(men1 — Men) — An-i(Men—-2 — Men) — --- — Ag(me; — mes) 


+ Ayme,; < R(2me,; _ me») < 2Rme, ° 


Since this relation holds for all values of n, the lemma follows. 
TueoreM VI. If the bounded function f(x) is restricted, it is integrable. 
By Lemma II there exists R"(E) = ef , ez , --- such that if 
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S, = x {fET) — SER) \ me}, 


where & and £ are any two points on e; , then || S, || ~Oasn— . Since 
f(z) is bounded and X is complete, } S(&)me? converges. Set 


LMei me? = Tn, LS Er "mez" = Tw. 


Since || S, || — 0 the methods of proof used in Lemma I and Theorem I can 
be used to show that for n and n’ sufficiently great || 7, — T7,, || is arbitrarily 
small. Consequently 7, forms a Cauchy sequence in X and T, tends to a 
limit 7. But R”(Z) is a sequence II(EZ) of the definition of integrability, and 
it follows that f(z) is integrable. 

Coro.uary. The function f(x) of the example given in the introduction is 
integrable. 

For if e:, --- , én is a subdivision of 0 S x S 1 into n equal parts, it is easily 


verified that for every choice of i and &;, , &, on ei, , 
| Do {fG) — £E,4)} || = 1. 


This shows that f(x) is restricted. The integrability of f then follows from 
the theorem. 

Let f(x) be a function defined on the measurable set E to the complete normed 
vector space X. The function f(x) is measurable if it is the limit of a sequence 
of restricted functions. 

It follows from this definition that if f(z) is measurable on £, it is measurable 
on every measurable subset e of E. For it is obvious that if a function is 
restricted on E, it is restricted on every measurable subset of E. 

TueoreM VII. If f(x) is bounded and measurable, it is integrable. 


Let f.(z) be the sequence of restricted functions whose limit is f(x) and R, 
the number associated with f,(z) in the definition of restricted functions. Let 


€:, €2,--+ be a sequence of positive numbers tending to zero. There then 
exists a sequence e; , e: , --- of disjunct measurable sets on E with me? < 
€./2R,, 2. me? = mE, and with 

(1) { fnl&P) — fn(E7)} me? < 2R, (maximum of me?) < «,, 


where £} and £ are any two points on e; . Since f,(z) — f(z), for a given 7 
there exists a set E, C E with mE — mE, < 7, and such that f, — f(z) uni- 
formly on E,. Let Ej = e7E,. Then (1) holds with the sets E? replacing e? 
and with &? and £? any two points on E?. We now have 


|X 1st) — £2} || sD tN FEF) — 40) | 
+ [| $aCEE) — SER) |l + Il SalGE) — FaBE) [I. 
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Let », be the maximum of || f(z) — f,(x) || for z on E,. Then since on E, 
f.(z) — f(x) uniformly, it follows that \, — 0 as n— o. In the foregoing 
inequality the points ¢7 , =? are on E, for all values of i and n. Taking (1) 
into consideration, we are able to write 


| > { f(E?) — S$(EP)} mE} || < 2W.mE, + &, 


where \,, and ¢, both tend to zero as n — ©. From this point on, the proof 
goes as in Theorem VI to show that the sequence Ej , Ez , --- is a sequence 
a(E,) and consequently f(x) is integrable over E,. Since mE, — mE and f(z) 
is bounded on £, it is not difficult to show that f(z) is integrable over E. 


Corotuary I. Jf f(x) is measurable on E, and g is a measurable set with 
g © E and f(z) bounded over g, then f(x) is integrable over g. 


Following the definition of measurability of f(z) it was noted that if f(z) is 
measurable on E it is measurable on every measurable subset e of E. With g 
measurable and f bounded on g the corollary follows immediately from the 
theorem. 


Corouiary II. If f(x) is measurable over E and || f(x) || is summable, then 
S(x) is integrable over E. 


By Corollary I, f(z) is integrable over the measurable sets g C E on which 
f(z) is bounded. The fact that || f(z) |! is summable easily leads to the con- 
clusion that 


lim | fdz 


mg—>mE <q 
exists. Then, by definition, f is integrable over E. 


Corouiary III. If f(x) is the limit of a sequence of finite-valued functions, 
then f(x) is measurable. 


For if f,(z) is a finite-valued function on E, then for a given ¢ the set E can 
be divided into a finite number of sets e:, é2, --- , e, with me; < ¢, and such 
that f(z) is constant over e;. Hence if &;, &; are any two points on e; 


l| fn(&) — Fn(Es) || = 0, 
and we conclude that f,(z) is restricted. 

Corotiary IV. Jf f(x) is integrable in Bochner’s sense, it is integrable. 

For if f(z) is integrable in Bochner’s sense, it is the limit of a sequence of 
finite-valued functions and || f(z) || is summable. Corollary IV then follows 
from Corollaries II and III. That the converse does not hold follows from the 
corollary to Theorem VI. 

We close this section with some comments on restricted functions and on 


Bochner’s integral. We have not been able to arrive at any idea as to how 
wide is the class of restricted functions. It was pointed out in the corollary to 
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Theorem IV that the function defined in the introduction was restricted. If 
f(z) is a bounded Lebesgue measurable function of the real variable z and 
|| f(x) || = | f(x) |, then f(x) is restricted. To show this we first let a = a, 
a2, --- be the denumerable set of disjunct sets which are such that a; C E, 
ma; > 0, and f(z) is constant ona;. Each set a;can then be subdivided into a 
finite number of sets a, --- , a%, Such that ma;; < e. If &; and §;; are any 
two points on a;;, then 


(1) I] Do (f(s) — F(E:s)} || = 0. 


Divide the range of fon E — a by the points a , a, --- , @, where a; — aj, > 0 
as n — o, and let e; be the part of E — a@ for which a, < f < a; (¢ = 1, 
2,---,n — 1), e, the set for which a,.. S f S a,. Then for any choice of 
&; and &; on e; 


(2) | se) — f(&) | < M— m, 


where M is the least upper bound, m the greatest lower bound of f(r) on E — a. 
It will next be shown that me; — 0 as a; — ai1— 0. For if this is not the 
case, there exists a number d > 0 and an infinite set of values of n and 7 for 
which e; = e; is such that me? > d. Let e be the set which is such that each 
point of ¢ is in an infinite number of the sets e? . Then’ me = d. Let x bea 
point of e. Then z is in an infinite number of sets e; = e7/ with me; > d, and 
such that if £; is a point of e; distinct from zx, then 


| f(x) = S(E:) | s aj} _ azi4 = Ni» 


where 7; > 0 asn;— ©. If e, is the set which is such that each of its points is 
in an infinite number of the sets e; , then me, 2 d, and for every point ¢ of e., 
S(®) = f(x). Consequently f(x) is constant on e, , and since me, > 0, ez belongs 
toa. But this is a contradiction and we conclude that me; — 0 as a; — aj4— 0. 
If (1) and (2) are taken into consideration, it now follows that the sets a;;, 
and the sets e; for a; — a;_; sufficiently small can be combined to form a sequence 
of disjunct sets ¢;, 2, --- with me; < «, Dd me! = mE, and such that if £; 
and &; are any two points on e; then 


| sed) — 18) | < M— m, 


and consequently f(x) is restricted. 

If f(z) = u(x, y) + i(z, y) is a function of the complex variable z = x + iy 
for which u(z, y) and v(z, y) are bounded and measurable on the measurable 
set E of the complex plane, then it can be shown in a similar manner that f(z) 
is restricted. Beyond this we have, so far, been unable to go. E.g., we have 
not shown that if f(z) is a continuous function on the linear interval a < x S b 
to the complete normed vector space z, then f(x) is restricted. Such a function 


2? Hobson, Theory of Functions of a Real Variable, 3d ed., vol. I, §136. 
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is measurable in the sense defined above for the reason that it is the limit of a 
sequence of finite-valued functions. 

There is a further question concerning Bochner’s integral to which we have 
given some consideration without arriving at an answer. In the introduction 
to this paper an example is given of a bounded integrable function which is not 
integrable in Bochner’s sense for the reason that it is not the limit of a sequence 
of finite-valued functions. Does there exist an integrable function which is 
not integrable in Bochner’s sense for the reason that || f(z) || is not summable? 
We leave a further consideration of this to be included in a study of condi- 
tionally convergent integrals with which it seems to be closely associated. ' 

It was also mentioned in the introduction that this paper originated in an 
attempt to formulate Bochner’s definition of measurability of a function without 
considering the relation of the function to any sequence. 


Let f(x) be defined on E to the complete normed vector space X. If for a given 
« > 0 there exists a sequence of disjunct measurable sets e; , €2 , --- with me; < «, 
e¢: CE, 2) me; = mE, and for &: , §: any two points one; , || f(t) — f(E) || < « 
then f(x) is measurable on E. 


We shall call this «-measurability to distinguish it from the definition of 
measurability given above, and state the following results, which are not diffi- 
cult to prove. 

Measurability in the sense of Bochner and emeasurability are equivalent. 

Continuous functions are emeasurable. 

A necessary and sufficient condition that f(x) be «measurable is that corre- 
sponding to a given n > 0 there exists a measurable set E, C E withmE — mE, < 4, 
and such that f(x) is emeasurable on E, . 

If f(z) is «measurable on the linear interval a < z S b, then f’(x) is emeasur- 
abie, where f’(x) is a function for which 

lim |@ + h) — f@) 
h—0 h 


— f'(z) || = 0. 


5. The equivalence of 7'(f, E) and Birkhoff’s integral B(f, F). 
TuHeoreM VI. If B(f, E) exists, then T(f, E) exists, and the two are equal. 
If the function f(z) is bounded and B(f, E) exists, it follows from the way 


B(f, E) is defined that there exists a sequence of subdivisions of E into measurable 
sets e} , eg , --- such that 


B(f, E) = lim LX SE?)me?, 


where £7 is any point one? . In this determination of B(f, EZ) it is not necessary 
that me? — 0 as n — «. Let ef be broken into measurable subsets e},, 
ee, +++, ye, in such a way that mej; > 0 as n — «©. It then follows from 
Corollary I, Lemma I of this paper that 
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- 
tim 2 #(8h))mel, = BU, BD. 
These sets e?; can be arranged in a single sequence II"(E) = ef , ez , --- which 
constitutes a sequence II(Z) of E for which lim > S(&)me; = B(f, FE). From 
this and the definition of 7T(f, EZ) it follows that T(f, E) exists and is equal 
to B(f, E). 

Coming to the case for which f(z) is unbounded, we note that if B(f, EZ) 
exists then B(f, e) exists for every measurable subset e C EF, and B(f, e) is a 
completely additive set function over’ E. It then easily follows that as 
me — mE, B(f, e) — B(f, E). Hence, if g is a measurable subset of E over 
which f is bounded, then B(f, g) exists, and from the first part of the theorem 
it follows that T(f, g) exists and is equal to B(f, g). From this and the fore- 
going remarks concerning B(f, EZ), together with the definition of T(f, E) for 
unbounded functions, it follows that 


a, B(f, 9) = BS, BE) = =, T(f, 9) = TU, £). 


This establishes the theorem. 
TueoreM VII. If T(f, E) exists, then B(f, E) exists, and the two are equal. 
If the function f(z) is bounded, then 


(1) Tf, B) = ff far = lim ¥ slez)me?, 


where e} is measurable, e? ~ e? , i * j, >), me? = mE, £ is any point on ¢; . 
Set eo = E — >> e; . Then mes = 0, and consequently, for any choice of & 


on eo, || f(t )mec || = 0. This and the boundedness of f insures that for this 
subdivision es , et , --- of E, LD se )me? is for each n unconditionally con- 


vergent, and from (1) it follows that 


(2) linn || 22 {#(&?) — $F) }me?|| = 0, 

for ¢? and & any two points on ef . From (2) it follows that there are integral 
ranges’ of f of arbitrarily small diameter. Relations (1) and (2) then combine 
to show that the point of intersection of these integral ranges is T'(f, ZF). Conse- 
quently B(f, E) exists’ and is equal to T(f, E). 

If the function f(z) is unbounded, the proof is not so simple. Since f is finite 
almost everywhere on E, it is easy to establish the existence of a sequence of 
disjunct measurable sets & , &: , --- with f bounded on each &; and }> m&; = 
mE. Since f is integrable over E, the same holds for each &;. Then, since f 


3 Birkhoff, loc. cit., p. 367, Theorem 14. 
4 Birkhoff, loc. cit., p. 367, Definition 2. 
5 Birkhoff, loc. cit., p. 367, Definitions 3, 4, and Theorems 12, 13. 
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is bounded on each 6&;, it follows that corresponding to « > 0 and « with 

> « = « there exists a sequence of disjunct measurable sets en , e, --- on 

&; with me;; < «, >> me;; = m&;, and such that if ;; is any point on e;;, then 
i 


(3) | Zateomes — [fae | <a, 


and consequently 
(4) | > { f(Eii) — F(Eis)} meis || < ei, 


for &;, &:; any two points on e;;. We next show that the series De S(Eis)mei 
7 


converges unconditionally. With this established it follows from (4) and the 
definition of integral ranges that there exist integral ranges of f of arbitrarily 
small diameter, and this in turn gives the existence of B(f, £). 

The unconditional convergence of the series p> S(&:;)me;:; follows if for a 


given ¢ there is established the existence of an bisiase N such that if % , ji, > N 
then 


(5) | X Sis) me, 5, | <6 


The existence of this number N we now proceed to show. Let 7 > 0 be given. 
Fix 6 such that if e is any measurable set on E with me < 6, then 


) | [ra| <s 
Theorem IV permits this. Next fix a positive integer N so that 
(7) > mée;; < é, y &< 4m. 

i.j=N+1 t=N+1 


It follows from (4) that for any choice of &;;, , &:j, on e;, , 
(8) I| Do £40) — $Eis)} mes, || < es. 


To see this let £;;, , &:;, have any values on the sets e;;, and on the remaining 
sets of the sequence e;; in (4) let &; = &:;. 

Now consider any subsequence e;, ;, of e;; with i , jx > N, and set e = ei, 4, . 
Since e, belongs to some &;, f is bounded on e,. It then follows from the 
definition of integrability of bounded functions that there exists a sequence of 
disjunct measurable sets ex: , ex , --+ On e, with > mex, = me, for which 


() | Dsteu) men — f far | <m, 


where é is any point on ¢é;, and m has been so fixed that p m <9 If 
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these sets ¢,; are formed for all values of k, it follows from Corollary I, Lemma I, 
as in the proof of Theorem I, that 


(10) || Zo f(€ud) men — YO $(G) mes |] s max] X (4G) — 7E,)} mes | 
for & , & any two points on e,. . But from (7) and (8) we have, if % > N, 
(1) [|X (4) = $d} mes | = [| DMG.) — HG) meas || <2 D6 <a 
If ix, jx > N, it follows from (6), (7), and (9) that 

\| 22 FG) mens || < | Xu [ tae + 2m | < 2y. 


Relations (10) and (11) then combine to show that 
| 2 $n) mess || = |] ZG) mer || < Se. 


Since 7 is arbitrary, the unconditional convergence of >. f (&:;)me;; is established. 
ij 
From the fact that 7T(f, e) is completely additive over E it follows that 


x fsa = | fae, 


and this, with (1), gives 


(12) | 5 S(&)mey — [ta | < «€. 
From (4) we have 
(13) | 2 S(éi) — f(&;)mei; || < 2 - €i < 2e. 


It follows from (13) that there are integral ranges of f of arbitrarily small 
diameter. If a sequence of positive numbers «, e, --- is taken with e, — 0, 
and for each ¢, the sets e;; of (12) are determined, ¢, replacing ¢ in (12), then 


lim 3 f(Gudmey = ff dx 
This, with (13), shows that the point of interseetion of the integral ranges of f 
is T(f, E). But by definition the point of intersection of the integral ranges 
of fis B(f, Z). We ean now conclude that B(f, £) exists and is equal to 7'(f, E). 

Theorems VI and VII establish the equivalence of Birkhoff’s theory and the 
theory developed in this paper. 


Acapia UNIVERSITY. 
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UNIVALENT DERIVATIVES OF ENTIRE FUNCTIONS 
By R. P. Boas, Jr. 


Let f(z) be an entire function, and let M(r) denote the maximum of | f(z) | 
in|z| <r. The object of this note is to establish the existence of a positive 
number 7 for which the following theorem is true. 


TuHeoreM. [If the entire function f(z) satisfies 
(1) lim sup : log M(r) < T, 


and f(z) is not a polynomial, an infinite number of the derivatives of f(z) are uni- 
valent in the unit circle, |2\| < 1. 


It will be shown that a possible value for T is log 2; I do not know whether 
or not this is the best possible value. 

The following corollary is immediately obtainable by a change of vetialle 
and an application of the diagonal process. 


Coroutuary. If f(z) is an entire function, not a adimentd, of order less than 
one, or of order one and minimum type, then corresponding to any increasing 
sequence of numbers r, there is an increasing sequence of integers k, such that 
f(z) is univalent in |z\ <r, (n = 1, 2,+-+). 

I show first that if f(z) satisfies (1), with sufficiently small 7, and neither 
f(z) nor any derivative is univalent in the unit circle, then f(z) is a constant. 
If neither f(z) nor any derivative is univalent, there exist numbers a, , b, , such 
that for n = 1, 2, 


rt s 1, | b, | =< 1, a, # - 
fn) = Fb): 


Without loss of generality, we may assume 


(2) 


(3) JO) = 0. 
Consider the functions h,(z) defined as follows: 
: ho(0) = 0, ° 
2"[1 + ha(z)] = fe ees (n = 1,2, +++). 
It is obvious that h,(0) = 0, since 
1+ h,(z) 1 . (z+ 0). 


Received February 23, 1940. 
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Furthermore, 


_ = (anz)* — (b,2)* , 
~~ £4 ki (anz — baz) ’ 





hence, since | a, | S 1 and |b, | S 1, h,(z) is majorized by 


CJ k-1 
h(z) = as =e—-1. 





Hence, for |z| < 7, 
(4) | hn(z) | S A(r) 


We are now in a position to apply a particular case of a theorem of S. Take- 
naka, which is a sharpened form of an older theorem of S. Pincherle; we state 
what we need as a lemma. 


e — 1. 


Lemma.’ If the functions h,(z) are analytic in |z| < r, vanish at z = 0, and 
satisfy 


| ha(z) | S N(s) (lz| $s <rjn=0,1,---), 


then any function G(z), analytic in | z| < r, has an expansion of the form 
(5) G(z) = X nz" + h,(z)], 
converging uniformly in any circle 


8 
(6) le] SR < sup HG: 


Our functions h,(z) satisfy the conditions of the lemma with arbitrary r, and 
N(s) = e* — 1. In this case 


8 1 
@) SUP TENG we’ 


The lemma, applied to the function G(z) = e™”, shows that 


(8) e” = D ca(w)z"[1 + ha(z)] (|z| < 1/e), 


n=0 


18. Takenaka, On the expansion of analytic functions in series of analytic functions and 
its application to the study of the distribution of the zero points of the derivatives of analytic 
functions, Nippon Sdgaku-Buturigakkwai Kizi (Proceedings of the Physico-Mathematical 
Society of Japan), (3), vol. 13(1931), pp. 111-132. 

G. S. Ketchum, On certain generalizations of the Cauchy-Taylor expansion theory, Trans- 
actions of the American Mathematical Society, vol. 40(1936), pp. 208-224; p. 214. 
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the series being uniformly convergent, for each w, in any circle | z| < T’ < 1/e. 
Now by a well-known theorem’ an entire function f(w) satisfying (1) can be 
represented in the form 


(9) ied [ e* F(z) de, 
where 


lim sup - log M(r) = t < T; 


ro 


Cisacircle|z| = t, T >t’ > t; and F(z) is analytic on C. We substitute 
the expansion (8) into (9), and integrate term by term, obtaining 


f(w) 


& cal) ff 2"Il + hale) de 
=0 c 


co(w) [ F(z) dz + ros cole) i 2” "fe" — e*|F(z) dz 


eolw)f(0) + fe) (a) — f° (Oa) 


= 0, 


since f(z) satisfies (2) and (3). That is, we have shown that if f(z) satisfies (1), 
with 7 = 1/e, and if neither f(z) nor any derivative is univalent in |z| < 1, 
then f(z) is a constant. 

If f(z) has only a finite number of univalent derivatives, let k be the order 
of the last univalent one. Then the function f“*”(z) satisfies (1) and hence, 
by what has already been proved, is a constant. Consequently f(z) is a poly- 
nomial of degree at most k + 1. 

I have shown in a paper not yet published® that, if the functions h,(z) of the 
lemma have a common majorant h(z), the expansion of the lemma is valid in 
any circle in which | h(z)| < 1. In establishing (4), we showed that all the 
h,(z) are majorized by the function h(z) = e° — 1; we then have | h(z)| < 1 
for |z| < log 2. Hence we may take 7’ = log 2 in the theorem. 


DvuKxe UNIVERSITY. 


2G. Pélya, Untersuchungen tiber Liicken und Singularitdten von Potenzreihen, Mathema- 
tische Zeitschrift, vol. 29(1929), pp. 549-640; pp. 580 ff. 

3 Expansions of analytic functions, to appear in the Transactions of the American 
Mathematical Society. The result is implicit in my preliminary note, General expansion 
theorems, Proceedings of the National Academy of Sciences, vol. 26(1940), pp. 139-143. 








RESTRICTIONS IMPOSED BY CERTAIN FUNCTIONS ON THEIR 
FOURIER TRANSFORMS 


By N. LEvINsON 


1. It is our purpose here to consider the restrictions imposed by the special 
behavior of a function on its Fourier transform. We shall consider two cases: 
(a) where the function has special behavior at infinity, and (b) where the func- 
tion has special behavior at some finite point. 

Case (a). The results here began with a suggestion of Wiener that both a 
function and its Fourier transform cannot be very small at infinity. This sug- 
gestion led to a theorem by Hardy,’ a corollary of which is the fact that if 


f(z) = O(\ 2 |"e*’) (2 +0), 
and if the Fourier transform of f(x) 


g(u) = o(e ™’) (u> +), 
then f(x) = 0. 
This result is extended in a theorem of Morgan” who shows that if 
f(z) = Of *""") (x > +0; p = 2), 
and its transform 
g(u) = O(exp {—[A’ + | u|”}) (u> +), 
where « > 0, 
t+ 5=1, 
P Pp 
and 
1 . © 
A’ = ——,";,. sin = 
p'(Ap)?’* — _2(p — 1) 
then f(x) = 0. 


The results we shall consider here, while obviously related to the above 
results, will differ from them in that first we shall restrict the behavior of f(z) 
and g(u) on only one side at infinity, for example, only as > + andu— +. 


Received April 13, 1940. 

1G. H. Hardy, A theorem concerning Fourier transforms, Journal London Math. Soc., 
vol. 8(1933), pp. 227-231. 

2G. W. Morgan, A note on Fourier transforms, Journal London Math. Soc., vol. 9(1934), 
pp. 187-192. : 
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Secondly, we shall consider somewhat more general behavior at infinity than 
an exponential of algebraic power. That is, here we shall consider the case 
where 


f(z) = Oo") (x > +2) 


and 


g(u) = O(e™) (u> +), 


g(u) being the Fourier transform of f(x), imply that f(x) is zero almost every- 
where, where h(x) can be }2z” as in the Hardy theorem or e* or e”. In this way 
the particular case when h(x) = © will give the following theorem (which is 
an immediate consequence of a theorem of Carleman, and was given in more 
precise form than below by Wiener and Paley). 


If 
f(z) = 0 (7 +2) 
and its Fourier transform 
g(u) = Oe") (u> +), 
where 0(u) is increasing and 
(1.1) : — du = @, 


then f(x) is zero almost everywhere. 

[Throughout this paper it will be obvious that in any formula in the statement 
of the theorems + can be replaced by — ~.] 

Case (b). Here we consider the case where f(x) becomes small for some 
finite value of x. The extreme case where f(z) vanishes over an interval has 
been given in the following theorem:’ If f(x) « L(— x, «) and if f(x) vanishes 
over any interval and its Fourier transform 


g(u) = Oe") (u> +), 


where 0(u) is increasing and satisfies (1.1), then f(x) vanishes almost everywhere. 
An example of the type of result which will be covered here is that if 


f(z) = O(exp { —exp [log z~'}}) (x — +0), 
and: 
g(u) = O(exp {—@(u) — mu (log u)~*}) (u— +2), 


then f(z) vanishes almost everywhere. 
The extreme case where f(z) vanishes over an interval will appear as a limiting 
case of a general theorem which will be given in §3. 


*N. Levinson, On a class of non-vanishing functions, Proc. London Math. Soc., vol. 
41(1936), p. 393, Theorem 11, 
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2. THeoreM I. Let f(x) «e L(—~, ~) and let 


(2.01) f(z) = Of *) (t+ +), 
where h(x) is a positive increasing and twice differentiable function and 
(2.02) h(x) 2ec>0 


for some c. Let the inverse function of h'(x) be H(x). Let g(u), the Fourier 
transform of f(x), satisfy 


(2.03) g(u) = Oe) (u— +0). 
Ifasz— « 
(2.04) [ (G in x) = en 


then f(x) vanishes almost everywhere. 
Theorem I is an immediate consequence of the following theorem. 
THEOREM II. In Theorem I, (2.03) and (2.04) can be replaced by 


(2.05) lim ‘( [+ L)(&- 3) tot iav + rH(a)} — 


Actually (2.04) is a very precise result. We shall show in Theorem III that 
the constant * cannot be improved for general h(x). However, in case h(z) is 
of algebraic growth, the constant is not best possible. Thus if h(x) = 42’, 
H(z) = zx and (2.04) requires that t(u) > $1u’, whereas from the theorem of 
Hardy quoted above we should expect t(u) > }u”. We shall show that this is 
the case by giving a sharper statement of (2.04) when h(x) = Az”. This will 
be done in §4. 

We now prove Theorems I and II. 

Proof of Theorem II. Let us assume that f(z) is not zero almost everywhere. 
Since 


g(u) = (2x) [sade de, 
it follows for w = u + w that | 
|g(w)| = (ny [ |sla) le" ax 
if the right side exists. But for v = 0, (2.01) gives 


jo(w)| = 0o( [ emerrrae + Ise) | dx) 


or for v 2 0, 


(2.06) | g(w) | = o( [ ewornas), 





oo 
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H(z) is the inverse function of h’(z). Let = z — H(v). Then 
(2.07) h(z) — vx = h[t + H(v)] — vt — vH(v). 
But by Taylor’s theorem with remainder 
hlé + H(v)] = h(H(e)) + th'(H(o)) + 48h"[H(v) + al, 
where 0 < a < 1. Since h’(H(v)) = »v, this becomes 
h[é + H(v)] = h(H(v)) + & + 48h"[H(v) + afl. 
Using this in (2.07), we have 
(2.08) h(z) — vz = h(H(v)) — vH(v) + 48@°h"[H(e) + afl. 
By (2.02), h’’(x) = c > O and thus (2.08) becomes 
—h(xz) + vx S —h(H(v)) + vH(v) — 4cé’. 
Using this in (2.06), we get 


gu) =  ammetines é oa), 


Or 

g(w) = Oe") (v 2 0). 
Since H(v) is an increasing function, this in turn can be replaced by 
(2.09) g(w) = O(e**""?) (v 2 0). 


Thus g(w) exists for v 2 0 and similarly g'(w) exists forv > 0. This implies 
that g(w) is analytic for v > 0. It is also clear that g(w) is continuous for 
v 2 0. Since we have assumed that f(z) is not equivalent to zero, it follows 
that g(w) cannot be identically zero. Thus by a theorem of Carleman‘ there 
exists a constant A such that 


1 de 1 1 1 . 5 : 
(L, + [)(2- jp) 08 Lote | +3[ log | g(Re™) | sin 6d@ + A = 0. 


If we use (2.09), it‘follows that 


w(L* [)- a) toe Lo(u) [au + of R sin’ @H(R) dé + A = 0, 


z(f + [) (2 a x) log | g(u) |du + $H(R) + A 2 0. 


But this contradicts (2.05). Thus g(w) = 0, and this implies that f(z) is 
equivalent to zero. 


‘E. C. Titchmarsh, Theory of Functions, Oxford, 1932, p. 130. 
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Proof of Theorem I. It is obvious that (2.05) is satisfied by (2.03) and (2.04) 
and thus Theorem I is an immediate consequence of Theorem II. 

As regards (2.04), if we take the limiting case h(x) = © in which case 
H(z) = 0, Theorem I reduces to the theorem containing (1.1), and (2.04) 
becomes (1.1) which is a best possible result.” 

This justifies the integrated part of (2.04) but not the term rH(z). That 
this term is necessary follows from 


THEOREM III. The constant x in (2.04) cannot be replaced by any smaller 
number. 


Proof of Theorem III. This theorem will be proved by giving an example. 
Let 


f(z) = ete gs, 
Then clearly 
h(x) =e —2 
and thus h’(x) = e*’ — 1. Therefore 
H(z) = log (1 + 2). 
Clearly 
g(u) = (ey? [eration i 


Making a change of variable replacing ¢* above by z, we have 


g(u) = (24)? [ e 7x2 * ™ dz 


= (2x) [ e*s = dz. 
Rotating the path through an angle of —* + «, we have, setting z = re”, 
| g(u) | < (2x)? I da” log r sin e+r(z—e) cos tg we-o) dr 


= O(e**™) (u— +). 


Thus t(u) = (x — eu. Since « is arbitrary, it is clear that if (2.04) involved 
x — 6 instead of + then by taking « = 46 (2.04) would be satisfied and yet f(z) 
is not equivalent to zero. This proves Theorem III. 


3. Here we shall consider the second type of result relating the behavior of 
a function and its transform; that is, case (b), where f(z) has a heavy zero for 
some finite z = a and g(u) tends to zero sufficiently fast at +o (or at — ~). 


5 See, for example, N. Wiener and R. E. A. C. Paley, Fourier Transforms in the 
Complex Domain, American Math. Soc. Coll. Pub., vol. XIX, Theorem XII. 





(3 
B 
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It will be necessary for f(z) to have this heavy zero only as a one-sided zero 
that is either for a + 0 or fora — 0. The theorem will be stated for the case 
a + 0, but a — 0 is of course equally good. 


THEOREM IV. For some a let 
(3.01) f(z + a) = O(exp {—h (log z™')}) (x — +0), 
where h(x) satisfies the requirements of Theorem I. Let g(u)¢eL(—«, ~) and 
let f(x) be its Fourier transform. Let 
(3.02) ” I e™| g(v) | dv = O(e™™) (u— ), 


Then if t(u) is an increasing function, if 
(3.03) t(u) < wu (u > 0), 
and if H(x) is the inverse function of h’(x), 


(3.04) [ au - nH@- ee) (rx &) 
implies that f(x) = 0. 


This theorem is slightly reminiscent of quasi-analyticity. However, since 
f(z) need not possess even a first derivative, it is clear that this theorem covers 
a somewhat different situation from that of quasi-analyticity. 

As an example of Theorem IV, let 


f(z) = O(exp {—exp [(log 2“')’}}) (x — +0). 
Then A(x) = e* and therefore 
H(z) = (log x)’ + O(1) (t— ~). 


Thus it suffices that 
t(u) = wu (log u)* + 0(u), 
where @(u) satisfies (1.1), in order that (3.04) be satisfied and thus f(z) = 0. 


Proof of Theorem IV. With no loss of generality we can assume that a = 0. 
Let 


e* 
ater 


Since g(u) ¢L(—#, ~), f(z) is bounded and therefore F(x) «L(—*, ~). 
Since, as z — +, log (1 + e *) — +0, it follows from (3.01) that 


(3.05) F(z) =O (exp {-. [toe meses h) (x > +). 


But as zt > © 


F(x) = f(log (1 + e*)) 


log (1 + €*) <e”. 
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Thus since h(z) is increasing, 


1 Bit 
a| tog mares | > h(log e”) = h(z). 


Thus (3.05) gives 


(3.06) F(z) = O(e*) (rx + +). 


Let G(u) be the Fourier transform of F(z). Then 


G(u) = (2x) 4 F(2)e™ dx 


—iurtiz 
= (20) [ f(log (1 + € VareH rary toad 


Let y = log (1 +e *). Then 


1 
z= log (54) 


G(u) = (2x) [ fly)(e” — 1) 4e dy. 


and thus 


Since f is the Fourier transform of g, 


G(u) = 5 [ (e” — 1) “Edy [ glue” dv 


= = = g(v) do I (e” — 1) ee" dy, 
Letting e ” = t, we have 
o 1 
[ (e” pe 1) et etn dy _ [ (1 _ gages dt 
0 


= M-iu + Orl-to — wy) + 4) 


I'(—w + 2) 
Thus 





r(—iu + Hr[—io — u) + 3] 
Gu) = xf gv) — I'(—iv + 2) ——= de. 


If we use the Stirling formula for complex arguments of the Gamma function, 
it follows easily that for large u, 


G(u) = 0 (u [ | g(v) | etter Helel gy [ ise) | av) 


- O( wer + ue™ [ | g(v) |e" dv + uf 100 | ao) (u—> 4+). 





(3 


(3 


(2 


a 2 
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By (3.02) this becomes 
(3.07) Glu) = O(uer™ + ue +uf Ow) — w+), 
Clearly (3.02) implies 

em fe la)|do = Oe, 
and therefore 


eg | g(v) | dv = O(e *™) (u— 4+). 
This in turn implies that for all k = 0, 
utk+l 
(3.08) [. | g(v) | dv = O(e te) — O(e*™) (u <p dp 20), 
Thus 





se —t(u, = 1 1 —t(w 
[ 9a = 06 2: y= 0(5¢ *). 


imo (U 
Using this in (3.07), we have 
G(u) = O(ue™ + ue) (u—-> +). 
By (3.03) t(u) < wu and thus 
(3.09) G(u) = O(ue™) (u—> +). 


We now apply Theorem II to F(z). Since F(x) satisfies (3.06), and G(u) 
satisfies (3.09), and since G(u) is bounded for u < 0, (2.05) of Theorem II 
becomes 


lim {f (3 _ 1) os v — t(y)| dy + H(a)} = —o, 


or 


im { — f° (4 - 1) uy) dy + H(a)} ir ani 


Since t(y) < zy, it is clear that the above result is implied by (3.04). Thus by 
Theorem II, F(x) is zero almost everywhere. But from the definition of F(z) 
this implies that f(z) = 0 (x 2 0). But this means that 


(3.10) f(<+) = O(exp {A (log *)}) (x — —0). 


If we apply the result of the proof of Theorem IV obtained up to this point to 
(3.10), it is clear that we obtain f(z) = 0 (x < 1). But this with the result 
already obtained completes the proof of Theorem IV. 
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4. Here we shall improve the constant x in (2.04) for the case where A(z) is 
of the form az”. By elaborating the formal aspects of the proof, the case h(x) = 
ax” (log x)™' (log log x)”* etc. can also be covered. 


TuHeorEeM V. Let f(z) ¢L(—~, ~) and let 


(4.01) f(z) = Oe”) (tx +), 
where p = 2. Let 
(4.02) a’ => 5(2) . sin a 
P \ap. D 
where 
Rel t 
Pp P 
Let g(u), the Fourier transform of f(x), satisfy 
(4.03) g(u) = O(exp [—a’u”’ — 6(u”’))}) (u-> +), 


where 0(u) is increasing and satisfies (1.1). Then f(x) is zero almost everywhere. 


If p = 2 and a = }, then a’ = 3 and thus in this case Theorem V is satis- 
factory. However, if p > 2 then the constants are not as good as those in 
Morgan’s theorem, but it seems quite plausible that this is the case because of 
the considerably weaker restriction imposed by the one-sided conditions 
used here. 


Proof of Theorem V. If we set h(x) = az”, then (4.01) gives 
f(z) = oe") (t—> +). 


Proceeding now exactly as in the proof of Theorem II, we obtain the formula 
several lines below (2.08), 


g(w) on eer) (v > 0). 


Here h’(x) = apzx”' and thus 


no (3)" 


to foal)" + Q)) 
= ofexp| 7(4)""" (1 - 4))). 


g(w) = O(exp lo" 1y" *) (v = 0). 


Thus 
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Let w = s"”", Let 
g(w) = g(s"”’) = G(s). 
Then for s = o + ir 


p'ip 
G(-— «) = O(exp E sin (2) +) (e+ + «~), 


Or 

(4.05) G(— «) = Ofe*’’) (c— + @), 

But by (4.03) 

(4.06) G(c) = O(e*'*™) (o> + ~)., 
Let 


T(s) = e° G(s). 
Then by (4.05) and (4.06), 7'(s) is bounded on the real axis and 


(4.07) T(c) = O(e*) (o> + @), 
Also by (4.04) 
(4.08) T(s) os O(e*''l/sin a) (7 > 0). 


If we now assume 7(s) # 0 and apply Carleman’s theorem’ to 7(s) in the 
upper half-plane, and if we use (4.08) and the fact that 7c) is bounded, we 
have 


[toe | 706) (2, - a) ae > on 


where A is some constant. If we use (4.07), this becomes 
*/1 ") 


mee. 4 
[ ~ js) 6) de <A. 
But for 1 < « < 3R, R® < 40. Thus 
‘ 
[ ae < 2a. 
1 Co 


If we let R — o, this contradicts (1.1). Thus 7(s) = 0. But this means 
g(u) = O and therefore f(z) is zero almost everywhere. 


Or 


Massacuusetts INstTITUTS OF TECHNOLOGY. 


* Titchmarsh, loc. cit. 








NUMERICAL ANALYSIS OF CERTAIN FREE DISTRIBUTIVE 
STRUCTURES 


By Ranpo.teH CHURCH 


Consider the set =, of all formal cross-cuts and unions’ of n symbols 
Ai, Az,---, An. Disjoint classes which exhaust 2, can be formed with re- 
spect to an equivalence introduced according to the axioms of a distributive 
structure if a suitable axiom as to the independence of the A; is assumed. A 
decision as to the equality of the classes containing arbitrary elements of 2, can 
be reached in a finite number of steps. These classes form the elements of a 
distributive structure, A, , the free distributive structure based on n elements. 
Its elements can be represented by the unique cross-cut of unions of the A; 
contained in each class. A, contains a finite number of elements, N(A,), its 
order.” 

Dedekind® gave the order of A, for n < 4. The purpose of this paper is to 
present an analysis of N(4,), » < 5. The analysis depends on the notion of 
conjugate elements. Let X; and X2 be two elements of A, , written as the cross- 
cut of unions of the A; ; if there exists a permutation a of the A; such that 
aX, = X2, we say that X2 is conjugate to X,. The relation of conjugacy is 
symmetric, reflexive and transitive, dividing A, into disjoint sets {X} of con- 
jugate elements. The number of conjugates in a set {X} is h = n!/k, where 
k is the order of G,(X), the group of degree n which leaves X unchanged. A 
conjugate belongs to a transformed group: G,(aX) = aG,(X)a". The rank 
of an element in A, is invariant under permutations of the A; so that the ele- 
ments of a set of conjugates are of the same rank. 

The facts thus sketched determine the arrangement of the following tables. 
The number of elements of rank r, denoted by N,, is given in the right-hand 
column, so that the sum of the entries in this column is N(A,). The entries in 
the body of a table give, for each value of r, the number of sets consisting of 
h conjugates. The data presented here was obtained by listing representatives 


Received April 29, 1940; presented to the American Mathematical Society, April 26, 
1940. 

1 For the axioms and essential properties of distributive structures, reference may be 
made to O. Ore, On the foundations of abstract algebra, 1, Annals of Math., vol. 36(1935), 
pp. 406-437. 

2 The details of this existence proof were included in the writer’s dissertation, Yale, 
1935. The chains of Boolean structures (defective with respect to one unit) composing 
the free distributive structure, referred to at the end of this paper, were there considered 
in detail. 

?R. Dedekind, Uber Zerlegungen von Zahlen durch ihre gréssten gemeinsamen Teiler, 
Werke II, Braunschweig, 1931, pp. 103-147; p. 147. 
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of the classes of conjugates together with the number of conjugates in each class 
and determining the corresponding ranks by obtaining the structure inclusion 
relations between the elements of the various classes. The sets of conjugates 
thus obtained were checked by converting the representative elements into 
their duals, and by arranging the elements of the structure in chains of Boolean 
structures according to general theory. 

It is considered desirable to make the results here given available now instead 
of including them with related investigations as originally planned when the 
analysis of A; was completed in 1936. 
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LINEAR FORMS AND POLYNOMIALS IN A GALOIS FIELD 
By L. Caruitz 


1. Introduction. Let ¢, uw, ui, --- be indeterminates over the Galois field 
GF(p"), and put 


(1.1) Smt) = Smit; U0, ***y5 Um—1) was I] (t + Co Uo + oe” + Cm—1 Um—1), 
the product extending over all sets (co , --- , ¢m-1) in GF(p"). Then by a for- 


mula due to E. H. Moore’ we may express f»(t) as the quotient of two deter- 
minants: 


D(uo coe, Umi t) 
1.2 = $4 ttt, Umi) = fe. ion ae Al. . 
ve SE °° nee 
where 

te us «ee 
(1.3) Dw = D(te, +++, Um) = ’ 


n am | 
i. «- 


and D(u, --- , Um-1, ) is defined by taking u,, = 1. 
In the special case” 


(1.4) u = 2° (¢ = 0, 1, 2, ---), 
where z is an indeterminate, the linear form 

Colo + C1 + +++ + Cm1Um-1 (c; in GF(p")) 
reduces to ¢ + cx + --- + C12” ', the general polynomial of degree < m, 


and f(t) reduces to ¥»(t). We shall refer to (1.4) as the P-case. The chief 
object of the present paper is to extend certain properties of y(t) to the more 
general f,,(¢). In particular we define an operator ' for which 


g(tw) = 2) 2'g(w)fi(0), 


where g(t) is an arbitrary linear’ polynomial in ¢. Applications are made to 
the evaluation of certain power sums. The inverse of f,,(/) and certain limiting 
cases are discussed briefly. Finally we define a polynomial G,(t) of degree k 
that reduces to f,.(t) for k = p””. 


Received May 8, 1940. 

1 Bulletin of the American Mathematical Society, vol. 2(1896), pp. 189-195. See also 
O. Ore, Transactions of the American Mathematical Society, vol. 35(1933), pp. 559-584; 
L. E. Dickson, Trans. Amer. Math. Soc., vol. 12(1911), p. 75. 

* This Journal, vol. 1(1935), pp. 137-168. Cited as I. 

3 That is, of the form > Bt”. 
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2. Preliminary formulas. Generalizing (1.3) we define’ 





ua . ua ro uz” 
(2.1) [to, t1, °**, tal = 738 °o eee +25 ’ 
ur, 0 u?, 1 uz m 


so that in particular 
0, 1, --- , m) = D(um eek Um) = D,,. 
Then (1.2) becomes 


(2.2) fal) = (- are, 
where 
(2.3) Am a Wess ¢— Let 1, +, md 





Dn- 


It is clear from the definition that A7 is integral, that is, a polynomial in w, --- , 
Umi ; this may also be proved directly’ from (2.3). Note in particular that 


AS=De, Ana=1. 


It will be convenient to define another polynomial 








(2.4) en(t) = (—1)" Pe ted 2 EO, 


so that the coefficient of ¢ in ¢,,(t) is 1. Evidently (1.1) implies 


’ t 
ae WO? * ge ea 
where in the product the set (0, --- , 0) is omitted. 
Consider now fmyi(t) = fmyilt; Uo, --+, Um). By (1.1) we have 


fot) = I] I EF cote + +++ + em atma + Cm Um) 
- IT fatt + CUm) = I] { fm(t) + Cfm(Um) }, 


and therefore 
(2.6) Smui(t) = fn'(t) — fn "(Um)fn(), 
where by (1.2) 





— D(uo +++ Umm) _ Dm 
emai “Toor eet 


‘See D. E. Rutherford, Modular Invariants, Cambridge, 1932, p. 15. 
5 Rutherford, loc. cit. 
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Clearly fn(um) is integral. Note that in the P-case f,,(u,) becomes 
Py... = (2”"" Ke x)(2""" — ” oe (x”"™ ae er. 
It follows immediately from (1.2) that, for m fixed, f,,(7) remains unchanged 
under the transformation 


i 
“= De civ |e | ¥ 0. 
= 


On the other hand the set fo(t), fi(®), --- , fm(t) will remain unchanged only 
under the more restricted transformation 


i m—1l 
(2.7) us =  » Cij Vj II ci ~ 0, 
7=0 7=0 
as is easily proved by induction. 
Note also that 


Sm(Wv; Ud, «++ , Umav) = v" fal; Uo, -** , Um), 


as follows from (1.1), while by (2.5) the corresponding formula for g(t) is 
simply 
Pm(tv; Uv, +++, Um—10) = Omit; dee Um-1), 


so that f(t) is homogeneous of degree p”” in the m variables t, uw, --- , Uma, 
and g»(t) is homogeneous of degree 0. Thus there is little loss in generality 
in taking uw = 1. 


3. An expansion formula. Let 
a 
g(t) = b at” 
i=0 


be any linear polynomial in ¢; we shall call k the order of g(t). Clearly we may 
put 


k 
g(t) = > Ci fit); 
more generally we may put 


(3.1) g(tw) = > C(w) f(t), 


where C;,(w) is a linear polynomial in the indeterminate w. In order to deter- 
mine C;(w) we define an operator 0° as follows: 


— aay _ wog(ut) — wg(uot) 
Ng(t) = A g(t) = ——— Diu) 


_ D(uou)g(uat) — D(ueve)g(urt) + D(us ua2)g(uot) 
Fh = — eae = = es 





, 
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and generally 


(3.2) 2 g(t) - D(uo dee us_s)g (uit) Bera x {ny Ph eee uig(uot) : 





For completeness we put 


0 _ g(uot) 


which is simply g(t) for uw = 1. In particular we may verify that for g(t) = 
t””” we get 





(3.3) ofp" = [0, --- + 1, k] pr 
Note that (3.3) implies 
of" = ? fori > k, 
” for i = k; 


in other words, 2 annihilates linear polynomials of order < 7. Note also that 
for g(t) = fi(t), 
(3.4) 'f4(1) 0 fort < k, 

e a = 

‘ 1 fori = k, 

by direct substitution in (3.2). 

Returning to (3.1), put 4 = wo and we get 

Co(w) = 2°g(w). 


Next apply 2 to both members of (3.1), thought of as functions of f: 
k 
Og(tw) = 2, Ci(w)Qfi(d); 
then (3.4) implies 
Ci(w) = Qg(w). 
Generally, apply 2 to (3.1): 
k 
2 g(tw) = Do CAw)2'f,), 
7=t 
and (3.4) implies 


Ci(w) = 2'g(w). 
Thus (3.1) becomes 


(3.5) g(tw) = > 2 g(w)f.(t). 
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In the P-case 2' reduces to A‘/F;, where A‘ may be defined recursively by’ 
A‘*g(t) = A'g(at) — 2”"'a'g(0). 
In this case there is the identity 
Ayn(t) = — x)\vn-(t), 
which is indeed characteristic of the P-case. For take w% = 1, and assume 
(3.6) Ofn(t) = Bnfn—(t), 


where B,, is independent of t, and m takes on all values (or all values not ex- 
ceeding some k). Since by (1.1) 


Jm—(ui) = 0 s+ ,m— 2), 


yz" m 


it follows from (3.6) that 
Sm(uui) = fm(ui) = 0, 


and therefore in particular 
m—1 


UUn-2 = > Cm—1, iu; 
7=0 


From this it follows that either 
(i) uw is algebraic over GF(p"), or 


7=0 


Case (i) will occur if some cj; = 0; case (ii) will occur if no ¢; = 0. Clearly 
(ii) implies the P-case. 

As a particular instance of (3.5) take g(t) = Then applying (3.3) we 
get the identity 


(3.7) o PR he 





which will be used later. 


4. An identity. Let us consider the following’ 
Prosiem. To determine C; such that 


m—1 . 
(4.1) gm + Cigh + 0 + Creagh  =t- > a 
& 
where C; and B,; are independent of t, and ¢,,(¢) is defined by (2.4). eo an 
identity of the form (4.1) exists is fairly clear. Indeed by adding Bugs” 
both members of (4.1) we eliminate the term in t™ on the right, so that we are 
passing from the case k to the case k + 1. Incidentally this proves 


(4.2) 


5 See I, p. 143. 
7 Compare this Journal, vol. 5(1939), pp. 941-947, p. 944. Cited as II. 
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As for By; , put ¢ = u; in (4.1): 


m—1 F 
(4.3) Dd By ur? = us 200, = Bh 


7=0 


Fix k, then (4.3) is a system of m equations in the m quantities B,;. The 
denominator is evidently 


| uz"? | = DP" (ug +++ Uma) = DBs 
and thus 
D2”, Bi; = {ky ---,k +7 —1,0,k +f +1,---,k+m-—]] 
= (-1)0,k,---,kK+j—1lk+jgt1,---,k+m-— 1]. 
For j = 0 this becomes 
(4.5) D2", Bwo = [0,k + 1,---,k +m — 1]. 


(4.4) 


This together with (4.2) explicitly determines C; . 

Various identities similar to (4.1) may be derived by the same method. In 
the right member of (4.1) the terms in 

i, em beg pra 

are missing; we may eliminate other groups of k — 1 terms. We may sitill 
compute explicitly the corresponding B,;, but it is more difficult to deter- 
mine C; ° 

Let us take in particular 


(4.6) gm + ng +++ tyme” = D Bit”, 
7 


where % = 1. Putt = u; and (4.6) becomes 


(4.7) > Bur” =—W 


7=1 
The denominator of 6; 


- | up” | = ae p2n 


(te -- * Um—1) = De, 


the bar on D indicating that in the definition (1.3) we are replacing n by 2n; in 
other words, the underlying Galois field is GF(p*"). Thus we get 


Dr" .B; = — (2, --- , 2j — 2,0, 27 + 2, ---, 2m] 
= (—1)*[0, 2, ..- , 2j — 2, 27 + 2, --- , 2m], 
and therefore by (2.3), 
Drs"; = (—1)*47. 





LINEAR FORMS AND POLYNOMIALS IN GALOIS FIELD 
Comparison with (2.4) now gives 


& Bt’ - @mn(t), 


where ¢» is defined relative to GF(p’"). Thus we have explicitly determined 
the right member of (4.6). The result for 7; is not simple and will be omitted. 
As another identity similar to (4.1) we cite 


k _ m—1 j 
(4.8) 2 Aufa” = 0" — FS Bat, 
? 


7=0 
where Ax, = 1. Raising both members to the p”-th power, we have at once 
Arno = Bena, Arnie = AR , 
and from this it follows that 
Ass = Abp-io = BE jim. 


It remains to determine B;;. In (4.8) put t = u; ; this gives 


(4.9) +> Biul pri = — 


7=0 
Solving (4.9) we get 
DnB; = (0, sey J ed 1,k + m,j + 1, +++ ,m— 1], 
and in particular 


(4.10) Dm-+Br m1 = 0, os = 2, k 4+ ml). 


This result is useful in certain applications. 


5. Another expansion formula. Analogous to the expansion of §3 we may 
consider 


(5.1) g(t) = . Crp? ), 


where 


g(t) = > aut?” (m = b). 


It is fairly clear that the representation (5.1) is possible. To determine C; we 
consider the more general 


(5.2) g(tw) = > Cw) go?" '), 


where C,(w) is a linear polynomial. 
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Define an operator O”"’ by means of 


oO” g(t) = g(uot) 
uz” , 


so that for uw = 1, O”g(t) = g(2), 


pam 


si us glut) — ul” g(uot) 
o™'g(t) = — “@_9 oom ae 
ong) = On (wo us)g (ust) — D*™ (uo us)g(ust) + D(a u2)g (wot) 
_ 








, 


and generally 
o™g(t) = (-1)' 
(5.3) | DPM (up +++ upadg(ujt) — +++ + (—1) DP «+» ug (wo!) 


seal 
? 





If we take g(t) = t”", we get 


(5.4) on™" = (—1)’ [m ae j + 1, soe, ™, k] pr 


Dr"? ’ 
? 





so that in particular 


0 form—-j+1sk<s™m, 
“- 


(5.5) ome = 
form —j =k. 


As a consequence of (5.5) we have 

(5.6) One?" '(t) = 0 for i < j, 
and by (5.3), 

0 for i > j, 


(5.7) on gr) = 


1 for i = j. 


Turn now to (5.2); application of O”” gives 


Om g(tw) = 3 C(w)O™ oC, 


i=j 


since by (5.6) the terms for which i < j vanish. Now put ¢ = 1 and use (5.7); 
this gives at once 


(5.8) Cw) = O”"g(w). 
Substituting from (5.8) into (5.2), we get finally 


(5.9) g(tw) = 35 O™g(w)-g?"""). 
‘0 
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As an application of (5.9), take g(t) = ¢” *. then by (5.4) and (5.5) we have 





~~ . es ilm —t+ 1, «++, m, k] pr(m—i) 
t 2d ( 1) —_— a (t) 


<= k —7 eee n(m— 
” >! ,m en ,m) @ ( W), 
- é 





Replacing m — k by m, we see that this reduces to the relation 


(5.10) a > [0,m —i+1,---,m] or”, 


{0 te *) 





which may be compared with (3.7). 
In the P-case (5.10) reduces to the (new) formula 
(=> — = , 


n(m—j) 
re FF (t 
7=0 a ee 4) %2 ), 


= (2"" — 2)" — 2)... (@” — 2), 
ra(t) = (—1)" F vault). 
We remark that L,, is the P-form of D,,/D2", (compare (6.3) below) which is 
not integral in the general case; on the other hand, as we have seen above, F,, 


is the reduced form of D,,/Dm—1 , which is integral. 


6. Power sums. We require the following lemma,” which is easily proved by 
induction: Let 


g(t) =Te+w =f +60 +... +B, 


g’(t) = kt** + (k — 160? + «+ + Ban; 
then 
(6.1) DF, — 


In this identity take g(t) = fa(t). Since by (1.2) f(t) reduces to (—1)"D”"™, 
we get 

(—1)"De' _ 1 
(6.2) Sm(t) ~ BEF Coto + +++ + oman 





* I, p. 160. 
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This relation may be put in the form 














1 a (— in” (uo Sal Um—1) 
(6.3) (e) CoWo + +++ + Cm—1Um—1 + Um _ * Um) 
= (-1"? ‘ 


We shall use the abbreviation 
Um = Coto + +++ + Cm—1Um-1, Wa = Unt tn. 
Consider now the sum 


Silt + Un) 
(6.4) > =e 


fork < m. If we use (6.2), it is clear that (6.4) 





.- > Sult + eure + +++ + Cm1Um—) 
Chet srem—1 Cor rek—1 Eb Ce Ue ++ Cm Uma + Ur 


_ +? (— 1)* D} pers felt + CeUR + ees + Cm Uni) 





= = 0. 
Che’ * *sCm—1 "he (t + Ce Uk +- + Cm—1 Um—1) 
For k > m, (6.4) is obviously 0, while for k = m, we get by (6.2) 
(—1)*DEr iiiies 
m t) = (-1 D?_ * 
Fy Sal) = (- IDES 
Combining the several cases and replacing t by u» , we have finally’ 
(6.5) fi(Wn) ys 0 for k ¥ m, 
c) Wm (—1)"D2"' fork = m. 


In (3.7) take £ = W» ; then (6.5) implies” 


- 


(6.6) 2 Wa = (— 1)” (0, ---,m — 1, ki], 


and in particular 


(6.7) > wer = (-1)" D2. 


(ce) 


For u», = 0, (6.6) yields after some computation 


(6.8) > uz = (-1"% a 2k- 1" 
(ce) bal 





® For the P-case see II, formula (3.4). 
1° Compare II, p. 943. 
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while (6.7) gives at once 
(6.9) > UR" = (—1)"DE. 


(e) 


This may also be derived from (6.8). 
For another application we turn to (4.1) and replace m by m + 1, so that” 


(6.10) gues + Cadi + +--+ awe? eiies ) Bt”, 
i 


and 
(6.11) De” Bi; - (—1)’(0, k, -+,k +j = 1,k +jt+ 1, very k + m). 


Now divide both members of (6.10) by ¢” and put t = Wm = couo + --- + 
Cm—1Um-1 + Um. Since the left member vanishes, we get 


1 kad ni — 
> we = 2 Bald Wi -. 


By (6.6) the only non-vanishing term on the right is the one for which 7 = m; 
therefore by (6.7) and (6.11), 


ry! . aa? 
oy”—l( iC rl 
Here also we may put u, = 0 and get as the analogue of (6.8): 
yr’. 1 [0k +1,---,kK+m-— 1] 


ypek—-1 ~— nk 
c) Un Dr-i ' 


(6.12) (0, k, -+-,k +m — I]. 








(6.13) 


where in the summation on the left the non-vanishing c; of greatest subscript 
is taken = 1. In other words the left member 


m—1 1 





-} 2, > rs vee bate + UH)” 


and the resulting formula may be compared with (6.12). 
We remark that by a similar method we may apply (4.7) and (4.9) to derive 
(6.6) and (6.8). 


7. Some extensions. As another application of (4.1) we define the inverse 
of gm(t). Put 


(7.1) rat) = ore, 
i=0 


where by (4.2) and (4.4) 





(7.2) cm ac, = OktL+-- ktm — I) 


? 
m—1 


" Compare II, p. 945. 
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From (4.1) we get An(ym(t)) = t, and therefore by a general theorem we have 
also gm(Am()) = t. The question of convergence” of (7.1) causes no difficulty 
and will not be discussed here. 

Suppose next that in (2.5) we allow m to become infinite. Put 


on(t) = 2 (—1)° Bre", 
so that by (2.4) and (2.3), 
[0, tee,t— 1t+ 1, +++, m! 


n 
Dr- 


B; = 





Then formally for 
B; = lim Bi, 
we get 
(7.3) ot) = 2 (-1)'8t™. 


Similarly from (7.2) we get 
0 1,---,k -1 
ee ee BN he ee] 
moo m=o m—1 





and 
(7.4) A(t) = > vit. 
Then we have 


A(e()) = eA) = 4, 


so that A(t) is the inverse of ¢/(t). 
Also from (2.5) and (7.3) we get 


g(t) = ‘IT IT on c 1) 


m=0 (e) (cote + +++ + Cm1Um—1 + Um 





or briefly 


(7.5) o(t) = tT] ( - =), 


where W runs through all linear forms coo + --+ + Cm—1Um1 + Um. As an 
application of the last formula we note 


1 
(7.6) > yeni = 1 


which may be derived directly from (6.13). 
12 See I, p. 146. 
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We remark that it does not seem possible to define a quantity having the 
properties of” £ in the P-case. In that case y; of (7.6) satisfies 


prt 
oe é ? 
Ik 


where L; is the polynomial (5.11), and more generally 
1 
(7.7) ) 2 lm = ay ’ 


where B,, is rational. But if we consider the special case 
w=1, w=2  fori>O, 


then by direct substitution we may show that (7.7) is false—we find that B,, 


is algebraic but not rational. Since the calculations are rather long, they will 
be omitted. 


8. The polynomial G,(i)."* For arbitrary k = 0 put 
(8.1) k = a + ap" +--- + ap” 
Then we define the polynomial G;(t) by means of 
(8.2) Gilt) = ITs; Uo, ++, Unt), 


and the closely related G,(t) by means of 


(8.3) Gi) = I Cs gns(t), 


where 


KO for0 < 
Si — fi(u) for a 
In particular for k = p"” we have 

Gyam(t) = fn(Q), 
while for k = p"” — 1 it follows from (2.6) that 


(8.4) Gipi(t) = 


(8.5) Gymmalt) = &, 
and more generally 


G pnm_pne(t) AO) (0Ss sm), 
13], pp. 150, 161. 


4 For the P-case see this Journal, vol. 6(1940), pp. 486-504. We use the same notation 
here, 
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It is readily shown that G, has the properties 
G.(ct) = c G,(t) (c in GF (p”)), 


8.6 
SO eat + w) = (*eroeiw) = ow + cy. 


+i= 
and that G; has the properties 
Gi(ct) = G(t) (cin GF(p"), ¢ # 0), 
Git + w) = (Gt) + @w))* = GH + Ew). 


For g(t) an arbitrary (not necessarily linear) polynomial of degree k, consider 
the representation 


(8.8) g(t) = > A:Gi(2), 


which obviously exists and is unique. To determine the coefficient A; we con- 
struct the auxiliary polynomial 


(8.9) &(t) = D) g(Un) 5 


’ 
(ce) —_ Un 


(8.7) 


where as above 
Um = Colo + +++ + Cm im - 


Clearly the degree of $(t) = p"™ — 1. Also it is easily seen that for arbitrary 
Un 


®(Um) = (—1)"DEN'g(U-). 
Hence we conclude that 


(8.10) #(t) = (—1)"D2 p> A.Gi(t). 
<p 


Again from (8.5), (8.7) and (8.9) follows 


@(t) = > g(Un)Ginm_alt — Un) 


x ald p> g(Un)G}(Un). 


i+imp™™—1 


Comparison with (8.10) gives 
(8.11) (—1)"D2"" A; = > g(Um)Gpnm_s_i(Um), 


where p"™ > i. Thus we have determined the coefficients in (8.8). In much 
the same way we get also 


(8.12) (—1)"DR" A; = > 9(Wn)Gynm_1i( Wn), 


where now p"™” > k and 


Wm = Colo + +++ + Cm1Um1 + Um. 
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Parallel to (8.8) we may consider the representation 


k 
(8.13) g(t) = > AiGi(t). 


Using the same method as above we derive the two formulas 


(- 1)"D2"" A; = > g(Um)Gpnmai(Um) 
(8.14) 
- > 9(W mn) Gynmai(Wrm), 


where p"” > k. Note that only (8.11) holds for p"” > i. 
Various other formulas from the P-case are readily extended to the general 
case. We mention only one or two. For example, we may extend (6.5): 


) nk =0 fork # ap"",0Sa<p’, 
(e) m 


while for k = ap”” 


> are) fo(um)«(— it: . (—1)*DS* Dz, 


by (6.3) and (2.6). This result is of use in evaluating 


g(Wn) 
(8.15) > We} 


with the notation of (8.8) we find that (8.15) 


pr—tl 


= (-1)" 20 Aapn Da DE". 
a=0 
In particular for 
k 
(8.16) = D> iG), 
=0 
we get for k = 
(— 1)"D D2";* = : 
where 
\ (mod p" — 1 (ls s p”— 1). 
Finally we state: 


fork +14 p™™— 


Gi(Un)Gi(Um) = 
p> 1( ) z( ) (—1)"D2"3 fork +1 = p™— 


for l < p"”, k arbitrary. 


Duke UNIVERSITY. 





A NOTE ON STRONGLY IRREDUCIBLE MAPS OF AN INTERVAL 
By O. G. Harro.p, Jr. 


A continuous transformation of the compact metric space A onto B, f(A) = B, 
is called strongly irreducible’ provided no proper closed subset of A maps onto 
all of B. Clearly, any continuous transformation (map) of a compact metric 
space A into B is strongly irreducible on some closed subset A‘ of A. On the 
other hand, there exists no strongly irreducible map of an interval onto a con- 
tinuum of the form of the letter T. The purpose of this note is to give a proof 
that a certain extensive class of Peano spaces can be obtained by strongly ir- 
reducible maps of the interval. Under the condition given below we not only 
obtain the desired mapping of the interval J onto the Peano space M but also 
permit the specification of a certain dense subset of M in advance on which the 
inverse of the mapping function will be single valued. 

The letter L will denote throughout the set of local separating points of the 
Peano continuum M. 


THEOREM. Let M be a Peano continuum such thatM CM — L. If P is 
any countable dense set of non-local separating points of M, there exists a continuous 
function f such that: f(I) = M, where I is the unit interval; if ye P, f-'(y) is a 
single point; and f'(P) DI. Thus f is a strongly irreducible map of I onto M.’ 


Denote by M’ the class of maps of J into subsets of M and suppose it is 
metrized in the usual way by o(f,g) = l.u.b. p{f(x), g(x)] (f, gM’). The sub- 
zel 


set J consisting of maps of J onto all of M constitutes a closed subset of the com- 
plete space M’. By the Hahn-Mazurkiewicz Theorem, J # 0. Henceforth J 
will be regarded as our function space. Evidently, J is complete. It will be 
shown that the class J* of maps of J onto M which satisfies the conclusions of 
our theorem is a dense G; set in J. 

Lemma 1. Let M be a Peano continuum such that M C M — L. Let P be 
any countable dense set of non-local separating points of M. The set H C J 
such that, for f «H, f-'(y) is single valued for each y ¢ P is a dense Gs . 


Proof. Set P = pi + po + ps + ---, Pa = pit pet+--- + pra. Denote 
by F* the subset of J such that for some point of P, the map has two inverses 


z' and z’ with | 2’ — x’ | = 1/k. The set F* is closed. Put F, = bo F*. 
k=l 
Evidently, F,, is merely the subset of J such that f is not single valued on 


Received May 22, 1940. The author is a National Research Fellow. 

1See G. T. Whyburn, On irreducibility of transformations, American Journal of Mathe- 
matics, vol. 61(1939), p. 820, and references given therein. 

2 Ibid., Theorem 2. 
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P,. Theset H, = J — F,isaG,;. It will now be shown to be a dense G; . 
Let f be any point of J. Suppose f-(p:) = X. Let « > 0 be given. Let W 
be a region in M of diameter < ¢«/3-n which contains p,; and is such that 
W-.(P, — pi) = 0. By continuity, only a finite number of components of 
f ’(W) can contain points of X. Let these be Ui, Uz,---, Ur. On I — 


k 
> Ui, set g(x) = f(x). On each U; (i = 2) define g as a homeomorphism 
1 


such that (a) g(U;) C W, (b) g(U;)-p: = 0, and (ec) at the end-points of U;, 
f(x) = g(x). This is easily done since M — p, is a region in a Peano space 
which is uniformly locally connected. Let Y be a Peano subcontinuum in M 
such that Y.(P, — p:) = 0, ¥Y C S(W, ¢/3-n), and Y DW. On U; define a 
continuous transformation g such that (a) g(U:) = Y, (b) g"‘(p:) is a single point, 
and (c) at the end-points of U,, f(x) = g(x). (See Lemma 2 below.) The 
constructed function g maps J continuously onto M such that g ‘(p;) is a single 
point and o(f,g) < ¢/n. If g (ps) is not single valued, let W be a region in 
M containing p, of diameter < ¢€/3-n and such that W.(P, — po) = 0. If we 
apply the same procedure, a map g’ is obtained for which o(g, g') < «/n, (g')™ 
is single valued on P:, and g'eJ. After at most n steps we arrive at a map 
g «J such that each point of P, has a single inverse and o(f, g’) < «. Thus 
H,, is a dense G;. 


Lemma 2. If p isa non-local separating point of the Peano continuum Y and 


a and b are arbitrary points of Y — p, there exists a continuous map of the interval 
I onto Y such that f(0) = a, f(1) = b and f “(p) is a single point. 


Proof. Let A, denote the interval } + (n +3)" St S 1. Since p does 


oc 


not cut Y, we may write Y — p = > B;, where B; is a Peano continuum, 
1 


6(B:) > 0,7 — «, and B;-Biy # 0. On A; define a continuous function f 


such that f(A:) = B,, f(1) = b, and f(?) « B:-B.. On Az — A; define f so that 
f(A, — A1) = Be, continuity is preserved at ¢ = 3, and f(s) « B.-B;. Con- 
tinuing in this fashion and setting f(}) = p, we obtain a map of the interval 
3} St <1 onto Y. By defining, similarly, a map on 0 S ¢ S 3} such that 


f(0) = a and f(}) = p, we obtain the desired transformation. 
Lemma 3. Let P be a given countable dense subset of M. The subset D of J 
such that f « D implies f '(P) D I is a dense G; . 


Proof. Let A? be the subset of J for which there is a subinterval U of J of 
length = 1/z on which there are no inverses to P, = pi + po + +++ + Dn. 
Denote by B}, the subset of A? for which there is an interval U of length 2 
1/i satisfying the condition p|f(U),P.] 2 1/k. Then Bj, is closed and A? = 


iH Bi... Hence A? isan F,. The set Dj = J — > A? is a G; consisting en- 
k=1 


n=1 
tirely of maps of J onto M such that there is no interval U of length 2 1/i 
whose transform does not intersect P. Let « > 0 be given and let f be any 
point of J. There can be at most k (say) disjoint intervals U,, --- , Us each 
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of length = 1/i whose transform under f does not intersect P. A map g’ of J 
onto M will be constructed such that o(f,g’) < ¢,g° €D;. 

Consider the interval U,. Let the end-points be a and b. Let 6 > 0 be 
such that |« — y| < 4 implies p[f(z),f(y)] < }«. Let K’, K° and K’ be the 
three subintervals (in the order a to b) of U; determined by the points }(a + b) — 
45 and 4(a + b) + 46. Let S denote a linear transformation sending K’ into 
the interval (a, }(a + b)) with the point a remaining fixed. Let S' denote a 
linear transformation sending K* into (}(a + b), b) with the point b fixed. Let 
T denote the continuous transformation resulting by considering these two 
transformations acting simultaneously. Since P is dense in M, a continuous 
transformation g can be defined on K’ such that both end-points of K* trans- 
form into f[}(a + b)], g(K’)-P ¥ 0, and 4[g(K*)] < 4e. On the subintervals 
complementary to K* on U; set g(x) = f[T(z)]. It is easily seen that g(Ui:) D 
f(U;) and if g(x) = f(z) on I — U,, then o(f,g) < «. By similar modifications 
on U2,---, Ux, a map g° is obtained such that g’«D;. Hence the set D; 


is a dense G; on J. The set D = J] D; is comprised wholly of maps such 
1 


The theorem follows from Lemmas 1 and 3. Hence if M is a Sierpinski tri- 
angle curve, a one-dimensional universal curve, or an n-dimensional sphere and 
P is any given countable dense set of non-local separating points in M, there 
exists a strongly irreducible mapping of the interval onto M such that the in- 
verse of the mapping function is single valued on P. It is of interest to note 
that these maps are nowhere arc-preserving’ in the sense that the only ares of 
I which are transformed into arcs are the individual points of J. 


Tue UNIVERSITY OF VIRGINIA. 


3G. T. Whyburn, Arc-preserving transformations, American Journal of Mathematics, 
vol. 58(1936), p. 305. 





CONJUGATE NETS AND ASSOCIATED QUADRICS 
By M. L. MacQuEENn 


1. Introduction. This paper is concerned with the study of the projective 
differential geometry of certain quadrics which are associated with a point of a 
curve of a conjugate net on an analytic surface in ordinary space. Some por- 
tions of the theory of a surface referred to a conjugate net N, are summarized 
in §2, where the differential equation of a general conjugate net N, , distinct 
from the parametric conjugate net N,, is written. The two curves of the net 
N, that pass through a point of the surface will be denoted by C, and C,. In 
§3, power series expansions in non-homogeneous projective coérdinates for the 
curve C, are computed to terms of as high degree as will be needed in this paper. 
Some immediate geometrical applications to these series are made. For ex- 
ample, in §4, certain pencils of quadrics having contact of the second order at a 
point of the surface are investigated. Then, in the following section, the quad- 
rics of Moutard at a point of the surface and in the directions of the tangents to 
the curves of the net N, through the point are considered. Necessary and 
sufficient conditions for a curve C, to be a plane curve and for C, to be a cone 
curve are given in §6. In the next section two quadrics which are associated 
with each point of a curve.C, are defined and the equations of these quadrics 
are found. 


4) 


2. Analytic basis. Let the projective homogeneous codrdinates x“, ..- , x‘ 
of a point P, on a surface S referred to a conjugate net N, in ordinary space be 
given as analytic functions of two independent variables u, v by equations of 
the form 


(1) xz = 2x(u, v). 


Then the coérdinates z of a point on the surface and the coérdinates y of the 
point which is the harmonic conjugate of the point z with respect to the foci 
of the axis of the point z satisfy a system. of equations of the form’ 


Iuu = px + at, + Ly, 
(2) Tue = ce + ax, + ba,, 
Loy = qx + bx, + Ny (LN # 0). 
It is easily verified that 
(3) Yu = fr — nt, + sty + Ay, Yo = gx t+ ta, + nz, + By, 
Received January 10, 1940. 


1E. P. Lane, Projective Differential Geometry of Curves and Surfaces, Chicago, 1932, 
p. 138. 
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where we have placed 
fN =c, + ac + bq — cd — Mu, cu + be + ap — ca — po, 
—nN = a, +a’. — ab — 4, =a, +ab+c—a,, 
sN = b, t+ ab+c— iu, b, + b* — ba — p, 
A =b-— (log N)., a — (log L),. 


(4) 


Some of the invariants of the parametric conjugate net N, are given by 
H=c+ab-a, K=c+ab—b,, 
H = sN, R = tL, 
8B’ = 4a — 26+ 1,, 8C’ = 4b — 2a — I, 
D = —2nL, r= WN/L, 


(5) 


where / is defined by placing 
(6) l = logr. 
In order that the differential equation 
(7) (dv — \du)(dv — pdu) = 0 (A = A(u, v), uw = w(u, v)) 


may represent a conjugate net on the surface, the two directions defined by this 
equation must separate harmonically the two asymptotic directions satisfying 
the equation 


(8) Ldu’ + Nd’ = 0. 


A necessary and sufficient condition for this is found to be 


(9) a ~" 

The two curves of such a conjugate net N, that pass through the point P, of 
the surface may be denoted by C, and C, respectively, according as the direction 
dv/du has the value \ or yw. We shall suppose that 4 # 0 so that the curve 
C, does not belong to the net N,. 


3. Power series expansions for (,. [Let us consider the curve C, of the family 
(10) dv — \du =0 


which passes through a point P, of the surface. Any point X on the curve C, 
and near the point P, can be defined by the following power series in the incre- 
ment Mu corresponding to displacement on C, from P, to the point X: 


(11) X = 2+ 2/hu + he"hu' + fea’ + ---, 
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= Lu + XA, 
= Luu + Wud + Toor” + Td’, 
= Luuu + Bud + Bud” + Loowd’ + Batued’ + Btodd’ + red” 
(X’ = Au + Ary). 


The ray-points x_; , 2; of the point P, are given by the formulas 


(13) Z1 = Ly - bz, Y= Ly — az. 


If the four points z, z_;, 21, y are used as the vertices of a local covariant 
tetrahedron of reference with a suitably chosen unit point, then the point X 
can be expressed uniquely in the form 


(14) X = yt + yotia + ysti + yy, 


where the local coérdinates y; , --- , ys of the point X are represented by the 
series 


yi = 1 + (b + ad)Au + 3A,Au’ + ---, 
y2 = Au + (a + 2ad)Au’ + 3B;Au® + ---, 
ys = AAu + 4(2bdA + SA” + A’)Au® + 3C;Au’ + ---, 
ys = 4(L + Nd’*)Aw® + EDsAw® + AD Au + --- , 
and the coefficients Az, --- , Dy are defined by the following formulas: 
A; = p + ba + 2c + 2ab)rA + (q + ad)rX* + ar’, 
Bs = a, + a + p — nb + 3X(a, + ¢ + ab + aa) + 3d*(a, + a’) 
+ tNr* + 3ar’, 
C; = sl + 3d(b. + b*) + 34°(b, + ¢ + ab + B45) + r°(5, + F + q+ nN) 
+ 3d’b + 3AX’5 + A”, 
Ds = Ly + al. + AL + 3daL + 3d°ON + r*(N, + ON + BN) + 3d0'N, 
Dy = L(ay + a + p — nL) + A( Ly + al, + AL) + (Ly + al + AL), 
+ 4d[L(a, + ¢ + ab + aa) + aAL + (aL),]) 
+ 6A*[L(a, + a’) + bDAN + (bN),] 
+ 4\*tLN + A(N, + 6N + BN) + (N, + 6N + BN),] 
+ r‘[N(8, + 8 + q¢ + nN) + BIN, + 6N + BN) + (N. + 6N + BN),] 
+ GaLr’ + 12bNdX’ + Gr*A'(N, + 5N + BN) + 4NAA” + BNX”®. 


(15) 
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Introducing non-homogeneous coérdinates by the definitions 
(17) r=w/yn, y=w/n, 2=y%/n, 
we find, by use of the series (17), the following expansions: 
xz = du + a — 2b) Au’ + 3[B; — 3A. — 3(b + ad)(a — 2b)JAu® + ---, 
y = ddu + 43[(8 — 2a)d* + A’‘JAw’ 
+ ${Cs — 3dAz — 3(b + ad)[(5 — 2a)r’ + A’]} Aw? + ---, 
z = 4(L + Nd’)Aw + UD; — 3(b + ad)(L + Nd’) Au 
+ glDi — 4(b + ad)D; — 6(L + Nd’)Az 
+ 12(b + ad)*(L + N»’)Jau' + ---. 


(18) 


At this point it will be convenient to introduce two functions M, P defined by 
the following formulas: 


M = + 4X(@’ — AB’) + AN, 
(19) P = M[8rav’ + 4A(rAC’ + B’) + HAT - UV -— 1, + nr')) 
— (1 + rd’*)[M’ + (1 + r\’\(G/r — DA — Kd’). 
Inverting the first of the series (18) to obtain Au as a power series in x, we find 
Au = z — }(a — 2b)2” 
2) — 3[B; — 3A, — 3(b + ad)(a — 2b) — 3(a — 2b)"Jz° + --- ; 


and substituting the result in the last two of the series (18), we arrive at the 
following power series expansions for the curve C, at the point P, of the surface: 


y = dx + 4Me’ + hay’ +.---, 
z = 3(L + Nd’)a” + Bb + AL + ---, 
where the coefficients a; , bs; , bs are given by the formulas 
bs = 3rAM + 8(C’ + rr*B’), 


_ Mb - P 
~ [+r’ 


(21) 


(22) 


- 24(co + cid + c3d° + cad’) 
L ’ 


by = 4rda3 + 3rM’ + 48ra7 MB’ 





and ¢ , C1 , Cs, C4 are defined by placing 
co = FL C126’ + (log Cr’). I, sL(H — §), 


(23) 
ct, = 4NB’[12B’ + (log B’r *), I, cs = §N(K — 8). 
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4. Quadrics associated with the curves of the net N,. The equation of any 
quadric surface having contact of the second order with the surface at the point 
P, can be written in the form 


(24) La’ + Ny? — 2z + kexz + ksyz + kuz” = 0, 


where ke , ks , ks are arbitrary parameters. By the aid of the power series (21) 
it is easy to show that the quadric (24) has third-order contact with the curve 
C, at the point P, in case 

_ 16(C’ + rr'B’) 
Moreover, the quadric (24) has contact of the fourth order with the curve C, 
at the point P, if to equation (25) is adjoined the condition 


1 — 4rhas — 3rM* _ 32(C’ + rr’B)ds 
3(1 + rd*) 9(1 + rd?*)? 
If ks is regarded as arbitrary, we find, using equations (25), (26), that equation 
(24) can be written in the form 
La? + Ny? — 2z + 16(C’ + rr°B’)xz/3(1 + rd’) + ka(y — Ax)z 

+ [16M (r°A‘'B’ — 2rrAC’ + 3rr°B’)/3 — 256(C' + rr°B’)’/9 
+ 8(1 + rd*)(co + esd + esd* + cad‘)/L 

— Mk;/L(1 + rd’)]e*/L( + rv’) = 0. 


Therefore any quadric of the pencil (27), where ks is arbitrary, has contact of the 
second order with the surface at the point P, and contact of the fourth order with 
the curve C, at the point. 

Let us suppose that the quadric (24) which has third-order contact with the 
curve C, at the point P, also has third-order contact with the curve C, at the 
point. On replacing \ by —1/r\ in equation (25), the condition is found to be 

16(r°A°C’ — B’) 
(28) rrke — ks = 301 : XD) 
Then by means of equations (25), (28) it is easy to verify the truth of the 
following statement. 

Any quadric of the pencil 


(26) Mk + L(1+rr)h& =" 








16(C’ — AB’ + rH’ + PA‘C’) zz 
3(1 + rd??? 
16(B’ + rrAC’ — r'r°C’ + 1° A'B’) yz 
3(1 + ra)? 
where k, is arbitrary, has contact of the second order with the surface at the point P, 
and contact of the third order with both C, and C, at the point. 





La’ + Ny’ — 22 + 
(29) 


4 + kz” = 0, 
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There is a unique quadric of the pencil (29) that has fourth-order contact 
with the curve C, at the point P,. For this quadric the value of k, is found by 
demanding that the series (21) satisfy equation (29) identically in z as far as 
the terms of the fourth degree. The result is 


LO + r*)*ky = —8 EG + rr*?B’)? + 2 M(B’ + 3rrC’ 


(30) 


— 3rv’°B’ — rr*C’) -— I 


We shall now find the equation of the Moutard pencil of quadrics’ in the 
direction of the tangent to the curve C, at the point P,. A power series ex- 
pansion® for one non-homogeneous codrdinate z of a point on the surface in 
terms of the other two codrdinates z, y is given, to terms of the fourth order, by 


z = (La° + Ny’) + $(LC'2* + NX’) 
+ ori +oqa°y tory tay +---, 


where the coefficients co , ci , C3 , cs are defined by equations (23). The curve 
of intersection of the quadric (24) and the surface (31) is known to have a 
triple point at the point P, , with triple-point tangents satisfying the equations 


($@’ — 2ke)x” — hksa’y — jrkery’ + r(4B’ — ths)y = 0, =z =0. 


(1 + rd’)(co + xd + cad* ten) 


(31) 


If two of the triple-point tangents coincide in the direction of the tangent to 
the curve C, at the point P, , the third must lie in the direction defined by 


C= hs 
PRB! — Ia)’ 
so that kz , ks are connected by the relations 
(1 — rd*)ke — 2rd°*ks = 42(C’ — 2rd*B’), 
Qke + A(1 — rd*)kg = 4B(2C’ — rr°B’). 
Solving equations (33) for ke, ks and substituting the results in equation (24) 


yields the equation of the Moutard pencil of quadrics in the direction of the tangent 
to the curve C, at the point P, , 


16(C’ + 3rr*C’ — 2rd’ B’) xz 
3(1 + rd?)? 
16(— 2rAG’ + 3rd’ B’ + 7° B’) yz 
3(1 + rd?)? 


(32) - 


(33) 


La’ + Ny* — 22+ 
(34) 


+ + ky,2” = 0, 


where k, is arbitrary. 


28. Su and A. Ichida, On certain cones connected with a surface in the affine space, Japa- 
nese Journal of Mathematics, vol. 10(1933), p. 209. 

7K. P. Lane, A canonical power series expansion for a surface, Transactions of the 
American Mathematical Society, vol. 37(1935), p. 481. 
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The equations of the triple-point tangent in the direction defined by the 
formula (32) can be written in the form 


(35) [(1 — r’)C’ — 2,8"Jz — [(1 — vA) B’ + AC =0, 2 =0. 


If two of the triple-point tangents coincide in the direction of the tangent to 
the curve C, at the point P, , the third tangent is found to be the same as that 
defined by equations (35), and the quadrics thus determined form the Moutard 
pencil of quadrics in the direction 4. The equation of this pencil of quadries 
is given by 


16(2AB! + 3rr°G’ + 1*A‘C’) zz 
3(1 + rd?)? 
16(B’ + 3rd°B’ + 2r*n*C’) yz 
3(1 + rd*)? 


La’ + Ny’? — 22+ 
(36) 
4. + k,z = 0, 
where k, is arbitrary. 

Thus to a tangent at a point P, of a curve of the net N, corresponds a pencil 
of quadrics such that any quadric of the pencil has second-order contact with 
the surface at the point and cuts the surface in a curve two of whose triple- 
point tangents coincide in the direction of the tangent to the curve of the net. 
Using equations (25) and (34), we find that any quadric of the Moutard pencil 
in the direction of the tangent to the curve C, at the point P, has third-order 
contact with the curve C, at the point. Moreover, by use of equation (28), 
we find that any quadric of the pencil (34) also has third-order contact with the 
curve C, at the point P, in case 


(37) BW’ + BrrAC’ — 3rr’W’ — Pv = 0. 


On replacing \ by dv/du in this equation, we obtain the differential equation of 
the curves of Segre. Similar results can easily be found for the quadrics of the 
Moutard pencil (36). Thus the following conclusion is reached: 

Any quadric of the Moutard pencil in the direction of the tangent to the curve 
Cy (C,) at a point P, of a surface has third-order contact with the curve at the point. 
It also has third-order contact with the curve C, (C,) at the point P, if, and only #f, 
C, and C, are curves of the Segre-Darboux pencil. 

In what follows we shall suppose that C, and C, are not curves of the Segre- 
Darboux pencil. 

The polar line of the axis at the point P, of the net N, with respect to any 

quadric of the pencil (29) is found to have the equations 


(38) (GC — »W’ + rr + PA''O')z 
+ (BM + re — ve’ + PvB)y = 2 + Vy, = 0. 


This line crosses the tangent to the curve C, at P, in the point Py given by 


(39) §(C' + r°B)x + (1 + rrr + AU + WA)a1, 
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and crosses the tangent to the curve C, in the point P, defined by 
(40) HB’ — rrv’C)z — AA + )2 + (1 + )n. 
The polar line of the axis with respect to a quadric of the Moutard pencil (34) 
is given by 
(C’ + 3rx°C’ — 2rr*B’)x + (—2rAC’ + 3rv°B’ + r'r‘'B’)y 
= 41 + ny, 


The two lines defined by equations (38), (41) intersect in the point P,. Fur- 
thermore, the polar line of the axis with respect to a quadric of the Moutard 
pencil (36) has the equations 
(20B’ + 3rv?C! + rAt@’)x + (B’ + 3rrV’B’ + 2 C’)y 
=21+n), 2z=0, 
and this line intersects the line (38) in the point P,. The two lines defined by 
equations (41), (42) meet in a point which lies on the triple-point tangent (35). 
There is a quadric cone associated with the pencil of quadrics having second- 
order contact with the surface at the point P, and third-order contact with 
both curves of the net N, at the point. We shall now define this cone and 


derive its equation. The polar line of the ray, joining the points z_, , 2: , with 
respect to any one of the quadrics of the pencil (29) has the equations 


(43) Lz + kez = 0, Ny + ky = 0, 

where we have placed 
3(1 + rd)*ke = 8(C’ — AW’ + r'B’ + ra‘), 
3(1 + rd*)*ks = 8(B’ + rAC’ — Pro’ + °a‘B’). 


(41) 


(42 


When d varies, this line generates a quadric cone with its vertex at the point P, . 
The equation of this cone is found, by eliminating \ from equations (43), to be 


74 pr 2 
(44) La* + Ny’ + 46’xz + 4B’yz + 32(8 an )z 


Since 6” + rC” 0, so that the surface is not ruled, the discriminant of this 
cone does not vanish. Thus we prove the following theorem: 

At a point P, of a surface the polar line of the ray of the net N, with respect to 
any quadric of the pencil (29) generates the quadric cone (44) when X varies. 

It is evident that this cone is intersected by the tangent plane at the point P: 
of the surface in the asymptotic tangents through the point. Moreover, the 
two planes tangent to the cone along the asymptotic tangents are found to 
intersect in the associate axis 


= 0. 


Laz + 2@’z = 0, Ny + 28’z = 0. 
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We may regard a line J, through a point P, of the surface as a line which 
joins the point P, to the point 


—dr,—en+y, 


wherein d, e are functions of u, v. Such a line 1, has been defined‘ to be a 
canonical line of the first kind in case 


dL =hG’, eN = h®’, 


where hf is a constant. A canonical line of the first kind lies in the canonical 
plane whose equation is 


(45) Bz — rC'y = 0. 
A canonical line of the second kind crosses the parametric tangents at the point 
P, in the points 
zr — h@’s, a, — AB'z. 

Thus the two lines of intersection of the cone (44) and the canonical plane (45) 
are lines of the first canonical pencil, and the values of hk which characterize 
these lines are found by solving equations (44), (45) simultaneously. It is now 
easy to verify the conclusion: 

The cone (44) is intersected by the canonical plane in two canonical lines of the 
first kind for which h = 4 andh = §. 
The line for which h = $ seems to be new. Thus another characterization of 
the line for which h = § is found, which should be compared with that given* 
by Lane and MacQueen. Finally, the planes tangent to the cone along these 
two canonical generators are found to intersect in the line 


Cr + By = 0, z=0, 


which has been called’ the second canonical tangent of the conjugate net and its 
associate conjugate net. Hence we have the theorem: 

The planes tangent to the cone (44) along its lines of intersection with the canonical 
plane intersect in the second canonical tangent. 

We shall next consider a cubic curve in the tangent plane at the point P, of 
the surface. The homogeneous local coérdinates of the point P, given by the 
formula (39) are 


(46) yw =#(C +n'°8’), w=1t¢n’*, w=rAMltn’), mw =0. 


When A varies, the locus of this point is a nodal cubic curve whose equations 
are found, by eliminating \ homogeneously from equations (46), to be 


(47) x + ry’ — $(Cx* + By’) = 0, z= 0. 
‘W. M. Davis, Contributions to the theory of conjugate nets, Chicago doctoral disserta- 


tion (1932), p. 18. 


5E. P. Lane and M. L. MacQueen, The curves of a conjugate net, this Journal, vol. 
5(1989), p. 699. 
*W. M. Davis, loc. cit., p. 19. 
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The locus of the point P, , defined by the formula (40), is found to be the same 
curve. Several interesting results can be easily established. This cubic has a 
double point at P, with the asymptotic tangents at P, for double-point tangents. 
The cubic has three points of inflexion which lie on the associate ray 


yi — 2C’y2 — 2B’y; = 0, ys = 0, 


some one of the inflexions lying on each of the tangents of Darboux at P,. 
The tangents to this cubic at the points P, , P, are respectively the lines defined 
by equations (41), (42). The points of intersection, distinct from the point 
P,, of the cubic with the parametric tangents through P, are the points 


r41 + $C'z, xX + $B’2, 


which determine the principal join of the parametric curves at P,;. Moreover, 
the tangents to the cubic at these points pass respectively through the ray 
points 2; , x; and meet in the line 


C’r — By = 0, z= 0, 


which is the harmonic conjugate of the second canonical tangent with respect 
to the parametric tangents at the point P,. Finally, the cubic crosses the 
associate conjugate tangents at the point P, in points, other than P, , defined 
by the formulas 


tit $C'x + (x, + 48’z)r°. 


The line which passes through these two points is a canonical line of the second 
kind for which h = —4. 


5. The quadrics of Moutard for the tangents to the curves C,, C,. The 
quadric of Moutard at a point P, of the surface and in the direction of the 
tangent to the curve C, through P, is defined to be the locus of the osculating 
conics at the point P, of the curves of section of the surface made by planes 
through this tangent. In order to obtain the equation of this quadric we 
proceed in the usual manner. The equation 


(48) z= k(y — Az) (k # Q) 


represents an arbitrary plane through the tangent to the curve C, at the point 
P,. This plane cuts the surface (31) in a plane curve whose projection from 
the point P, onto the tangent plane, z = 0, of the surface at the point P; is a 
curve C. Without recording the details of the calculation, it is sufficient to 
state that the equation, in the tangent plane, of the curve C is found by elimi- 
nating z between equations (31), (48), and then solving for y as a power series 
in z. On calculating the equation of the osculating conic of the curve C at the 
point P, and eliminating k between this result and equation (48), we arrive at 
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the equation of the quadric of Moutard for the tangent to the curve C, at the point 
P, , namely, 
16(C’ + 3rv?C’ — 2rrv*B’) xz 
3(1 + rd*)? 
16(—2rAC’ + 3rx°B’ + rv’) yz 
3(1 + rd*)? 


Lo’ + Ny? — 2+ 





(49) 





+ + kz” = 0, 


where k) is given by 


2 (1+r’ + cd* 
(50) L(+ rh, = — 8[ 446’ +aryy’ — CMI Far te ten}} 
The equation of the quadric of Moutard for the tangent to the curve C, at the 
point P, can be written by replacing \ by —1/rdA in equation (49). The result 
is found to be 





2 2 16(2XB’ + 3rd*C’ + r°A‘C’) xz 

La + Ny 2z + - 301 + rat? , 

16(B’ + 3rX°B’ + 2r°r*C’) yz 
3(1 + rd?)? 





(51) 
+ 





+k,z =0, 


where the value of k, is given by 
L(+ rd’)*k, 
er 3 cai gfe = EE. ge ek 





9r Lr? 


The quadrics of Moutard (49), (51) are intersected by the tangent plane at 
the point P, of the surface in the asymptotic tangents at the point. Further- 
more, the cone projecting the curve of intersection of these two quadrics from 
the point P, consists of two planes, one of which is the tangent plane of the 
surface at the point. The other plane, which contains the conic of intersection 
of the two quadrics, has the equation 


(C’ — 2aB’ — rA’°C’) x — (B’ + AraC’ — r’B)y 


(68) 4 3+) — be _ 9 
16 ’ 

where k, , k, are defined by equations (50), (52). It follows that the plane 
which contains the conic of intersection of the quadrics of Moutard for the 
tangents to the curves C, and C, at a point of the surface intersects the tangent 
plane of the surface at the point in the triple-point tangent (35). 

Incidentally, when \ varies, it is known’ that the plane (53) envelops a cone 
of the third class whose cusp planes pass through the Segre tangents at the 
point P, and intersect in the first directrix of Wilezynski. 


7 Louis Green, Systems of quadrics associated with a point of a surface, American Journal 
of Mathematics, vol. 60(1938), p. 661. 
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If the parameter k; in equation (27) has the value 


_ 16(—2rAG’ + 3rr°B’ + 7°r*B’) 
3(1 + rd*)? ‘ 


the resulting equation is found to be the same as the equation of the quadric 
of Moutard (49). Therefore, the quadric of Moutard for the tangent to the curve 
C, at the point P, is a unique quadric of the pencil (27) and for this quadric the 
parameter ks has the value given by equation (54). Moreover, if we demand that 
equation (34) be satisfied by the series (21) identically in x up to, and including, 
the terms of the fourth degree, we obtain for k, the value given in equation (50). 
Consequently the quadric of Moutard (49) is the unique quadric of the Moutard 
pencil (34) that has fourth-order contact with the curve C, at the point P,. Finally, 
the quadric (29) that has fourth-order contact with the curve C, at the point 
P, meets the quadric of Moutard (49) in the asymptotic tangents through P, 
and in a conic which lies in the osculating plane of the curve C, at P,, the 
equation of this plane being given by 


(55) (L + Nd’)(y — Ax) — Mz = 0. 





(54) ks 


6. Conditions for plane curves and cone curves. The curve C) is a plane 
curve if, at every point of the curve, the osculating plane at the point has 
third-order contact with the curve. Demanding that the series (21) satisfy 
equation (55) identically in z up to, and including, the term in 2’, we find that 


the curve C, is a plane curve if, and only if, P = 0. If X is replaced by dv/du 
in this condition, the result is an equation of the third order for v as a function 
of u along a plane curve C) . 

The osculating plane at every point of a curve C, contains the axis of the net 
N, at the point if, and only if, M = 0, so that this is the differential equation 
of the union curves of the axis congruence. If M = P = 0, inspection of 
equations (19) leads to the well-known result that a union curve of the axis 
congruence is a plane curve if, and only if, it is an axis curve. 

Dual considerations lead to cone curves which are defined to be the curves 
of contact of cones circumscribed about the surface. The tangent planes at 
three consecutive points of the curve C, intersect in the corresponding ray-point 
of Cy given by 


(56) _" + (1 + 924 + wll + a, 


where W is defined by 
(57) W = 2d’ — 4A(C’ — AB’) + BAN’. 


The tangent planes at every point of the curve C, envelop a developable surface 
whose edge of regression is the locus of the ray-point of the curve C,. If this 
developable is a cone, then the ray-point is fixed as the point P, varies along 
the curve C,, so that the corresponding total derivative with respect to u of 
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the expression (56) is proportional to the expression itself. From this propor- 
tionality we find that the curve C, ts a cone curve in case 


W[BranX’ — 4A(rAC’ + B’) + Fr’ — VY -— 1, + rr'l,)] 
— (1 + r\*)[W’ + (1 + r\’)(A/r — AD — °K)] = O. 


7. Quadrics associated with a one-parameter family of curves. At a point 
P, of the u-curve and at two neighboring points P; , P: on this curve, let us 
construct the tangents of each of the curves of the family 


(59) dv — \du = 0 


which pass through the points. These three tangents determine a quadric 
surface. The limit of this quadric, as P; , P, independently approach P, along 
the u-curve, is a quadric which will be denoted by Q,. A second quadric, Q, , 
can be defined similarly by using the tangents to the curves of the family (59) 
at three consecutive points of the v-curve through the point P, . 

It may be remarked that D. Sun has defined® in a similar way two quadrics 
which are associated with a one-parameter family of curves on a surface. How- 
ever, in the definition just stated, he uses the two asymptotic curves at a point 
of the surface instead of the two curves of a given conjugate net. 

The coérdinates X of any point P; on the u-curve and near the point P, 
are given by an expansion of the form 


(60) X =2+2,Au + }2,,Au? +.---. 

The equation of the curve of the family (59) through the point P; is given by 
(61) dv — X\(u + Au, v) du = 0, 

where 

(62) Mu + Au, v) = A+ AyAu + PAywAu? +... 


The coérdinates of a point Y on the tangent to the curve (59) at the point P; 
are given by 
(63) (= Tu + TyA(U + Au, v) + ites + Luvrd(u + Au, v)|Au 

+ Steen + Luuvd(u - Au, v)]Au’ of eee, 


Any point Z on this tangent is defined by a linear combination of the form 
(64) Z=hX + kY (h, k scalars). 


If the points z, z., 2, y are used as the vertices of a local tetrahedron of 
reference with a suitably chosen unit point, we find that the local coérdinates 


*D. Sun, Parametric osculating quadrics of a one-parameter family of curves on a surface, 
Téhoku Mathematical Journal, vol. 32(1930), p. 81. 
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f1, +--+, $ of the point Z are given, to terms of as high degree in Au as will be 
needed, by the series 
f =h+k(p + cd)Au + Bhp + 2ker. + k(pu + ap + fL) 
+ k(cu + be + ap)Ajau* + ---, 
f= k+[h+k(a@ + ad)JAu + 3fha + 2kar, + kau + a” + p — nL) 
+ k(a, + ¢ + ab + aa)rjAu’ + ---, 
f; = kX + k(bA + dy) Au + Sk[sL + (b, + B)A + QWAw + AwJAW + ---, 
t= kLAu + HAL + k(L. + ab + AL) + kaLdjAw’ + .-.. 


Demanding that the equation of a general quadric be satisfied by the series (65) 
for 61, --- , & identically in h, k and identically in Au as far as the terms of 
the second degree, we obtain the equation of the quadric Q, referred to the 
tetrahedron 2, r, , 2», y, namely, 


Ly’ya — Lys — 2d’yrys — V'[a + (log rA)ulyeys 
+ 46’ + 3 (log Ar’), — 2arlysys + Dy? = 0, 
the coefficient D being defined by 
(67) LD = 46/, + (log Ar)uu — (log A)ul46’ + (log Ar').] + HX + . 


(65) 


(66) 


In order to write the equation of the quadric Q, referred to the tetrahedron 
ZY, 21, %, y it is sufficient to replace y; in equation (66) by y: — bye — ays. 
Thus we find that the equation of the quadric Q, at the point P, , referred to the 
tetrahedron x, 2-1, 21, Y, 18 


LY’ y — Lys — 2X’ yys + VL — 2(log Ar)ulyoys 


+ AJ + 2(log Ar’)ulysys +” E — (log A)uJ + HA + 4 


where J is defined by placing 
(69) J =4C + (log 7’), . 


The equation of the quadric Q, at the point P, can be written by making the 
appropriate symmetrical interchanges of the symbols. The result is 


Nyy: — Nyi + 2yys — MI — 2(log Ar’ )elyeys 
(70) 2 
— [J + 2(log dr) lysys _ [?. + (log A).J + ~ + ne |¥ = 0, 
where J is given by 
(71) I = 4%’ — (log Ar’), . 


We shall next prove a theorem concerning the polar relation with respect to 
the quadrics Q, , Q, thus associated with a point P, of a curve C, of the family 
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(59). As u, v vary, an arbitrary line |; through the point P, and the point 
(0, —d, —e, 1) generates a congruence [;. The reciprocal polar lines of this 
line 1, with respect to the quadries Q, , Q, are respectively 


2n°y, — A*[J — 2dL — 2(log Ar)ulye 
— [AJ + 2eL + 2d(log Ar*)uJys = 0, ys = 0, 

Qy, — [AJ + 2° dN — 2X(log dr*)elye 
— [J — 2eN + 2(log Ar’) elys = 0,y% = 0. 


(72) 


If we demand that these two lines shall coincide we find, after some simplifica- 
tion, that satisfies the equations 


2d(L + Nd’) — 4(6’ — AB’) + (log Ar’), — 3A(log Ar’), = 0, 


(73) ‘ : } 2 j 
2e(L + NX) + 4A(C’ — AB’) + 3A(log Ar’), — A (log Ar’), = O. 


Multiplying the first of equations (73) by —\ and adding the resulting equation 
to the second of equations (73), we obtain a result which may be written in the 
form 


(74)! = —eL — (46 + 4, — dL) + (48’ — HH, — eN)N + ANN’. 


When is replaced by dv/du, this equation becomes an equation of the second 
order for v as a function of u along a union curve of the congruence T;. So we 
have proved the theorem: 

If a curve Cy of the family (59) is such that at each of its points an arbitrary line 
l, of a congruence YT; has the same polar line with respect to the quadric Q, as with 
respect to the quadric Q, , then the curve C, is a union curve of the congruence T; . 
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